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Abstract

In this paper we analyze a parabolic-elliptic chemo-repulsion system with superlinear pro-
duction term in two-dimensional domains. Under the injection/extract chemical substance
on a subdomain w C Q C R?, we prove the existence and uniqueness of global-in-time
strong solutions at finite time.
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1. Introduction

One very interesting feature of living organisms is their interaction with the environ-
ment in which they reside. Frequently, the form of interaction involves the movement of
living organisms generated by an external stimulus, the response to such stimulus is called
taxis. The process which leads to taxis it is divided into three steps [18]: first, the cell
detects the extracellular signal by specific receptors on its surface; then, the cell processes
the signal and, finally, the alters its motile behavior. Depending on the nature of the stim-
ulus or signal we have different kinds of taxis, namely: aerotaxis, chemotaxis, haptotaxis,
phototazis, among others (see [18,21]). In particular, the chemotaxis phenomenon is un-
derstood as the movement of living organisms induced by the presence of certain chemical
substances. In 1970, Keller and Segel [12] proposed a mathematical model that describes
the chemotactic aggregation of cellular slime molds which preferentially towards relatively
high concentrations of a chemical secreted by the amoebae themselves, such phenomenon
is called chemo-attraction. In contrast, the phenomenon is called chemo-repulsion, if a
region of high chemical concentration generate a repulsive effect on the organisms.
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We are interested in studying a chemo-repulsion model with nonlinear chemical signal
production term given by the following system of partial differential equations

Ou—Au = V-(uVv) in (0,7) x Q=:0Q,
a0 —Av+v = wP in (0,7)xQ=:0Q,

u(0,z) = wo(x), v(0,z) =vo(z) in Q, (1.1)
ou v
m 0, %—0 on (0,T) x 09,

where Q C R? is a bounded domain with smooth boundary 99, n denotes the outward
unit normal vector to 92, (0,7) is a time interval, with 0 < T" < oo, and the parameter
oy is a nonnegative real number. The unknowns are cell density u := u(t,z) > 0 and
chemical concentration v := v(t,z) > 0. The term uP, p > 1, represents the chemical
signal production term.

System (1.1) with o, = 1 and linear production term (i.e. in (1.1)2, p = 1) has been
studied by Ciéslak et al. [3] and Tao [23]. In [3], the authors proved the existence and
uniqueness of smooth classical solutions in 2D domains and the existence of weak solutions
in spaces of dimension 3 and 4. In [23], the author delimits his analysis to a convex domain
Q C R”, with n > 3, and changes the chemotactic term V - (uVv) by V - (x(u)Vv), where
x(u) is an adequate smooth function. With this modification, Tao proves the existence
of a unique global-in-time classical solution of system (1.1), and that the corresponding
solution (u,v) converges to (up,up) as t — oo, where gy := ﬁ Jouodz. As far as we
known, in the case of chemo-repulsion model with superlinear signal production term
(1.1), with «, = 1, the literature is scarce. Indeed, we known the studies developed by
Guillén-Gonzalez et al. [9-11]. In [9,10] the authors prove the existence of global-in-time
weak solutions in 3D domains with quadratic production term (p = 2) and global-in-time
strong solutions assuming a regularity criteria, which is satisfied in 1D and 2D domains.
They also analyze some numerical schemes to approximate weak solutions. In [11], the
authors prove the existence of weak solutions considering p € (1,2) and propose some fully
discrete finite element approximations of system (1.1).

In this work we are interested in studying the parabolic-elliptic system related to prob-
lem (1.1) considering a proliferation/degradation coefficient of a chemical substance which
acts on a subdomain w C Q. Specifically, we consider a bounded domain Q C R? with
smooth boundary of class C*! and a time interval (0,7), with 0 < T < oo. Then we
will analyze the following system of partial differential equations in the time-space region

Q:=(0,T) x
{ Ou—Au = V- (uVv), (1.2)

—Av+ov = U+ fol,,

where w C Q is a subdomain, f denotes a proliferation/degradation coefficient which acts
on the subdomain w and 1,, is the characteristic function of w. The term uP, p > 1, is the
nonlinear chemical signal production term.

We complete system (1.2) with initial condition for the cell density

u(0,z) =up(zr) >0 in €, (1.3)

and non-flux boundary conditions

gz =0, 2;)1 =0 on (0,7) x 0. (1.4)

For equation (1.2)9, notice that, in the subdomain w, where f > 0 then we inject
chemical substance and, where f < 0, we extract chemical substance. Also, system (1.2)-
(1.4) with f = 0 and p = 1 has been studied by Mock in [16,17]. In these works, the author
proved the existence and uniqueness of global-in-time classical solutions by using continuity

arguments, under the assumptions that the initial data wug is strictly positive and twice
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continuously differentiable at x € 2. Furthermore, the author proved that the solutions are
uniformly bounded and converge with an exponential rate to the steady-state. However,
the theory employed by Mock cannot be applied here, because the coefficient f is only a
function belongs to the space L4(w), with 2 < ¢ < 0o (see Theorem 2.7, below). In order
to overcome this difficulty, we will apply the Leray-Schauder fixed-point arguments and
parabolic and elliptic regularity theorems to obtain our results. The parabolic-parabolic
system related to (1.2)-(1.4) has been studied by Guillén-Gonzalez et al. [6-8]. In [6,7] the
authors consider the linear case (p = 1) and, under minimal assumptions, they achieved
their results by using energy estimates, fixed-point theorems and bootstrapping arguments
via LP-regularity of the parabolic heat-Neumann problem (see Theorem 2.4, below). In
particular, in [6] the authors proved the existence and uniqueness of global-in-time strong
solutions in two-dimensional domains. In [7] is proved the existence of weak solutions
in 3D domains and establish a regularity criterion to get global-in-time strong solutions.
In [8], the authors consider the superlinear case with p € (1,2] and prove the existence
and uniqueness of global-in-time strong solutions. The stationary case have been consider
in [15]. In our case, due to the elliptic nature of equation (1.2)2, the analysis is more
complicated. Technically speaking, to obtain appropriate estimates for v, it requires us to
improve a smallness condition for the function f (see estimate (2.10) below). Moreover,
to improve the regularity of the solution (u,v) of system (1.2)-(1.4), we carefully combine
elliptic and parabolic results for the heat-Neumann problem. The key point in our analysis
is to control the integral ([, u? dz)? = ||u||%€, We have managed to control it in terms
of ||V (uP/?)||? using the Gagliardo-Nirenberg (Lemma 2.3) and Young inequalities, which
has only been possible in 2D domains and for p € (1,2) (see estimate (3.16), below); so
the case p > 2 remains open.

The paper is organized as follows: In Section 2 we fix the notation, introduce the
functional spaces to be used, give the concept of strong solutions of problem (1.2)-(1.4)
and we establish two regularity (parabolic and elliptic) results for Neumann problems that
will be used throughout this work. In Section 3, we prove the existence and uniqueness of
strong solutions of system (1.2)-(1.4), applying the Leray-Schauder fixed-point theorem,
and establish that allows us deduce that the pair (u,v) does not blow-up at finite time.

2. Preliminaries

In this section we establish some notations. We will use the Lebesgue space L*(£2),
1 < s < oo, with norm denoted by || - ||zs. In particular, the L?-norm and its inner
product will be denoted by || - || and (-,-), respectively. Also, we consider the usual
Sobolev spaces W™5(Q) = {u € L*(2) : ||0%u||rs < oo}, with norm denoted by || - |[ym.s.
When s = 2, we denote H™(Q) := W™2(Q) and the respective norm by || - |[[gm. We
will use the space Wy *(Q) := {u € W™5(Q) : % =0on 00}, m > 1+ 1 with norm
| - [lwms. Also, if X is a Banach space, we will denote by LP(X) the space of valued
functions in X defined on the interval [0, 7] that are integrable in the Bochner sense, and
its norm will be denoted by || - || s(x). For simplicity, we will denote L*(Q) := LP(L*(Q2))
for s # oo and its norm by || - || zs(g). In the case s = oo, L*>(Q) := L*°((0,T) x 2) and
its respective norm will be denoted by || - || (). Also, C(X) := C([0,T7]; X) denotes the
space of continuous functions from [0, 7] into a Banach space X, and its respective norm
by || - |c(x)- Moreover, as usual, the letters C, K, C1, Ki,. .., denote positive constants
independent of (u,v), but its value may change from line to line.

We will study the existence of strong solutions of system (1.2)-(1.4). The following def-
inition gives the concept of strong solutions of problem (1.2)-(1.4) in the case of nonlinear
production u?, for p € (1,2).

Definition 2.1 (Strong Solutions). Assume that @ C R? is a bounded domain with
smooth boundary 9 of class C*1. Let f € Li(w), for 2 < ¢ < o0, ug € H'(Q) with
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up > 0 a.e. in Q. We say that a pair (u,v) is a strong solution of problem (1.2)-(1.4) in
the time interval (0,7, if u > 0, v > 0 in @

ue S, = {uc L>®H(Q)NL*(H*Q)) : e L*(Q)}, (2.1)

v € S, = LYW>1Q)),

(u,v) satisfies pointwisely a.e. (t,z) € @ the system

Ou—Au = V- (uVv), (2.3)
—Av+v = uP+ fuly, :
and the initial and boundary conditions (1.3) and (1.4) are satisfied, respectively.

Remark 2.2. System (1.2)-(1.4) is conservative in u. Indeed, integrating (1.2); in Q we

have
d
7 (/udm)—O:/ dx—/uodx::mo, vt > 0. (2.4)

Furthermore, integrating (1.2)2 in {2 we obtain

vde = | wPdr+ | fvde. (2.5)
Jyrir= s |

A key point in our analysis is to estimate the integral ([, uP dx)?, which is possible
under the constraint p € (1,2). The following Gagliardo-Nirenberg interpolation inequality
allows us to achieve this purpose.

Lemma 2.3. [20, p.125] Suppose that Q@ C R? is a bounded domain. Let u € L™(Q2) and

1 < 51,80 < o0 satisfying
1 1 1 1-46
:0<—>+ , 6€]0,1].
r S1 2 S9

Then, the following estimate holds
lullzr < Col[Valfo ullp2f + Collul o (2.6)

where Cy and Cy are positive constants which depend on §2, s1 and s2, and s* > 0 is
arbitrary.

In particular, for r = 4 and s; = s9 = 2; from Lemma 2.3, we have that § = % and
lull s < CUIVul2|ul ' + ul), with C = max{C1, Ca};

which is a generalized version of the classical interpolation inequality in 2D domains (see,
for instance, [2, p. 314])

lull s < Cllulully? Vue HY(Q). (2.7)

Also, frequently we will use the following equivalent norms in the Sobolev spaces H'()
and H?() (see [19], for more details):

o 1/2
lullgn = (HVUHQ + (/Qudx) ) Yu € HY(Q), (2.8)

o 1/2
lullye = (HAuH2+ (/Qud:c) ) Vu € H2(9). (2.9)

We will apply the following result concerning to parabolic regularity.
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Theorem 2.4. (Parabolic-Regularity) [4, Theorem 10.22, p. 344] Let € C? be a bounded
domain in R™ (n = 2,3), ug € W22/55(Q) and g € L*(Q), with 1 < s < oo (s # 3).
Then, there exists a unique solution u of problem
du—Au = g in Q,
u(0,x) = wo(z) in 9Q,

gz = 0 on (0,7)x09Q,
such that
ue C(W225(Q) N LA (W>3(Q)), dyu e L(Q).
Moreover, there exists a positive constant C := C(2,T) which satisfies the following esti-
mate

[ull gra—arsy + lell Loy + 100wl Lo (@) < Cllluollas/s + lgllze@))-

Here, the space W22/%5(Q) := W22/53(Q) if s < 3 and W2~2/55(Q) := Wg_z/s’s(Q) if
5> 3.

Remark 2.5. In Theorem 2.4, the case s = 3 implies that u € C'(X33)NL3(W?23(Q)) with
O € L3(Q), for a certain interpolation space X33 (see [4, Theorem 10.22], for details).

The description of the space X3 3 is not clear in terms of w22/ %%(Q) or another Sobolev
spaces.

Furthermore, by adapting [5, Theorem 2.4.2.7] we deduce the following result on elliptic
regularity for a Neumann problem.

Theorem 2.6. (Elliptic-Regularity) Let Q € CY! be a bounded domain in R™, n = 2,3,
and h € L*(Q) with 1 < s < co. Then the problem
{ —Au4+u = h in €,

ou
m 0 on 09,

admits a unique solution u € W25(Q). Moreover, there exists a positive constant C :=
C () such that

[ullw2s < Cl[R]|Ls
Now we will enunciate the main result of this paper.

Theorem 2.7. (Strong Solutions) Assume that Q C R? is a bounded domain with smooth
boundary 0Q of class C*'. Let ug € HY(Q), with ug > 0 a.e. in Q and f € Li(w) for
2<q<oo. If|fllpaq) is small enough such that

1 1
||f||L‘1(w) <Bi= mln{2[p(K12 i K%)]l/Qv }—(3} > (210)
where Ky := K1(2), Ko := |Q|%_é and K3 := K3(Q) are positive constants which depend
only on Q and are given by the injections H'(Q) — L*(Q), with 1 < s < oo, LI(Q) —
L2(Q) and W24(Q) — L>®(Q), respectively. Then there exists a unique strong solution
(u,v) of system (1.2)-(1.4) in sense of Definition 2.1. Moreover, there exists a positive
constant K := K(mo, T, || f||za, ||wol g1, K1, K2, K3) such that

ulls, +[lv]ls, < K. (2.11)

3. Proof of Theorem 2.7

In this section we will prove Theorem 2.7. For such effects we will apply the Leray-
Schauder fixed-point principle.
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3.1. Existence

Throughout this subsection we assume that Q C R? is a bounded domain with smooth
boundary 99 of class C%!'. We consider the following auziliary function spaces:
W, = C(LAQ) N Le2(HY(Q), W, := LYLX(Q)), (3.1)
with 2 < ¢ < c0.
Lemma 3.1. The product space Sy x Sy (defined in (2.1)-(2.2)) is compactly embedded
in Wy, x W,.

Proof. The compact embedding of S, in W, is clear. Let u € S, then u € L®(H())
and dyu € L%(Q). Since the injection H'(Q) < L?(£2) is compact, then from [22, Corollary
4] we deduce that S, is compactly embedded in C(L?(92)). Now, from [14, Théoréme 9.6]
we can deduce the following injection

L= (H' () N L2 (HA(Q) = L2 (H 7 ().
Also, from [1, p.144] we have the compact embedding H%(Q) < H'(Q); thus, using

this injection and that d;u € L?(Q), from [13, Théoréme 5.1] we have that S,, is compactly
2

embedded in quq2(H 1(©)). Consequently, the injection of S, in W, is compact. O

In order to prove Theorem 2.7 we will use the Leray-Schauder fixed-point principle,

for which we consider the operator £ : W, x W, — S, x S, — W, x W, defined by
L(u,v) = (u,v) with (u,v) satisfying the following linear problem

Ou—Au = V-(ugVo) in Q,

—AU+U = P +f@+ lw in Q,
u(0,2) = wo(x) in Q, (3.2)
ou ov
— = — = T Q
on 0, n 0 on (0,7) x 09,
where Ty := max{u,0} and 7, := max{7,0}, denote the respective positive parts of @

and 7.
In the following lemmas we will prove that operator £ satisfy the conditions of the
Leray-Schauder fixed-point theorem.

Lemma 3.2. The operator £ : W, x W, — W, x W, is well-defined and completely
continuous (compact and continuous).

Proof. Let (u,v) € W, x W,,. Then, in particular, from Sobolev embeddings we deduce
that w(t,-) € L?(Q) for any t € (0,7); thus, taking into account that p € (1,2) we have
that P € L9(Q2). Furthermore, using that f € L9(w), ¢ > 2, and v € LY(L*°(w)); then,
in particular, we have that @P(t,-) + fo(t,-) 1,, belongs to LI(Q2) for any time t € (0,7).
Thus applying Theorem 2.6 (for s = ¢ > 2) we deduce that there exists a unique solution
vi=v(t, ) € W4(Q) of elliptic problem

—Av+v = @+ forl, in Q,
0
87;)1 = 0 on 09,
such that ||v|y2.q < C (||ﬂpHLq + ||f||Lq(w)H@||Loo); which implies
01820 < C (1150 + [l 1118 ) -
Then, integrating this last inequality in (0,7") we deduce
10120y < C (17120 + 1% 1710 e ) : (33)

hence, v € S,.
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Now, since v € S, = LI(W?24(Q)) (¢ > 2), we have that Av € L9(Q) and Vv €
LA(W9(Q)) — LI(L>(£2)). Also, using that @ € W,; then, in particular,

U € Li-2 (L2 (Q)) and Va, € Li-2 (L(2)). Thus, we deduce that
V- (@ V) =1y Av + Vi - Vo € L*(Q).

Therefore, applying Theorem 2.4 (for s = 2) we conclude that there exists a unique solution
to (3.2); with u(z,0) = wp(x) in Q and g—ﬁ =0 on (0,7) x 09 such that the following
estimate holds

s, < € (1, 2, , 2, 10l + 197, 25, |, [Vollaaos)

C (laoll o 11l o) - (3.4)

Therefore, operator £ is well-defined from W, x W, to S, x S,. The compactness of £
follows from inequalities (3.3) and (3.4).

Finally, in order to prove the continuity of operator £ we consider {(Tm,,7m)}m>1 C
W. x W, a sequence such that

IN

(U, Um) — (@, 0) in Wy, x Wy, as m — oo. (3.5)

In particular, the sequence {(Um,Tm)}m>1 is bounded in Wy, x W,; thus, from (3.3) and
(3.4) we deduce that the sequence {(tm, vm) =: L(Um, Tm) }m>1 is bounded in the product
space S, X S,. Then, from the compactness of S, x S, in W,, x W,,, we deduce that there
exists a subsequence of {L(Up,Tm)}tm>1, still denoted by {L(Tm,Tm)}m>1, and a limit
element (u,v) € S, x S, such that, when m goes to oo, the following convergence holds

L(Up,, V) — (U, 0) weak in S, x S, and strong in W,, x W,. (3.6)

Then, from (3.5) and (3.6) we can pass to the limit in (3.2) when m goes to oo, with
(u,v) = L(Up, Upm) and (U, 0) = (U, Uy, ), which implies that £(w,v) = (4,v). Therefore,
by the uniqueness of the limit, the whole sequence {£ (T, Uy,) }m>1 converges to L£(u,v)
strongly in W, x W,. Thus operator £ : W,, x W,, — W,, x W, is continuous. ]

Lemma 3.3. Let ug € HY(Q), with ug > 0 a.e. in Q and f € LI(w), with 2 < g < co. If
I flla(w) s small enough such that

[l 2oy < B, (3.7)
where § > 0 is the constant given in Theorem 2.7. Then the set
Lo = A{(u,v) € Wy, x Wy, : (u,v) = al(u,v) for some o € [0,1]} (3.8)

is bounded in W, x W, independently of the parameter « € [0,1]. Indeed, the set L, is
also bounded in Sy X Sy; that is, there exists a positive constant

K = K(mo, T, ||uol| g1, | fll La(w), B) such that all pairs of functions (u,v) € L, for a €
[0, 1], satisfy the estimate

[(w, v)[[s,xs, < K. (3.9)

Proof. Let (u,v) € L, for a € (0,1] (the case @ = 0 is trivial). Then, from Lemma 3.2
the pair (u,v) belongs to S, x S, and satisfy pointwisely a.e. in @ the following system

ou—Au = V-(uyVo) in Q,

—Av+ov = avw’+afvyl, in Q,
endowed whit the corresponding initial and boundary conditions. Thus, it suffices to
bound (u,v) € Sy x Sy, independently of o € (0, 1]. The proof is carry out in five steps.

(3.10)

Step 1: u,v > 0 and u satisfy the mass conservation property (2.4).
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Testing (3.10); by u_ := min{wu,0} < 0, and taking into account that u_ = 0 if u > 0;
Vu_ =Vu if u <0and Vu_ =0 if u > 0, we have

1d

2 dt

Then, using that ug > 0 a.e. in 2, we deduce that u— = 0. Hence, © > 0 a.e. in Q.
Similarly, testing (3.10)2 by v— < 0 we obtain

u_|? + |Vu_|* = —/QquV’U -Vu_dz = 0.

Vo |2 + flo_||? = a/Qupv_ dz + a/ fopo_ dz < 0;
w

which implies that v_ = 0; thus v > 0 a.e. in ). Finally, the mass conservation property
(2.4) follows integrating (3.10); in .

Step 2: v is bounded in L*(H?(Q)).

Testing (3.10); by p%luPA and (3.10)2 by —%A’u, for p € (1,2); then, integrating by
parts in €2, adding the respective equations and considering that chemotaxis and produc-

tion terms cancel, we can obtain
o d

Pl —T)dt

Now, taking into account that H'(Q) — L*(Q), we can fix a positive constant K := K1(£2)

such that ||v||ps < Kq||v|| g1, for s > 2. Moreover, from the Holder and Young inequalities
and using that p € (1,2) and « € (0, 1] we have

—g/vavdx§/|vav|dx
pJu w

4oy 1 1 «
P22 + plelv(up/z)HQ + EIIAUH2 + EIIWH2 = —p/ foAvdz.  (3.11)

IN

[l ayllvlles [[Av]| < Kill f]l Layllvll g ([ Av]]
3 D
< @HAUH2 + §K12||f||%4(w)HUH§{1
3
< @HAUHQ+K12||f||%q(w)Hv||§1u (3.12)

where ;1) + 1 =1 Thus, from (3.11) and (3.12) we deduce that

@

p(p—1)
On the other hand, integrating in € the second equation in (3.10); then, multiplying the
respective equality by [, vdx and applying the Young inequality, we have

(o) = (o) () (L var)(f o)
< ao? (/Qupd:n> +;(/ﬂ dx) + a? (/wfvdac> . (3.14)

Also, since 2 < ¢ < 0o and L9(w) < L*(w), we have that [|f||;2(,) < KallfllLe(w), with
Ky = |Q]%_% > 0. Thus, from (3.14) we obtain

d 4o 1 1
%IIUWII2 + pﬁHV(up/Q)ll2 + @IIAUH2 + Z;HWHQ < K7 f7a@llvllzn. (3.13)

1 2 1 2 2 2
(/Udm) <(/vda:) < a2</upda:) +a2(/fvda:>
4p 9] 2 Q Q w
2
< a2</upda:> + o[ f||? vl|?
< o/ 11l
< Pl + PR flawllvlFe- (3.15)
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In order to control the term ||u||%€, we will use the Gagliardo-Nirenberg interpolation
inequality (2.6) (see Lemma 2.3 above). In fact, we observe that for p € (1,2), we have

that @ < 2; thus, from inequality (2.6) we can obtain

2
o [ull2 = o?u??|* < 020V ()]

4
WPPVE Q2O 2L,

Moreover, applying the Young inequality and taking into account that |ju?/2||* T =

llu|?” o= m0 and that « € (0,1]; from the last inequality we deduce the following es-
timate

2
o?|lullfy < el 2w p/Q)HerCHup/QHLz/p+aQCHUH

< ZIvwsp-c (3.16)

Thus, from (3.15) and (3.16) we have
€L dz) < 221V )2 + K3 )2 2+ C 3.17
([ vde) < 19 + 0 B ol + C: (3.17)

Then, adding (3.13) and (3.17), and using the equivalent norm provided in (2.9) we obtain

o d 2a 1 1
— P22+ S IV + =]l + = Vo2
[l e V(@) 4pH 172 pH |

p(p—1)di
< KPSl o lolin + @ K31 Fl e lvlF + C
< (KT + KD FalolFe + C,
which implies
o i” ooz (L~ 2 ED 4 KD Lo 2
T AR ( - ) e <. (318)

Now, from assumption (2.10) we deduce that 4p(K? + K%)HfH%q(w) < 1; thus, integrating
(3.18) in (0,7T) we conclude that there exists a positive constant
C == C(mo, T, |luol| v, K1, K2, || fll La(w))
such that
vl L2 a2y < C.
Therefore, v is bounded in L?(H?(Q)).

+1

Step 3: u"z , is bounded in L (L2()) N L2(H(R)), for 2 < ¢ < c.

Testing (3.10)1 by (¢+1)u?, integrating with respect to spatial variable, using the Young
inequality, and considering the 2D interpolation inequality (2.7), we have

a1
HU I+ ||V( R = gt A < Cllu’E (3] A
< Clu'F | u'F [ Ao
< ' 12+ Ol P ol
Then, adding Hu 3 H2 to both sides of the previous inequality and using the equivalent
norm (2.8), we obtain
4 a+1
St + I B < O (1 el ) w5 (3.19)
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Therefore, applying the Gronwall lemma in (3.19) and using that v € L2(W?24(Q)), we
deduce that "
grl
w2 oo (22)nr2 () < C(gs luol| e, || £l La(w))-
Thus, u*> is bounded in L®(L2(Q)) N L2(H(Q)).

Step 4: v is bounded in S,,.

From previous step and interpolating, we deduce that u'T e L (L2(Q))NLA(HY(Q)) —
L4(Q); hence u? € L971(Q). Then, using that p € (1,2), we deduce that u? € LITH(Q) —
L9(Q). Now, taking into account that f € L(w), uP € LI(Q) and v € L2(H?(R)), we
obtain that u(t¢,-) + fv(t,-) 1, € LY(Q) for any t € (0,7). Then, applying Theorem 2.6
(for s = ¢ > 2) to problem

{ —Av+v = auP+afvl, in Q,

SEJI:OOHBQ,

we conclude that v(t,-) € W24(Q) for each t € (0,T) and
lolwaa < aC (Iullzs + 11 £ oy 0]l =)

< C(Ilullze + Ksllfl o lolwaa )
thus,
(1= sl fllza) ) IWllwaa < Clulza, (3.20)

where K3 := K3(2) > 0 is a fixed constant given by the embedding W?24(Q) — L*>(Q).
Notice that from (2.10) we deduce that K f[|re) < 1; hence, using that uP € L1(£),
from (3.20) we conclude that

C
Wl < oy
< C(mo, T, |1 £l oy, lluollr B) (3.21)
Consequently, v is bounded in the space S,.
Step 5: u is bounded in S.
Testing (3.10); by —Awu we have
%%HVU\F—I— AU = — (A + Vau - Vo, Au). (3.22)

Then, applying the Holder and Young inequalities we obtain
—(uAv, Au) < ul[zs [ Av]| Lol Aul] < K[ul[ g1 [|Av|| o || A

1
772
< Kfullfp A0l + 5l Aul?, (3.23)

—_ =~

and K := K(Q) > 0 is a constant given by the embedding L*(Q2) —

1,1 _ 1
where§+a—2

H(Q).
Now, using again the Holder and Young inequalities we deduce

1
=(Vu- Vo, &v) < [[Vull[Voll e [ Aull < L[ Aul® + [[Vul*[ Vol 7. (3.24)
Then, from (3.22)-(3.24) we have

d )
aWUll2 + [[Au)® < K {[ull3n |Av]|Zq + VUl V]| F e
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which together with the fact that ([, u(t) dz)? = mg and the equivalent norms (2.8) and
(2.9) imply that

d =
ﬁ\lltll?{l +llullie < 2K |ullfnllAv]iie + 2 Vul*[Vollie + 2mg. (3.25)

Thus, considering that Av € L(Q), for 2 < ¢ < oo, and (Vu, Vo) € L2(Q) x LI(L*>®()),
from (3.25) and the Gronwall lemma we deduce that

ull oo (mynrzmzy < Clmo, T, || £l Laqw)s luoll 15 B)
< C. (3.26)
Then, u is bounded in L®(H(Q)) N L2(H?(2)).
Now, from (3.10)1, (3.21) and (3.26) we obtain the following estimate

< lullzeg) + llullp2sy AV L2 (pay + IVullLs 2y VUl La(r2)
S C(mO7T7 ||f||Lq(w)7 HUOHHluﬁ)u (327)

where 1 + % = 1. Therefore, from (3.26) and (3.27) we conclude that u € S,,.

Finally, from (3.21), (3.26) and (3.27) we deduce that all elements of the set £, are
bounded in S, x S,. Moreover, the estimate (3.9) follows from (3.21) and (3.26)-(3.27).
U

10wl L2 (@)

Consequently, in virtue of Lemmas 3.2 and 3.3 we deduce that the operator £ and the
set L, satisfy the conditions of the Leray-Schauder fixed-point theorem. Therefore, we
deduce that £(-,-) has a fixed-point (u,v) € Sy X Sy; namely, £(u,v) = (u,v). This fixed-
point is a strong solution of system (1.2)-(1.4). Furthermore, the estimate (2.11) follows
from (3.21) and (3.26)-(3.27).

3.2. Uniqueness

Following a classical comparison argument, let (u1,v1), (u2,v2) € S, X S, two possible
solutions of system (1.2)-(1.4). Then, subtracting equations (1.2)-(1.4) for (u1,v;) and
(ug,v2), and then denoting u := u; — ug and v := v — v, we can obtain the following

system:
Ou—Au = V-(uuVv+uVe) in Q,

—Av+v = W) —ub+ fvl, in Q,
u(0,z) = 0 in £, (3.28)
ou @

m 8n:0 on (0,7T) x of2.

Testing (3.28)1 by u and (3.28)2 by —Aw, then integrating by parts in Q we have
d
@HUHQ +[IVull® + [A0]® + Vol = (wdv,u) + (Vur - Vo, u) = (uVvz, Vu)

—(uf, Av) + (ub, Av) — (fv 1y, Av). (3.29)

Applying the Hélder and Young inequalities and taking into account the 2D interpolation
inequality (2.7) we obtain

1
(wAv,u) < fual s Avlllfulps < 1AV + Cllua]Zafullllul
1 1
< Al + il + Cllullzalul®, (3.30)
1/2
(Vur - Vo,u) < Ve[| Vollsflullps - < CIVu o] ul2 ull:
1 1
< lvlie + ggleli + CliVadzaal®, - (3.31)
1
— Ve, V) < [Jull[[Voall e lIVul - < 5 llullf + Cllel*[Ves| -, (3.32)
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—(fv 1w, Av) < [[fllLa llv]lLe[[Av]

IN

Killfllzallolla (| Av]]
1
< 1A+ KRNI Il (3.33)
where % + % = % and K; := K1(Q) is the constant given by the embedding H'(Q) —
L3 ().
Moreover, using again the Holder and Young inequalities, considering the 2D inter-

polation inequality (2.7) and taking into account the pointwise inequality |aP — bP| <
Cla — b|(JaP~t + |b|P~1), we can obtain

_(ullj’ A’U) (u25 A’U) = _(uﬁ, - ug’ A’U)

1 1
< Cllullgalley™ el Avll + Cllull pallub " [ 2]l Av|
1 -1 -1
< EHAUHQ+C||U||HU||H1||U]1J 74 + Cllullllwll g llub ™ 174
1 1
< a0+ ul

4 1)
+C (w3552 + lusll 3420 ) > (3.34)

On the other hand, integrating (3.28)2 in Q we have

[vde= [ @t —uydos [ foda
(/dex)zz (/Q(uﬁ’—ug)d:x> </dx> (/ fvdm) (/dm) (3.35)

Thus, from (3.35) and arguing as in estimates (3.15) and (3.34) we can obtain

then,

7 2 1 4(p—1 4(p—1
5 ([odr) < gl +0 (Rl + a0 ) Tl + K31 o llolfes, - 3:36)

where Ky := \Q|575 > 0.
Therefore, from (3.29) and estimates (3.30)-(3.36) we arrive at

d 7
lul® + IIVUIIZ+*HAUH2

2 4(p—1)
< Sl + s llole + € (2%, + ol 2% ) el

+C (|ru1uL4 +1Vur s+ [VoalFoe ) el + K213 10132 (3:37)

Now, using that [, u(t)dz = 0 and then adding (3.36) and (3.37), and considering the
equivalent norms (2.8) and (2.9), we deduce that

d 1 1 1 4(p—1)
P+ S lulli + 5 olz < € (el 350 + el 2860 ) lul?

+(K7 + KZ)HfHLq(w)HUHHQ
+C (lurl[fe + Ve[ s + Va3 ) Ilull?,
which implies that

d i L 2(K? + K3)£13,
P+ Sl + ( ; <L) ol

1
< O (lull %2 + luall 3820 ) flulf?

+C (lluallfs + [ Vur][fa + [ Voal3ee ) . (3.38)
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Since p € (1,2), we deduce that 5 ; thus, if || flpe(e) is small

1 1
PKTHRT < BRI R
W, from (210) we deduce that 1 — 2(K12 =+
K%)Hf”%q(w) > 0. Therefore, considering that (u1, Vui) € L*(Q)xL*(Q), Vvy € L?(L**(9)),
(u1,up) € L*P~1D(Q) x L*P=1(Q) for p € (1,2) and ug = 0; then, from (3.38) and Gron-
wall lemma we deduce that u = v = 0. Consequently, u1 = us and vy = vg, and the
uniqueness follows.

enough such that [|f[|ze@) <

Remark 3.4. If the initial data uo belongs to W3/ 24(Q) we can obtain more regularity
for (u,v) and conclude that (u,v) does not blow-up at finite time. Indeed, arguing as
in the proof of Theorem 2.7 we can obtain that (u,v) € S, x S,. Moreover, since u €
L>®(HY(Q)) N L?(H?(2)); hence, in particular, u? € L>(L4(f2)), for 2 < ¢ < oo. Thus,
using that f € LY(w) from (3.20) we have
C
lollwze < 7= Kol T

Then, considering (2.10), from (3.39) we deduce that

|uP|| a. (3.39)

C(mo, T, | fllLa(w)s Bs lluoll ) 1wl oo (1.4
C.
Consequently, v € L®(W?24(Q)) < L¥(Q).

Now, using again that v € L®(H(Q)) N L?(H?(Y)), in particular, u € Lﬁqu(Q), for
2 < q < oo. Then, taking into account that Vu € L>®(L?(Q)) N L2(HY(Q)) — L*(Q),
Vv € L®(WH(Q)) — L*°(Q) and Av € L®(L4(R)), we have V - (uVv) = uAv + Vu -
Vv € L*Q). Therefore, applying Theorem 2.4 to (1.2); (for s = 4) we deduce that
u e L®°(W3/24(Q)) N LAW?4(Q)) and dyu € L*(Q). Then, from Sobolev embeddings we
have W3/24(Q) < L>(2). Consequently, v € L>°(Q) and we deduce that the pair (u,v)
does not blow-up at finite time.

V]| oo w2y <
<

Remark 3.5. The case p = 2 is not clear. Indeed, integrating (3.10)2 in space; then mul-
tiplying the respective equality by [, v dz and applying the Holder and Young inequalities,
we can obtain

1 2 C 2
5 ([vde) <eatlull' + S ([ vde) + PR lole (340)

1 1
where € > 0 is arbitrary and Ky := |Q2|2 " 4.
Now, from the Gagliardo-Nirenberg inequality (see Lemma 2.3), using that ||ul|;1 = mo
and considering € small enough we have

(0%
ea|ull* < el|Vul*|lullf + eCllullz: < S [IVull* + C. (3.41)

Thus, arguing as in (3.18) and taking into account (3.40) and (3.41) we can deduce the
following estimate

1—8(K2 + K2)||f|]2 2
ad”u|2+< (KT + K3)|| HLq<w)>||v|y§,2§c+f(/ﬂudx> .

2dt 8

The main difficulty here is to control the integral % (Jqu dz)?, since in (3.40) was consid-
ered € small enough, which makes g very large and difficult to control. For this reason,

the case that considers the quadratic chemical signal production term u? (p = 2) is not
clear.

Acknowledgment. A. Ancoma-Huarachi has been supported by postgraduate scholar-
ship Apoyo Institucional para Magister Académicos de la Universidad de Tarapacd, Chile.



2D Chemo-repulsion model with nonlinear production 1613

E. Mallea-Zepeda has been supported by ANID-Chile through of project research FONDE-
CYT de Iniciacién 11200208. Also, the authors would like to thank the anonymous referees
for their kind and helpful remarks and comments.

[1]
2]

3]

References

R. Adams, Sobolev spaces, Academic Press, New York, 1975.

H. Brézis, Functional analysis, Sobolev spaces and partial differential equations,
Springer, New York, 2011.

T. Ciéslak, P. Laurencot and C. Morales-Rodrigo, Global existence and convergence
to steady states in a chemorepulsion system, Parabolic and Navier-Stokes Equations,
Part 1, Banach Center Publ., 81, Part 1, Polish Acad. Sci. Inst. Math., Warsaw,
105-117, 2008.

E. Feireisl and A. Novotny, Singular limits in thermodynamics of viscous fluids. Ad-
vances in Mathematical Fluid Mechanics, Birkhduser Verlag, Basel, 2009.

P. Grisvard, FElliptic Problems in Nonsmooth Domains, Pitman Advanced Publishing
Program, Boston, 1985.

F. Guillén-Gonzalez, E. Mallea-Zepeda and M.A. Rodriguez-Bellido, Optimal bilinear
control problem related to a chemo-repulsion system in 2D domains, ESAIM Control
Optim. Calc. Var. Vol. 26, art. 29, 2020.

F. Guillén-Gonzalez, E. Mallea-Zepeda and M.A. Rodriguez-Bellido, A regularity cri-
terion for a 3D chemo-repulsion system and its application to a bilinear optimal con-
trol problem, SIAM J Control Optim. 58 (3), 1457-1490, 2020.

F. Guillén-Gonzélez, E. Mallea-Zepeda and E.J. Villamizar-Roa, On a bi-dimensional
chemo-repulsion model with nonlinear production and a related optimal control prob-
lem, Acta Appl. Math. 170, 963-979, 2020.

F. Guillén-Gonzalez, M.A. Rodriguez-Bellido and D.A. Rueda-Goémez, Study of a
chemo-repulsion model with quadratic production. Part I: analysis of the continuous
problem and time-discrete numerical schemes, Comput. Math. Appl. 80 (50), 692-713,
2020.

F. Guillén-Gonzalez, M.A. Rodriguez-Bellido and D.A. Rueda-Goémez, Study of a
chemo-repulsion model with quadratic production. Part II: analysis of an uncondi-
tional energy-stable fully discrete scheme, Comput. Math. Appl. 80 (50), 636-652,
2020.

F. Guillén-Gonzélez, M.A. Rodriguez-Bellido and D.A. Rueda-Goémez, Analysis of a
chemo-repulsion model with nonlinear production: the continuous problem and un-
conditional energy stable fully discrete schemes, arXiv:1807.5078v2 [math.CT].

E. Keller and L. Segel, Initiation of smile mold aggregation viewed as an instability,
J. Theor. Biol. 26, 399-415, 1970.

J.L. Lions, Quelques métodes de résolution des problémes aux limites non linéares,
Dunod, Paris, 1969.

J.L. Lions and E. Magenes, Problémes aux limites non homogeénes et applications,
Vol. 1, Dunod, 1968.

S. Lorca, E. Mallea-Zepeda and E.J. Villamizar-Roa, Stationary solutions to a chemo-
repulsion system and a related optimal bilinear control problem, Submitted, 2022.
M.S. Mock, An initial value problem from semiconductor device theory, SIAM J.
Math. Anal. 5, 597-612, 1974.

M.S. Mock, Asymptotic behavior of solutions of transport equations for semiconductor
devices, J. Math. Anal. Appl. 49, 215-225, 1975.

C. Morales-Rodrigo, On some models describing cellular movement: the macroscopic
scale, Bol. Soc. Esp. Mat. Apl. 48, 83-109, 2009.



1614 A. Ancoma-Huarachi, E. Mallea-Zepeda

[19] L. Necas, Les méthodes directes en théorie des equations elliptiques, Editeurs
Academia, Prague, 1976.

[20] L. Nirenberg, On elliptic partial differential equations, Ann. Sc. Norm. Super. Pisa,
CI. Sci (3) 13, 115-162, 1959.

[21] H. Othmer and A. Stevens, Aggregation, blowup, and collapse: The ABC’S of taxis
in reinforced randoms walks, SIAM J. Appl. Math. 57, 1044-1081, 1997.

[22] J. Simon, Compact sets in the space LP(0,T; B), Ann. Mat. Pura Appl. Vol. 146,
65-96, 1987.

[23] Y. Tao, Global dynamics in a higher-dimensional repulsion chemotaxis model with
nonlinear sensitivity, Discrete Contin. Dyn. Syst. B 18, 2705-2722, 2013.



