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in the Tangent Bundle

Narmina Gurbanova®

(Communicated by Arif Salimov)

ABSTRACT

In a recent paper [1] the authors have investigated the curious fact that the canonical symplectic
structure dp = dp; A dz' on cotangent bundle may be given by the introduction of symplectic
isomorphism between tangent and cotangent bundles. Our analysis began with the observation
that the complete lift of the symplectic structure from the base manifold to its tangent bundle is
being a closed 2-form and consequently we proved that its image by the simplectic isomorphism is
the natural 2-form dp. We apply this construction in the case where the basic manifold of bundles
is a Riemannian manifold with metric g and consider a new 1-form w = g;;3’dz’ and its exterior
differential on the tangent bundle, from which the symplectic structure is derived.
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1. Introduction

Let M be an n-dimensional C*°-manifold and T»(M) (T} (M)) the tangent (cotangent) vector space at a

point P € M. Thentheset (M) = |J Tp(M) (T*(M)= |J T5(M))is by definition the tangent (cotangent)
PEM PEM

bundle over the manifold M. For any point P of Tp(M) (T}(M)) such that P € Tp(M) (P € Tj(M)) the

correspondence P — P determines the natural tensor bundle projection 7 : T(M) — M (7 : T*(M) — M), that

is 7(P) = P.

Suppose that the base space M is covered by a system of coordinate neighborhoods (U, %), where z?, i =
1,...,n are local coordinates in the neighborhood U. The open set #~}(U) C T(M) (7~ '(U) C T*(M)) is
naturally diffeomorphic to the direct product U x R™ in such a way that a point P € Tp(M) (P € Tj(M))
is represented by an ordered pair (P,y) ((P,p)) of the point P € M and a vector (covector) y € R” (p € R")
whose components are given by y* (p; ) of P in Tp(M) (T}(M)) with respect to the frame (coframe) 9; (dz?).
Denoting by (z%) the coordinates of P =7(P) in U and establishing the correspondence (%, y') — P €
=Y (U) ((z*, pi) - P € = Y(U)), we can introduce a system of local coordinates (%, z%) = (2, y') ((a%,%%) =
(2%, pi)), i=n+1,..,2n in the open set 7= *(U) C T(M) (=1 (U) C T*(M)). We call (2% 2') = (z7), J=
1,...2n ((«', ) = (#7), J=1,...,2n) the induced coordinates in 7= (U) ¢ T(M) (z~'(U) € T*(M)).

A manifold M is symplectic if it possesses a nondegenerate 2-form ¢ which is closed (i.e. de = 0). For any
manifold M of dimension n, the cotangent bundle 7*(M) is a symplectic 2n-manifold with symplectic 2-form
e = —dp = dx* A dp;, where p = p;dz® is the Liouville form (basic 1-form) in 7*(M).

In Riemannian geometry, the musical isomorphism (or canonical isomorphism) is an isomorphism between
the tangent and cotangent bundles of a Riemannian manifold given by its metric. Let now (M,g) be a
Riemannian manifold. Then the musical isomorphisms ¢° : TM — T*M and g¢* : T*M — TM are given by

gb cal = (“sz“L;) = (xiavi) — i = (mka*ifc) - (‘Lk - 5zkxivpk‘ = gkivi)
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and

§. ~K

I

g € ) = (xkvpk) - xl = (wi’xi) = (‘7"1 = 5,2.1":117 = gikpk) ,

where g*g,; = 5}, 6;- is the Kronecker symbol. The Jacobian matrices of ¢° and ¢ are given respectively by
s Al Ak oz ok 0
b . = A = AK = L ~L = —_— = ¢
(g ) ( I ) A’]:; A? ax[ Usa’igks Ghi

Al AL ozt i 0
CA WV SR (s TG I W O I koo 0

As a prerequisite for our analysis, we need various techniques for lifting objects from a manifold to its tangent
and cotangent bundles. Most of these have been described by Yano and Ishihara [3] (also, see [2]). The main
purpose of this paper is to study the properties of symplectic 2-form dw, where w = g;;y7dz" is the Liouville
type 1-form in the tangent bundle.

and

2. Symplectic 2-form

Let now (M, g) be a Riemannian (or a pseudo-Riemannian) manifold. Then
w =19 = gy’ dz’
is a new 1-form in 7M. Consequently its exterior differential, i.e. 2-form dw has the following expression

dw = d(gjsy®) A dx? = (dg;s)y® N dad + gisdy® A da? = (5‘kgjs)ysdxk Adz? + gjsdy® N da?
1 s 1.k 7 1 s 7.k 7 1 s 7 1 s 7
= 5(5’kgjs)y dz” A dx? + 5(6kgjs)y dz" A dx? + igjsdy Adx? + §gjsdy Adx
1 s % ] 1 s ;i i 1 : i 1 . i
= 5(82-9]-5);1/ dz* N dax? + 5(6jgis)y dz’ N dx' + §gijdy3 Adx' + §gijdy] Adx

1 . 1 . | . 1 . )
= _5(6i9j8)ysd$] Adz' + 5(3j9is)ysdl"j Adz" + igijdyﬂ Adz' — §gjid33] Ady'

1 ) 1 - 1 . -
= i(ajgis — 0ig;s)y°da’ Ndx' + igjidxj Adzt — igﬂd:ﬂj Adz .

Since the 2-form dw in T'M has the following general expression

1 1 . 1 = 1 . -
dw = §(dW)JIde Ada! = i(dw)jidx] Adx' + i(dw)ﬁdx] Adz' + i(dw)jgdx] Adzx’

1 - -
+§dw3 sdz? A dx’,
therefore we have
(dw)ji = (059is — 0igjs)y®, (dw)j = gji, (dw)j; = —gji, (dw);53 =10,

i.e. an anti-symmetric (0,2)-tensor dw has the following components

i = ((dw)y1) = ( EZZ)W (dw) ;i ) _ < éijgis —3z‘9.7s)y30 — gji ) . @.1)

On the other hand d(dw) = d*w = 0, i.e. dw defines a symplectic 2-form in the tangent bundle T'M.
Let now X be any vector field on 7M. Using the Cartan formula (L ¢ Q = di ¢ Q + 12 ¢d2), we obtain

Lgdw = d(1zdw) +15d%w = d(1zdw),

where 1 ; is the interior product. Thus we have
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Theorem 2.1. A vector field X on T M is a symplectic vector field with respect to dw, if
d(1gdw) =0,
i.e. if the interior product 1 ¢ dw is closed.

Let now X = “X, where © X = X9, 4 y*9, X 9; is the complete lift of vector field X = X0, from M to TM [3,
p-15]. Then using (2.1) we obtain

1o xdw = X7 (dw) 11 = (X7 (dw) j; + y*0: X7 (dw);;, X7 (dw) ;i + y*0s X7 (dw);7)
= (X7y*(9;9is — 0i9js) + Y (0s X7 )gji, — X7 gji) = (X7y° (T} .90t — Thg5t)
+y (VX7 =T, X" gji, =X gj0) = (y* (Vo X7 )gji — XTy°Thgje, — X7 gji)
= (¥°Vs(9x)i,0) — (°Th,(9x)1 (9x)i) = UVgx) — Tgx ,
where 1(Vgx) = (¥*Vs(gx):i,0) and Hgx = (y°Tt (9x):, (9x):) are the vertical and horizontal lifts of gx =

X7 gjida® to T M, respectively. Let now VX = 0. It is clear that, then :(Vgx) = 0. Therefore, we have
Le xdw = d(ic xdw) = —d(P gx).
On the other hand using d(" gx) = ¥ (dgx)[3, p-24] and
dgx = ((8j9x)i — (9i9x);)da’ A da' = ((V;gx)i — (Vigx)j)da’ Ada’ =0
we find Lo ydw = 0. Thus we have
Theorem 2.2. VX = 0, then the complete lift © X is a symplectic vector field with respect to the symplectic 2-form dw.
Also for any vector fields X = X'9; and Y = Y79;, we have
(dw)(X,°Y) = (dw) ;1" X7CYT = (dw) ;i X7Y" + (dw);,y° (0 X7 )Y
+H(dw) ;i X y*0sY " = y*(059is — 0i95) XY + g5iy” (0sX7)Y" — g;: X7y 0"
= y* (Thogit — Thogey) XY + g5y (0. X7)Y" — g5 XTy°0,Y"
= 9T, XY + g;uy° (0. X7)Y" — (y°’Ti,05, XY + g X7y°0,Y")
=Ygy (0s X7 + T2, X" — X7 g;;y° (8 Y+ TL, YY)
= (tyg)((VX) = (1xg) (U(VY).

Thus
(dw)(“X,9Y) = (yg) ((VX) = (1x9) (VY. (2.2)

Since if S and T are 2-forms in the tangent bundle, such that
SeX,°Y)=T(“X,°Y),

then S = T [3, p. 33]. From here we have the symplectic 2-form dw is completely determined by (2.2).

3. Pullback of dw

It is well known that in the cotangent bundle T*(M) there exists a closed 2-form ¢ = dp = dp; A dzt, where
p = pida’,ie. T*(M) is naturally a symplectic manifold. If we write ¢ = Legda® A dz”, then we have

0 St
5—(€KL)—<5lk 6“) .

From (1.1) and (2.1) we see that the pullback of dw by ¢ is a 2-form (g¥)* dw on T* M and has components

(") dw)is = ALA] (dw)ry = ALA (dw)ij + ALA] (dw); + ALA] (dw), 5
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= U*(Okgis — Ougks) + Ds(Okg"*)gi1 — Ps(0197°)gk; = Prg"* (Okgrs — Oigis) — pe((Okgir)g"
—(Digk;)g’) = 0
(9" dw)yr = AZA;(dw)ij = —8,9"9i; = =00, = =3}, ,
() dus = ALAT(dw):; = g™l g, = 061 =
((g")" dw)z7 =0
or

o= (G i) = (g - )

From here follows that the pullback (g¥)* dw coincides with the symplectic form @ = —dp = —dp; A da' =
dz* A dp;. Thus we have

Theorem 3.1. Let (M,g) be a Riemanian (or a pseudo-Riemannian) manifold. The natural symplectic structure
—dp = dx' A\ dp; on cotangent bundle T*M is a pullback by g* of exterior derivative dw, where w = y'g;;da?, ie.
(¢")* dw = —dp.

A diffeomorphism between any two symplectic manifods f : (M,w) — (N,w’) is called symplectomorphism
if f*w’ = w, where f* is the pullback of f. Since d(dw) = 0 and d(dp) = 0, from Theorem 3 we have

Corollary 3.1. The musical isomorphism g* : (T*M, —dp) — (T M, dw) is a symplectomorphism.
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