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Abstract − The principle goal of this paper is to look at some of the qualitative behavior of the

critical point of the rational difference equation

Ψn+1 =αΨn−2 +
βΨn−2Ψn−3

γΨn−3 +δΨn−6
, n = 0,1,2, ...,

where α,β,γ and δ are arbitrary positive real numbers. We also used the proposed equation to

get the general solution for particular cases and provided numerical examples to demonstrate our

results.

Subject Classification (2020): 39A10.

1. Introduction

One of the most important scientific topics is difference equations, often known as discrete dynamical sys-

tems. The study of the qualitative properties of rational difference equations has sparked a lot of attention

recently.

Many researchers have opted to utilize difference equations in mathematical models to explain the prob-

lems in various sciences, including allowing scientists to introduce their study’s predictions and producing

more precise results.

It is particularly fascinating to look into the behavior of the solutions to a system of nonlinear differential

equations and examine the local asymptotic stability of their equilibrium points. Numerous studies have

been conducted on the technique of identifying the general form of the solution for some special cases of

the problem. The systems and behavior of rational difference equations have been the subject of numerous

works (can be obtained in the references).
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Alayachi et al. [3] studied the qualitative properties of:

yn+1 = Ayn−1 + B yn−1 yn−3

C yn−3 +D yn−5
.

Almatrafi et al. [6] studied the global behavior of:

χn+1 =αχn + βχ2
n +γχnχn−1 +δχ2

n−1

λχ2
n +µχnχn−1 +σχ2

n−1

.

Alzubaidi and Elsayed [8] examined the dynamics behavior and gave the general form of:

ϕn+1 =αϕn−2 ± βϕn−1ϕn−2

γϕn−2 ±δϕn−4
.

Ibrahim et al. [26] investigated the global stability and boundedness of solutions for:

Υn+1 =α+
k∑

i=0
aiΥn−i + ΥnΥn−k

β+
k∑

j=0
b jΥn− j

.

Kara and Yazlik [27] found the exact formulas for the solutions of the system:

xn = xn−2zn−3

zn−1(an +bn xn−2zn−3)
,

yn = yn−2xn−3

xn−1(αn +βn yn−2xn−3)
,

zn = zn−2 yn−3

yn−1(An +Bn zn−2 yn−3)
.

Karatas et al. [28] investigated the solutions of:

Un+1 = Un−5

1+bUn−2Un−5
.

Abdul Khaliq et al. [30] investigated the asymptotic behavior of the solutions of:

ωn+1 =ωn−p

(
α+ βωn

γωn +δωn−r

)
.

In [35] Muna and Mohammad deal with:

Vn+1 = (α+βVn)

(A+BVn +CVn−k )
.

The goal of this paper is to find a general solution to some special cases of the fractional recursive equation

Ψn+1 =αΨn−2 + βΨn−2Ψn−3

γΨn−3 +δΨn−6
, n = 0,1,2, ..., (1)

where α,β,γ and δ are arbitrary positive real numbers.
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2. Local Stability of the Critical Point

The critical point of Eq.(1), is given by

Ψ̄=αΨ̄+ βΨ̄2

γΨ̄+δΨ̄ ,

(1−α)Ψ̄= βΨ̄2

(γ+δ)Ψ̄
⇒ (1−α)(γ+δ)Ψ̄2 =βΨ̄2.

Thus, [
(1−α)(γ+δ)−β]

Ψ̄2 = 0.

If (1−α)(γ+δ) ̸=β then the unique critical point is Ψ̄= 0.

AssumeΦ : (0,∞)3 → (0,∞) be a C 1 function defined by

Φ(w1, w2, w3) =αw1 + βw1w2

γw2 +δw3
. (2)

In consequence,

∂Φ

∂w1
=α+ βw2

γw2 +δw3
,
∂Φ

∂w2
= βδw1w3

(γw2 +δw3)2 ,
∂Φ

∂w3
= −βδw1w2

(γw2 +δw3)2 . (3)

At Ψ̄= 0, we see that

∂Φ

∂w1
(
−
Ψ,

−
Ψ,

−
Ψ) =α+ β

γ+δ = γ1,

∂Φ

∂w2
(
−
Ψ,

−
Ψ,

−
Ψ) = βδ

(γ+δ)2 = γ2, (4)

∂Φ

∂w3
(
−
Ψ,

−
Ψ,

−
Ψ) = −βδ

(γ+δ)2 = γ3.

Hence,

Zn+1 −
(
α+ β

γ+δ
)

Zn−2 −
(

βδ

(γ+δ)2

)
Zn−3 +

(
βδ

(γ+δ)2

)
Zn−6 = 0.

Theorem 2.1. The critical point
−
Ψ= 0 is locally asymptotically stable if

β(γ+3δ) < (1−α)(γ+δ)2.

Proof.

By using the values in the Eq.(4) and by Lemma 1 in [30], ensures that Eq.(1) is asymptotically stable if

∣∣γ1
∣∣+ ∣∣γ2

∣∣+ ∣∣γ3
∣∣< 1,∣∣∣∣α+ β

γ+δ
∣∣∣∣+ ∣∣∣∣ βδ

(γ+δ)2

∣∣∣∣+ ∣∣∣∣ −βδ
(γ+δ)2

∣∣∣∣< 1,

or

α+ β(γ+δ)

(γ+δ)2 + βδ

(γ+δ)2 + βδ

(γ+δ)2 < 1,
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βγ+3βδ

(γ+δ)2 < (1−α),

therefore,

β(γ+3δ) < (1−α)(γ+δ)2.

3. Global Attractive of the Critical Point

In this section, we aim to investigate the global asymptotic stability of the positive solutions of Eq.(1).

Theorem 3.1. The critical point
−
Ψ= 0 of Eq.(1) is a global attracting if

γ(1−α) ̸=β.

Proof.

From Eq.(3), we note that, the function Φ(w1, w2, w3) is increasing in w1 and w2 and is decreasing in w3.

Assume that whenever (H ,h) is a solution of the system

H =Φ(H , H ,h),

h =Φ(h,h, H),

then, we have

H =αH + βH 2

γH +δh
, ⇒ (1−α)H = βH 2

γH +δh
,

γ(1−α)H 2 +δ(1−α)hH =βH 2. (5)

h =αh + βh2

γh +δH
, =⇒ (1−α)h = βh2

γh +δH
.

γ(1−α)h2 +δ(1−α)hH =βh2. (6)

By substrate Eq.(5) from Eq.(6) we obtain

[
γ(1−α)−β](

H 2 −h2)= 0.

In consequence, H = h if γ(1−α) ̸= β. It follows by Theorem 1 in [30] the equilibrium point
−
Ψ= 0 of Eq.(1)

is a global attractor.

4. Boundedness of solutions

Here, we demonstrate how the positive solutions to Eq.(1) have boundedness.

Theorem 4.1. Every solution of Eq.(1) is bounded if(
α+ β

γ

)
< 1.
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Proof.

Assume that {Ψn}∞n=−6 be a solution of Eq.(1), then

Ψn+1 =αΨn−2 + βΨn−2Ψn−3

γΨn−3 +δΨn−6

≤αΨn−2 + βΨn−2Ψn−3

γΨn−3

=
(
α+ β

γ

)
Ψn−2.

Hence,

Ψn+1 ≤Ψn−2, f or al l n ≥ 0.

This implies that the subsequences are bounded from above by

Ψmax = max{Ψ−6,Ψ−5,Ψ−4,Ψ−3,Ψ−2,Ψ−1,Ψ0}.

5. General Solution for Special Cases

In this section, we will find expressions of solution for some special cases of Eq.(1)

5.1. First Equation

In this subsection, we will find the solution of Eq.(1) when α=β= δ= γ= 1, so the Eq.(1) become as

Ψn+1 =Ψn−2 + Ψn−2Ψn−3

Ψn−3 +Ψn−6
, n = 0,1,2, ..., (7)

where the initial conditionsΨ−6,Ψ−5,Ψ−4,Ψ−3,Ψ−2,Ψ−1 andΨ0 are arbitrary positive real numbers.

Theorem 5.1. Assume {Ψn}∞n=−6 be a solution of Eq.(7). Thus for n=0,1,2,...,

Ψ12n−2 =σ
n−1∏
i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+7σ+F6i+6τ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6i+6σ+F6i+5τ)(F6i+2ζ+F6i+1κ)
,

Ψ12n−1 =λ
n−1∏
i=0

(F6i+5η+F6i+4ζ)(F6i+7λ+F6i+6µ)(F6i+3σ+F6i+2τ)(F6i+5ζ+F6i+4κ)

(F6i+4η+F6i+3ζ)(F6i+6λ+F6i+5µ)(F6i+2σ+F6i+1τ)(F6i+4ζ+F6i+3κ)
,

Ψ12n = η
n−1∏
i=0

(F6i+7η+F6i+6ζ)(F6i+3λ+F6i+2µ)(F6i+5σ+F6i+4τ)(F6i+7ζ+F6i+6κ)

(F6i+6η+F6i+5ζ)(F6i+2λ+F6i+1µ)(F6i+4σ+F6i+3τ)(F6i+6ζ+F6i+5κ)
,

Ψ12n+1 =σ
n∏

i=0

(F6i−3η+F6i−4ζ)(F6i−1λ+F6i−2µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i−4η+F6i−5ζ)(F6i−2λ+F6i−3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)
,

Ψ12n+2 =λ
n∏

i=0

(F6i−1η+F6i−2ζ)(F6i+1λ+F6iµ)(F6i+3σ+F6i+2τ)(F6i−1ζ+F6i−2κ)

(F6i−2η+F6i−3ζ)(F6iλ+F6i−1µ)(F6i+2σ+F6i+1τ)(F6i−2ζ+F6i−3κ)
,

Ψ12n+3 = η
n∏

i=0

(F6i+1η+F6iζ)(F6i+3λ+F6i+2µ)(F6i−1σ+F6i−2τ)(F6i+1ζ+F6iκ)

(F6iη+F6i−1ζ)(F6i+2λ+F6i+1µ)(F6i−2σ+F6i−3τ)(F6iζ+F6i−1κ)
,
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Ψ12n+4 =σ
n∏

i=0

(F6i+3η+F6i+2ζ)(F6i−1λ+F6i−2µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i−2λ+F6i−3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)
,

Ψ12n+5 =λ
n∏

i=0

(F6i−1η+F6i−2ζ)(F6i+1λ+F6iµ)(F6i+3σ+F6i+2τ)(F6i+5ζ+F6i+4κ)

(F6i−2η+F6i−3ζ)(F6iλ+F6i−1µ)(F6i+2σ+F6i+1τ)(F6i+4ζ+F6i+3κ)
,

Ψ12n+6 = η
n∏

i=0

(F6i+1η+F6iζ)(F6i+3λ+F6i+2µ)(F6i+5σ+F6i+4τ)(F6i+1ζ+F6iκ)

(F6iη+F6i−1ζ)(F6i+2λ+F6i+1µ)(F6i+4σ+F6i+3τ)(F6iζ+F6i−1κ)
,

Ψ12n+7 =σ
n∏

i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)
,

Ψ12n+8 =λ
n∏

i=0

(F6i+5η+F6i+4ζ)(F6i+1λ+F6iµ)(F6i+3σ+F6i+2τ)(F6i+5ζ+F6i+4κ)

(F6i+4η+F6i+3ζ)(F6iλ+F6i−1µ)(F6i+2σ+F6i+1τ)(F6i+4ζ+F6i+3κ)
,

Ψ12n+9 = η
n∏

i=0

(F6i+1η+F6iζ)(F6i+3λ+F6i+2µ)(F6i+5σ+F6i+4τ)(F6i+7ζ+F6i+6κ)

(F6iη+F6i−1ζ)(F6i+2λ+F6i+1µ)(F6i+4σ+F6i+3τ)(F6i+6ζ+F6i+5κ)
,

whereΨ−6 = κ,Ψ−5 = τ,Ψ−4 =µ,Ψ−3 = ζ,Ψ−2 =σ,Ψ−1 =λ,Ψ0 = η and {Fi }∞i=−5 = {1,1,1,1,1,1,1,1,2,

3,5,8,13,21, ..., }.

Proof.

For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n −1, that is

Ψ12n−14 =σ
n−2∏
i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+7σ+F6i+6τ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6i+6σ+F6i+5τ)(F6i+2ζ+F6i+1κ)
,

Ψ12n−13 =λ
n−2∏
i=0

(F6i+5η+F6i+4ζ)(F6i+7λ+F6i+6µ)(F6i+3σ+F6i+2τ)(F6i+5ζ+F6i+4κ)

(F6i+4η+F6i+3ζ)(F6i+6λ+F6i+5µ)(F6i+2σ+F6i+1τ)(F6i+4ζ+F6i+3κ)
,

Ψ12n−12 = η
n−2∏
i=0

(F6i+7η+F6i+6ζ)(F6i+3λ+F6i+2µ)(F6i+5σ+F6i+4τ)(F6i+7ζ+F6i+6κ)

(F6i+6η+F6i+5ζ)(F6i+2λ+F6i+1µ)(F6i+4σ+F6i+3τ)(F6i+6ζ+F6i+5κ)
,

Ψ12n−11 =σ
n−1∏
i=0

(F6i−3η+F6i−4ζ)(F6i−1λ+F6i−2µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i−4η+F6i−5ζ)(F6i−2λ+F6i−3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)
,

Ψ12n−10 =λ
n−1∏
i=0

(F6i−1η+F6i−2ζ)(F6i+1λ+F6iµ)(F6i+3σ+F6i+2τ)(F6i−1ζ+F6i−2κ)

(F6i−2η+F6i−3ζ)(F6iλ+F6i−1µ)(F6i+2σ+F6i+1τ)(F6i−2ζ+F6i−3κ)
,

Ψ12n−9 = η
n−1∏
i=0

(F6i+1η+F6iζ)(F6i+3λ+F6i+2µ)(F6i−1σ+F6i−2τ)(F6i+1ζ+F6iκ)

(F6iη+F6i−1ζ)(F6i+2λ+F6i+1µ)(F6i−2σ+F6i−3τ)(F6iζ+F6i−1κ)
,

Ψ12n−8 =σ
n−1∏
i=0

(F6i+3η+F6i+2ζ)(F6i−1λ+F6i−2µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i−2λ+F6i−3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)
,

Ψ12n−7 =λ
n−1∏
i=0

(F6i−1η+F6i−2ζ)(F6i+1λ+F6iµ)(F6i+3σ+F6i+2τ)(F6i+5ζ+F6i+4κ)

(F6i−2η+F6i−3ζ)(F6iλ+F6i−1µ)(F6i+2σ+F6i+1τ)(F6i+4ζ+F6i+3κ)
,

Ψ12n−6 = η
n−1∏
i=0

(F6i+1η+F6iζ)(F6i+3λ+F6i+2µ)(F6i+5σ+F6i+4τ)(F6i+1ζ+F6iκ)

(F6iη+F6i−1ζ)(F6i+2λ+F6i+1µ)(F6i+4σ+F6i+3τ)(F6iζ+F6i−1κ)
,

Ψ12n−5 =σ
n−1∏
i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)
,
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Ψ12n−4 =λ
n−1∏
i=0

(F6i+5η+F6i+4ζ)(F6i+1λ+F6iµ)(F6i+3σ+F6i+2τ)(F6i+5ζ+F6i+4κ)

(F6i+4η+F6i+3ζ)(F6iλ+F6i−1µ)(F6i+2σ+F6i+1τ)(F6i+4ζ+F6i+3κ)
,

Ψ12n−3 = η
n−1∏
i=0

(F6i+1η+F6iζ)(F6i+3λ+F6i+2µ)(F6i+5σ+F6i+4τ)(F6i+7ζ+F6i+6κ)

(F6iη+F6i−1ζ)(F6i+2λ+F6i+1µ)(F6i+4σ+F6i+3τ)(F6i+6ζ+F6i+5κ)
.

Now, we prove that the results are holds for n. From Eq.(7), it follows that

Ψ12n−2 =Ψ12n−5 + Ψ12n−5Ψ12n−6

Ψ12n−6 +Ψ12n−9

=σ
n−1∏
i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)
1+

η
n−1∏
i=0

(F6i+1η+F6i ζ)(F6i+3λ+F6i+2µ)(F6i+5σ+F6i+4τ)(F6i+1ζ+F6iκ)
(F6iη+F6i−1ζ)(F6i+2λ+F6i+1µ)(F6i+4σ+F6i+3τ)(F6i ζ+F6i−1κ)

η
n−1∏
i=0

(F6i+1η+F6i ζ)(F6i+3λ+F6i+2µ)(F6i+5σ+F6i+4τ)(F6i+1ζ+F6iκ)
(F6iη+F6i−1ζ)(F6i+2λ+F6i+1µ)(F6i+4σ+F6i+3τ)(F6i ζ+F6i−1κ)+

η
n−1∏
i=0

(F6i+1η+F6i ζ)(F6i+3λ+F6i+2µ)(F6i−1σ+F6i−2τ)(F6i+1ζ+F6iκ)
(F6iη+F6i−1ζ)(F6i+2λ+F6i+1µ)(F6i−2σ+F6i−3τ)(F6i ζ+F6i−1κ)



=σ
n−1∏
i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)1+

n−1∏
i=0

(F6i+5σ+F6i+4τ)
(F6i+4σ+F6i+3τ)

n−1∏
i=0

(F6i+5σ+F6i+4τ)
(F6i+4σ+F6i+3τ) +

n−1∏
i=0

(F6i−1σ+F6i−2τ)
(F6i−2σ+F6i−3τ)



=σ
n−1∏
i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)1+
(F6n−1σ+F6n−2τ)
(F6n−2σ+F6n−3τ)

(F6n−1σ+F6n−2τ)
(F6n−2σ+F6n−3τ) +1



=σ
n−1∏
i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)[
1+ (F6n−1σ+F6n−2τ)

(F6n−1σ+F6n−2τ)+ (F6n−2σ+F6n−3τ)

]

=σ
n−1∏
i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)[
1+ (F6n−1σ+F6n−2τ)

(F6nσ+F6n−1τ)

]
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=σ
n−1∏
i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)[
(F6nσ+F6n−1τ)+ (F6n−1σ+F6n−2τ)

(F6nσ+F6n−1τ)

]

=σ
n−1∏
i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+1σ+F6iτ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6iσ+F6i−1τ)(F6i+2ζ+F6i+1κ)

[
(F6n+1σ+F6nτ))

(F6nσ+F6n−1τ)

]
.

Hence, we get

Ψ12n−2 =σ
n−1∏
i=0

(F6i+3η+F6i+2ζ)(F6i+5λ+F6i+4µ)(F6i+7σ+F6i+6τ)(F6i+3ζ+F6i+2κ)

(F6i+2η+F6i+1ζ)(F6i+4λ+F6i+3µ)(F6i+6σ+F6i+5τ)(F6i+2ζ+F6i+1κ)
.

Other expressions can be investigated in the same way. The proof has been completed.

5.2. Second Equation

In this subsection, we will find the solution of Eq.(1) when α = γ = β = 1 and δ = −1, so the Eq.(1) become

as

Ψn+1 =Ψn−2 + Ψn−2Ψn−3

Ψn−3 −Ψn−6
, n = 0,1,2, ..., (8)

where the initial conditionsΨ−6,Ψ−5,Ψ−4,Ψ−3,Ψ−2,Ψ−1 andΨ0 are arbitrary positive real numbers.

Theorem 5.2. Assume {Ψn}∞n=−6 be a solution of Eq.(8). Thus for n=0,1,2,...,

Ψ12n−2 =σ
n−1∏
i=0

(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)(F3i+5σ−F3i+3τ)(F3i+3ζ−F3i+1κ)

(F3i+1η−F3i−1ζ)(F3i+2λ−F3iµ)(F3i+3σ−F3i+1τ)(F3i+1ζ−F3i−1κ)
,

Ψ12n−1 =λ
n−1∏
i=0

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)

(F3i+2η−F3iζ)(F3i+3λ−F3i+1µ)(F3i+1σ−F3i−1τ)(F3i+2ζ−F3iκ)
,

Ψ12n = η
n−1∏
i=0

(F3i+5η−F3i+3ζ)(F3i+3λ−F3i+1µ)(F3i+4σ−F3i+2τ)(F3i+5ζ−F3i+3κ)

(F3i+3η−F3i+1ζ)(F3i+1λ−F3−1µ)(F3i+2σ−F3iτ)(F3i+3ζ−F3i+1κ)
,

Ψ12n+1 = σ(2ζ−κ)

(ζ−κ)

n−1∏
i=0

(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+1η−F3i−1ζ)(F3i+2λ−F3iµ)(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)
,

Ψ12n+2 = λ(2σ−τ)

(σ−τ)

n−1∏
i=0

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)(F3i+6σ−F3i+4τ)(F3i+4ζ−F3i+2κ)

(F3i+2η−F3iζ)(F3i+3λ−F3i+1µ)(F3i+4σ−F3i+2τ)(F3i+2ζ−F3iκ)
,

Ψ12n+3 = η(2λ−µ)

(λ−µ)

n−1∏
i=0

(F3i+5η−F3i+3ζ)(F3i+6λ−F3i+4µ)(F3i+4σ−F3i+2τ)(F3i+5ζ−F3i+3κ)

(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)(F3i+2σ−F3iτ)(F3i+3ζ−F3i+1κ)
,

Ψ12n+4 = σ(2η−ζ)(2ζ−κ)

(η−ζ)(ζ−κ)

n−1∏
i=0

(F3i+6η−F3i+4ζ)(F3i+4λ−F3i+2µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+4η−F3i+2ζ)(F3i+2λ−F3iµ)

(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)

,
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Ψ12n+5 = λ(2σ−τ)(3ζ−κ)

ζ(σ−τ)

n−1∏
i=0

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)

(F3i+6σ−F3i+4τ)(F3i+7ζ−F3i+5κ)

(F3i+2η−F3iζ)(F3i+3λ−F3i+1µ)

(F3i+4σ−F3i+2τ)(F3i+5ζ−F3i+3κ)

,

Ψ12n+6 = η(2λ−µ)(3σ−τ)

σ(λ−µ)

n−1∏
i=0

(F3i+5η−F3i+3ζ)(F3i+6λ−F3i+4µ)

(F3i+7σ−F3i+5τ)(F3i+5ζ−F3i+3κ)

(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)

(F3i+5σ−F3i+3τ)(F3i+3ζ−F3i+1κ)

,

Ψ12n+7 = σ(2η−ζ)(3λ−µ)(2ζ−κ)

λ(η−ζ)(ζ−κ)

n−1∏
i=0

(F3i+6η−F3i+4ζ)(F3i+7λ−F3i+5µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)

(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)

,

Ψ12n+8 = λ(3η−ζ)(2σ−τ)(3ζ−κ)

ηζ(σ−τ)

n−1∏
i=0

(F3i+7η−F3i+5ζ)(F3i+5λ−F3i+3µ)

(F3i+6σ−F3i+4τ)(F3i+7ζ−F3i+5κ)

(F3i+5η−F3i+3ζ)(F3i+3λ−F3i+1µ)

(F3i+4σ−F3i+2τ)(F3i+5ζ−F3i+3κ)

,

Ψ12n+9 = η(2λ−µ)(3σ−τ)(5ζ−2κ)

σ(λ−µ)(2ζ−κ)

n−1∏
i=0

(F3i+5η−F3i+3ζ)(F3i+6λ−F3i+4µ)

(F3i+7σ−F3i+5τ)(F3i+8ζ−F3i+6κ)

(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

,

whereΨ−6 = κ,Ψ−5 = τ,Ψ−4 =µ,Ψ−3 = ζ,Ψ−2 =σ,Ψ−1 =λ,Ψ0 = η and {Fi }∞i=−1 = {1,0,1,1,2,3,5,8,13,

21, ...}.

Proof.

For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n −1, that is

Ψ12n−14 =σ
n−2∏
i=0

(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)(F3i+5σ−F3i+3τ)(F3i+3ζ−F3i+1κ)

(F3i+1η−F3i−1ζ)(F3i+2λ−F3iµ)(F3i+3σ−F3i+1τ)(F3i+1ζ−F3i−1κ)
,

Ψ12n−13 =λ
n−2∏
i=0

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)

(F3i+2η−F3iζ)(F3i+3λ−F3i+1µ)(F3i+1σ−F3i−1τ)(F3i+2ζ−F3iκ)
,

Ψ12n−12 = η
n−2∏
i=0

(F3i+5η−F3i+3ζ)(F3i+3λ−F3i+1µ)(F3i+4σ−F3i+2τ)(F3i+5ζ−F3i+3κ)

(F3i+3η−F3i+1ζ)(F3i+1λ−F3−1µ)(F3i+2σ−F3iτ)(F3i+3ζ−F3i+1κ)
,

Ψ12n−11 = σ(2ζ−κ)

(ζ−κ)

n−2∏
i=0

(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+1η−F3i−1ζ)(F3i+2λ−F3iµ)(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)
,

Ψ12n−10 = λ(2σ−τ)

(σ−τ)

n−2∏
i=0

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)(F3i+6σ−F3i+4τ)(F3i+4ζ−F3i+2κ)

(F3i+2η−F3iζ)(F3i+3λ−F3i+1µ)(F3i+4σ−F3i+2τ)(F3i+2ζ−F3iκ)
,
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Ψ12n−9 = η(2λ−µ)

(λ−µ)

n−2∏
i=0

(F3i+5η−F3i+3ζ)(F3i+6λ−F3i+4µ)(F3i+4σ−F3i+2τ)(F3i+5ζ−F3i+3κ)

(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)(F3i+2σ−F3iτ)(F3i+3ζ−F3i+1κ)
,

Ψ12n−8 = σ(2η−ζ)(2ζ−κ)

(η−ζ)(ζ−κ)

n−2∏
i=0

(F3i+6η−F3i+4ζ)(F3i+4λ−F3i+2µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+4η−F3i+2ζ)(F3i+2λ−F3iµ)

(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)

,

Ψ12n−7 = λ(2σ−τ)(3ζ−κ)

ζ(σ−τ)

n−2∏
i=0

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)

(F3i+6σ−F3i+4τ)(F3i+7ζ−F3i+5κ)

(F3i+2η−F3iζ)(F3i+3λ−F3i+1µ)

(F3i+4σ−F3i+2τ)(F3i+5ζ−F3i+3κ)

,

Ψ12n−6 = η(2λ−µ)(3σ−τ)

σ(λ−µ)

n−2∏
i=0

(F3i+5η−F3i+3ζ)(F3i+6λ−F3i+4µ)

(F3i+7σ−F3i+5τ)(F3i+5ζ−F3i+3κ)

(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)

(F3i+5σ−F3i+3τ)(F3i+3ζ−F3i+1κ)

,

Ψ12n−5 = σ(2η−ζ)(3λ−µ)(2ζ−κ)

λ(η−ζ)(ζ−κ)

n−2∏
i=0

(F3i+6η−F3i+4ζ)(F3i+7λ−F3i+5µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)

(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)

,

Ψ12n−4 = λ(3η−ζ)(2σ−τ)(3ζ−κ)

ηζ(σ−τ)

n−2∏
i=0

(F3i+7η−F3i+5ζ)(F3i+5λ−F3i+3µ)

(F3i+6σ−F3i+4τ)(F3i+7ζ−F3i+5κ)

(F3i+5η−F3i+3ζ)(F3i+3λ−F3i+1µ)

(F3i+4σ−F3i+2τ)(F3i+5ζ−F3i+3κ)

,

Ψ12n−3 = η(2λ−µ)(3σ−τ)(5ζ−2κ)

σ(λ−µ)(2ζ−κ)

n−2∏
i=0

(F3i+5η−F3i+3ζ)(F3i+6λ−F3i+4µ)

(F3i+7σ−F3i+5τ)(F3i+8ζ−F3i+6κ)

(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

.
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Now, we prove that the results are holds for n. From Eq.(8), it follows that

Ψ12n−2 =Ψ12n−5 + Ψ12n−5Ψ12n−6

Ψ12n−6 −Ψ12n−9

= σ(2η−ζ)(3λ−µ)(2ζ−κ)

λ(η−ζ)(ζ−κ)

n−2∏
i=0

(F3i+6η−F3i+4ζ)(F3i+7λ−F3i+5µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)

(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)
1+

η(2λ−µ)(3σ−τ)
σ(λ−µ)

n−2∏
i=0

(F3i+5η−F3i+3ζ)(F3i+6λ−F3i+4µ)(F3i+7σ−F3i+5τ)(F3i+5ζ−F3i+3κ)
(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)(F3i+5σ−F3i+3τ)(F3i+3ζ−F3i+1κ)

η(2λ−µ)(3σ−τ)
σ(λ−µ)

n−2∏
i=0

(F3i+5η−F3i+3ζ)(F3i+6λ−F3i+4µ)(F3i+7σ−F3i+5τ)(F3i+5ζ−F3i+3κ)
(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)(F3i+5σ−F3i+3τ)(F3i+3ζ−F3i+1κ)−

η(2λ−µ)
(λ−µ)

n−2∏
i=0

(F3i+5η−F3i+3ζ)(F3i+6λ−F3i+4µ)(F3i+4σ−F3i+2τ)(F3i+5ζ−F3i+3κ)
(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)(F3i+2σ−F3iτ)(F3i+3ζ−F3i+1κ)



= σ(2η−ζ)(3λ−µ)(2ζ−κ)

λ(η−ζ)(ζ−κ)

n−2∏
i=0

(F3i+6η−F3i+4ζ)(F3i+7λ−F3i+5µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)

(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)1+

n−2∏
i=0

(F3i+7σ−F3i+5τ)
(F3i+5σ−F3i+3τ)

n−2∏
i=0

(F3i+7σ−F3i+5τ)
(F3i+5σ−F3i+3τ) −

n−2∏
i=1

(F3i+4σ−F3i+2τ)
(F3i+2σ−F3iτ)



= σ(2η−ζ)(3λ−µ)(2ζ−κ)

λ(η−ζ)(ζ−κ)

n−2∏
i=0

(F3i+6η−F3i+4ζ)(F3i+7λ−F3i+5µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)

(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)1+
(F3n+1σ−F3n−1τ)
(F3n−1σ−F3n−3τ)

(F3n+1σ−F3n−1τ)
(F3n−1σ−F3n−3τ) −1



= σ(2η−ζ)(3λ−µ)(2ζ−κ)

λ(η−ζ)(ζ−κ)

n−2∏
i=0

(F3i+6η−F3i+4ζ)(F3i+7λ−F3i+5µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)

(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)[
1+ (F3n+1σ−F3n−1τ)

(F3n+1σ−F3n−1τ)− (F3n−1σ−F3n−3τ)

]
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= σ(2η−ζ)(3λ−µ)(2ζ−κ)

λ(η−ζ)(ζ−κ)

n−2∏
i=0

(F3i+6η−F3i+4ζ)(F3i+7λ−F3i+5µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)

(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)[
1+ (F3n+1σ−F3n−1τ)

(F3nσ−F3n−2τ)

]

= σ(2η−ζ)(3λ−µ)(2ζ−κ)

λ(η−ζ)(ζ−κ)

n−2∏
i=0

(F3i+6η−F3i+4ζ)(F3i+7λ−F3i+5µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)

(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)[
(F3nσ−F3n−2τ)+ (F3n+1σ−F3n−1τ)

(F3nσ−F3n−2τ)

]

= σ(2η−ζ)(3λ−µ)(2ζ−κ)

λ(η−ζ)(ζ−κ)

n−2∏
i=0

(F3i+6η−F3i+4ζ)(F3i+7λ−F3i+5µ)

(F3i+5σ−F3i+3τ)(F3i+6ζ−F3i+4κ)

(F3i+4η−F3i+2ζ)(F3i+5λ−F3i+3µ)

(F3i+3σ−F3i+1τ)(F3i+4ζ−F3i+2κ)[
(F3n+2σ−F3nτ)

(F3nσ−F3n−2τ)

]
.

Therefore,

Ψ12n−2 =σ
n−1∏
i=0

(F3i+3η−F3i+1ζ)(F3i+4λ−F3i+2µ)(F3i+5σ−F3i+3τ)(F3i+3ζ−F3i+1κ)

(F3i+1η−F3i−1ζ)(F3i+2λ−F3iµ)(F3i+3σ−F3i+1τ)(F3i+1ζ−F3i−1κ)
.

The following cases can be proved using a similar technique.

5.3. Third Equation

In this subsection, we will find the solution of Eq.(1) when α = γ = δ = 1 and β = −1, so the Eq.(1) become

as

Ψn+1 =Ψn−2 − Ψn−2Ψn−3

Ψn−3 +Ψn−6
, n = 0,1,2, ..., (9)

where the initial conditionsΨ−6,Ψ−5,Ψ−4,Ψ−3,Ψ−2,Ψ−1 andΨ0 are arbitrary positive real numbers.

Theorem 5.3. Assume {Ψn}∞n=−6 be a solution of Eq.(9). Thus for n=0,1,2,...,

Ψ12n−2 =σ
n−1∏
i=0

(F3iη+F3i+1ζ)(F3i+1λ+F3i+2µ)(F3i+2σ+F3i+3τ)(F3iζ+F3i+1κ)

(F3i+1η+F3i+2ζ)(F3i+2λ+F3i+3µ)(F3i+3σ+F3i+4τ)(F3i+1ζ+F3i+2κ)
,

Ψ12n−1 =λ
n−1∏
i=0

(F3i+1η+F3i+2ζ)(F3i+2λ+F3i+3µ)(F3iσ+F3i+1τ)(F3i+1ζ+F3i+2κ)

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)(F3i+1σ+F3i+2τ)(F3i+2ζ+F3i+3κ)
,
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Ψ12n = η
n−1∏
i=0

(F3i+2η+F3i+3ζ)(F3iλ+F3i+1µ)(F3i+1σ+F3i+2τ)(F3i+2ζ+F3i+3κ)

(F3i+3η+F3i+4ζ)(F3i+1λ+F3i+2µ)(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)
,

Ψ12n+1 = σκ

(ζ+κ)

n−1∏
i=0

(F3iη+F3i+1ζ)(F3i+1λ+F3i+2µ)(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+1η+F3i+2ζ)(F3i+2λ+F3i+3µ)(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)
,

Ψ12n+2 = λτ

(σ+τ)

n−1∏
i=0

(F3i+1η+F3i+2ζ)(F3i+2λ+F3i+3µ)(F3i+3σ+F3i+4τ)(F3i+1ζ+F3i+2κ)

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)(F3i+4σ+F3i+5τ)(F3i+2ζ+F3i+3κ)
,

Ψ12n+3 = ηµ

(λ+µ)

n−1∏
i=0

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)(F3i+1σ+F3i+2τ)(F3i+2ζ+F3i+3κ)

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)
,

Ψ12n+4 = σζκ

(η+ζ)(ζ+κ)

n−1∏
i=0

(F3i+3η+F3i+4ζ)(F3i+1λ+F3i+2µ)

(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+4η+F3i+5ζ)(F3i+2λ+F3i+3µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)

,

Ψ12n+5 = λτ(ζ+κ)

(σ+τ)(ζ+2κ)

n−1∏
i=0

(F3i+1η+F3i+2ζ)(F3i+2λ+F3i+3µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)

(F3i+4σ+F3i+5τ)(F3i+5ζ+F3i+6κ)

,

Ψ12n+6 = ηµ(σ+τ)

(λ+µ)(σ+2τ)

n−1∏
i=0

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)

(F3i+4σ+F3i+5τ)(F3i+2ζ+F3i+3κ)

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+5σ+F3i+6τ)(F3i+3ζ+F3i+4κ)

,

Ψ12n+7 = σζκ(λ+µ)

(η+ζ)(λ+2µ)(ζ+κ)

n−1∏
i=0

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+4η+F3i+5ζ)(F3i+5λ+F3i+6µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)

,

Ψ12n+8 = λτ(η+ζ)(ζ+κ)

(η+2ζ)(σ+τ)(ζ+2κ)

n−1∏
i=0

(F3i+4η+F3i+5ζ)(F3i+2λ+F3i+3µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)

(F3i+5η+F3i+6ζ)(F3i+3λ+F3i+4µ)

(F3i+4σ+F3i+5τ)(F3i+5ζ+F3i+6κ)

,

Ψ12n+9 = ηµ(σ+τ)(ζ+2κ)

(λ+µ)(σ+2τ)(2ζ+3κ)

n−1∏
i=0

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)

(F3i+4σ+F3i+5τ)(F3i+5ζ+F3i+6κ)

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+5σ+F3i+6τ)(F3i+6ζ+F3i+7κ)

,

whereΨ−6 = κ,Ψ−5 = τ,Ψ−4 =µ,Ψ−3 = ζ,Ψ−2 =σ,Ψ−1 =λ,Ψ0 = η and {Fi }∞i=0 = {0,1,1,2,3,5,8,13,21, ..., }.
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Proof.

For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n −1, that is

Ψ12n−14 =σ
n−2∏
i=0

(F3iη+F3i+1ζ)(F3i+1λ+F3i+2µ)(F3i+2σ+F3i+3τ)(F3iζ+F3i+1κ)

(F3i+1η+F3i+2ζ)(F3i+2λ+F3i+3µ)(F3i+3σ+F3i+4τ)(F3i+1ζ+F3i+2κ)
,

Ψ12n−13 =λ
n−2∏
i=0

(F3i+1η+F3i+2ζ)(F3i+2λ+F3i+3µ)(F3iσ+F3i+1τ)(F3i+1ζ+F3i+2κ)

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)(F3i+1σ+F3i+2τ)(F3i+2ζ+F3i+3κ)
,

Ψ12n−12 = η
n−2∏
i=0

(F3i+2η+F3i+3ζ)(F3iλ+F3i+1µ)(F3i+1σ+F3i+2τ)(F3i+2ζ+F3i+3κ)

(F3i+3η+F3i+4ζ)(F3i+1λ+F3i+2µ)(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)
,

Ψ12n−11 = σκ

(ζ+κ)

n−2∏
i=0

(F3iη+F3i+1ζ)(F3i+1λ+F3i+2µ)(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+1η+F3i+2ζ)(F3i+2λ+F3i+3µ)(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)
,

Ψ12n−10 = λτ

(σ+τ)

n−2∏
i=0

(F3i+1η+F3i+2ζ)(F3i+2λ+F3i+3µ)(F3i+3σ+F3i+4τ)(F3i+1ζ+F3i+2κ)

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)(F3i+4σ+F3i+5τ)(F3i+2ζ+F3i+3κ)
,

Ψ12n−9 = ηµ

(λ+µ)

n−2∏
i=0

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)(F3i+1σ+F3i+2τ)(F3i+2ζ+F3i+3κ)

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)
,

Ψ12n−8 = σζκ

(η+ζ)(ζ+κ)

n−2∏
i=0

(F3i+3η+F3i+4ζ)(F3i+1λ+F3i+2µ)

(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+4η+F3i+5ζ)(F3i+2λ+F3i+3µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)

,

Ψ12n−7 = λτ(ζ+κ)

(σ+τ)(ζ+2κ)

n−2∏
i=0

(F3i+1η+F3i+2ζ)(F3i+2λ+F3i+3µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)

(F3i+4σ+F3i+5τ)(F3i+5ζ+F3i+6κ)

,

Ψ12n−6 = ηµ(σ+τ)

(λ+µ)(σ+2τ)

n−2∏
i=0

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)

(F3i+4σ+F3i+5τ)(F3i+2ζ+F3i+3κ)

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+5σ+F3i+6τ)(F3i+3ζ+F3i+4κ)

,

Ψ12n−5 = σζκ(λ+µ)

(η+ζ)(λ+2µ)(ζ+κ)

n−2∏
i=0

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+4η+F3i+5ζ)(F3i+5λ+F3i+6µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)

,
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Ψ12n−4 = λτ(η+ζ)(ζ+κ)

(η+2ζ)(σ+τ)(ζ+2κ)

n−2∏
i=0

(F3i+4η+F3i+5ζ)(F3i+2λ+F3i+3µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)

(F3i+5η+F3i+6ζ)(F3i+3λ+F3i+4µ)

(F3i+4σ+F3i+5τ)(F3i+5ζ+F3i+6κ)

,

Ψ12n−3 = ηµ(σ+τ)(ζ+2κ)

(λ+µ)(σ+2τ)(2ζ+3κ)

n−2∏
i=0

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)

(F3i+4σ+F3i+5τ)(F3i+5ζ+F3i+6κ)

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+5σ+F3i+6τ)(F3i+6ζ+F3i+7κ)

.

Now, we prove that the results are holds for n. From Eq.(9), it follows that

Ψ12n−2 =Ψ12n−5 − Ψ12n−5Ψ12n−6

Ψ12n−6 +Ψ12n−9

= σζκ(λ+µ)

(η+ζ)(λ+2µ)(ζ+κ)

n−2∏
i=0

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+4η+F3i+5ζ)(F3i+5λ+F3i+6µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)
1−

ηµ(σ+τ)
(λ+µ)(σ+2τ)

n−2∏
i=0

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)(F3i+4σ+F3i+5τ)(F3i+2ζ+F3i+3κ)
(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)(F3i+5σ+F3i+6τ)(F3i+3ζ+F3i+4κ)

ηµ(σ+τ)
(λ+µ)(σ+2τ)

n−2∏
i=0

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)(F3i+4σ+F3i+5τ)(F3i+2ζ+F3i+3κ)
(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)(F3i+5σ+F3i+6τ)(F3i+3ζ+F3i+4κ)+

ηµ
(λ+µ)

n−2∏
i=0

(F3i+2η+F3i+3ζ)(F3i+3λ+F3i+4µ)(F3i+1σ+F3i+2τ)(F3i+2ζ+F3i+3κ)
(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)



= σζκ(λ+µ)

(η+ζ)(λ+2µ)(ζ+κ)

n−2∏
i=0

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+4η+F3i+5ζ)(F3i+5λ+F3i+6µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)1−

n−2∏
i=0

(F3i+4σ+F3i+5τ)
(F3i+5σ+F3i+6τ)

n−2∏
i=0

(F3i+4σ+F3i+5τ)
(F3i+5σ+F3i+6τ) +

n−2∏
i=1

(F3i+1σ+F3i+2τ)
(F3i+2σ+F3i+3τ)


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= σζκ(λ+µ)

(η+ζ)(λ+2µ)(ζ+κ)

n−2∏
i=0

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+4η+F3i+5ζ)(F3i+5λ+F3i+6µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)1−
(F3n−2σ+F3n−1τ)

(F3n−1σ+F3nτ)

(F3n−2σ+F3n−1τ)
(F3n−1σ+F3nτ) +1



= σζκ(λ+µ)

(η+ζ)(λ+2µ)(ζ+κ)

n−2∏
i=0

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+4η+F3i+5ζ)(F3i+5λ+F3i+6µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)[
1− (F3n−2σ+F3n−1τ)

(F3n−2σ+F3n−1τ)+ (F3n−1σ+F3nτ)

]

= σζκ(λ+µ)

(η+ζ)(λ+2µ)(ζ+κ)

n−2∏
i=0

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+4η+F3i+5ζ)(F3i+5λ+F3i+6µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)[
(F3nσ+F3n+1τ)− (F3n−2σ+F3n−1τ)

(F3nσ+F3n+1τ)

]

= σζκ(λ+µ)

(η+ζ)(λ+2µ)(ζ+κ)

n−2∏
i=0

(F3i+3η+F3i+4ζ)(F3i+4λ+F3i+5µ)

(F3i+2σ+F3i+3τ)(F3i+3ζ+F3i+4κ)

(F3i+4η+F3i+5ζ)(F3i+5λ+F3i+6µ)

(F3i+3σ+F3i+4τ)(F3i+4ζ+F3i+5κ)[
(F3n−1σ+F3nτ)

(F3nσ+F3n+1τ)

]
.

Thus,

Ψ12n−2 =σ
n−1∏
i=0

(F3iη+F3i+1ζ)(F3i+1λ+F3i+2µ)(F3i+2σ+F3i+3τ)(F3iζ+F3i+1κ)

(F3i+1η+F3i+2ζ)(F3i+2λ+F3i+3µ)(F3i+3σ+F3i+4τ)(F3i+1ζ+F3i+2κ)
.

Other relations can be proved in the same way.
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5.4. Fourth Equation

In this subsection, we will find the solution of Eq.(1) when α= γ= 1, and β= δ=−1, so the Eq.(1) become

as

Ψn+1 =Ψn−2 − Ψn−2Ψn−3

Ψn−3 −Ψn−6
, n = 0,1,2, ..., (10)

where the initial conditionsΨ−6,Ψ−5,Ψ−4,Ψ−3,Ψ−2,Ψ−1 andΨ0 are arbitrary positive real numbers.

Theorem 5.4. Assume {Ψn}∞n=−6 be a solution of Eq.(10). Thus for n=0,1,2,...,

Ψ12n−6 = (−1)nηnµn(σ−τ)n

σnκn−1(λ−µ)n ,

Ψ12n−5 = σnζnκn(λ−µ)n

λnτn−1(η−ζ)n(ζ−κ)n ,

Ψ12n−4 = (−1)nλnτn(η−ζ)n(ζ−κ)n

ηnζnµn−1(σ−τ)n ,

Ψ12n−3 = (−1)nηnζµn(σ−τ)n

σnκn(λ−µ)n ,

Ψ12n−2 = σn+1ζnκn(λ−µ)n

λnτn(η−ζ)n(ζ−κ)n ,

Ψ12n−1 = (−1)nλn+1τn(η−ζ)n(ζ−κ)n

ηnζnµn(σ−τ)n ,

Ψ12n = (−1)nηn+1µn(σ−τ)n

σnκn(λ−µ)n ,

Ψ12n+1 =− σn+1ζnκn+1(λ−µ)n

λnτn(η−ζ)n(ζ−κ)n+1 ,

Ψ12n+2 = (−1)n+1λn+1τn+1(η−ζ)n(ζ−κ)n

ηnζnµn(σ−τ)n+1 ,

Ψ12n+3 = (−1)n+1ηn+1µn+1(σ−τ)n

σnκn(λ−µ)n+1 ,

Ψ12n+4 = σn+1ζn+1κn+1(λ−µ)n

λnτn(η−ζ)n+1(ζ−κ)n+1 ,

Ψ12n+5 = (−1)n+1λn+1τn+1(η−ζ)n(ζ−κ)n+1

ηnζn+1µn(σ−τ)n+1 ,

whereΨ−6 = κ,Ψ−5 = τ,Ψ−4 =µ,Ψ−3 = ζ,Ψ−2 =σ,Ψ−1 =λ,Ψ0 = η.

Proof.

For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for n −1, that is
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Ψ12n−18 = (−1)n−1ηn−1µn−1(σ−τ)n−1

σn−1κn−2(λ−µ)n−1 ,

Ψ12n−17 = σn−1ζn−1κn−1(λ−µ)n−1

λn−1τn−2(η−ζ)n−1(ζ−κ)n−1 ,

Ψ12n−16 = (−1)n−1λn−1τn−1(η−ζ)n−1(ζ−κ)n−1

ηn−1ζn−1µn−2(σ−τ)n−1 ,

Ψ12n−15 = (−1)n−1ηn−1ζµn−1(σ−τ)n−1

σn−1κn−1(λ−µ)n−1 ,

Ψ12n−14 = σnζn−1κn−1(λ−µ)n−1

λn−1τn−1(η−ζ)n−1(ζ−κ)n−1 ,

Ψ12n−13 = (−1)n−1λnτn−1(η−ζ)n−1(ζ−κ)n−1

ηn−1ζn−1µn−1(σ−τ)n−1 ,

Ψ12n−12 = (−1)n−1ηnµn−1(σ−τ)n−1

σn−1κn−1(λ−µ)n−1 ,

Ψ12n−11 =− σnζn−1κn(λ−µ)n−1

λn−1τn−1(η−ζ)n−1(ζ−κ)n ,

Ψ12n−10 = (−1)nλnτn(η−ζ)n−1(ζ−κ)n−1

ηn−1ζn−1µn−1(σ−τ)n ,

Ψ12n−9 = (−1)nηnµn(σ−τ)n−1

σn−1κn−1(λ−µ)n ,

Ψ12n−8 = σnζnκn(λ−µ)n−1

λn−1τn−1(η−ζ)n(ζ−κ)n ,

Ψ12n−7 = (−1)nλnτn(η−ζ)n−1(ζ−κ)n

ηn−1ζnµn−1(σ−τ)n .

Now, we prove that the results are holds for n. From Eq.(10), it follows that

Ψ12n−6 =Ψ12n−9 − Ψ12n−9Ψ12n−10

Ψ12n−10 −Ψ12n−13

= (−1)nηnµn(σ−τ)n−1

σn−1κn−1(λ−µ)n −
(−1)nηnµn (σ−τ)n−1

σn−1κn−1(λ−µ)n
(−1)nλnτn (η−ζ)n−1(ζ−κ)n−1

ηn−1ζn−1µn−1(σ−τ)n

(−1)nλnτn (η−ζ)n−1(ζ−κ)n−1

ηn−1ζn−1µn−1(σ−τ)n − (−1)n−1λnτn−1(η−ζ)n−1(ζ−κ)n−1

ηn−1ζn−1µn−1(σ−τ)n−1

= (−1)nηnµn(σ−τ)n−1

σn−1κn−1(λ−µ)n −
(−1)nηnµn (σ−τ)n−1

σn−1κn−1(λ−µ)n
(−1)nλnτn (η−ζ)n−1(ζ−κ)n−1

ηn−1ζn−1µn−1(σ−τ)n

(−1)n−1λnτn−1(η−ζ)n−1(ζ−κ)n−1[−τ−σ+τ]
ηn−1ζn−1µn−1(σ−τ)n

= (−1)nηnµn(σ−τ)n−1

σn−1κn−1(λ−µ)n − (−1)nηnµnτ(σ−τ)n−1

σnκn−1(λ−µ)n

= (−1)nηnµn(σ−τ)n−1[σ−τ]

σnκn−1(λ−µ)n .

So we have

Ψ12n−6 = (−1)nηnµn(σ−τ)n

σnκn−1(λ−µ)n .
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Similarly,

Ψ12n−5 =Ψ12n−8 − Ψ12n−8Ψ12n−9

Ψ12n−9 −Ψ12n−12

= σnζnκn(λ−µ)n−1

λn−1τn−1(η−ζ)n(ζ−κ)n −
σnζnκn (λ−µ)n−1

λn−1τn−1(η−ζ)n (ζ−κ)n
(−1)nηnµn (σ−τ)n−1

σn−1κn−1(λ−µ)n

(−1)nηnµn (σ−τ)n−1

σn−1κn−1(λ−µ)n − (−1)n−1ηnµn−1(σ−τ)n−1

σn−1κn−1(λ−µ)n−1

= σnζnκn(λ−µ)n−1

λn−1τn−1(η−ζ)n(ζ−κ)n −
σnζnκn (λ−µ)n−1

λn−1τn−1(η−ζ)n (ζ−κ)n
(−1)nηnµn (σ−τ)n−1

σn−1κn−1(λ−µ)n

(−1)n−1ηnµn−1(σ−τ)n−1[−µ−λ+µ]
σn−1κn−1(λ−µ)n

= σnζnκn(λ−µ)n−1

λn−1τn−1(η−ζ)n(ζ−κ)n − σnζnµκn(λ−µ)n−1

λnτn−1(η−ζ)n(ζ−κ)n

= σnζnκn(λ−µ)n−1[λ−µ]

λnτn−1(η−ζ)n(ζ−κ)n .

Hence, we obtain

Ψ12n−5 = σnζnκn(λ−µ)n

λnτn−1(η−ζ)n(ζ−κ)n .

Similarly, by using the same method, we can investigate other relations.

6. Numerical Examples

For our prior results, we present some numerical examples to explain the solution behavior of Eq.(1).

Example 1. In numerical simulation they assumed that for Eq.(7) the initial value are Ψ−6 = 0.3,Ψ−5 =
0.6,Ψ−4 = 0.9,Ψ−3 = 1.2,Ψ−2 = 1.5,Ψ−1 = 1.8 andΨ0 = 2.1. Then the solution appear in Figure 1.
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Figure 1. Plotting the solution ofΨn+1 =Ψn−2 + Ψn−2Ψn−3
Ψn−3+Ψn−6

.

Example 2. Numerically when the initial value areΨ−6 = 4.6,Ψ−5 = 2.5,Ψ−4 = 1.4,Ψ−3 = 3,Ψ−2 = 4.5,Ψ−1 =
6.3 andΨ0 = 3.5. Figure 2 shows the results of Eq.(8).
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Figure 2. Plotting the solution ofΨn+1 =Ψn−2 + Ψn−2Ψn−3
Ψn−3−Ψn−6

.

Example 3. Figures 3 depict the behavior of Eq.(9), with initial conditions are Ψ−6 = 2.8,Ψ−5 = 5.9,Ψ−4 =
8.5,Ψ−3 = 4.2,Ψ−2 = 7.4,Ψ−1 = 3.2 andΨ0 = 6.7.
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Figure 3. Plotting the solution ofΨn+1 =Ψn−2 − Ψn−2Ψn−3
Ψn−3+Ψn−6

.

Example 4. For Eq.(10) the initial conditions are set as follows: Ψ−6 = 2.2,Ψ−5 = 3.9,Ψ−4 = 7.5,Ψ−3 =
4.2,Ψ−2 = 4.8,Ψ−1 = 3.2 andΨ0 = 6.7, results shows in Figure 4.
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Figure 4. Plotting the solution ofΨn+1 =Ψn−2 − Ψn−2Ψn−3
Ψn−3−Ψn−6

.

7. Conclusions

Studying the dynamics of such equations is a very significant mathematical topic since these equations are

strongly related to models in population dynamics and biological sciences. The basic goal of equations

dynamics is to predict the global behavior of a equation based on the information of its current state. In this

article, we have found general form of the solutions of rational difference equations and we investigated

the dynamics of equilibrium point. In sections 2 and 3, we have investigated the existence and uniqueness

of equilibrium point and the solutions qualitative behavior is explored, such as local and global stability.

Also, we have proven that the solution is bounded in section 4. In section 5, we have obtained expressions

of solutions of four special cases of the studied equations 7,8,9 and 10, as applications of Eq.(1). Finally, to

support our theoretical discussion some illustrative examples are provided in section 6.
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