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IUMMARY

n this study a new and short proof of the theorem of Ahmad and Zaini [1]
18s been obtained, by considering the condition s2(r) instead of S(r).

! METRIK UZAYINDA BAZ! KOSUNUS TOPLAMLARININ YAKINSAKLIG!

ZET

u geligmada S(r) sarty yerine Sz(r) sarti alinarak Ahmad ve Zaini [1] nin
eoreminin yeni ve kisa bir ispaty elde edilmigtir.

- INTRODUCTION

sequence (an) is said to be convex if Az az 0, and it is said to be

uasi-convex if

E (n+1}|a2an|< @ {1.1)
n=1

sequence {an) of positive numbers is said to be quasi-monotone if A a,3 -7
yr some positive v . It is obvious that every null monotonic decreasing se-
lence is guasi-monotone. A sequence (an) is said to be r-guasi-monotone if
o 0, a> 0 ultimately and Ba z-r., where (rn) is a sequence of positive
mbers (see [2] ). Céearly a null quasi-monotone sequence is r-quasi -
notone with Ta =Y n” g

a
n

n

e concept of quasi-convex sequence was generalized by Sidon [5] and
slyakovskii [7]. A sequence (an) is said to be belong to class S, aor anéis.
" 0, asn— =, and there exits a sequence of numbers (AR) such that
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(a) Aklo
) > A<=, and (1.2)
k=1

(c) |Aak|sAk, for all k.

This class S of sequences has been further generalized to the class S' and
S(r} by Singh and Sharma [6] and, Zaini and Hasan [8], respectively:

(an}é's‘ if (1.2) holds with the condition (&) replaced by:
(a*) (Ak) is quasi - monotone,

(an)e S(r) if (1.2) holds with the condition {a) replaced by:
{a") (Ak) is r-quasi - monotone and Z k < -

For the class S the following equivalent definition was given by Garret,
Rees and Stanojevic [4] .

DEFINITION A. A null - seguence (ak) belongs to class 52 if there exits
a null - sequence (Ak) of non - negative numbers such that

E kja A |< =, and

k=1
(1.3)
|aa s A, forall k

Now, we shall give the following definition.

DEFINITION : A sequence (ak) belongs to class Sz(r), if ak-o, as k - =,
and there exits a sequence of numbers (Ak) such that it is r-quasi-monoton

and Z k e <% and (1.3) holds.

2. Let

o«

N
f(x) = 4y + E a_ cos nx

n=1
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and i il
fn(x) = —;— sa + _;_ ; A aj €os kx.
k=0 k=1 j=k
The following theorems are known:
THEOREM A ((61). If an€ S', then fn(x) converges to f(x)} in L-metric

THEOREM B ( [1] ). If an&€ S (r), then fn(x) converges to f(x) in L-metric.

In this paper we shall prove the Theorem B by replacing the class of S(r)
by the class Sa(r).

3. Now, we shall prove the following:
THEOREM. If ané_sz(r), then fn(x) converges to f(x) in L-metric.

4. We need the following lemmas for the proof of our theorem.

LEMMA {1 ( [3] ). If the sequence of numbers (ti) satisfies the condition
[t.ll.s 1, then

L) n
f | 2 o0 [ax < e (4.1)
0 i=0

where Di(x) = —;— + COSX+COS2X+C0S3X+... +cosix and C is a positive absolute
constant.

LEMMA 2. If (an) is r-quasi-monotone with ann< =, then the convergence
of 2 a_ implies that ma ~ 0 as n~ =. This lemma is a special case of

Theorem 1 of Boas [2] .

5. PRODOF OF THE THEOREM. By summation by parts, we have

n

f(x) = lim —12- a, + E 2 Cos kx

s k=1
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n-1
= ;IILT _g__ a, + ; D (x) & +a D (x)- -—5— By
o1 ®
- lin ?ﬁ 0 (0) aa a0 (x) } = ??- D (x) & a,)

by the fact that lim a, Dn(x) = 0 if x § 0, where

N=co

1
Dn(x) = —— + COSX+ COS2X+.... + LOSNX.

Similarly by summation by parts, we have

n n n n
fn(x) = —;— E Ady + ( Aaj) cos kx = E Dk(x) aq,.
k=0 k=0

k=1 j=k

Again using summation by parts, we have

N N N-1
A3
> hxsa = S Akok(x}-ﬁ?".: P T 8age TR - 00 A
k=n+1 k=n+1 k=nt
n
Aa
k
where Ta(x) = z 0, {x) —Ak—-
k=0

Aa
Taking tk = j—:: , we observe by virture of the Lemma 1 that

T N T N-1
| g Dy (x) Aakl dx f | 2 T (x) Aak(x)1 dx
0 k=n+1 0 k=n+1

n

+ Ay f! TN(x) , dx+An+1 f ]Tn(x) Idx
0

0
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N-1 L4 n n
< E lAAk'j ' Tk(x)| dx + ANj ' TN(x)l dx+ An+1 j'Tn(X)I dx
k=n+1 0 0 0
N-1
< C :EE:; (k1) 18 Al 4 cinet) Ay + € (n41) A
" + C{N+1) Nt (n+1} -

Making N - = , we have

f |Z: Dk(x)Aak dx & Z (k+1)'AAk| +C(n+1)..'\n+1)

k=n+1 K=n+1

Since (N+1)AN = 0(1) as n- =, by Lemma 2.

Hence,
1 @

‘[ lf(x) - fn(x)[ dx = f | Z D {x) Aakl dx g Z (k+1)‘AAkl
0 k=n+1 k=n+1

+ C{n+1) An+1

and therefore, by virtue of the hypothesis and Lemma 2, we obtain.

limf Jf(x} - f (x)l dx = o(1).

This completes the proof of the theorem.
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