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1.Introduction

One of the most important scientific topics is difference equations, often known as discrete dynamical sys-
tems. The study of the qualitative properties of rational difference equations has sparked a lot of attention

recently.

Many researchers have opted to utilize difference equations in mathematical models to explain the prob-
lems in various sciences, including allowing scientists to introduce their study’s predictions and producing

more precise results.

It is particularly fascinating to look into the behavior of the solutions to a system of nonlinear differential
equations and examine the local asymptotic stability of their equilibrium points. Numerous studies have
been conducted on the technique of identifying the general form of the solution for some special cases of
the problem. The systems and behavior of rational difference equations have been the subject of numerous

works (can be obtained in the references).
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Alayachi et al. [3] studied the qualitative properties of:

Byn-1Yn-3
=Ayp1+ —m"F.
Yn+1 Yn-1 Cyn_s+Dyn_s
Almatrafi et al. [6] studied the global behavior of:

IBX% +YXnXn-1+ 67(3;_1
AXG+ BXnXn-1+0X5_,

Xn+1=Q)n+

Alzubaidi and Elsayed [8] examined the dynamics behavior and gave the general form of:

BPn-19n-—2

= ot
Pn+1 = APp-2 '}’(Pn—zié(l)n—4

Ibrahim et al. [26] investigated the global stability and boundedness of solutions for:

YnYn—k

k
Ypri=a+ Y a; Y, i+ .
B+ X bjYn-j
Jj=0

i=0

Kara and Yazlik [27] found the exact formulas for the solutions of the system:

Yo = Xn-22n-3
n — »
Zn-1(an+bpxp-_22n-3)
_ Yn-2Xn-3
_Vn - 1]
Xn—1(@n+ PnYn-—2Xn-3)
Zn-2Yn-3

B Yn-1(Ap+Buzn_2yn-3) '

Karatas et al. [28] investigated the solutions of:

Un—5

Upsj1 = ———=>
n+l 1+ bUn_zUn_5

Abdul Khaliq et al. [30] investigated the asymptotic behavior of the solutions of:

Bwn

e = O o)
n n—-r

In [35] Muna and Mohammad deal with:

_ ((,Z+,5Vn)
" (A+BV,+CV,_p)

Vi1

40

The goal of this paper is to find a general solution to some special cases of the fractional recursive equation

YV, o¥,-
\I/n+1=a\yn_2+m, n=0,1,2,...,
Y¥Yn-3+6¥, 6

where a, 8,y and § are arbitrary positive real numbers.

€Y)
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2. Local Stability of the Critical Point

The critical point of Eq.(1), is given by
N
VY=a¥ + ——,
YV +06v

1-a)V¥= ﬁqu_ = (1-a)(y+6)¥* = gy
y+6)¥

Thus,
[A-a)y+8)-B] P =0.

If (1 - a)(y +0) # B then the unique critical point is ¥ =0.

Assume @ : (0,00)3 — (0,00) be a C! function defined by

_ Bw wo
O(wy, wp, w3) = qwy + ——————. 2)
Yw2 +6ws
In consequence,
0o 0o 6 0o -pé
—a+ ﬁ wo _ ﬂ w1 ws _ ﬂ w1 Wz (3)

ow, - yws+6ws’ Ows  (yws+0ws3)? dws (yws+O6ws)?

At ¥ =0, we see that

9 Gy —ar L -
ow, y+5_yl
T S L @)
dw, T (y+06)? ~ 72
_ _ _ _ﬁ5
WY, = — 2y
ws = Geor

Hence,

_ Jij _Llﬁ_) Llﬁ_) _
Zn+1 (a+ y+o Zn-2 (Y+6)2 Zn-3+ (Y+6)2 Zn-6=0.

Theorem 2.1. The critical point ¥ =0 is locally asymptotically stable if

By +38) < (1—a)(y+6)>.

Proof.

By using the values in the Eq.(4) and by Lemma 1 in [30], ensures that Eq.(1) is asymptotically stable if

Iyi]+]yz|+|ys| <1,

B ’ po -pé
'a+y+5 * (y +6)2 (y +6)2 ’
o 1) 0 0
a+,5(7’+ ) B B

(y+6)2  (y+6)2 " (y +6)2 <b
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Py +3p0

(y+5)2 < (1 - a)’

therefore,
By +38) < (1—a)(y+6)>.

3. Global Attractive of the Critical Point

In this section, we aim to investigate the global asymptotic stability of the positive solutions of Eq.(1).

Theorem 3.1. The critical point ¥ =0of Eq.(1) is a global attracting if
y(l-a)#pB.

Proof.
From Eq.(3), we note that, the function ®(w,, w», ws) is increasing in w; and w, and is decreasing in ws.

Assume that whenever (H, h) is a solution of the system

H:q)(H;Hyh)l
h=®(h,h, H),
then, we have
BH? BH?
H:aH—}——, 3(1—a)H= y
YH+6h YH+6h
y(1-a)H*+8(1 - a)hH = BH. (5)
h2 hZ
h=ah+'6—,=(l—a)h= b .
Yh+0H Yh+0H
y(1—a)h?*+8(1—a)hH = Bh. (6)

By substrate Eq.(5) from Eq.(6) we obtain

[y - @) -] (H? - h*) =0.

In consequence, H = hif y(1 — a) # B. It follows by Theorem 1 in [30] the equilibrium point ¥ =0 of Eq.(1)

is a global attractor.

4.Boundedness of solutions

Here, we demonstrate how the positive solutions to Eq.(1) have boundedness.

Theorem 4.1. Every solution of Eq.(1) is bounded if

(a+§)<1.
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Proof.

Assume that {¥,}9°._, be a solution of Eq.(1), then

,B\Pn—z\l"n—fl
Y¥n-3+6¥n-s
ﬁ‘Pn—z‘I’n—s

Y¥n-3

= (a + g) V,_o.

VYyrn=a¥y2+

<a¥, o+

Hence,
V1=V, foralln=0.

This implies that the subsequences are bounded from above by

Wimax = max{¥_¢, ¥ _5,¥_4,¥_3,¥_»,¥Y_1,¥ol

5. General Solution for Special Cases

In this section, we will find expressions of solution for some special cases of Eq.(1)

5.1. First Equation

In this subsection, we will find the solution of Eq.(1) when a = =6 =y =1, so the Eq.(1) become as

\Pn—z\Pn—?z

Yo =¥Ypot o——)
“Pn—3 +\I]n—6

n=0,12,..,

where the initial conditions W _g, W _5, ¥ _4, ¥ _3,¥_»,¥_; and ¥ are arbitrary positive real numbers.

Theorem 5.1. Assume {¥,} _. be a solution of Eq.(7). Thus for n=0,1,2,...,

n-l (Fei+3N + Fei+20) (Fpirs A + Foiral) (Feir70 + FoireT) (Fsir3( + Foir2K)
i20 Foivon + Foi010) (Foival + Foivsl) (Foir60 + FoivsT) (Fpival + Fis1K)

Yion-2=0

Wi = A'ﬁl (F6i+sN + Fei+a0) (Fsir1A + Foirel) (Fei+30 + Fpi2T) (Foir5( + Fpivak)
" 120 (Foivan + F6i430) (FoireA + Foirs ) (Foir20 + Fois1 1) (Fpisal + Foirsk)

=V (Fivtn + Foir60) (FoiraA + Foivol) (Foir50 + FpisaT) (Fisrl + Fois6K)

v = ,
12n =1 E) (F6ir6N + F6i+50) (Feira A + Feir1 1) (Foi+a0 + Fpi13T) (Feirel + Foir5K)

b (Fei-3n + Fei-a0) (Foi-1 A + Foi21) (Fpi+10 + F6iT) (Fpi+30 + Fpi42K)
10 (Foi—an + Foi—50) (Foi—2A + Fi—3 1) (F6i0 + F6i1T) (F6ir2( + Fir1K)

Yione1 =0

e (Fei-1M + Fei—20) (Foir1 A+ Foi 1) (Fei+30 + Fpiv2T) (Foi-1{ + Fei—2K)

¥ =A ,
fanz ,-l:% (Foi—on + F6i—30) (F6i A + Fpi—1 1) (F6i+20 + Fpi1T) (Fpi—2( + Fpi_3K)

B (Foiv1N + F6i0) (FeirsA + Foival) (Fei-10 + Fpi—2T) (Feir1({ + F6iK)

b4 = R
fan3 771_1:!) (F6in + Fo6i-10) (Foir2A + Foiv1 ) (Fe6i—20 + Fpi3T) (Fpi( + Foi-1K)

43
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M (Foivan + Feir2) (Foi-1 A+ Foi—2l) (F6ir10 + F6iT) (Fpi+30 + Feir2K)
i=0 (Feiran+ Foi110) (Foi—2A + Fi—ap) (Fi0 + Fi17) (Foi 420 + Foir1K)

Yiona=0

(Fei-1M+ Fi—20) (Fpir1 A + Foi ) (Fi+30 + Fir2T) (Foir5( + Fpitak)
0 (Foi—2n + F6i—30) (Feid + Fgi—1 W) (Foi+20 + Foir17) (Foisal + Fpir3K)’

Wi2n+s = /11_[

(Fsiv1N + F6i () (FsirsA + Foirol) (Foi+50 + FoivaT) (Fpir1( + F6iK)
0 (F6in + Foi-10) (Fpis2 A + Fois1 W) (Foi+a0 + Fpi43T) (Foil + Fgi-1K)

Yi2n+6 = 171_[

b (Feiran + Feir20) (Foirs A+ Foivall) (Fois10 + FpiT) (Fpi 430 + Fpir2K)
i20 Foiron + F6i10) (Foiral + Foira ) (F6i0 + Fpi-17) (Fpis2l + Fpir1K)’

Yioner =0

(Fei+sN + Foi+a0) (Fpir1 A + Foi ) (Foi+30 + Foir2T) (Foirs( + Fpitak)
0 (Foiran + F6ir30) (Foid + Foi—1 W) (Foir20 + Foir1T) (Foisal + Foirsk)’

Wi2n+8 = /11_[

(g61+177+g61()(g61+3/1+961+2,U)(9.61+50+g61+4T)(961+7C+g61+6K)
0 (F6in + Foi-10) (Foisod + Foir1 1) (Foi+40 + Foir37) (Foir6( + Foir5K)

Yi2n+9 = 771_[

where ¥V _g=x,¥Y_5=7,Y_4 =,V 3=V r=0,Y_1=1,¥Yy=nand {9,-}‘1.’2_5 ={1,1,1,1,1,1,1,1,2,

3,5,8,13,21,...,}.

Proof.
For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n — 1, that is

=2 (Fpirsl + Foi+20) (FoirsA + Foirall) (Foi70 + FoireT) (Foir3( + Foir2K)

Yion-u=0

2 (Foirsn + Foiral) (FoistA + Foivoll) (Foir30 + FoivaT) (Foirs( + Foirak)

=0 Foivan + Foi10) (Foival + Foisst) (Foir60 + FoivsT) (Foival + Fpis1K)

Y =A
fen=15 = H 0 Foivan + Foir30) (Foire A + Foiss ) (Foir20 + Foir1T) (Foiral + Foirsk)

2(Foirtn + Foir6() (FoissA + Foival) (Foir50 + FoiaT) (Foir7( + FoireK)

v
12n=12 =1] H 0 Foiven + Foi150) (FoivoA + Fois1 1) (Foi+a0 + FoisaT) (Foivel + Foissk)

N (Foi-3n + Fgi-a0) (Foi-1 A + Foi—2 ) (F6i+10 + FeiT) (Foir3( + Foir2K)
i=0 (Foi-an + F6i—50) (Foi-2 A + Foi-31) (F6i0 + Fei—1T)(Feir2{ + Fois1K)

Yion-11=0

Y (Fi1m + Fei—20) (Foii A+ Foi ) (Foi+30 + FoivaT) (Foi-1{ + Fpi—2K)
0 Foi-2n+ Foi—30) (Feid + Fi-1 1) (F6i+20 + Fis1T) (Fpi-20 + Fei-3K)

Wi2n-10=41 H

Wipng= T]H (961+177+9751(:)(961+37L+§6[+2p)(961 10+961 27)(g61+1(+g617<)
" 0 (F6in + Foi-10)(Feir2A + Foi1 1) (Foi-20 + Foi-3T)(Feil + Foi-1K)’

M Foiran + Foi+20) (Foi—1 A + Foi—o ) (F6i+10 + F6iT)(Foi430 + Fpis2K)
120 Fsivan + Foi110) (Fsi-2A + Foi—3 1) (F6i0 + Fgi-1T) (Fgiv2l + Foir1K)’

Yion-g=0

L (Foi1m + Fei—20) (Foi1 A+ Foi ) (Foi 130 + FoisoT) (Foirs{ + Foirak)
0 (Foian + Foi—30) (Feid + Fei—1 W) (Foi+20 + Foir1T) (Foiral + Foirsk)’

Wion- 7—/11_[

U (Foi1m + F6i() (Foisa + Foivoll) (Foirs0 + FoisaT) (Foir1{ + Feik)
(g&n"'gﬁz 1()(961+21+961+1/J)(g61+40+J61+37)(961(+g61 IK)

Yi2n-6 = 771_[

N (Foir3n + Foi+20) (FoirsA + Foivall) (Foi10 + FoiT) (Foi+3( + Foir2K)
i=0 (Foivon + Foi10) (Fpisal + Foir3 ) (F6i0 + Foi1 1) (Fpis2l + Foir1K)

Yion-5=0

44
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M (Feisn + Foiral) (Foin1 A+ Filt) (F6i430 + Fpi2T) (Foi 45 + Foi14K)
Wion-a=AJ]

(J61+177 + F6i0) (Foir3A + Foival) (Foi+50 + FoiraT) (Foir70 + Fsir6K)
(Jﬁln+961 1()(J’61+2/1+g6l+l,u)(961+40'+J61+3T)(=g:6l+6(+961+57<)

Wi2n- 3—771_[

Now, we prove that the results are holds for n. From Eq.(7), it follows that

Y121n-5%¥12n-6
Wizn-6+Yi2n-9
N (Foivan + Foir20) (Foirs A+ Foiral) (Fois10 + Foi 1) (Foir3( + Fpirak)

Yiono2=Y%Yions5+

120 Foivan) + F6i430) (Foid + Foi-1 1) (F6i120 + Fis1T) (Fgival + Foir3k)’

i=0 Fei+2N + F6i+10) (Foivad + Feir3) (F6i0 + Fi-17) (Fgi+20 + Fei+1K)

n—1
1—[ (Foi1N+F6i() (FoirsA+Foiso ) (Foirs0+FeisaT) (Foi1 {+F6iK)
n g (F6in+F6i-10) (Foir2A+F6i11 1) (Foi 140 +Fpi43T) (Fei( +Fpi-1K)

1+

n—1
1—[ (Foi1N+F6i() (FoirsA+Foiro ) (Foirs0+FeiaT) (Foir1 {+F6iK)
n g (F6in+F6i-10) (F6i+2 A+ Fpi+110) (F6i 140 +F6i13T) (F6i ( +F6i-1K)

n—1
1—[ (Foi 1N+ F6i8) (Foir3 A+ Fivolt) (Foi—10+F6i—2T) (Foi1 {+ F6iK)
n ) (F6in+F6i-10) (Foiso A+ Foi1 ) (Fpi—20 +Fi3T) (F6i (+Fsi-1K)

N (Foiran + Foi+20) (FoirsA + Foivall) (Foi10 + FoiT) (Foi+3( + Foir2K)
i—o (Feir2N + Fi+10) (Foival + Fpi3 ) (F6i0 + F6i1T) (Foi+20 + Fpir1K)

1:[ (F6i+50+Fpi4aT)
- (g6z+40'+g61+37)

1+

-1
(F6i 450 +Fpi+aT) (Fpi10+Fi2T)

o (F6i+40+F5i437) | 5 (Foi-20+Fi-3T)
= i=

NV (Foir3n + Foir20) (FoirsA + Foivald) (Foir10 + FiT) (Fgir3l + Foir2K)
i—0 (Feir2n + Foi+10) (Foival + Fpir3 ) (F6i0 + F6i1T) (Fpi+20 + Foir1K)
(g611710'+§6n72‘r)
(Fen—20+Fep_3T)

(Fon-10+Fen-»7) +1
(Fon-20+Fen-3T)

1+

N (Fsirsn + Foi+20) (FoirsA + Foivall) (Foir10 + FoiT) (Foir3( + Foir2K)
i—0 Foi+o + F6i+10) (Foival + Foirsp) (Fei0 + Fi-1T) (Fpi+2( + F6i+1K)
(Fon-10 + Fop-2T)
(Fon-10 + Fep—27) + (Fen—20 + Fpp_37)

1+

N (FoivsN + Foi420) (Foiss A + Foiralt) (Foir10 + Foi 1) (Fpis3l + Foivak)
i=0 Feir2+ F6i+10) (Foival + Foir3) (F6i0 + F6i-1T) (F6i+20 + Fpi+1K)
[1 N (Fon-10 + Fep-2T)
(Fen0 + Fpp_1T)

45
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1 (Feiran + Fois20) (Foirs A+ Foirall) (Fois10 + Foi 1) (Foir3( + Foi42K)
i0 (Feir2n + Fei+10) (Foival + Foi3 ) (F6i0 + F6i-1T) (Foi+20 + Fpit1K)
(F6n0 + Fepn-17) + (Fen-10 + Fep_27)
(Fen0 + Fp_17)

U (Foiran + Foi420) (FoirsA + Foival) (Foir10 + FiT) (Foir3l + Foir2K) [ (Fon+10 + FonT))
ico Foivon + F6i10) (Foival + Fivst) (Fei0 + Foi1T) (Foir2l + Foir1K) | (Fon0 + Fon17) |

Hence, we get

N (Foiran + Foi420) (FoirsA + Foivald) (Foi170 + FoiveT) (Foir3l + Foir2K)
i=0 Feiran) + Foir10) (Foival + Foirst) (Foir60 + FpissT) (Fpisol + Fgis1K)

Yiono2=0

Other expressions can be investigated in the same way. The proof has been completed.

5.2.Second Equation

In this subsection, we will find the solution of Eq.(1) when @« =y = =1 and § = —1, so the Eq.(1) become
as

v =¥, o+——— n=0,1,2,.., 8
n+l n-2 \I]n—S_\Pn—G (8)

where the initial conditions W_g, ¥ _5,¥_4,¥Y_3,¥_»,¥_; and ¥ are arbitrary positive real numbers.
Theorem 5.2. Assume {\I’n}"’f:_6 be a solution of Eq.(8). Thus for n=0,1,2,...,

N (F3i130 — F3i410) (F3ira — F3i12 ) (F3i450 — F3i43T) (F3i430 — F3i41K)
ico (Fainn— F3i210)(Faisod — F3i ) (F3i430 — F3i1 1) (Fais1{ — F3i-1K)

Yiono2=0

(P304 — F3i420) (F3ir5A — F3i4310) (F3i430 — F3i41T) (F3i 440 — F3i42K)

Wion-1=41
" ,-11) (F3ir2n — F3i0)(F3i43A — F3i01 W) (F3i410 — F3i1T) (F3i 120 — F3iK)

)y

N (Fsivsn — F3ie30) (Fsi3d — Fais1 W) (F3i140 — F3i427) (F3i45( — F3i13K)

Wion = ,
tzn ",E, (F3i43N = F3i110) (F3i41A — F31 ) (F3i 420 — F3,T) (F3i 430 — F3i11K)

Wiprss = 020 — k) " (Fai430 — F3i110) (F3i 14l — F3i2 ) (F3i450 — F3i13T) (F3i16¢ — F3i44K)
" C=Kx) g (Fzisin—F3i-10)(F3iroA — Fai ) (F3i130 — F3i417) (F3i44( — F3i12K)
v _ AR = 1) " (F3i1an — F3i420) (F3i45A — F3i131) (F3i160 — F3i14T) (F3i14( — F3142K)
12n+2 — ’
" (0-1) oo (F3ivan—F3i0)(F3i130 — F3i4110) (F3i+40 — F3i12T) (F3i12( — F3iK)
v QA - W) " (Fzivsn = F31430) (F3is6A = F3iral) (F3i140 — F3i1407) (F3i15( — F3i13K)
12n+3 —

A—w) g (Fzis3n—F3i10)(F3ivad — F3i2l) (F3i420 — F3iT) (Fai430 — F3i41K)

(F3i+6N — F3i+40) (F3i 44 — F3i4210)
v 02— @0 —x) "= (F3i150 = F3i43T)(F3i460 — F3i+4K)
12n+4 = ,
m=-0C-1 i (F3i1aN — F3i420) (F3i12A — F3i 1)

(F3i+30 — F3i11T)(F3j 440 — F3i12K)
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(F3i14M — F3i420) (F3i45A — F3i13 1)
A20 -1)3C —x) "=l (F3i+60 — F3i+4T) (F3i47C — F3i45K)

Wio2n+s = I1 ,
(lo-1) i=0  (F3i42N— F3i0)(F3i43A — F3is1 1)
(F3i440 — F3i427) (F3i 450 — F3i43K)
(F3i+5N — F3i430) (F3i16A — F3i4ald)
N@eA-wBo—1) "5 (F3i+70 = F3i457) (F3i450 — F3i13K)
Wion+6 =

od-p i=0 (F3i+3N — F3i+10) (F3irad — F3is2ll)

(F3i+50 — F3i43T) (F3i430 — F3i41K)

(=)

(F3i+6M — F3i+40) (F3i17A — F3i4510)
o@2n-0BA- W@ -x) "5 (F3i50 = F3i43T) (F3i160 — F3i14K)

Yi2n+7 = I1 )

A= -x) i=0 (F3iral) — F3i+20) (F3irsA — F3iv3lL)

(F3i+30 — F3i41T) (F3i 440 — F3i42K)

(F3i17M — F3i450) (F3i15A — F3i13 1)

v ABN-0Ro -1)(3( —Kx) "=l (F3i160 — F3i44T)(F3i470 — F3i45K)
12748 = ,

néo -1 i=0 (F3irsN — F3i+30) (F3ir3A — F3iv1 1)

(F3i+40 — F3i42T) (F3i450 — F3i43K)

(F3i+5M — F3i+30) (F3ir6A — F3itald)

N@RA— ) (B0 —1)(5¢ —2k) "=l (F3i170 — F3i45T)(F3i+80 — F3i+6K)

Wions9 =

o(A=WEf-x) i=0 (F3i43N — F3i410) (F3i4+4A — F3i4210)
(F3i+50 — F3i+37) (F3i 160 — F3i4+4K)

where ¥V _g=x,¥Y_5=7,Y_4=u,¥Y 3=V 2=0,Y_1=1,¥)=nand {%; ci’i_l ={1,0,1,1,2,3,5,8,13,

21,..}.

Proof.

For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n — 1, that is

"2 (F3i43N — F3i+10) (F3i0ad — F3ir2l) (F3i150 — F31437) (F3i43( — F3i41K)

WYion-14=0

ino (Fsinn— F3i-10) (Fsis2d — F3i ) (F3i430 — F3i1 1) (Fi41 — F3i-1K)

n-2

3 (F3i4a — F3i120) (F3i15A — F3i131) (F3i430 — F3i11T) (F3i 140 — F3i42K)
Wion-13=A[]

izo (F3iv2n — F3i0)(F3i 430 — F3i 1 W) (F3i410 — F3i-1T) (F3420 — F3K)

n-2

S—— (F3iv5M — F3i430) (F3i13A — F3i 1 1) (F3i 440 — F3i12T) (F3i 450 — F3i43K)
" i=0 (F3i+3N — F3i+10)(F3i+1Ad — F3_1 1) (F3i420 — F3iT) (F3i430 — F3i41K) ’

Wiy = 02 —x) 'ﬁz (F3i+3N — F3i110) (F3isad — F3i120) (F31450 — F3143T) (F3i460 — F3i44K)
" =%) oo (Fzinn—F3i10)(F3is2Ad — F3il) (F31430 — F3i417) (F3i4al — F3i10K)

A2o—-1)"
Wi2n-10=

2 (F3ival — F3i+20) (F3i15A — F3i4310) (F3i+60 — F3i+4T) (F3i+4l — F3i42K)

(o-1)

o (Fzivon = F3i0)(F3i43A0 — F3i+110) (F31+40 — F3i12T) (F31120 — F3iK)
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NRA— ) =2 (F3i+5M — F3i+30) (Fsise A — F3ival) (F3i440 — F3i42T) (F3i5( — F3i43K)

\P —9 = )
12n=9 A=) iZy (F3ie3N = F3i+10)(F3i1ad — F3i10 ) (F3i420 — F3;T) (F3i 130 — F3i41K)
(F3ir6N — F3i+40) (F3i44A — F3i42/0)
o2n-02f—x) "= (F3i+50 — F3i+37) (F3i+6( — F3i+4K)
Frens == 0 H ’
n- K i=0  (Fsisan— F3i120) (Faivad — F3i )
(F3i430 — F3i1T) (F3i140 — F3i12K)
(F3i44N — F3i+20) (F3i45A — F3i431)
v ARo-1)3BL-x) l:[ (F3i+60 — F3i44T) (F3i 470 — F3i45K)
12]’1-7 y
¢lo-1) i=0  (F3iv2n — F3i0) (F3i13A — F3i01 1)
(F3i+40 — F3i42T) (F3i 450 — F3i43K)
(F3i+5N — F3i+30) (F3i16A — F3i44lh)
v N@A—wBo —1) =2 (F3i+70 = F3i157) (F3i+5( — F3i13K)
12n-6 = )
ocA-p i=0 (F3i43N — F3i410) (F3i4ad — F3i4210)
(F3i+50 — F3i+37)(F3i 430 — F3i41K)
(F3iv6M — F3i+40) (F3i47A — F3i451)
v o2n-0BA-w R -x) 1:[ (F3i+50 — F3i+37) (F3i+60 — F3i+4K)
12n-5 = »
A =€ =x) i=0 (3441 — F3i+20) (F3i15A — F3i431)
(F3i+30 — F3i41T) (F3i140 — F3i12K)
(F3i17M — F3i450) (F3i15A — F3i43 1)
¥ ABN -0 2o -1)(3( —«) 1:[ (F3i+60 — F3i44T) (F3i 470 — F3i45K)
12n-4 = )
né(o —7) i=0 (345N — F3i+30) (F3i13A — F3i4114)
(F3i+40 — F3i42T) (F3i450 — F3i43K)
(F3i+51 — F3i+30) (F3i+6A — F3ivafl)
v N@RA— ) (B30 —1)(5¢ —2k) =2 (F3i170 — F3i45T)(F3i+80 — F3i+6K)
12n-3 =

oA-wEC-x) i=0 (F3i43N — F3i410) (F3iad — F3i4210)
(F3i450 — F3i437) (F3i+60 — F3i+4K)
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Now, we prove that the results are holds for n. From Eq.(8), it follows that

WYi2n-5¥12n-6

Yion-2=Y12n-5
Yi2n-6 — Y12n-9

(F3ir6N — F3i+40) (F3i47A — F3i45 1)

_o2n-0BA-wQL-Kk) 1= (F3i4+50 — F3i43T) (F3i160 — F3i+4K)
A =0 ~x) i=0 (F3i1aM — F3i420) (F3i45A — F3i43M0)
(F3i430 — F3i017) (F3i 140 — F3i42K)

nRA-p) (3o —1) 1:[ (F31+5N—F31430) (F31406A—F3i 14 ) (F31470 — F3115T) (F3i45( — F3143K)
o(A-p) L1 (F3i431=F3i010) (F3i44A=F 3142 11) (F 31450 = F3i137T) (F3i430 —F3i11K)
1+ =

n-2
nRA-w)(30-1) (F3i+5N—F3i430) (F3is6A—F3ira ) (F3i170 = F3i15T) (F3i45{ —F3i+3K)
o(A-p) (93”377 F3i10) (F3iia A= F3i2 ) (F31450 —F3i13T) (Fair3 —F3i11K)

A-w (Z3i+3N—F 3110 (F3i4a A= F3i120) (F3i 420 —F3; T) (F3i130 — F3i11K)

nR2A-u) H 93”577—9"3”3()(93i+6/1—93i+4u (F3i+40—F3i+2T) (F3i45( ~F3i+3K)

(F3i+6M — F3i+40) (F3i17A — F3i45140)

_on-0BA-wL-Kk) =P (F3i450 — F3i13T) (F3i+6¢ — F3i+4K)
A= -x) i=0 (F3iral) — F3i+20) (F3irsA — F3i43l0)
(F3i+30 — F3i41T) (F3i 440 — F3i42K)

1:[ (F3i470 = F3i45T)
L (Z3i150—F3i43T)

1+

n-2
(F3i170—=F3i15T) _ (93i+40—93i+27)

0 (F3i150—F3i43T) b (F3i420—F3;T)

(F3i+6N — F3i+40) (F3ir7A — F3iv510)

_0@2n-0BA-w@{-x) 1:[ (F3i+50 — F3i13T) (F3i+6( — F3i+4K)
A =€ =) i=0 (F3i+4n — F3i+20)(F3i+5A — F3i431)
(F31430 — F3111T) (F3i+4( — F342K)

(F3n+10—F3p17)

(F3n-10—F3-3T)
(F3n+10=F3n17) _
(F3n-10—F33-37)

1+

(F3i+60 — F3i+40) (F3i 474 — F3i1510)
_o@n-BA-wRI-K) 2 (F3i450 — F3i13T) (F3i+6{ — F3i+4K)
A =0 -x) i=0 (F3i+40— F3i+20) (F3ir5A — F3i13 1)
(F3i+30 — F3i117)(F3i+4( — F3i12K)
(F3n+10 — F3p-1T)
(F3n+10 — F3p-1T) — (F3n-10 — F3,-3T)

1+
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(F3iv6M — F3i+40) (F3i17A — F3i4510)

_02n-0BA-wR{-K) *ﬁZ (F3i4+50 — F3i13T) (F3i16¢ — F3i14K)
A =0 ~x) i=0 (F3i141 — F3i420) (F3i45A — F3i4310)
(F3i430 — F3i417)(F3i+4{ — F3i12K)

(F3n+10 — F35-17)
(F3n0 — F3p-27T)

1+

(F3i+6M — F3i+40) (F3i17A — F3i451)
_02n-0BA-w2{-x) 'ﬁz (F3i+50 — F3i+3T) (F3i+6( — F3i+4K)
A =€ -x) i=0 (F3i+an — F3i+20) (F3i+50 — F3i43 1)
(F3i+30 — F3i41T) (F3 440 — F3i12K)
(F3n0 — F3p—2T) + (F3n410 — F35-17)
(F3n0 — F3p-27)

(F3i46N — F3i+40) (F3i17A — F3i4510)

_o2n-DBA- W@ —x) 122 (F3i+50 — F3i437) (F3i+60 — F3i+4K)
A =0 ~x) i=0 (F3i141 — F3i420) (F3i45A — F3i431)
(F3i430 — F3i417) (F3i+4( — F3i12K)

(F3p420 — F3,T)
(F3n0 — Fap21) |

Therefore,

N1 (F3i030 — F3i010) (F3isad — Fair2l) (F3i450 — F3i43T) (F3i43( — F3i41K)

WYion-2=0 .
1=z iz0 (F3ie1N — F3i-10)(F3i42A4 — F3i 1) (F3i+30 — F3i+17) (F3i+1( — F3i-1K)

The following cases can be proved using a similar technique.
5.3. Third Equation

In this subsection, we will find the solution of Eq.(1) when @« =y =6 =1 and 8 = —1, so the Eq.(1) become
as

\PI’H—l = \Pn—Z -, h= 0; 1; 2) weey (9)

where the initial conditions W_g, ¥V _5,¥_4,¥Y_3,¥_», ¥_; and ¥ are arbitrary positive real numbers.

Theorem 5.3. Assume {¥,}%_. be a solution of Eq.(9). Thus for n=0,1,2,...,

L (Fgin+ F3in ) (Fsin A+ Faiof) (F3i100 + F3i13T) (F3i + Fzi41K)
i20 (Fzin + F3i4020) (F3ivoA + F3i4310) (F3i430 + F3i4aT) (F3i41{ + F3i42K)

Yiono2=0

Wip = A’ﬁl (F3i01N + F3i420) (F3i42A + F3i43 1) (F3i0 + F3i11T) (F3i 410 + F3i42K)
" i20 (Fzivon + F3i430) (F3ir3A + F3iwa ) (F3i410 + Fi42T) (Fais2l + F3i43K)
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N H (F3i42M + F3i430) (F3i A + F3i 41 1) (F3i410 + F3i42T) (F3i 120 + F3i43K)
T (Fie3n + F3i0al) (P A+ Faivo ) (Fai420 + F3i3T) (Fziral + Faisax)

ok " (Fain+ F3in10)(Faia A+ F3ivoll) (F3i120 + F3i3T) (Fair3( + F3i44K)

Wioni = ,
BT w) iz (F3ie1N + F3i420) (F3i42A + F3i 430 (F3i 430 + F344T) (F3 440 + F3i45K)

v l:[ F3i1N + F3i120) (F3i42A + F3i43 ) (F31430 + F3144T) (F3i410 + F3i12K)
12742 = ,
" ( +7) 2o (F3iv2n + F3i430) (F3i43A + F3i440) (F3i1+40 + F3i15T) (F3i120 + F3i13K)

e " Fsivon + Fai30) (FsivzA + Fsiva ) (F3i110 + Fais2T) (Faisal + F3i43K)

v = ,
ST ) i=0 (F3i43N + F31440) (F3i404A + F3i450) (F3i420 + F31437T) (F3i+3C + F3+4K)

(F3i+3N + F3i+40) (F3i41A + F3i42140)
(F3i420 + F3i43T) (F3i+30 + F3i14K)

Wion+a = H
Y +O(C+K =0 (3’73z+477+93z+5f)(931+2/1+3331+3u)

(F3i430 + F3i44T)(F3i 440 + F3i15K)

(F3i11N + F3i420) (F3i12A + F3i43 1)

AT +x) 5l (F3i430 + F3i14T) (F3i440 + F3i45K)
Wion+s = G tDC+20) H ,
o+t Kli=0 (Fsison + F3i430) (F3ir3A + F3ipal)
(F3i440 + F3i457) (F3i15( + F3i46K)
(F3ir2M + F3i430) (F3i+3A + F3i1ald)
nuo+1) "=l (F3i440 + F3i57) (Fiv2l + F3i43K)
Yizne = 7 o von | H ’
K i=0 (F3i43N + F3i440) (F3i14A + F3i4510)
(F3i+50 + F3i46T)(F3i43( + F3i44K)
(F3i13N + F3i440) (F3i1ad + F3i4514)
olKk(A+ ) n=l (F3i120 + F3i+37) (F3i430 + F3i14K)
Yione7 =

M+OA+2WE+x) i (F3i1an + F3i150) (F3i15A + F3i1610) ,
(531430 + F344T) (F3i 440 + F3i15K)

(F3i+an + F3i450) (F3i2A + F34310)
A+ +x) "=l (F3i430 + F3i404T) (F31440 + F3i45K)

Wionig = ,
Mm+20) 0 +1){(+2x) ;1 (F3i+5N + F3i160) (FivaA + F3ivald)
(F3i4+40 + F3i45T) (F3i450 + F3i46K)
(F3irom + F3i430) (F3i43A + F3i1alh)
nu(o + 1) +2x) (F3i+40 + F3i15T) (F3i+5( + F3i+6K)
Wionio =

ﬁ
(A+ (o +27)(20 +3K) (g31+377+531+4()(931+4/1+931+5#)

(F3i450 + F3i46T) (F3i160 + F3i47K)

whereW_¢=x,¥Y_5=7,Y_4=u,¥Y_3=(¥Y_2=0,¥Y_1=1,¥Yo=nand {#}72,=10,1,1,2,3,5,8,13,21,..., }.
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Proof.

For n = 0 the result holds. Now suppose that 7 > 0 and our assumption holds for n — 1, that is

N2 (Fain+ F3i010) (Fairi A + Faivoll) (Fair20 + F3i37) (F3il + F3i11K)
i20 (Fzin1N + F3i420) (Faivod + F3ir3 ) (F3i430 + F3i4aT) (Fais1{ + F3i10K)

Yion-14=0

Wipy1s = A’ﬁz (F3i41M + F3i420) (F3i12A + F3i31) (F3i0 + F3i01T) (F3i410 + F3i42K)
" ico (Faivon + F3i130) (F3ir3A + Fairall) (F3i410 + F3i42T) (Faivol + F3i3K)’

Wipyo1p = n'ﬁz (F3i+2n + F3i130) (F3i A + F3i41 W) (F3i410 + F3i12T) (F31420 + F3113K)
12n-12 — »
" i—0 (F3i+3N + F3i140) (F3i 1A + F3i121) (F31420 + F3143T) (F31430 + F3144K)

ok "2 (F3in+ F3i010) (Faini A + Fsivoll) (Fair20 + Faira1) (F3ivsl + Fairak)

Wion_11= |
12n-11 (C+x) i=0 (F3i1N + F3i120) (F3it2A + F3i 130 (F3i430 + F3i44T) (F3i140 + F3i45K)
Wipn10 = AT =2 (F3i1N + F3i420) (F3iroA + F3i 30 (F3i430 + F3i44T) (F3i110 + F3i12K)
U040 ing (Fsivan + F3i030) (FainaA + Faisaft) (F3ia0 + FaissT) (Fsirol + Faia36)]
v _ i T (Fsivon + F3i30) (Faiws A + Faivat) (F3i10 + Fai2T) (Fsival + F3ivsK)
12n-9 —

A+ 1) j=o (Fzir30 + F3i440) (F3i0aA + F3i 5 10) (F3i120 + F3i43T) (F3i430 + F3i44K)

(F3i+3N + F3i+40) (F3i41 A + F3i1210)
olx 122 (F3i+20 + F3i43T) (F3i430 + F3i44K)

WYion-g= ,
M +0) € +x) i (F3iran + F3i450) (F3i12A + F3i43 1)

(F3i430 + F3i44T) (F3i 440 + F3i15K)

(F3i1N + F3i420) (F3i12A + F3i43 1)
AT +x) =2 (F3i430 + F3i14T) (F3i+40 + F3i45K)

Pizn-7= (@ +7)(( +2K) [1 ’
i=0 (F3ip2n + F3i430) (F3i3A + F3jrapt)

(F3i440 + F3i45T) (F3i 450 + F3i16K)

(Fziv2l) + F3i430) (F3i+3A + F3iral)
nuo+1)  "=2 (F3i140 + F3i45T) (F3i420 + F3i43K)

Yi2n-6 = I1 )
A+ (0 +27) 25 (Fgyy3m + Faisal) (Faisad + Faivstl)
(F3i+50 + F3i46T)(F3i43( + F3i44K)
(F3i13N + F3i140) (F3i1ad + F3i4514)
o{x(A+ p) n=2 (F3i+20 + F3i+37) (F3i+30 + F3+4K)
Yion-s5=

M+ A +2W(C+K) i (Fyipan + Fairs)) (FaivsA+ Faivoll) ,
(F3i+30 + F3i44T) (F3i 440 + F3i45K)
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(F3i1aM + F3i450) (F3i12A + F3i43 1)
MM+ +x) =2 (F3i430 + F3i447) (F3i 440 + F3i15K)

WYion-4= )
M+200+1)C+2K) 20 (P50 + Fair60) (Fairsh+ Fairapd)
(F3i+40 + F3i15T) (F3i15( + F3i16K)
(F3i+2N + F3i+30) (F3i434 + F3i4410)
v o+ +2x) =2 (F3i440 + F3i457) (F3i45¢ + F3i16K)
12n-3 =

(F3i4+50 + F3i46T) (F3i16(0 + F3i47K)

Now, we prove that the results are holds for n. From Eq.(9), it follows that
W12n-5¥12n-6
Wi2n-6+¥i2n-9
(F3i43N + F3i+40) (F3i44A + F3i4510)
B olx(A+ ) n=2 (F3i4+20 + F3i+37)(F3i+30 + F3+4K)
MR 20CHK) o (Fypan+ Fiss) Faissh+ Faisohd)
(F3i+30 + F3i+4T) (F3i44( + F345K)

WYion—2=Yi2n-5—

A+ (0 +20@+3K) i20 (Fyian + Fyiral) (Faisad + Faiaspt)

nu(o+1) 1—[ (F3i42M+F3i430) (F3i43A+F3i14 1) (F3i440 +F3i15T) (F3i42{ + F3i13K)

A+ (o+27)
1-

(F3i 130+ F3i140) (F3144 A+ F3i 15 10) (F31450 +F3146T) (F31430 +F314K)

nuo+1) (93i+277+93i+3() (F3i+3A+ P304 10) (F3i+40 + F3i45T) (F3i+20 +F3i43K)

H (93i+zn+93i+3() (F3i+3A+ P31 04 ) (F3i+10+F3i42T) (F3i12{ + F3i43K)
/1+u) (F3i 130+ F3i140) (F3144 A+ F3i1510) (F31420 +F3143T) (F3i 430 +F3144K)

(F3i+3N + F3i+40) (F3i1aA + F3i1510)
_ olk(A+p) 122 (F3i20 + F3i437) (F3i430 + F314K)
-+ HA+2p ) i (F3ival) + F3i450) (F3ir5A + F3ivelh)
(F3i+30 + F3i+4T) (F3i 440 + F3+5K)

(g3z+4g+931+57)
93;+5U+93z+6ﬂ

(F3i440+F3145T) (93i+10+93i+21’)
(F3i+50+F3i16T) | ] (F3i120+F3i43T)
i=0 i=

A+w) a+2r) (§3i+3n+93i+4() (F3i+aA+F3i45 1) (F31450+F3i46T) (F3i430 +F3144K)
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(F3i+30 + F3i+40) (F3i4aA + F3i15 1)
B olxk(A+p) n=2 (3420 + F3i137)(F3i+3( + F3i+4K)
M+ OA+2W+K) g (F3i+4N + F3i+50) (F3i45A + F3i4610)
(F3i+30 + F3i+4T) (F3i 440 + F34+5K)

(F3n—20+F3n-17)
_ (F3p-10+F3,T)
(F3n—20+F3-17) +1
(F3n-10+F3,T)

1

(F3i+3N + F3i+40) (F3i+4A + F3i1510)
B olK(A+ ) n=2 (%3420 + F3;137)(F3i+30 + F3+4K)
- OHOAF2EHO) 20 (Fypa+ Fai50)(Faiesh+ Faaof)
(F3i+30 + F3i+4T)(F3i 440 + F345K)

B (F3n—20 + F3517)
(F3n—20 +F3p,17) + (F3p-10 + F3,T)

1

(F3i+3N + F3i+40) (F3i1aA + F3i1510)
_ ol (A + ) n=2 (3420 +F3i137) (F3i+3( + F3i4+4K)
O+ OAF2WCHK) 20 (Fypy4n+ Faias0) (Faissh+ Faisoll)
(F3i+30 + F3i+4T) (F3i 44 + F3+5K)

(F3n0 + F33417) = (F3n-—20 + F3,,-17)
(F3n0 + F35417)

(F3i+3N + F3i+40) (F3i14A + F3i1510)
B olKk(A+ ) n=2 (F3i+20 + F3i+37)(F3i+30 + F3i1+4K)
RO 20 (Fypa+ Fai5O)(Faiesh+ Faroh)
(F3i+30 + F3i+4T) (F3i44( + F34+5K)

(F3n-10 + F3,7T)
(F3n0 + F35417) '

Thus,

=l (Fain + Fain10) (Faini A+ Fsivoll) (Fair20 + Fair31) (Fsil + Fai41K)
i20 (TN + F3i020) (Fsivod + F3is3 1) (F3i430 + F3i4aT) (F3i 410 + F3i42K)

Yion2=0

Other relations can be proved in the same way.
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5.4. Fourth Equation

In this subsection, we will find the solution of Eq.(1) when ¢ =y =1, and = § = —1, so the Eq.(1) become
as

-——F—FF—, n=01,2,.., (10)
“Pn—?: _\IJn—G

where the initial conditions W _g, W _5, ¥ _4, ¥V _3,¥_»,¥_; and ¥ are arbitrary positive real numbers.

Theorem 5.4. Assume {¥,}°° _. be a solution of Eq.(10). Thus for n=0,1,2,...,

n=—6

(_l)nnn'un(o. _ T)n

WYi2n-6= ,
12n-6 U”K”_l(/l—/.t)"
\P B O.n(nKn(A_H)n
IS T Angn=1q —yn(( —on’
g CDA -0 - x)"
12n-4 = T 1) ,
” _ =D"y"u" (o -1)"
12n-3 — O'"K”(A—p)” )
v ~ 0.n+1(nKn()L_'u)n
12n-2 — ﬂ"T”(T]—()"((—K)”,
(_l)nAn+1Tn(n_On(C_K)n
Vizp-1= prye— )
't (o —1)"
(_l)nnn+lﬂn(o._.r)n
Wizn = P——" ,
ok (A— "
o.n+1(nKn+l(/1_u)n
Wizpe = - :
12n+1 Anrn(n_c)n((_K)lﬁl
B (_1)n+1/1n+11.n+1(n _()I’l((_,,()n
Yizns2 = Nt (o — 1)+ ’
(_1)n+lnn+1“n+l(o._.[)n
Wiznes = SRR = ] )
O'n+1fn+11<n+1(ﬂ—p)n
¥ = ,
12n+4 ﬂ”T"(T}—()”“(C—K)”H
(_1)n+1/1n+1.[n+1(n_On(c_K)rHl
Yi2n+5 = )

nncn+1,un(o- _ T)n+1

where ¥V _g=x,¥Y_5=17,¥Y_4 =,V 3=V 2=0,Y_1=1,¥y=1.

Proof.

For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n — 1, that is
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(_Dn—lnn—l'un—l (0. _ T)n_l

Wion-18 = O'n_lKn_z(/l_H)n_l ’
O.n—lcn—lkn—l(/l_”)n—l
Yion-17= /1’7_1‘["_2(7] —On L —x)n-! ’
(_anl/ln—l.[n—l(n_()nfl((_K)”*1
Wi2n-16 = pn1gn=1n=2(g — gyn-1 ’
N o iy 07 L
12n-15 = O_n_lkn—l(;t_u)n—l !
O'ncn_lK"_l(/l—/J)n_l
'Y 4= )
1 T An—Tpn=1() —qyn=1({ — )1
I L S A et O (et O e
\Plzn—lfﬁ - nn_lcn_]un_](a_.[)n—] )
O G VL T Gt ) L
12n-12 — U”_lKn_l(ﬂ—/,l)n_l ’
ngn=lgncy _ yn-l1
Yion-11=- o - p) ’
An=ten=lp =l —x)"
D" -0 k)
\P]2n—10 - nn_lcn—lﬂn—l(a-_-[)n ’
Do -
Wion-9 = O_n_lKn_l(A_H)n ’
v _ O'n(nKn(A—[J)n_l
12 T AT gn=T( — n (¢ —x)"
(=D"A T - - 1"
Wiop-7= :

17”_1(”;1”_1(0' —T7)n

Now, we prove that the results are holds for n. From Eq.(10), it follows that

Yi2n-9%¥12n-10

Yi2n6=%Yi2n-9—

Yi2n-10—Y120-13

(_l)nnnun (0’—‘[)"_1 (—1)"1"‘["(1}—()"_1 ((—K)”_]

B (_l)nnnun(g—‘[)n_l 3 o Ik T (A=) LT (g )N
on=1gn=1(A — pn ED"AMT M= (C - (DA (=) (€ -x) !
nn—l(n—lﬂn—l(o-_-[)n nn—l(n—llun—l(o—_-[)n—l
_ (_1)"77nl~ln(0_7)n_1 (_l)n/ln.[n(n_()n—l((_K)n—l
B (_1)’11]"””(0'_‘[)” 1 3 oIk T (A= )" I T (g —p)n
0'"_1K"_1(/1 _ H)n (_l)n—l/ln-[n—l (n_on—l((_x)n—l [—‘L’—O’+‘L’]

3 (_l)nnnun(a_

nn—l(n—lﬂn—l (o-1)"
T)n—l (_Dnnnlun,[(o._.[)n—l

o'”_lK”_l(A—

_ (_l)nnn“n(o._

'u)n O'”K"_l(/l—,u)"
)" o - 1]

anKn—l (/1 _ 'u)n

So we have

(_Drznn'un(o. _ T)n
O'"K"_l(ﬂ _ H)n

Yi2n-6=
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Similarly,

Yi2n-8¥12n-9

WYion-5=%¥i2n-8—
Yi2n-9—Y12n-12

Un(nKn(/l_M)n—l (_l)nnnun(o._.r)n—l

B O-H(HKH(AI_‘“)H*I An—lTn—l(n_()n((_K)n 0’"711(”71(/1—/1)”

= An—lT’l—l(n—()n((—K)n (_l)i,nnllin(o._.[)n—l _ (_Dnjlnnftn—l(o-_-i)n—l
o IKn 1(1_”)n on IKn 1(/1_”)11 1
O.n(nKn(A_u)n—l (_Unnnun(o._.[)n—l

B a'n(nKn(A—‘u)n_l An—lrn—l(n_c)n((_K)n G-n—lKn—l(A_“)n

CAL g -n CD T o0 Al

o-nflanl(/l_'u)n
Un(nKn()L_'u)n—l (Tn(n[,tKn(/l—[,t)n_l

= An—lTn—l(n_()n(C_K)n - /ln.rn—l(n_on((_K)n
B O.I’l(nKn(/’L_'u)n—l[A_u]
S A= -on

Hence, we obtain
Un(n,Kn(A _ 'u)n

AT = O )™

Similarly, by using the same method, we can investigate other relations.

Wion-s5=

6. Numerical Examples

For our prior results, we present some numerical examples to explain the solution behavior of Eq.(1).

Example 1. In numerical simulation they assumed that for Eq.(7) the initial value are ¥_g = 0.3,¥_5 =
06,¥Y_4=09,¥_3=12,¥Y_,=1.5,¥_; =1.8and ¥y =2.1. Then the solution appear in Figure 1.

x 10

0 . . . . . . | |
0 10 20 30 40 50 60 70 80 90 100

Figure 1. Plotting the solution of ¥;,41 =¥ ,,_» + %

Example 2. Numerically when the initial value are W_5 =4.6,¥V_5=25¥Y_4,=14,¥Y_3=3,¥Y_»,=45Y¥Y_; =
6.3 and ¥, = 3.5. Figure 2 shows the results of Eq.(8).
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0 10 20 30 40 50 60 70 80 90 100
n

Figure 2. Plotting the solution of ¥, = ¥,,_» + M

n—3_"Pn—6 )

Example 3. Figures 3 depict the behavior of Eq.(9), with initial conditions are ¥_g =2.8,¥_5 =5.9,¥Y_4 =
85,¥Y_3=42,¥_»,=74,¥_;=3.2and ¥, =6.7.

—t L

0
0 5 10 15 20 25 30 35 40 45 50
n
. . . _ _ \Pn—z\ljn—?:
Figure 3. Plotting the solution of ¥;,41 =¥, T

Example 4. For Eq.(10) the initial conditions are set as follows: W_g = 2.2,¥_5 =39,¥_4, =7.5¥Y_3 =
4.2,¥_,=4.8,¥Y_; =3.2and ¥, = 6.7, results shows in Figure 4.
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Figure 4. Plotting the solution of ¥,41 =¥-2 — P

7.Conclusions

Studying the dynamics of such equations is a very significant mathematical topic since these equations are
strongly related to models in population dynamics and biological sciences. The basic goal of equations
dynamics is to predict the global behavior of a equation based on the information of its current state. In this
article, we have found general form of the solutions of rational difference equations and we investigated
the dynamics of equilibrium point. In sections 2 and 3, we have investigated the existence and uniqueness
of equilibrium point and the solutions qualitative behavior is explored, such as local and global stability.
Also, we have proven that the solution is bounded in section 4. In section 5, we have obtained expressions
of solutions of four special cases of the studied equations 7,8,9 and 10, as applications of Eq.(1). Finally, to

support our theoretical discussion some illustrative examples are provided in section 6.
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