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ABSTRACT. In this paper, we consider inclusion relations of CWE:%52%0 o, (R)
spaces of functions whose Wigner transforms are in weighted Lebesgue spaces.
We then discuss compact embeddings theorems between these function spaces.

1. INTRODUCTION

In this paper, C. (R) denotes the space of complex-valued continous functions on
R with compact support and also LP (R), (1 < p < o0) denotes the usual Lebesgue
space. Let f : R — C be any function. The translation operator T, is given
by T, f (t) = f(t—=x) for all x € R. Also we take the weight functions that is
positive real valued, measurable and locally bounded functions w on R which
satisfy w(z) > 1, w(z4+y) < w(z)w(y) for all z,y € R. A weight w(x,s) =
(14 |z| + |s])* which is defined on R? is called weight of polynomial type for a > 0.
We set LP (R) = {f: fwe LP (R)} for 1 < p < oo [12]. Assume that w; and
wo are two weight functions. We show that w; < ws if there exists C' > 0 such
that wy () < Cwsq (z) for all x € R. Two weight function w; and ws are called
equivalent. We write wy &~ wy if and only if wy < we and wy < wy [5].

Suppose that 7 € [0, 1] and take f,g € L? (R), the 7—Wigner transform is defined
by

W, (f.9) (2,0) = / fa+ ) 7@ A= Dt vw € R.
R

If we take 7 = % in the equation of the 7—Wigner transform, then we obtain the
cross-Wigner distribution which is

Wi = [1(a+5)o (o5
R
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[1], [2], [14]. If one also takes f = g, then W (f, f) = W is called the Wigner
distribution of f € L? (R). We know well that this transform is a quadratic time-
frequency representation. The Wigner transform measures how much of the signal
energy during the any time period which is concentrated in a frequency band. Thus
it gives us information about the energy density in the time-frequency plane and
also shows the joint probability density function of the position and momentum
variables [6].

In the literature, many function spaces have been defined using various time-
frequency operators [3], [8], [9], [10], [10], [11], [13]. Ome of them is the space
Cwharer o, (R) defined by Kulak and Omerbeyoglu [9] using the 7—Wigner
transform. Now let’s give the definition of this space and talk about some of its
properties.

Let w; (i=1,2,3,4) be weight functions on R and let 1 < p,q,r,s < o0,
7 € (0,1). The space CWE45T | (R) consists of all (f, g) € (L%, x L% ) (R) such
that their binary 7—Wigner transforms (W- (f,.), W, (., g)) arein (L, x Lg,,) (R?).
This space is equipped with the following norm:

||(fa g)”CWp’q""’S’T = ||(f7 g)HLgl ><LZ2 + ||(WT (fa ) ) WT ('a g))”LZS ><LfJ‘1

w1,w2,w3,wy

In this here, there exist sum and maximum norms on the spaces (Lg‘j1 X ng) (R)
and (L7, x Lg,) (R?) [9].
Let f and g be any functions on R. The binary translation mapping is given by

T, (f7g) (t) = (Tzf(t)>Txg(t)) = (f(t—$)7g(t—1'>),$,t€R

[9]. The space CWEL>T . (R) is invariant under binary translations and the
norm inequality

1T (F, Dl ewzazer o, < (w(2) +0(z,0)v G O) I, Dllowsers .,

is satisfied [9]. Also the binary translation mapping (f,g9) — T (f,g) is contin-
uous from CWEL-5T | (R) into CWEL5T | (R) for every fixed z € R and the
mapping z — T (f, g) is continuous from R into CWx:4>%7 | (R) [9].

Let f, g, h, k be Borel measurable functions on R. The binary convolution is

defined by
(f.g) = (hk) = (f=h,gxk),

where ”%” denotes usual convolution. The conditions [ |f (y)h(z —y)|dy < o
R
and [ |g (y) k (z — y)|dy < oo must be required for the binary convolution to be
R

defined [9]. Let’s the weights w3 and w, be constants. It is known that the space
cwgarsr . (R)is an essential Banach module over (LY, x Ll ) (R) under binary

convolutions. Furthermore this space has an approximate identity ((eq,eg))
of the space (L}, x L) (R) such that

a,BeT

al’iﬁnell (earep) * (f,9) = (f.9)

for all (f,g) € CWELTsT (R) [9].

W1,w2,w3,wWq
As can be understood, some important properties and approximate units of
the space CWE 4257 |, (R) have been investigated in [9]. In this study, inclusion
relations and compact embedding theorems of this space will be discussed.
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2. Inclusion Properties of The Space CWE% 51 (R)

w1,w2,w3,wq
Theorem 2.1. Let u = max {wi,ws} and v = max {ws,ws} where w; (i =1,2,3)

are weight functions. Then one has the following inequalities

C()wn () I (F. ) lowrags, .. < () +0 (2000 (zm0) (£ Dllowsns,

w1,wa,w3,wy

and

Clg)w (2) ST (Dlewzrys, ., < () +0 @00 Er ) I Dlewsys, .,
fOT all (070) 7£ (fa g) € CWpha.rsT (R)

W1,w2,ws,wq

Proof. Since the assumption (0,0) # (f,g) € CWE4™sT (R), we can write 0 #

wi,W2,wWs,wq

f € LE (R). Then there exists C'(f) > 0 such that
C(f)wr (2) <NTefllp,w, < w1 () 11w,

[5]. Similarly we have 0 # g € LZ, (R) and then
Clg)wz (2) < [ Teglly 0, < w2 (2)llg

q,w2 *

Thus we get
C (N (2) S ITefly, < max {ITe 1, ITo0] g, |
= HTZ (f, g)HLf,1 X L, < ||TZ (f7 g)HLZl XL, + ||(WT (Tzf7 )  Wr ('7T29))||L53><L§)4

(2.1) — |72 (£ 9l cwpaees

w1,w2,w3,wy

Also if we use the inequality (see Theorem 2.8 in [9])
T2 (F Dllownggr, . < @) +v (2,000 (r,0) (£ 9oz

w1,w2,w3,wy

and (2.1), we achieve

C(fwr (2) < T (F:Dewrazez o, < (W (2) +0(2,0)0 (z7,0)) [I(f, 9)lewsymes

w1,w2,w3,wy wil,w2,wgz,wy ’

Similar way, we obtain that

C(g)wa (2) <|T= (D lewszes ., < (w(z) +0 (2,000 n0) [ 9)llcwrars::

w1,w2,w3,wq W1 ,ws,w3,wy

O
Theorem 2.2. IfCWg9msr (R) C CWPLresT (R), then CWELTST  (R) is

w1,Ww2,ws,wWq V1,V2,V3,V4 Ww1,wW2,ws,wq
a Banach space under the norm || f || oy = [|(f, 9)llcwrarsr I, 9)llowrarer

wl,w2,w3,wWq v1,v2,V3,V4

Proof. Let ((fn:gn)),en be a Cauchy sequence in (CWELEST | (R),|.[|ow)- So

W1,wW2,wWs,wWq

((fn> 9n))nen is a Cauchy sequence in the spaces (C’Wgﬂjﬁ;i&m (R), . ||CW£,1<{J;’L,US’W4)
V1,V2,V3,V4

spaces. Then there exist (f,g) € CWpamsT (R) and (h,k) € CWPLTs™  (R)

wi,W2,wWs,ws V1,V2,V3,V4
such that

”(fnvgn) - (f’ g)”CWfi‘f;j;jérwél — 07 ”(fnvgn) - (h7 k)”CW”*q*T'S*" — 0.

v1,02,V3,04

and (C’Wp’q’T’S’T R, |l cwesars,r ) It’s known that these spaces are Banach
B g s

From the inequalities ||.|| 5, ;0 < H.||CWp1 e and ||| pre < || ,
w

p,q,7r,s,T
1,w2,wW3,wWyq CWy

1,v2,v3,v4
we have that

||(fnagn) - (.fa g)||LP><Lq — 07 ||(fnagn) - (hvk)HLPqu — O
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So since

H(fvg) - (hak)”prLq < H(meN) - (fvg)HprLq + H(fmgn) — (h, k)HLPxLQ )

we find that [|(f,9) — (h, k)| s« = 0 and (f,g) = (h, k) a.e. Therefore we obtain
that

”(fnagn) - (f, g)||CW —0
and (f,g) € (CWEarsr | (R), |- low)- 0

W1,W2,wW3,wWq

Theorem 2.3. Assume that w; and v; (i = 1,2,3,4) are weight functions. If v; <
w; (1 =1,2,3,4), then the following inclusion is satisfied

CWp,q,r,s,‘r (R) C CWz),q,T‘,S,T (R) X

wi,wW2,ws3,wWq v1,V2,V3,V4
Proof. Using the assumptions v; < w; (i = 1,2,3,4), thereexist C; > 0 (i = 1,2, 3,4)
such that v; (2) < Ciw; (2) (1 =1,2) and v; (z,u) < Ciw; (z,u) (1 =3,4) for all
z,u € R. Take any (f,g) € CWh LT . (R). Then we have (f, g) € (Lf)1 X LZ)?) (R)

and (W, (f,.), W-(.,9)) € (L., x L&) (R?). So we can write

1F-Dlsz s, < Cs ()l s g, < o0

and

||(W‘r (fv ) 7WT ('79))HL23><L34 S Cﬁ ||(WT (fa ) 7WT ('79))“[,:}3><Lf}4 < 00,
where C5 = max {Cy,Cy}, Cs = max {C3,Cy}. Thus we get
I Dl ewrarer < ColllfDllewszer . < oo
where Cy = max {Cs,Cs}. That means (f,g9) € CWPL"s7 (R). Therefore we

V1,V2,V3,V4

achieve the inclusion CWE:¢"s7 ~(R) C CWPHLHsT (R). O

w1,W2,ws,wq V1,v2,V3,V4

Theorem 2.4. Suppose that w;, v; (i = 1,2,3,4) are weight functions. If we have
the inclusion CWE:Lrs ™ (R) C CWPeLrsT (R), then there exists a C > 0 such

w1,w2,Ws,wq v1,V2,V3,V4
that

1 Dlewnagr .. < CIE Dl ewsas

vV1,V2,V3,V4 »wW2,w3,wWy

for all (f,g) € CWEIZST | (R).

W1,W2,wW3,Wq

Proof. Now take the space CWE:47>5 7  (R) with the norm ||.|| oy = |-l cwreiarer

W1,w2,ws,wq w1,wo,w3,wy

||'HCW51’?,;§’,%‘§.%' It is known that the space (CWE%n%T | (R), ||| oy ) is a Banach

5, wW1,w2,ws,w4
space by Theorem 2.2. Thus from the closed graph theorem, there exists a C > 0
such that

ICH DMeowzarsz ., < CUEDlowspzes, .,
for all (f,9) € CWELT v, (R). O

w1,w2,W3,wWy
Theorem 2.5. Let w;, v; (i = 1,2,3,4) be weight functions and let p; =maz{w;, v;}
(i =1,2,3,4). Then the following equality holds
cwhprarsT  (R)=CWpensT - (R)NCWEPLsT (R).

K152, 143, 44 w1,W2,Ws,wq V1,V2,V3,V4

Proof. Take any (f,g) € CWP:ers™  (R). Then we can write

H1,H2,143, 44

1(f, 9)||CW5;{;:;J3,W4 = ||(f>9)HLglegz +[[(Wr (f,.), Wr (~a9))||L53ng4
= max {1, 190 gy } + max W (£ )y W (o9,
< max {11, + 191l b+ 025 LW () oy 19 (o 9) s,
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= “(f?g)||CWqu1T,S,T < 0Q.

H1:H2,13,H4

So, we have (f,g) € CWkes7 (R). Using similar method, we find (f,g) €

wi,W2,wWs,wq

cwp.arsT - (R). Thus, we get
g

V1,V2,V3,V4

CWParsT (R)C CWPLHST (R)NCWELST (R).

Hisp2, 13,4 W1,W2,W3,wWa V1,V2,V3,V4
Conversely take any (f,g) € CWE45T | (R)YNCWELHST (R). If we use the
assumptions j; =maz{w;, v;} (i = 1,2,3,4), then we obtain easily ||(f, 9) || cyyr.arsr

/"11!"27/"31/"4
0. So, we have (f,g) € CWh L5 (R). Then, we get

CWELST | (R)NCWELTST (R) C CWEEIST (R)

w1,W2,wWs,wWa V1,V2,V3,V4 H1,H42,143, 44

Hence, from the upstairs inclusions, we obtain that
C’Wpa‘ZsT7SaT (R) — CWP#I""’S’T (R) N CWP#L"”SJ' (R) .

H1,02,43 5 Ha w1,w2,ws,wq V1,V2,V3,V4

O

Theorem 2.6. Let w;, v; (i = 1,2,3,4) be weight functions and let u; =maz{wi,ws},
w1 =maz{ws,ws}, ug =max{vi,va}, pe =maz{vs,vs}. If we have the inclusion
cwparst (R) c CWperst  (R), then the following relations are satisfied

w1,wW2,wWs,Wq V1,V2,V3,V4

vy < (u1 + T%lul (,0) Di,lul (., 0))
and )
vy < <U2 + 772 2 (.,0) Dy o (., 0)) ;
where D} p11 (2,0) = 72 1y (27,0).
Proof. Let (f,g) € CWgenst —(R). From the assumption, we write (f,g) €

Wi,wW2,wWs,wWs

cwpanrsT (R). By Theorem 2.8 in [9], there exist Cy,Cy > 0 such that

V1,V2,V3,V4

(2.2)
Crwn (2) STz (f, Dllewzyores L, < (Wi (2) +p1(2,0) pa 1, ) (s Dl ewrao L,
(2.3)

Covr (2) < T (f, Dllewpyomer,, < (w2 (2) + p2 (2,0) po (27, 0)) | (F, Dl ewzyarer -

Moreover from Theorem 2.2, we know that the space CW5,%1>%7 | (R) is a Banach

space under the norm ||| ~y,. Then by Theorem 2.4, there exists C'3 > 0 such that
(2.4) 1(f, 9)||cw51v?:um=f < G3|(fs D lowrarer

2:V3,Y4 wl,w2,w3,wWyq

On the other hand since the space CW2:97>%7  (R) is invariant under the binary

translations, we have T, (f,g) € CWEL»s7 (R) C CWPLnsT (R). So by (2.4),

w1,wW2,ws,wWq V1,V2,V3,V4
we get [9]

(2.5) 172 (F )l ews s . < Ol ()l ewszys

3,4 w1,w2,w3,wy

Combining the inequalities (2.2), (2.3) and (2.5), we find
C2U1 (Z) < HTz (fa g)HCWP,qms,T < CS ||Tz (fv 9)||CW5’1‘3L72’?UW4

V1,V2,V3,V4

< Cs (w1 (2) + 1 (2,0) pa (27, 0) I(F, 9 lewpyo e

w1,w2,w3,wy

From last inequality, we achieve
v1 (2) <k (ur (2) + pa (2,0) pa (27,0))
=k ((u1 (2) + 7 (2,0) DX i1 (z,O))) ,
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C3 H(f g)”cwi” a,

wq wg W3 wyq

where k = & , D! (2,0) = 72111 (27,0). That means

v < (Ul + T%l,ul (70) D71_71/141 (., 0)) .
Similarly using the inequalities (2.2), (2.3) and (2.5), we obtain that

Vs < (u2 T (L,0) D pas (., 0)) :

3. Compact Embeddings of the Space CWg:%»57  (R)

w1 ;w2 yW3,Wq

Lemma 3.1. Suppose that ((fn,gn))pen 95 @ sequence in CWEHLST | (R). If

W1,wW2,wWs,wq
((frs9n))nen converges to zero in CWE LT | (R), then

/fn z)dx — 0

and

/gn(x)h(:c)dz —0
R
for n — oo and for every h € C. (R).

Proof. Take any h € C.(R). Let %—i— p% = 1. Since h € C.(R) C LP* (R),
fn € LP (R) for all n € N and by Holder inequality, we have

/ Fu @) h (@) de| < | ful, 1]

<m0 {1 fally o - 1900l } 121,

(3.1) < (s gn)llewszyayes, o, Rl -

w1,w2,w3,wq

Using the assumption and the inequality (3.1), we obtain that

/fn z)dz —> 0,

for n —» oo and for all h € C. (R).
Now let % + qil = 1. Since h € C. (R) C L9 (R), g, € L?(R) for all n € N and
by Holder inequality, similarly we can write

(3.2) / gn (2) 1 (2) | < | (s gl emzazis (B,

CAAA
R
Then from assumption and the inequality (3.2), we achieve that

/gn () h(z)de — 0,
R
for n — oo and for all h € C.. (R). O
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Theorem 3.2. Let wy, wy be weight functions of polynomial type on R and let ws,
wy be weight functions of polynomial type on R%. Assume that u and v are any
weight functions on R. If u < wy, v < wy and for x — oo

u(a) .
up () 4+ v1 (2,0) v (z7,0) 0
v(@) 0

uy (z) + v1 (,0) vy (27,0)
where u; = max {wy,wa} and v1 = max{ws,wy}, then the embedding of the space
cwpanst (R) into (LY, x L1) (R) is never compact.

W1,W2,wW3,wWq

Proof. If we use the assumptions u < wi, v < ws, then we can say that there
exist C1 > 0 and Cy > 0 such that u (z) < Ciw; (z) and v (z) < Caws (x) for all
x € R. So, we have the inclusion CWE%-%7 ~(R) C (LF x L1) (R). Assume that

w1,Ww2,ws,wq
(an) ey 18 a sequence with a, — oo as n — oo in R. Since the assumptions
w1 (z)+v1(z,0)v1 (27,0) an w1 (z)+v1 (z,0)v1 (27,0)
exist ;1 > 0 and d > 0 such that

do not tend to zero as x —» oo, there

u (x)
(3.3) uy (x) + vy (z,0) vy (z7,0) 20>0
and
(3.4) v (@) >0y >0

uy (z) + v1 (2,0) vy (27,0)

for x — oo. Fixed (f,g) € CWELsT (R). Define a sequence ((fn,gn))

w1,w2,ws3,ws neN
such that
-1
(fn>9n) = (u1 (an) +v1 (an,0) v1 (anT,0)) " Ty, (f,9).

Now let’s show that this sequence is bounded in CWE:4 %" | (R). Then we can

write
1(Frs gn)llowzyores ., = H(Ul (an) +v1 (@, 0) vy (a,7,0)) " Ty, (f, g)chg’;{J;;gM
(35) = (w1 (an) +v1(an,0) 01 (an7,0)) " | Ta, (f; )l cwmares

w1 ,Wo,ws,wy

So by (3.5) and the selected sequence, we find

H(fn7gn)HCWv‘q,r,s,r =

w1,w2,w3,wyq

-1

< (ug (an) + v1 (an, 0) vy (@n7,0))" " (u1 (an) + v1 (an,0) v1 (anT, 0))||(f, g)chgvlf{g;;ugM
= Dlewszzzy, ., -

Moreover, we will show that there wouldn’t exist norm convergence subsequence of

((frs Gn))pen in (L% x LE) (R). On the other hand, we have

1
4 @) () da| € s / [T, f ()] 1 ()] d
1
- (Ul (an) 4 vy (an,O) vy (anT, 0)) ||Tanf||p ||th1
(3.6) - ! 1£1, D0,

(u1 (an) + v1 (an,0) vy (a,7,0))
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where 1% + p% =1 for all h € C. (R). Since the weights u; and v; are polynomial
type, we obtain that the inequality (3.6) tends zero for n — oo. That means

/fn () h (z)dx — 0.
R

Using similar method, we find

/gn () h(z)dxe — 0.

R
By Lemma 3.1, the only possible limit of ((fn, gn)),cn in (L x L) (R) is zero. It’s
known by [5] that [|Tq, f[l,, ~ u(an) and [|Tq,qll,, = v(an). Then there exist
C1,C%,C5,C4 > 0 such that

(3.7) Cru(an) < |[Ta, f1l,,,, < Cau(an)
and
(3-8) Csv (an) < HTan9||q,v < Cyv (an).

Then by (3.7), we get

s 9) gy = [ (@n) + 01 (@, 0) w1 (@n7,0)) ™' To, (£.9)|

LExLY

= (w1 (an) + 01 (an, 0) v1 (an7,0)) " | T, (f,9)]

LExLY

= (u1 (an) + v1 (an, 0) v1 (an7,0)) " max { ||, f

oo }

|p,u ) ||Tang

(3.9) > O (u1 (an) + 1 (an,0) v1 (anT,0)) " u(an).

Similarly using by (3.9), we find

(3.10) 1Cfs 9l w2 > Cs (wr (an) + 01 (an, 0) 01 (an7,0)) ™ v (an) -

From the inequalities (3.3) and (3.4), we write

u (an)

3.11 >0, >0
( ) uy (an) + v1 (an, 0) vy (ap7,0) — !
and
(3.12) v (an) > 6, >0

u (an) + v1 (an,0) v (a,7,0)
for all a,. So using the inequalities (3.9), (3.10), (3.11) and (3.12), we obtain that
||(fn7gn)||Lﬁng > O (u1 (an) + v1 (an,0) vy (anT, O))_1 u(an) > 6:C1 >0

and
I(frgn)llzn w22 > Cs (us (an) + v1 (@n,0) v1 (an7,0)) " v (an) > 62Co > 0.

Hence, we conclude that there would not be possible to find norm convergent sub-
sequence of ((fn,gn))pen in (L4, x LE) (R). The desired is achieved. O
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Theorem 3.3. Let wy, wy be weight functions of polynomial type on R and let
ws, wa be weight functions of polynomial type on R2. Assume that r1 and o are
any weight functions on R and r3, r4 are any weight functions on R%. If r; < w;
(i=1,2,3,4) and for x — o0

r ()
up () + vy (2,0) v (z7,0)

-0

or
ra ()
uy (z) +v1 (2,0) vy (27,0)
where up = max {wy, wa} and v = max {ws, wy}, then the embedding of the space
cwparnst (R) into CWPOm5T (R) is never compact.

w1,w2,ws,wq T1,72,73,T4

-0,

Proof. Using the assumptions r; < w; (i = 1,2, 3,4) and by Theorem 2.3, we obtain
that CWparmsm (R) Cc CWPars7 (R). Also, the unit map is a continuous from

w1 ,W2,wWs,wq T1,72,73,T4
CWEhATS T i (R) into CWE@T2T (R). Assume that the unit map is compact.
Let ((fn,9n))pey in CWEHEEST . (R) be arbitrary bounded sequence. If there
exists convergent subsequence of ((fn,gn)),cy in CWELST (R), this sequence
also converges in (L§31 X LﬁQ) (R). But this is not possible by Theorem 3.2. This

completes the proof. O

4. CONCLUSION

In some works in the literature, inclusion and compact embedding theorems of
various function spaces have been studied [3], [7], [8], [10], [11]. In this paper,
firstly, the inclusion theorems of the space CWE %57  (R) have been proved.
Afterwards, it has been investigated under which conditions compact embeddings

would not occur and so compact embedding theorems have been obtained.
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