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ABSTRACT. At this paper, we describe Gaussian Oresme numbers taking into account the Oresme numbers. Fur-
thermore, we investigate their some basic characteristic properties such as Binet formula and Cassini identity, etc.
Moreover, we define quaternions with Gaussian Oresme coefficients and obtain their some spectacular properties.
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1. INTRODUCTION

1.1. A Brief Review on Quaternions. The set of real quaternions can be represented as
H=1{q=qo0+qi+q2j+qs3k:qo.q1.92.93 € R}

and it is a 4-dimensional vector space on R, for details see [9,27,32]. A general from of a real quaternion is represented
as below:

3
q= Z kme,,, = k()E() + k]@] + k2€2 + k3€3,
m=0
where ko, k1, k>, and k3 are real coeflicients and e, e;, €2, and e3 are quaternion units, that satisfies

e(z)z 1, epe; = ejeg =¢;, i =1,2,3, e%ze%ze%z—l.

The multiplication of quaternion units is listed in Table 1:

H 1 €] () es
1 1 ¢ e e3
e1ller -1 ez —e
(%) € —€3 -1 e1
e3 e3 (5 —eq -1

TasLe 1. The multiplication of the quaternion units

For any quaternions p = po + pi1i + p2j + psk and g = qo + q1i + g2 + g3k, the addition operation is defined as
follows:
P+q=Spig + Vipro»
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the vector product is defined as follows:
P X q=(p2q3 — p3q2)i + (p3q1 — P193)] + (P192 — P2q1)k,
and moreover, the quaternion product is defined as follows:
pqg=S8pSq—Vp, V) + S,V +8S,V, +V, xV,,

where ”( ,)” denotes the inner product and ”x” denotes the vector product in R?. In this definition § ¢ and V, are the
scalar part and vector parts, respectively. For A € R, the scalar product is defined as

Ag = (Aq0) + (Aq1)i + (1g2) ] + (Ag3)k.
The conjugate of ¢ is given by
g=8,-"V,
Also, the norm of ¢ is defined as below:
gl = Vag = \Jai + a5 + 45 + a3
The inverse of a real quaternion ¢ is

g =-L. gl #o0.

llgll
1.2. On the Oresme Numbers. The Oresme numbers are defined by the following recurrence relation:
1
0, =01 - ZOn—Z

forn>2with Oy =0,0, = % These numbers are obtained as a special case of Horadam numbers. Horadam numbers
are defined as W,, = W,,(Wy, Wy; p, q), forn > 0:

Wi = pWrH-l - qu

where p, ¢, n are integers and Wy = a, W; = b. It is a general form of some famous number sequences, please
see e.g. [2,5-8,13-18,21,22,28-30]. Moreover the author, in [16], presents some identities for Oresme numbers as
follows:

0, = % (Binet Formula),

1
01051 = 0 = =75 (Cassini Formula),

3 1
On3z = ZOnJrl - Zom
3 1
0n+3 Zon+2 - Rom
n 1
>0;= 4(5 - om)
=0

In [3], the authors defined the quaternions with the Oresme coefficients as below:
QOn = OneO + 0n+lel + 0n+232 + 0n+363~
In Table 2, we have listed some quaternions with Oresme coefficients.
n || - | 0 | ! | 2 |

I 2 I 2 3 .2 3 4 2.3 4 3
QOn H —2+262+463 ‘ 2€1+4€2+8€3 ‘ 2+461+8€2-.i- 1663 ‘ 4+8€1+ 1662+3263 ‘
TaBLE 2. Some Oresme Quaternions

In [12], Halici investigated the complex Fibonacci quaternions and give the generating function and Binet formula
for these quaternions. In [4], Arslan introduced the Gaussian Pell quaternion and Gaussian Pell-Lucas quaternion.
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Then, the author obtained some interesting identities of them. Any complex quaternion A is defined in the following
form:

A = Ageg + dieg + Arep + Aze;
where each coefficient 4; is a complex number and ey, e}, €3, e3 are quaternionic units. The set of all complex quater-
nions is denoted by H,. The complex quaternion A can be written as

A=k+ik, & =-1,

where k and &’ are real quaternions.

In literature, there are many amazing papers that are interested in Oresme numbers, Gaussian-type numbers, Ho-
radam sequence, quaternions and their spectacular properties. For example; in [26], the authors studied Oresme hybrid
numbers and hybrationals based on the known Oresme sequence and gave some properties of Oresme hybrid numbers.
In [10], the authors defined the Horadam hybrid quaternions and gave some of their properties. Moreover, they in-
vestigated the relations between the Fibonacci hybrid quaternions and the Lucas hybrid quaternions which connected
the Fibonacci quaternions and Lucas quaternions. In [11], the authors considered determinants for some families of
Toeplitz-Hessenberg matrices whose entries are Oresme numbers. In particular, they established a connection between
the Oresme and the Fibonacci and Pell sequences via Toeplitz-Hessenberg determinants. In [24], the authors defined
the generalization of the matrix form of the Oresme sequence, extending it to the field of integers. In [23], using
the Leonardo Pisano numbers and hybrid numbers, the authors investigated Leonardo Pisano polynomials and hybri-
nomials. In [1], the authors provided De Moivre’s formula for the light-like Pauli quaternions. In [31], Yilmaz and
Ozkan took into account the generalized Gaussian Fibonacci numbers. In [20], Yilmaz and Karaca constructed new
number systems, called the harmonic complex Fibonacci sequences (HCF) and the harmonic hybrid Fibonacci (HHF)
sequences. Moreover, they examined some algebraic properties such as Binet-like-formula, partial sums related to
these sequences. In [19], the authors present, in a unified manner, results which are valid on both split quaternions
with quaternion coefficients and quaternions with dual coefficients, simultaneously, calling the attention to the main
differences between these two quaternions.

At this paper, initially, we consider Gaussian Oresme numbers and examine some spectacular properties of them.
Then, we define quaternions with Gaussian Oresme coefficients and obtain some of their characteristic properties.

2. GAussIAN ORESME NUMBERS
In [25], the authors defined generalized Gaussian Fibonacci sequence, denoted by G f;,, as below:
Gfur1 = PG fa + 4G

where G fy = a, G f; = b are initial values. For p =1, ¢ = —%, a=-2i,b= %, we get the Gaussian Oresme sequence.
In other words, the Gaussian Oresme sequence, denoted by GO, defined by the following recurrence relation

1
GO, =GO, - ZGO"_Z’ forn > 2 2.1
with initial conditions GOy = -2i, GO, = % We remind that the Gaussian Oresme sequence can be rewritten as below:
GO, =0, +i0,,.
We have listed some values of the Gaussian Oresme numbers in the following table.
n o] 1] 2 | 3 | 4 | 5 | 6

GO, || -2i [172] (1 +0)/2 ] B+4)/8 [ 2+30)/8 ] (5+8i)/32 ] (3+5i)/8
TasLe 3. Some Gaussian Oresme numbers

Theorem 2.1 (Generating function). The generating function for the Gaussian Oresme numbers is

0 i 1 o
[0 =3 GOy = BTN
n=0

2
1—x+z



A. Ertas, F. Yilmaz, Turk. J. Math. Comput. Sci., 15(1)(2023), 192-202 195

Proof. By exploiting the definition of the generating function, we have:

f(x) =GOy +GO1x + GO, x> +GO3x° + ...+ GOWX'" + - - -,

—xf(x) = =GOpx — GO x> =GOx> — ... =GOy X" — -+,

1 1 1 1 1
Zx2f(x) = ZGoon + ZG01x3 + ZG02x4 ot ZGO,,_gx” e

From here;

1
(1-x+ sz)f(x) GOy + (GO, —GOy) x

1
+ (Go2 - GO, + ZGOQ) X

1
+(G03 -GO, + ZG01)x3

1
+ (GOn ~ GO, + ZGO’”) I

and as a result;

GOy + (GO, — GOy) x

Sx) = 2
1—-x+ T
—2i+ (3 +2i)x
C l-x+ );—2 .
So, the proof is completed. O

Note that the generating function helps us to obtain the Binet formula which is an explicit closed-form formula for
the coefficients of these generating functions.

Theorem 2.2 (Binet formula). Forn > 0:

GO, =2""(-A+ B(n + 1)),
where A= @4i+1), B=Q2i+1).
Proof. By using the generating function and the definition of the Gaussian Oresme numbers, we have

GOy + (GO, —GOy) x
I-x+ %2

—2i+ (3 +2i)x

fx) =

xz
1—x+I
—2i+ (3 +2i)x
5-12
A ,_B
G-1) G-D¥
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where A = (4i + 1) and B = (2i + 1). It can be rewritten

“2i+(3+20x  @i+l) Qi+

l-x+d (=3 (-3
- (Z —Az—"x"] + (Z B2 (n + 1)x")
n=0 n=0

M

(A2 + B2™"(n+ 1)) X",

1l
(=)

n

where f(x) = 3,77, (=A27" + B27"(n + 1)) x". In other words, the Binet formula is obtained as below:

GO, =-A2"+B2™"(n+1)
=2"(-A+Bn+1)).

So, the proof is completed. O

Example 2.3. GO, can be obtained by using Binet’s formula. For n = 4,
GO, =2"*(-A+ B4+ 1))
=2"%=@i+ 1)+ Qi+ 1)5)
3i+2
g
Theorem 2.4 (Cassini identity). For n > 0, the following identity holds

G0,:.1GO,_| - GO? = =27 B?,
Proof. From the Binet formula for the Gaussian Oresme numbers;
G0,:1GO,1 - GO, = (277! (=A + B(n +2))) (27! (=A + Bn))

—(@"™-A+ B(n+1)

=2"2"(A> = ABn — AB(n +2) + B*(n + 2)n)

—27MA? = 2AB(n+ 1) + B(n+ 1)®)

=2""(A> - ABn—AB(n+2) + B> (n + 2)n

—A?+24B(n+ 1) - B*(n+ 1)%)

— _2*2}132
where A=@4i+1)andB=Q2i+1). |

Example 2.5. For n =5, Cassini identity can be observed as follows:

GOsGO4 — GO% = -271°B?
=-27192i + 1)

=213 - 4))
_3-4i
T ool0

Theorem 2.6 (Catalan identity). Forn,r > 0,

G0,:,GO,_, —GO?> = 27" B*?,
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Proof. From the Binet formula for the Gaussian Oresme numbers;
G0,:,GO,_, — GO> = (27" "(=A + B(n+r+ 1)) 27" (-A + B(n — r + 1)))
—(2™-=A+ B(n+ 1))’
=272"(A> —=2ABn - 2AB + B*("* + 2n — 1* + 1))
—272"(A? = 2ABn — 2AB + B*n* + 2B*n + B%))
= g2
where A = (4i+ 1) and B = (2i + 1) . So, the proof is completed. O
Example 2.7. Forn=4,r =1,
GOsGO; — GO; = 272" B*?
=-2802i+1)
=253 - 4i)
28
Theorem 2.8 (d’Ocagne’s identity). For n,m > 0,
G0,11GO, — GOWGO,y = 27" B2 (n — m).
Proof. From the Binet formula for the Gaussian Oresme numbers;
GOy 1GO, —GO,GO,, | = (2’””1(—A + B(m + 2))) (27(-A + B(n + 1))
—(27"(-A + B(m + 1))) (2’”’1(—A +B(n + 2)))
=271 A2~ AB(n+ 1) — AB(m + 2)
+BXm+2)(n+1)=2"""1A%? - AB(n + 2)
—AB(m+ 1)+ B*(m+ D)(n + 2))
=2""""1(A2 — ABn - AB — ABm - 2AB
+(B*m+2BH(n + 1)) =271
X (A> — ABn — 2AB — ABm — AB
+(B*m+ B)(n +2))
= 27" (~B%m + B*n)
= 27" B2y — m),
where A = (4i + 1) and B = (2i + 1) . So, the proof is completed. m|
Example 2.9. Forn=4,m =1,
G0,GOs — GO,GOs =27+ 1B2(4 - 1)
=27%32i + 1)?
=275(12i - 9).

3. QUATERNIONS WITH GAUSSIAN ORESME NUMBERS

In this section, we define quaternions with Gaussian Oresme coefficients and investigate some of their properties.
Let us define the quaternions with Gaussian Oresme coefficients as below:
0GO, = GO,eyg + GOp1e1 + GOpper + GO,zes3.

Note that, it verifies the equation QGO,, = Q0,,+iQ0,_;. We have listed some values of the quaternions with Gaussian
Oresme coeflicients in Table 4.
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n || 0GO,

0 -2i+%+E)er+(Fes
L g+ e + CEer + (3)es
2 || B+ e + (B)er + (3)es
3 H M (Be) + (3Ee; + (3)es

TaBLE 4. Some Gaussian Oresme Quaternions

The conjugate, complex conjugate, norm of the quaternions with Gaussian Oresme coeflicients are defined as below,

respectively:

0GO; = GO,ep — GOpi1e) — GOyier — GOpyzes,

0GO, = GOep + GOpy1e1 + GOyioer + GOy y3e3,
Noco, = 0G0,0GO;, = GO: + GO?, | + GO?,, + GO

Theorem 3.1. For n > 1, the quaternions with Gaussian Oresme coefficients verifies:

) QGO = GO, = 0G0,

ii) 0GO, + GO’ = 2GO,.

Proof.

i) Using the equation (2.1) and the definition of quaternions with Gaussian Oresme coefficients, we get

1
0GO, - ZQGOn—l = (GO, + GOpy1e1 + GOyp2ez + GOpy3e3)

1
- Z(Gon—l +GOpe; + GOpi1€3 + GOypoe3)
1 1
=GO, - ZGOn_I +1GO,y — ZGO,, el

1 1
+ (G0n+2 - ZGOn+1) e+ (G0n+3 - ZG0n+2) e3
= GOu41 + GOpre1 + GOy3e + GOpyse3

= QG0n+1 .

ii) From the definition of quaternions with Gaussian Oresme coefficients and its quaternion conjugate, we obtain

0GO, + QGOZ =(GO, + GO,4161 + GO,y2er + GO, y3€3)
+ (GO, — GOyy161 — GOpyzes — GOyy3e3)

=2GO,.

O

It is known that, the generating function is a way of coding an infinite sequence by treating them as the coefficients of
a formal power series. Let us compute the generating function for the quaternions with Gaussian Oresme coefficients.

Theorem 3.2 (Generating function). The generating function for the quaternions with Gaussian Oresme coefficients

is given by

g0 = (0G0, x" =
n=0

[-2i + 4 + (Des + (Fes| + x[(H5H) + (Der - (Dea - (Fes]

2
1—x+z
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Proof. By exploiting the definition of the generating function, we have:
g(x) = OGOy + QGO x + QGO x* + QGO3x> + ... + QGO X" + - - -,
—xg(x) = —0GO0yx — QGO x> — 0GO»x>... - 0GO,_1x" — - -,
Le (x) = 1QGO 2y 1QGO S 1QGO At 1QGo oy
4x g\X) = 4 0X 4 1X 4 2X 4 n—2X .
From here;

(I-x+ %xz)g(x) = 0G0y + (QGO; — QGOy) x
+ (QGOZ - 0GO, + %QGOO) X

1
+ (QGO3 - 0GO; + ZQGOI)x3

1
+ (QGO,, - 0GO,_1 + ZQGO,,_Z) PN

and as a result;
_ 0G0, + (OGO, — 0GOy) x
1 -x+ 2—2
[-2i + 4 + (FDex + C5yes | + x[(355) + (Der - ($ea — (e

2
1—.X+I

g(x)

So, the proof is completed. O
Theorem 3.3 (Binet formula). Forn >0
0GO, =27"(-A + B(n + 1)),

where
A=

o 1 1+
1+4z+ze1—zez—( 7 )63

420+ 1+2i N 1+2i N 1+2i
1 ) ey 1 e 3 es|.

Proof. By exploiting the generating function and the definition of the quaternions with Gaussian Oresme coefficients,
we have

and
B =

_ 0GOy + (QGO, — OGOy) x

g(x) =
1—x+ T
2+ g+ Gher + Ces| +x [ + (Der = (e = (es
- 2
l-x+7
A B

= + N
G-D G-17
where

1+

. 1
A= 1+4l+tel—Zez—(T)eg]




On Quaternions with Gaussian Oresme Coefficients 200

and 1+2i 1+2i 1+2i
+ + +
B = 1+2i+( 5 l)el +( 1 l)e2+( g l)e3}.
It can be rewritten
-2+ + (e + Cias| + x| (5D + Qe - @ea-Cha| 4 B
l-x+2% (1-%  (1-2p
= (Z —Az-"x"] + (Z B2 (n + l)x")
n=0 n=0
= > 2" (=A+ Bln+ 1) X",
n=0
where .
f(x) = Z (A2 + B2"(n + 1)) X', i.e.,
n=0
0GO, = -A2" + B2 (n + 1)
=27"(-A + B(n + 1)).
So, the proof is completed. O

Example 3.4. Forn =1,
0G0, =2 (-A+ B(1 + 1))

=2 [—(1+4i+iel —%ez—(lil)eg)
1+2i+(1+2i)e1 +(1+2i)62+(1+2i)e3]
2 4 8
1 Coiep 1 1+
=———21——+—ez+(—)e3
+1+2i+(1+2i)e| +(1+2i)e2+(1+2i)e3
2 4 8

_1 1+ N 3+4i N 2+3i
“2\ ) R AG g |

Theorem 3.5 (Cassini identity). For n > 0, the following identity holds
QGOVHI QGOH—] - QGOi = —272’182.

+

Proof. From the Binet formula;
0G0,,10G0, 1 — QGO; = (277! (=A + B(n +2))) (27" (-A + Bn))

—(@7"(-A + B(n + 1))
=2""(A*> = ABn — AB(n +2) + B*(n + 2)n)
—27MA? = 2AB(n+ 1) + BX(n + 1))
=2""(A> — ABn— AB(n+2) + B> (n + 2)n
—A?+24B(n+ 1) - B*(n+ 1)%)
=-272p2

where A = [1 +4i+ie; — %ez - (%)63] and B = [1 + 20+ (%)el + (%)ez + (%)33].
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So, the proof is completed. O

oo (L2, (Lr2) (142 2
1 2 el 7 e 3 €3

W2
1+2
:-2—6( - ’) [8 + de; + 2es + €3]

Example 3.6. For n = 3,

0G0,0G0O, — QGO3 = -27°

= —2712(4i — 3) (43 + 68e; + 24e, + 32¢3).

Theorem 3.7 (Catalan identity). For n,r > 0, the following property holds
0GO0,.,0GO,_, — QGO? = —27"B*1?,
Proof. By considering the Binet formula;
0GO0,,,0GO,_, — QGO% =QR7""(-A+Bn+r+1))R27"(-A+Bn-r+1)))

—(27(-A + B(n + 1))
=2"2(A? = 2ABn - 2AB + B?("* + 2n— r» + 1))
—272"(A%2 = 2ABn - 2AB + B*n®> + 2B*n + B?))
— _pmp22

where A = [1 +4i +ie; — }16‘2 - (%) e;] and B = [1 + 20+ (%)el + (%)ez + (%)eg].

So, the proof is completed. O

Example 3.8. Forn=2,r=1,
0G03;0G0, — QGO3 = 27" B*/*

Leoia [LF2), (L2 (142 2
1 2 el 7 () 3 e3

02
1+2
:-2—4( - ’) [8 + dey + 25 + e3]

=-2

= —271%4i — 3) (43 + 68e; + 24e, + 32¢3).

4. CONCLUSION

In this paper, we consider the Oresme numbers, defined by Horadam in [16], and describe the Gaussian Oresme
numbers. Then, we investigate some of their characteristic properties, such as the Binet formula, generating function,
Cassini identity, etc. In the following section, we define the quaternions with Gaussian Oresme coefficients and obtain
some properties for them. Finally, we illustrate the results with some examples.
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