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ABSTRACT

In this paper, we use Hessian comparison and volume comparison theorems to investigate the
Mckean-type estimate theorem for the first eigenvalue of p-Laplacian and (p,q)-Laplacian operators
on Finsler manifolds.
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1. Introduction

The study of the first eigenvalues of the Laplacian play an important role in global differential geometry
since they reveal important relations between geometry of the manifold and analysis. The first result on this
subject, due to Lichnerowicz [4], says that for an n-dimensional smooth compact manifold without boundary,
the first eigenvalue λ1 can be estimated below by

n

n− 1
K, provided that its Ric ≥ K > 0. After a wile, it had

been shown that the first eigenvalue is also related to the diameter of manifolds (see [15, 16]).
We could say that Lichnerowicz-Obata type estimate [15], Li-Yau-Zhong-Yang type estimate [16], and Mckean
type estimate [9, 10, 11] for both positive and negative Ricci curvature are the most well known work in this
subject.
In Riemannian geometry, Mckean proved that if (M, g) be a complete and simply connected Riemannian n-

manifold with sectional curvature K ≤ −a2, then λ1(M) ≥ (n− 1)2a2

4
(see [5]). Afterward, this result was

extended by Ding in [3], stated that for a complete noncompact and simply connected Cartan-Hadamard

manifold satisfying Ric ≤ −a2, the first eigenvalue can be estimate below by
a2

4
. These results were generalized

to the Finsler manifolds by Wu-Xin [11]. Recently, the p-Laplacian on a general Finsler manifold (M,F, dµ), was
discussed in [12] and [13]. It is defined as follows:

∆pu := div(|∇u|p−2∇u), 1 < p <∞,

where the gradient ∇ is a nonlinear operator and equality holds in the weak W 1,p(M) sence. Lately, Yin and
He generalized Cheng type, Cheeger type, Faber-Krahn type and Mckean type inequalities for the Finsler
p-Laplacian operator (see [14]). Actually in [14], authors obtained lower bound for the first eigenvalue of p-
Laplacian operator considering nonpositive S-curvature and flag curvature K ≤ −a2.
In this paper, we want to extend the Mckean type estimate results to the p-Laplacian and the special class of
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the (p, q)-Laplacian operators on Finsler manifolds. Here we study the first eigenvalue under the line integrate
curvature bounds.

2. Preliminaries

Let M be an n-dimensional smooth manifold and π : TM →M be the natural projection from the tangent
bundle TM . Let (x, y) be a point of TM with x ∈M , y ∈ TxM , and let (xi, yi) be the local coordinate on TM

with y = yi
∂

∂xi
. A Finsler metric on M is a function F : TM −→ [0,∞) satisfying the following properties:

(i) Regularity: F is C∞ in TM \ {0},
(ii) Positive homogeneity: F (x, λy) = λF (x, y) for all λ > 0,
(iii) Strong convexity: The fundamental quadratic form

(gij) :=

([1
2
F 2

]
yiyj

)
,

is positively definite at every point of TM \ {0}.

Let X = Xi ∂

∂xi
be a vector field. Then the covariant derivative of X by v ∈ TxM with reference vector

w ∈ TxM \ {0} is

Dw
v X(x) =

{
vj

∂Xi

∂xj
(x) + Γi

jk(w)v
jXk(x)

}
∂

∂xi
,

where Γi
jk denote the coefficients of the Chern connection.

Given two linearly independent vectors V,W ∈ TxM \ {0}, flag curvature K(V,W ) is defined as follows:

K(V,W ) :=
gV (R

V (V,W )W,V )

gV (V, V )gV (W,W )− gV (V,W )2
,

where RV is the Chern curvature:

RV (X,Y )Z = ∇V
X∇V

Y Z −∇V
Y∇V

XZ −∇V
[X,Y ]Z.

Then the Ricci curvature of V for (M,F ) is:

Ric(V ) =

n−1∑
i=1

K(V, ei),

here e1, · · · , en−1,
V

F (V )
form an orthonormal basis of TxM with respect to gV , namely, one has Ric(λV ) =

Ric(V ) for any λ > 0.
For a given volume form dµ = σ(x)dx and a vector y ∈ TxM \ {0}, the distortion of (M,F, dµ) is defined by

τ(V ) := ln

√
det(gij(y))

σ
.

Considering the rate of changes of the distortion along geodesics, leads to the so-called S-curvature as follows

S(V ) :=
d

dt
[τ(γ(t), γ̇(t)]t=0,

where γ(t) is the geodesic with γ(0) = x and γ̇(0) = V .
Now we can introduce the weighted Ricci curvature on the Finsler manifolds, which was defined by Ohta in
[6].

Definition 2.1. ([6]) Let (M,F, dµ) be a Finsler n-manifold with volume form dµ. Given a vector V ∈ TxM , let
γ : (−ε, ε)→M be a geodesic with γ(0) = x, γ̇(0) = V . Define

Ṡ(V ) := F−2(V )
d

dt
[S(γ(t), γ̇(t)]t=0.
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Then the weighted Ricci curvatures of M defined as follows

Ricn(V ) :=

{
Ric(V ) + Ṡ(V ), for S(V ) = 0,

−∞, otherwise,

RicN (V ) := Ric(V ) + Ṡ(V )− S(V )2

(N − n)F (V )2
, ∀N ∈ (n,∞),

Ric∞(V ) := Ric(V ) + Ṡ(V ).

For a smooth function u : M −→ R and any point x ∈M , the gradient vector of u at x is defined by

∇u(x) =

gij(x,∇u) ∂u
∂xj

∂

∂xi
, du(x) ̸= 0,

0, du(x) = 0.

So the gradient vector field of a differentiable function f on M by the Legendre transformationL : TxM → T ∗
xM

is defined as
∇u := L−1(du).

Let M = {x ∈M : ∇u|x ̸= 0}. We define the Hessian H(u) of u on M as follows:

H(u)(X,Y ) := XY (u)−∇∇u
X Y (u), ∀X,Y ∈ Γ(TM |M).

Fix a volume form dµ, the divergence div(X) of X is defined as:

d(X⌋dµ) = div(X)dµ.

For a given smooth function u : M −→ R, the Laplacian ∆u of u is defined by ∆u = div(∇u) = div(L−1(du)).
The Finsler p-Laplacian of a smooth function u : M → R can be defined by

∆pu := div(|∇u|p−2∇u).

Since the gradient operator ∇ is not a linear operator in general, the Finsler p-Laplacian is greatly different
from the Riemannian p-Laplacian.
Given a vector field V such that V ̸= 0 on Mu = {x ∈M ; du(x) ̸= 0} the weighted gradient vector and the
weighted p-Laplacian on the weighted Riemannian manifold (M, gV ) are defined by

▽V u :=

gij(V )
∂u

∂xj

∂

∂xi
, on Mu,

0, on M \Mu,
∆V

p u := div(|∇V u|p−2∇V u).

Here we note that ∇V u = ∇u, ∆V
p u = ∆pu.

2.1. Eigenvalues of (p, q)-Laplacian

In this paper, we introduced a class of (p, q)-Laplacian on Finsler manifolds which had been defined in [10]
for RN and in [4] for the Riemannian case.

∆pu+∆qu = div((|∇u|p−2 + |∇u|q−2)∇u), (2.1)

where u ∈W = W 1,p
0 (M) ∩W 1,q

0 (M), 1 < q < p <∞. We say that λ is an eigenvalue of (2.1) if there exists u ∈W ,
u ̸= 0 such that

−∆pu−∆qu = λ|u|p−2u, (2.2)

or ∫
M

|∇u|p−2|u.|vdµ+

∫
M

|∇u|q−2∇u.∇vdµ = λ

∫
M

|u|p−2uvdµ, (2.3)

for any v ∈W 1,p(M) ∩W 1,q(M). The first positive eigenvalue λ1,p,q(M) of (2.1) is obtained as follows:

λ1,p,q(M) = inf

{∫
M

|∇u|pdµ+

∫
M

|∇u|qdµ :

∫
M

|u|pdµ = 1

}
. (2.4)
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A volume form dµ on Finsler manifold (M,F ) in local coordinates (U, x1, ..., xn) can express as dµ = σB(x)dx
1 ∧

... ∧ dxn and dµ = σH(x)dx1 ∧ ... ∧ dxn, where σB(x) and σH are so-called Busemann-Hausdorff volume form
and Holmes-Thompson volume form respectively. We recall maximal and minimal volume forms for Finsler
manifolds from [7]. Let

dVmax = σmaxdx
1 ∧ ... ∧ dxn

and
dVmin = σmindx

1 ∧ ... ∧ dxn.

Here σmax(x) := maxy∈TxM\{0}
√

det(gij(x, y) and σmin(x) := miny∈TxM\{0}
√

det(gij(x, y). We may use the
notation dVext (means extreme volume form) for both maximal and minimal volume forms dVmax and dVmin.
The uniformity function µ : M → R is

µ(x) := max
y,z,u∈TxM\{0}

gy(u, u)

gz(u, u)
.

The uniformity constant is µF = maxx∈M µ(x), so it is obvious that

µ−1F 2(u) ≤ gy(u, u) ≤ µF 2(u).

Fix x ∈M , the indicatrix at x is Ix = {v ∈ TxM : F (v) = 1}, then for v ∈ Ix, the cut-value c(v) is defined by

c(v) := sup{t > 0 : d(x, expx(tv)) = t},

and the tangential cut locus C(x) is defined by

C(x) := {c(v)v : c(v) <∞, v ∈ Ix}.

Let the cut locus and injectivity radius of x denote by C(x) = expxC(x) and ix = {c(v), v ∈ Ix}, respectively.
we know for sure that C(x) has zero Hausorff measure in M . As well we set Dx = {tv : 0 ≤ t < c(v), v ∈ Ix}
and Dx = expxDx. The largest star-shape domain with respect to the origin of TxM is D(x) and Dx =
M \ C(x). Now considering polar coordinate on Dx for any q the polar coordinates are defined by (r, θ) =
(r(q), θ1(q), ..., θn−1(q)), where r(q) = F (v) and is just the distance function with respect to x, θα(q) = θα(u), here

v = exp−1
x (q) and u =

v

F (v)
. We take T = d(expx)(

∂

∂r
) as the unit radial coordinate vector which is orthogonal

to coordinate vectors ∂α respect to gT . These vectors defined as follows:

∂α|expx(ru) = s(expx)

(
∂

∂θα

)∣∣∣∣
expx(ru)

= d(expx)ru

(
r

∂

∂θα

)
= rd(expx)ru

(
∂

∂θα

)
,

for α = 1, ..., n− 1, so T = ∇r. Taking g̃ = g∇r as the singular Riemannian metric on D(x), we get

g̃ = dr2 + g̃αβdθ
αdθβ , g̃αβ = g∇r(∂α, ∂β).

Let h(r) = traceg∇r
H(r), from [8, 11], we have

∂h

∂r
+

h2

n− 1
≤ −Ric(∇r), ∂

∂r
(log σ̃) = h.

where σ̃(r, θ) =
√

det(g̃αβ). Assume that σc(r) = sc(r)n−1, and hc(r) = (n− 1)ctc(r), where

sc(r) =


sin(
√
cr)√
c

, c > 0,

r, c = 0,

sinh(
√
−cr)√
−c

, c < 0,

ctc(r) =


√
ccot(

√
cr), c > 0,

1

r
, c = 0,
√
−ccoth(

√
−cr), c < 0.

Then

(log σc)
′
= hc, h

′

c +
h2
c

n− 1
= 1(n− 1)c.

We may need the following theorems for distance function r(x, .) which was stated in [9].
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Theorem 2.1. Let (M,F ) be a forward complete Finsler n-manifold admits non-positive flag curvature K. Suppose that
r = d(x, .) is smooth at y ∈M and γ as an unique minimal normal geodesic from x to y. Then for any c < 0, l ≥ 1, we
have

tracg∇rH(r)(y) ≥
√
−ccoth(

√
−cr(y))

−
[
(2l − 1)

∫
γ

(max{Ric(γ
′
(t))− c, 0})ldt

] 1

2l − 1
.

Theorem 2.2. Let (M,F ) be a forward complete Finsler n-manifold admits non-positive flag curvature K. Suppose that
r = d(x, .) is smooth at y ∈M , and γ be the unique minimal normal geodesic from x to y. Then for any c < 0, l ≥ 1, and
X ∈ TyM with g∇r(∇r,X) = 0 and g∇r(X,X) = 1, we have

H(r)(X,X) ≥
√
−ccoth(

√
−cr(y))

−
[
(2l − 1)

∫
γ

(max{K(∇r)− c, 0})ldt
] 1

2l − 1
.

Here H(r)(X,Y ) = g∇r(∇∇r
X ∇r, Y ) and K(∇r) = maxg∇r(∇r,E)=0 K(∇r;E), due to the local frame

E1, ..., En−1, En = ∇r such that Ei, 1 ≤ i ≤ n− 1 are eigenvectors of H(r) with eigenvalues λi.

Theorem 2.3 (Volume comparison). Let (M,F ) be a forward complete Finsler n-dimensional manifold with K > 0,
and c < 0, l ≥ 1. Then
(i) Suppose that there is C > 0 so that the radial flag curvature at x ∈M satisfies∫

γ

(max{K(∇r)− c, 0})ldt ≤ C,

for any minimal normal geodesic γ issuing from x, then

volext(Bx(r))

Vc,Λ,n(r)
≤ max

x∈Bx(R)
µ(x)

n

2 .
volext(Bx(R))

Vc,Λ,n(R)
,

holds for any r < R ≤ ix, where Λ = −(n− 1)[(2l − 1)C]

1

2l − 1 and

Vc,Λ,n(R) = vol(Sn−1(1))

∫ R

0

eΛtsc(t)
n−1dt.

(ii) Suppose that there is C > 0 such that the radial Ricci curvature at x ∈M satisfies∫
γ

(max{Ric(λr)− c, 0})ldt ≤ C,

for any minimal normal geodesic γ issuing from x, then

volext(Bx(r))

Vc,Λ,2(r)
≤ max

x∈Bx(R)
µ(x)

n

2 .
volext(Bx(R))

Vc,Λ,2(R)
,

holds for any r < R ≤ ix, where Λ = −[(2l − 1)C]

1

2l − 1 .

3. Main results

In this section we shall prove some Mckean type theorems for the first eigenvalue of p-Laplacian operator
under the line integrate curvature bounds and as a result with the same course we get Mckean type estimate
for the first eigenvalue of the (p, q)-Laplacian operator.
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Let (M,F, dµ) be a Finsler n-manifold with volume form dµ, Ω ⊂M a domain with compact closure and
nonempty boundary ∂Ω. The first Dirichlet eigenvalue λ1,p(Ω) of Ω with respect to dµ is defined by:

λ1,p(Ω) = inf

{∫
Ω
(F ∗(df))2dµ∫

Ω
fpdµ

: f ∈W 1,p
0 (Ω) \ {0}

}
, (3.1)

here F ∗ is the dual Finsler metric on T ∗M , and W 1,p
0 (Ω) := {f ∈W 1,p|f |∂Ω = 0}, where W 1,p(Ω) be the

completion of C∞(Ω).
First we prepare the requirements for proving the main results. Set Bp(R) as the forward geodesic ball with
radius R centered at p and R < ip, where ip denotes the injectivity radius of p. With this notations we state the
following lemma:

Lemma 3.1. Let Ωε(R) =
Bp(R)

Bp(ε)
and r = dF (p, .) be smooth radial function on Ωε(R). In addition consider V = ∇r as a

unit geodesic vector field on Ωε(R), and we can consider the Riemannian metric g̃ = gV on Ωε(R). Then for dµ = dVmin,
we have

λ1,p(Ωε(R)) ≥ 1

Θ(p+n)/2
λ̃1,p(Ωε(R)). (3.2)

Here λ̃1,p(Ωε(R)) is the first eigenvalue of Ωε(R) with respect to the g̃ and Θ = maxx∈Bp(R) µ(x).

Proof. The Legendre transformation l : TM −→ T ∗M is norm preserving and also it preserves the uniformity
constant µ(x), so for any f ∈ C∞

0 (Ωε(R)), we obtain

(F ∗(df))p(x) =
(
(F ∗(df))2(x)

)p
2

=
(
g∗ij(x, df)

∂f

∂xi

∂f

∂xj

)p
2

≥
( 1

µ∗(x)
g∗ij(x, l(V (x))

∂f

∂xi

∂f

∂xj

)p
2

=
( 1

µ(x)
gij(x, V (x))

∂f

∂xi

∂f

∂xj

)p
2

=
1

(µ(x))p/2
(∥df∥2g̃(x))

p

2

=
1

µp/2
∥df∥pg̃(x). (3.3)

Using volume comparison 2.3, for dµ = dVmin, we get∫
Ωε(R)

(F ∗(df))pdVmin∫
Ωε(R)

fpdVmin
≥

∫
Ωε(R)

(F ∗(df))pdVg̃

Θn/2
∫
Ωε(R)

fpdVg̃
≥ 1

Θ(p+n)/2

∫
Ωε(R)

∥df∥pg̃dVg̃∫
Ωε(R)

fpdVg̃
.

Due to the definition of the first eigenvalue of p-Laplacian operator, we get the result.

Remark 3.1. Results also holds for dµ = dVmax, so it holds for dµ = dVext.
We also need following lemma proving our main results, which was stated in [14] as follows:

Lemma 3.2. Let (M,F, dµ) be a Finsler manifold, Ω ⊂M be a domain with compact closure and nonempty boundary
∂Ω. Suppose that f is the first Dirichlet eigenfunction of p-Laplacian operator in Ω, and X is a vector field on Ω satisfying
infΩ div(X) > 0. Then, we have:
(1) If there is a point x0 ∈ Ω where f(x0) < 0, then

λ1,p(Ω) ≥
[
infΩ div(X)

p supΩ F (X)

]p
; (3.4)

(2) If there is a point x0 ∈ Ω such that f(x0) > 0, then

λ1,p(Ω) ≥
[
infΩ div(X)

p supΩ
←−
F (X)

]p
. (3.5)
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Now we are able to prove:

Theorem 3.1. Let (M,F ) be a forward complete noncompact and simply connected Finsler n-manifold with nonpositive
flag curvature and finite uniformity constant µF , x ∈M , and c < 0, l ≥ 1. Suppose that there exists C > 0 with

[(2l − 1)C]

1

2l − 1 <
√
−c,

such that the radial flag curvature and radial Ricci curvature satisfy in the following respectively:∫
γ

(max{K(∇r)− c, 0})ldt ≤ C, (3.6)

and ∫
γ

(max{Ric(∇r)− c, 0})ldt ≤ C, (3.7)

for any minimal normal geodesic γ with beginning point x. Then we have

λ1,p(M) ≥ (p+ n− 3)p[
√
−c− [(2l − 1)C]1/(2l−1)]p

ppµ
(n+p)/2
F

.

Proof. Since (M,F ) is a forward complete noncompact and simply connected Finsler manifold with non-
positive flag curvature, by Cartan-Hadamard theorem r = dF (x, .) is smooth on M \ {x}. For a unit geodesic
vector field V = ∇r, we have

dr(X) = gV (V,X) = g̃(V,X) = g̃(∇̃r,X),

so ∇r = ∇̃r, furthermore for the Chern connection ∇V , we have

gV (∇V
XV,Z) = gV (∇̃V

X , Z),

that means ∇V
XV = ∇̃XV and thus for any Y ∈ TM , we get

H̃(r)(X,Y ) = gV (∇̃XV, Y ) = gV (∇V
XV, Y ) = H(r)(X,Y ).

Namely
∆̃pr = d̃iv(|∇̃r|p−2∇̃r) = div(|∇r|p−2∇r) = ∆pr,

here H̃, ∆̃, d̃iv are Hessian, Laplacian and divergence with respect to g̃. Using Theorem 2.1 and Theorem 2.2,
we obtain

∆pr = div(|∇r|p−2∇r)
= |∇r|p−2∆r + (p− 2)Hess(∇r,∇r)|∇r|p−4

≥ (n− 1)[
√
−c− [(2l − 1)C]1/(2l−1)] + (p− 2)[

√
−c− [(2l − 1)C]1/(2l−1)]

= (p+ n− 3)[
√
−c− [(2l − 1)C]1/(2l−1)].

By applying Lemma 3.2 and equations (3.4) and (3.5) for V = ∇r, we conclude

λ1,p(Ωε(R)) ≥ 1

µ
(p+n)/2
F

λ̃1,p(Ωε(R)) ≥ (p+ n− 3)p[
√
−c− [(2l − 1)C]1/(2l−1)]p

ppµ
(n+p)/2
F

.

This completes the proof.

As an important result for the class of (p, q)-Laplacian operator (2.1), we prove:

Theorem 3.2. Let (M,F ) be a forward complete noncompact and simply-connected Finsler n-manifold with nonpositive
flag curvature and finite uniformity constant µF . Suppose that there is C > 0 with [(2l − 1)C]1/(2l−1) <

√
−c, such that

radial flag curvature and radial Ricci curvature at x ∈M satisfy in (3.6) and (3.7) respectively. Then for (2.4) with p > q,
we have:

λ1,p,q(M) ≥ (p+ n− 3)p[
√
−c− [(2p− 1)C]1/(2p−1)]p

ppµ
(n+p)/2
F

+
(q + n− 3)q[

√
−c− [(2p− 1)C]1/(2p−1)]q

qqµ
(n+p)/2
F

, (3.8)

for x ∈M , and c < 0, l ≥ 1.
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Proof. For any f ∈ C∞
0 (Ωε(R)), we conclude from (3.3) that:∫

Ωε(R)
(F ∗(df))pdVmin∫

Ωε(R)
fpdVmin

≥ 1

Θ(p+n)/2

∫
Ωε(R)

∥df∥pg̃dVg̃∫
Ωε(R)

fpdVg̃
,

and we have the same result for q as follows∫
Ωε(R)

(F ∗(df))qdVmin∫
Ωε(R)

fqdVmin
≥ 1

Θ(q+n)/2

∫
Ωε(R)

∥df∥qg̃dVg̃∫
Ωε(R)

fqdVg̃
,

Considering p > q as stated in theorem, we obtain∫
Ωε(R)

(F ∗(df))pdVmin∫
Ωε(R)

fpdVmin
+

∫
Ωε(R)

(F ∗(df))qdVmin∫
Ωε(R)

fpdVmin

≥ 1

Θ(n+p)/2

(∫
Ωε(R)

∥df∥pg̃dVg̃∫
Ωε(R)

fpdVg̃
+

∫
Ωε(R)

∥df∥qg̃dVg̃∫
Ωε(R)

fpdVg̃

)
. (3.9)

So, due to the definition of first eigenvalue of (p, q)-Laplacian (2.4), we gain

λ1,p,q(M) ≥ 1

Θ(n+p)/2
λ̃1,p,q. (3.10)

Using the same method as in Theorem 3.1, we have

∆pr +∆qr = ∆̃pr + ∆̃qr

= (p+ n− 3)[
√
−c− [(2l − 1)C]1/(2l−1)]

+(q + n− 3)[
√
−c− [(2l − 1)C]1/(2l−1)],

substituting this in (3.10) completes the proof.
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