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1. INTRODUCTION

It is well known that certain finite sums including special numbers and special functions have taken their place
among the main subjects of the studies of many researchers in recent years. Because these sums contain
formulas and relations that are frequently used in mathematics, engineering and other branches of science due
to their properties. For this reason, they are frequently used in modeling design and other situations involving
many real-world problems.

In present manuscript, we give some certain finite sums and relations covering both the Leibnitz, Harmonic,
Changhee, Daehee, and Apostol type Euler numbers, and also the Fubini type numbers and polynomials. In
order to obtain these results, let us introduce the following notations and definitions that we will use throughout
this manuscript:

LetN = {1,2,3, ...}, C denotes by complex numbers and N, = {0,1,2,3, ... }. Let
((;c))k! =(Wr=w(w—-1).(0—k+1)

with (w)y =1,k €N,w € C and
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1, s=0
S )
0_{0, SsEN

(Gould, 1972;-;Srivastava & Kizilates, 2019).

The numbers E:(_k) (9) are defined by

9et +9-1e—t\* o(— t"
Zg(t k,9) = (T) = Z Er( k)(ﬁ)F, (1)
r=0 )

where k € N and 9 € C. The numbers E;‘("k)(ﬁ) are called the second kind Apostol type Euler numbers of
order - k (Simsek, 2017; 2018; 2022a).

The numbers Wr(_k) (9) are defined by

Zw(t k,9) = (et + 9 1e~t +2)k = z W), 2)

r=0

where k € N and 9 € C (Simsek, 2017; 2018; 2022a; see also Kucukoglu & Simsek, 2018; Kucukoglu et al.,
2019).

By using (1) and (2), one has

w @) = zki (f) ED () 3)

j=0
(Simsek, 2017; 2018; 2022a).
The Daehee numbers are defined by

r!

D, = (-1
r= DT

(4)

(Kim & Kim, 2013; see also Simsek, 2019).

The Changhee numbers are defined by
r!
— T
Chy = (=" 5 ()

(Kim et al., 2013; see also Simsek, 2019).
The Leibnitz numbers are defined by

-1
(3) (6)
(r+1y

I(r,b) =

where b = 0,1,2, ...,r and r € N, (for detail, see Simsek, 2021a). Recently, Simsek (2021a) has given some
results associated with the Leibnitz, Daehee, Changhee and other well-known special numbers.
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Simsek (2021a (Theorem 2.9. and Theorem 2.10.)) gave the following formulas

9 q-1
24 Z 1(4,b) — g Z I(g —1,b) = 2(—1)%D, (7)
b=0 b=0
and
9 g-1
21+4) ) l@b)—(1+a) ) Ug—1b) =2 ®)
b=0 b=0

The Harmonic numbers, H,., are defined by

r
1
=25
b=1
(for detail, see Simsek, 2021h, 2021c, 2021d; 2022h, 2022¢). From the above equation, we have

1
Hr+1_Hr=r+1 ©)

(Simsek, 2021b, 2021c; 2022b, 2022c).

Kilar and Simsek (2017) defined the following the Fubini type numbers ai"):

277. B ® (n) tT
e L 00)
r=

where n € Ny and |t| < In(2) (for detail, see Kilar & Simsek, 2019a, 2019b; 2021a, 2021b; Kilar, 2023a,
2023b).

Whenn = 1 in (10), we get

aﬁl) = a,.

Kilar and Simsek (2017) defined the following polynomials aﬁ") (x):

[oe]

2" N e
(2 —et)2n e = Z ar (x)ﬁ' 1)

r=0
From (10) and (11), we have

r

P =Y (D)arra

b=0

(Kilar & Simsek, 2017; 2019a, 2019b; 20214, 2021b; Kilar, 2023a, 2023b).
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Two parametric polynomials aﬁc’n) (x,y) and aﬁs’n) (x,y) are defined, respectively, by

o)

n, xt (Cn) tT
Zac(t,m,x,y) = mcos(yt) = 2 a,”’ (X,}’)ﬁ 12)
=0
and
n, ,xt hd tT
Z,.(t,n,x,y) =———sin(yt) = a(s'n)(x )— (13)
as\LTL, X,y _(Z_et)Zn yt) = r Y rl
r=0

(Srivastava & Kizilates, 2019). When y = 0 in (12), one can see that

aﬁc’n) (x,0) = aﬁ”) (x).

Simsek (2021b) defined the following finite sum which is called the numbers y(r,9):

\ (1"
& (1 + b)ﬁb+1(19 — 1)r+1—b

y(r,9) = (14)

(see also Simsek, 2021c, 2021d; 2022b, 2022c¢).

Simsek (2022b (Equation (59))) gave the following formula

=

(r+ DY+t (15)

yor—-1,9)+0-Dy(,9) =

When 9 = % in the above equation, we get

(1)l -

(Simsek, 2022b (Equation (61))).

2. MAIN RESULTS

Using the generating functions which are introduced previous section, many miscellaneous identities involving

the Fubini type numbers, the numbers E,*,f_k) (9) and the numbers W,r(l_k) (19), are given. Using derivative and
integrate operators, some certain finite sums and formulas pertaining to the Leibnitz, Harmonic, Changhee and
Daehee numbers and also the numbers y(m,9), are presented. Moreover, some applications of the obtained
results are given.

Theorem 2.1. Foru € Ny and & € N yields

u

s
2, 3) sy D ()W (5 el O =o an

b=0
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Proof. By using (2) and (12), we have

1
e =Dt cos(yt) = (—1)4Zy, (t; da, _5) Zac(t, d, x,y).

From above equation, we get

Z( —d)t u:o% = (- 1)¢;W< (- %)2_1: Z oD ) ;_L:

Thus,

(00

2] o u .
> 1p (gp) -y == NN () o (~5) a0y
0 b=0

Therefore, Equation (17) is derived.

u=

When y = 0 in (17), we get the Corollary 2.2:

Corollary 2.2.

-y =Y (1) oW (~3) a0 19)

b=0

Applying derivative operator % to the Equation (18), we get

S (e —d )%—Z( ¢ ()W (~3) m a2} (19

Since
) ()
a0} = Wy af2, @
(Kilar & Simsek, 2017), after some elementary calculations, Equation (19) is derived as follows:
_ 1
ul = (=) 4w W, (— 5) al? ). (20)

Since

ag?(x) = 24,
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Equation (20) reduced to the following special result:

(-

Theorem 2.3. For u,d € N yields
[“;
b

21] u
(Zblj_ 1) (_1)b(x _ d)u—Zb—1y2b+1 + 2(_1)d+1 (Z) Wu(—_llyl) (_ %) al(’S,d) (x,y) = 0. (21)
- b=0

2,

0

Proof. By (2) and (13), we have

1
e Dtsin(ye) = (~D%Zuy (6., —3) Zas (6%,

Using the above functional equation, we have

[u 1
oo 2 tu
Z 1+2b ( 1)byl+2b(x_d)u—2b—1J
u=0 b=0 '
N sd ¢
_ (-4) f
—Z)Z( D¢ ()W (-3) e @
u=0b=0

Thus, Equation (21) is obtained.

Combining (17) with (3), we get the Theorem 2.4:

Theorem 2.4. Foru € Ny and d € N yields

2] .

Z(—l)b (212) y2b (x — d)¥-2b = (=2)% Z (Z)
b=0

b=0 k

(= 1
(Cd)(x y)E (_bk) (-E)
0

By combining (21) with (3), we derive the Theorem 2.5:

Theorem 2.5. For u,d € N yields

[uz;l] u da
Z (_1)b (Zblf{- 1)y2b+1(x _ d)u—zb—l — (—Z)d Z (Z) Z ( (S d)(x )E*( k) (_%)
b=0 b=0

k=0

Theorem 2.6. For u € Ny and 4 € N yields

o e (@
a d)u1++1¢( d) zz () (_%)%. (22)

b=0p=
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Proof. Integrating both sides with respect to x of (18), we obtain

J:(x —d)%dx = (=14 zu: (Z) Wu(:;t) (_ %) J:az(;d) (x)dx.

b=0

Hence

( 1)d+1 (@)

(D2t 4 (1 - dy* 2 i (O (©wee (-5
1+u b:0p=0p b/ u-b 2) b+1-p

From the above equation, we get the Equation (22).

Gould (1972 (p. 5, Equation (1.37)) gave the combinatorial finite sum:

(x+ 1)v+1 -1 X
x(1+v) :Z(Dl s (23)

Using (23), Equation (22) is reduced to as follows:

Corollary 2.7.
U U)o B (—1)4q@
bZO ((de)r 1()41") :bzzo ,,Zo () () s (_%)b—p% (24)

Replacing 9 byi in (15), we have

-1 -1 -1 ()
yig—-1d )+ (@ —Dy(ga ):_W' (25)
Replacing 9 by ﬁ in (15), we also have
— a)at1
Y@= 1,17+ (@- D - Dy, (- D = -2 (29)

Combining (26) and (25) with (22), we get

y@-1dH+ @ -Dygd ) -yg-1d-1)H)
—((@-D' =Dy, (d-D™)

NG
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From here, we get the Theorem 2.8:

Theorem 2.8. For 4 € N\{1,2} and g € N yields

2—d
Y@= 14 -y L@-DD ¢ () y@a + (=5)¥@ @ -

b ()
DS G
— L b—p+1
Now it is time to give some interesting applications of Equation (24).
Substituting x = —1 into (23), we get
4 b
1
( ) 1 (28)
e (b +1)  g+1
When 4 = 1in (24), and using (28), we get the Corollary 2.9:
Corollary 2.9.
) 1-g
: Do (5
= e Y () (55

b=0p=0
Moreover, substituting & = 2 into (22) we obtain

o=@y S () (-
b=0p=0

When x = 1 in (23), and using the previous equation, we also obtain

)

(1)4 4 b L a§
ZZ )G (i 0

Also, substituting & = 2 into (24), we obtain

M@

(e
]
o

+b b (2)
(%) (1(+1b))%2b a ZZ ( ) (_ %) #' oy

Combining (30) with (31), we derive the following presumably known result:

M@

o
Il
o
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Corollary 2.10.

@ ¢ b
IR Y -

b=0 b=0

By using (22) and (4), we have

(—1)%]) (d—l)q’+1 Zi 9 (b)W(_d)( 1) (_1)d+%a§)d)
g % di(g+1) dal - _O(b) p) e b \"2) b—p+1 "

Using (7) and the above equation, we have the Theorem 2.11:

Theorem 2.11. For g, d € N yields

g g-1
Di@h -3 G-1h)
b=0 b=0
(1 — d-1)a+t 1 4 b a4~ (b o 1 (-deaé,‘i)
T g+1 +dl+%zz(b)<p>wﬂl-b <_E> b—p+1
Combining (9) with (8), we derive

9 1 3-1
DU@b) -5 ) Ug—1b) = Hypy — Hy,
b=0 b=0

Using the above equation and (32), we get the Corollary 2.12:

N =

(32)

Corollary 2.12.

o iyget b (-D)*+aa(”
Hyy1 —Hy — = g+ 1)% Z Z ( ) ( %) d‘l”l(b - ;li 1y

Combining (32) with (27), we have the Corollary 2.13:

Corollary 2.13. For 4 € N\{1,2} and g € N yields

dd-D)(yg-1,a ) -yg-1,d-1DD) = (d-1D?y(g,d™) +d(d-2)y(g,@d-1D™)
¢ 1% A1 — &)+
= (d— DI (-1)* ;l<@,b) - 5;1(4 ~1b) |-

When 4 = 3 into Corollary 2.13, and using (16), we get the Corollary 2.14:
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Corollary 2.14.

-1
1 1 ¢ 1 3
3y (4 -1, 5) -2y (4, §> = (=3)%+2 Z l(g,b) — EZ l(g —1,b)
b=0 b=0
or, equivalently,
1 1 +2

When 4 = 2 in (32), we get

a9 g—1
2 ) Uab)- ) Ug-1,b)
b=0 b=0

a b
= (%2;1) +279(—1)% z Z (Z) (zl;) W@(—_Z) (_ %) b-l_arﬁ.

Using (4), (5) and the above equation, we have

A g-1
2> 1@ h) - Y a1,
b=0 b=0
- 2Chg 1 1+(1+ @)(_1)@§: Zb: (‘Z) (b) w2 (_ E)L _
(2+4a)(1+a)Dg+s £ L b/ Ap/ et 2/ b —p+1

Using the previous equation and (30) (or (31)), the following result is derived:

Corollary 2.15.

4 g-1 4 cl
2> g b~ Y Mg—10) = (14 g 1) ZL
e = (A +a)2+4)Dgs i

or, equivalently,

9

9 g—1
_ Chgs ( DP(g+1)
Z;I(Q'b)_;l(%ﬂ'h)_(1+4)(2+4)D4+1 2+Z 2b-a-1(h + 1) |

b=0

3. CONCLUSION

In this manuscript, some certain finite sums and identities included some special numbers were studied. Using
certain special polynomials and numbers with generating functions, and integrating some results, various novel
formulas, combinatorial finite sums and identities were given. These various results pertaining to the Leibnitz,
Harmonic, Apostol type Euler, Changhee, Daehee, combinatorial and Fubini type numbers, and also the Fubini
type polynomials. As a result, the results obtained in present manuscript may be usefulness in related sciences
especially engineering and mathematics.
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