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ABSTRACT

In a recent paper [1] the authors have investigated the curious fact that the canonıcal symplectic
structure dp = dpi ∧ dxi on cotangent bundle may be given by the introduction of symplectic
isomorphism between tangent and cotangent bundles. Our analysis began with the observation
that the complete lift of the symplectic structure from the base manifold to its tangent bundle is
being a closed 2-form and consequently we proved that its image by the simplectic isomorphism is
the natural 2-form dp. We apply this construction in the case where the basic manifold of bundles
is a Riemannian manifold with metric g and consider a new 1-form ω = gijy

jdxi and its exterior
differential on the tangent bundle, from which the symplectic structure is derived.

Keywords: Tangent bundle, 2-form, symplectic manifold, complete lift, musical isomorphism.

AMS Subject Classification (2020): 53B20; 53C12; 58C25.

1. Introduction

Let M be an n-dimensional C∞-manifold and TP (M) (T ∗
P (M)) the tangent (cotangent) vector space at a

point P ∈ M . Then the set T (M) =
⋃

P∈M

TP (M) (T ∗(M) =
⋃

P∈M

T ∗
P (M) ) is by definition the tangent (cotangent)

bundle over the manifold M . For any point P̃ of TP (M) (T ∗
P (M)) such that P̃ ∈ TP (M) (P̃ ∈ T ∗

P (M)) the
correspondence P̃ → P determines the natural tensor bundle projection π : T (M) → M (π : T ∗(M) → M), that
is π(P̃ ) = P .

Suppose that the base space M is covered by a system of coordinate neighborhoods (U, xi), where xi , i =
1, ..., n are local coordinates in the neighborhood U . The open set π−1(U) ⊂ T (M) (π−1(U) ⊂ T ∗(M)) is
naturally diffeomorphic to the direct product U ×Rn in such a way that a point P̃ ∈ TP (M) (P̃ ∈ T ∗

P (M))
is represented by an ordered pair (P, y) ((P, p)) of the point P ∈ M and a vector (covector) y ∈ Rn (p ∈ Rn)

whose components are given by yi ( pi ) of P̃ in TP (M) (T ∗
P (M)) with respect to the frame (coframe) ∂i (dxi).

Denoting by (xi) the coordinates of P = π(P̃ ) in U and establishing the correspondence (xi, yi) → P̃ ∈
π−1(U) ((xi, pi) → P̃ ∈ π−1(U)), we can introduce a system of local coordinates (xi, xī) = (xi, yi) ( (xi, x̃ī) =

(xi, pi)) , ī = n+ 1, ..., 2n in the open set π−1(U) ⊂ T (M) (π−1(U) ⊂ T ∗(M)). We call (xi, xī) = (xJ), J =

1, ..., 2n ( (xi, x̃ī) = (x̃J), J = 1, ..., 2n ) the induced coordinates in π−1(U) ⊂ T (M) (π−1(U) ⊂ T ∗(M)).
A manifold M is symplectic if it possesses a nondegenerate 2-form ε which is closed (i.e. dε = 0). For any

manifold M of dimension n, the cotangent bundle T ∗(M) is a symplectic 2n-manifold with symplectic 2-form
ε = −dp = dxi ∧ dpi, where p = pidx

i is the Liouville form (basic 1-form) in T ∗(M).
In Riemannian geometry, the musical isomorphism (or canonical isomorphism) is an isomorphism between

the tangent and cotangent bundles of a Riemannian manifold given by its metric. Let now (M, g) be a
Riemannian manifold. Then the musical isomorphisms gb : TM → T ∗M and g♯ : T ∗M → TM are given by

gb : xI = (xi, xī) = (xi, vi) → x̃K = (xk, x̃k̄) = (xk = δki x
i, pk = gkiv

i)
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and
g♯ : x̃K = (xk, x̃k̄) = (xk, pk) → xI = (xi, xī) = (xi = δikx

k, vi = gikpk) ,

where gikgkj = δij , δij is the Kronecker symbol. The Jacobian matrices of gb and g♯ are given respectively by

(gb)∗ = Ã = (ÃK
I ) =

(
Ãk

i Ãk
ī

Ãk̄
i Ãk̄

ī

)
=

(
∂x̃K

∂xI

)
=

(
δki 0

vs∂igks gki

)
and

(g♯)∗ = A = (AI
K) =

(
Ai

k Ai
k̄

Aī
k Aī

k̄

)
=

(
∂xI

∂x̃K

)
=

(
δik 0

ps∂kg
is gik

)
. (1.1)

As a prerequisite for our analysis, we need various techniques for lifting objects from a manifold to its tangent
and cotangent bundles. Most of these have been described by Yano and Ishihara [3] (also, see [2]). The main
purpose of this paper is to study the properties of symplectic 2-form dω, where ω = gijy

jdxi is the Liouville
type 1-form in the tangent bundle.

2. Symplectic 2-form

Let now (M, g) be a Riemannian (or a pseudo-Riemannian) manifold. Then

ω = ıg = gjiy
jdxi

is a new 1-form in TM . Consequently its exterior differential, i.e. 2-form dω has the following expression

dω = d(gjsy
s) ∧ dxj = (dgjs)y

s ∧ dxj + gjsdy
s ∧ dxj = (∂kgjs)y

sdxk ∧ dxj + gjsdy
s ∧ dxj

=
1

2
(∂kgjs)y

sdxk ∧ dxj +
1

2
(∂kgjs)y

sdxk ∧ dxj +
1

2
gjsdy

s ∧ dxj +
1

2
gjsdy

s ∧ dxj

=
1

2
(∂igjs)y

sdxi ∧ dxj +
1

2
(∂jgis)y

sdxj ∧ dxi +
1

2
gijdy

j ∧ dxi +
1

2
gijdy

j ∧ dxi

= −1

2
(∂igjs)y

sdxj ∧ dxi +
1

2
(∂jgis)y

sdxj ∧ dxi +
1

2
gijdy

j ∧ dxi − 1

2
gjidx

j ∧ dyi

=
1

2
(∂jgis − ∂igjs)y

sdxj ∧ dxi +
1

2
gjidx

j̄ ∧ dxi − 1

2
gjidx

j ∧ dxī .

Since the 2-form dω in TM has the following general expression

dω =
1

2
(dω)JIdx

J ∧ dxI =
1

2
(dω)jidx

j ∧ dxi +
1

2
(dω)j̄idx

j̄ ∧ dxi +
1

2
(dω)jīdx

j ∧ dxī

+
1

2
dωj̄ īdx

j̄ ∧ dxī,

therefore we have

(dω)ji = (∂jgis − ∂igjs)y
s, (dω)j̄i = gji, (dω)jī = −gji, (dω)j̄ ī = 0 ,

i.e. an anti-symmetric (0,2)-tensor dω has the following components

dω = ((dω)JI) =

(
(dω)ji (dω)jī
(dω)j̄i (dω)j̄ ī

)
=

(
(∂jgis − ∂igjs)y

s − gji
gji 0

)
. (2.1)

On the other hand d(dω) = d2ω = 0, i.e. dω defines a symplectic 2-form in the tangent bundle TM .
Let now X̃ be any vector field on TM . Using the Cartan formula (LX̃Ω = dıX̃Ω+ ıX̃dΩ), we obtain

LX̃dω = d(ıX̃dω) + ıX̃d2ω = d(ıX̃dω),

where ıX̃ is the interior product. Thus we have
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Theorem 2.1. A vector field X̃ on TM is a symplectic vector field with respect to dω, if

d(ıX̃dω) = 0,

i.e. if the interior product ıX̃dω is closed.

Let now X̃ = CX , where CX = Xi∂i + ys∂sX
i∂ī is the complete lift of vector field X = Xi∂i from M to TM [3,

p.15]. Then using (2.1) we obtain

ıCXdω = CXJ(dω)JI = (Xj(dω)ji + ys∂sX
j(dω)j̄i, X

j(dω)jī + ys∂sX
j(dω)j̄ī)

= (Xjys(∂jgis − ∂igjs) + ys(∂sX
j)gji,−Xjgji) = (Xjys(Γt

jsgit − Γt
isgjt)

+ys(∇sX
j − Γj

stX
t)gji,−Xjgji) = (ys(∇sX

j)gji −XjysΓt
isgjt,−Xjgji)

= (ys∇s(gX)i, 0)− (ysΓt
is(gX)t, (gX)i) = ı(∇gX)− HgX ,

where ı(∇gX) = (ys∇s(gX)i, 0) and HgX = (ysΓt
is(gX)t, (gX)i) are the vertical and horizontal lifts of gX =

Xjgjidx
i to TM , respectively. Let now ∇X = 0. It is clear that, then ı(∇gX) = 0. Therefore, we have

LCXdω = d(ıCXdω) = −d(HgX).

On the other hand using d(HgX) = H(dgX)[3, p.24] and

dgX = ((∂jgX)i − (∂igX)j)dx
j ∧ dxi = ((∇jgX)i − (∇igX)j)dx

j ∧ dxi = 0

we find LCXdω = 0. Thus we have

Theorem 2.2. ∇X = 0, then the complete lift CX is a symplectic vector field with respect to the symplectic 2-form dω.

Also for any vector fields X = Xi∂i and Y = Y j∂j , we have

(dω)(CX,CY ) = (dω)JI
CXJCY I = (dω)jiX

jY i + (dω)j̄iy
s(∂sX

j)Y i

+(dω)jīX
jys∂sY

i = ys(∂jgis − ∂igjs)X
jY i + gjiy

s(∂sX
j)Y i − gjiX

jys∂sY
i

= ys(Γt
jsgit − Γt

isgtj)X
jY i + gjiy

s(∂sX
j)Y i − gjiX

jys∂sY
i

= ysΓj
tsgijX

tY i + gjiy
s(∂sX

j)Y i − (ysΓi
tsgijX

jY t + gjiX
jys∂sY

i)

= Y igijy
s(∂sX

j + Γj
stX

t)−Xjgjiy
s(∂sY

i + Γi
stY

t)

= (ıY g)(ı(∇X)− (ıXg)(ı(∇Y ).

Thus
(dω)(CX,CY ) = (ıY g)(ı(∇X)− (ıXg)(ı(∇Y ) . (2.2)

Since if S and T are 2-forms in the tangent bundle, such that

S(CX,CY ) = T (CX,CY ) ,

then S = T [3, p. 33]. From here we have the symplectic 2-form dω is completely determined by (2.2).

3. Pullback of dω

It is well known that in the cotangent bundle T ∗(M) there exists a closed 2-form ε = dp = dpi ∧ dxi, where
p = pidx

i, i.e. T ∗(M) is naturally a symplectic manifold. If we write ε = 1
2εKLdx

K ∧ dxL, then we have

ε = (εKL) =

(
0 δlk

−δkl 0

)
.

From (1.1) and (2.1) we see that the pullback of dω by g♯ is a 2-form (g♯)∗ dω on T ∗M and has components

((g♯)∗ dω)kl = AI
kA

J
l (dω)IJ = Ai

kA
j
l (dω)i j +Aī

kA
j
l (dω)ī j +Ai

kA
j̄
l (dω)i j̄
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= ys(∂kgls − ∂lgks) + ps(∂kg
is)gi l − ps(∂lg

js)gkj = ptg
ts(∂kgls − ∂lgks)− pt((∂kgi l)g

it

−(∂lgkj)g
jt) = 0

((g♯)∗ dω)k l̄ = Ai
kA

j̄

l̄
(dω)i j̄ = −δikg

jlgi j = −δikδ
l
i = −δlk ,

((g♯)∗ dω)k̄ l = Aī
k̄A

j
l (dω)ī j = gikδjl gi j = δkj δ

j
l = δkl ,

((g♯)∗ dω)k̄ l̄ = 0

or

(g♯)∗ dω = (((g♯)∗ dω)KL) =

(
0 −δlk
δkl 0

)
.

From here follows that the pullback (g♯)∗ dω coincides with the symplectic form ω̃ = −dp = −dpi ∧ dxi =
dxi ∧ dpi. Thus we have

Theorem 3.1. Let (M, g) be a Riemanian (or a pseudo-Riemannian) manifold. The natural symplectic structure
−dp = dxi ∧ dpi on cotangent bundle T ∗M is a pullback by g♯ of exterior derivative dω, where ω = yigijdx

j , i.e.
(g♯)∗ dω = −dp.

A diffeomorphism between any two symplectic manifods f : (M,ω) → (N,ω′) is called symplectomorphism
if f∗ω′ = ω, where f∗ is the pullback of f . Since d(dω) = 0 and d(dp) = 0, from Theorem 3 we have

Corollary 3.1. The musical isomorphism g♯ : (T ∗M,−dp) → (TM, dω) is a symplectomorphism.
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