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Abstract

In this paper, we consider a class of stochastic differential variational inequalities (for
short, SDVIs) consisting of an ordinary differential equation and a stochastic variational
inequality. The existence of solutions to SDVIs is established under the assumption that
the leading operator in the stochastic variational inequality is P-function and Py-function,
respectively. Then, by using the sample average approximation and time stepping meth-
ods, two approximated problems corresponding to SDVIs are introduced and convergence
results are obtained.
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1. Introduction

The differential variational inequality (for short, DVI), initially introduced by Aubin
and Cellina [1] in 1984 and systematically examined by Pang and Stewart [32] in 2008,
is the source of problem in this paper. Precisely speaking, DVI is a system that con-
sists of a differential (evolution) equation and a variational inequality. In the past years,
considerable literature has been devoted to the mathematical theory and applications of
variational inequalities; see [19-23,26, 30, 33-35]. DVI has been pointed out in [7,17,24]
to be a powerful mathematical tool to represent models involving both dynamics and con-
straints in the form of inequalities. It arises in many applied problems in our real life such
as mechanical impact problems, electrical circuits with ideal diodes, the Coulomb friction
problems for contacting bodies, economical dynamics, dynamic traffic networks, and so
on. Since then, increasing number of scholars have been attracted to both theoretical and
numerical aspects of the differential variational inequalities as well as its applications in
economical dynamics system and contact mechanics problems; see [6,16,25,27,42-44] and
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the references therein. It is worth mentioning that the differential linear complementarity
system (for short, DLCS) is a specific instance of differential variational inequality.

However, the above mentioned researches are deterministic models. In reality, there are
many uncertain factors to influence a system which is described by a stochastic model;
see [4,5,13,28,38] and the references therein. Hence, the study on stochastic differential
variational inequalities (for short, SDVIs) consisting of differential equations and stochastic
variational inequalities, is significant and meaningful. In this paper, we study the existence
of solutions for a class of stochastic differential variational inequalities. The convergence
results to SDVIs are also obtained via the sample average approximation and time stepping
methods.

Let £ : Q — R™ be a stochastic variable defined in the probability space (2, F,P) with
support set = := £(Q) C R™and Q = [0, T]xR™. Let X = C(]0, T]; R™) denote the space of
the n-dimensional vector-valued continuous functions on [0,7] and Y = {y : [0,T] x E —
R™ |y(-,€) € LY([0,T];R™),y(t,-) is P-measurable} denote the space of m-dimensional
vector-valued functions defined on [0,7] x E in which y(¢,-) is measurable such that the
expected value is well defined and finite valued for all ¢ € [0,7] and y(-,§) is integrable
on [0,7] foreach £ € Z. Andlet f: Q - R" B:Q XE - R"”" G:Q xE — R™ and
F : = xR™ — R™ be given functions. The stochastic differential variational inequality
considered in this paper is as follows: find (x,y) € X x Y such that

w(t) = [t x(t)) + E(B(t,x(t),§)y(t,€)),
y(t,§) € SOL(K, G(t,z(t),€) + F(&,-)), (1.1)
z(0) =zo, te€]0,T],

where K C R™ is closed and convex. SOL(K, G(t,z(t),&) + F(&,-)) € R™ is the solution
set of the following SVI: find y € Y such that y(¢,£) € K and
)

(v —yt, )T (G(t, z(t),€) + F(&,y(t,€))) > 0,Yv € K, ae. £ €E. (1.2)

For convenience, we write £ = (w), w € Q in (1.1) and (1.2). Usually, the meaning of
such notation will be clear from the context and will not cause any confusion. To highlight
the generalization of (1.1), we mention below cases.

(i) In [6], the following differential variational inequality

{ i(t) = f(t,2(t),y(t)),
y(t) S SOL(Ka G(ta I’(t), ))7 (13)
.CU(O) =x0, t€ [07T]7

is considered. Existence of solutions and the convergence analysis of regularized time-
stepping methods are obtained there. It is clear that the stochastic variable hasn’t been
considered in the system (1.3). However, in reality there are numerous uncertain factors
to influence systems which should be described by stochastic models; see [4, 5,28, 37, 40].
To our knowledge, the literature on SDVIs is scare.

(i) In case that f(t,a(t)) = Aw(t) + (1), E(B(t,x(t).y(t.&) = E(BEy(t,E)),
Gt 2(t),€) = N()a(t) + q(t. ) and F(&,y(t,€)) = M(€)y(t,€), K = BT, problem (1.1)
reduces to the following differential stochastic linear complementarity problem

L(t) = Az(t) + E(B(&y(t,€)) + f(1),

0<y(t,€) L NE=z(t) +q(t,§) + M(§y(t,£) =0, ae. §€E, (1.4)

z(0) =z, t€]0,T],
which has been examined by Luo, Wang and Zhao [28] where A € R™*"™ and B ( ) :
RY™™ N():ZE = R™" M():ZE = R™™ f:[0,T] - R" and ¢ : [0,T] x E — Rm
are given functions. Therefore, the stochastic linear complementarity problem (1.4) is
extended to the stochastic nonlinear variational inequality (1.1) in this paper. The latter
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has more generality and wider applications. In the following we present an optimization
problem whose KKT condition is described by (1.1) rather than (1.4).

Example 1.1. Let z : [0,7] — R" be a absolutely continuous function and g : R1¥n+tm 5
(t,z(t),&) — g(t,z(t),£) € R™ be continuously differentiable on x(t), ¢ and measurable on
¢ such that each component function g; : R™+"+™ R i =1,--. m, is convex on (z(t),
t). Consider stochastic programming problems with inequalities constraints (P):

min —x(t), j=1,---,n,
25 (1)ER i(t), 7

s.t. gi(t,x(t),§) <0, i=1,---,m, ae £EE,
where z; : [0,T7] = R, j =1,2,--- ,n, is component function of x(t).
To solve this problem, we define a Lagrange function:
L(t,z,u) = —x(t) + E(g(t, z(t), E)Ty) Luxcn,

where y € R™ is a Lagrange multiplier of g(t, z(t
matrix. Then, the Karush-Kuhn-Tucker (KKT)
)

{a‘c(t) = E(Jg(t,2(t), &)y
Yy e SOL(RTa —g(t,x(t),{)),

which can be identified as a special case of SDVI (1.1) with f(¢,z(¢)) =0, G(t,x(¢),§) +

F(&,y(t,€)) = —g(t,2(1), &) and B(t, z(t),§) = Jg(t, (1)), where Jg(t,(t), &) denotes
the Jacobian matrix of g at x(t).

),€) and I« is a n-dimensional identity
stochastic condition for problem (P) is

a.a. t € [0,T]

In fact, KKT condition, as one of the most important theoretical achievements in non-
linear programming, is a significant method to solve optimization problems. Details can
be found in [11,12] and the references therein.

Next, we give a more general example which is a stochastic differential variational
inequality rather than just a stochastic differential nonlinear complementarity problem.

Example 1.2. Let F' be a given (single-valued) mapping from R™ into itself. Consider
the following problem (P):

@(t) = —F(x(t) + E(w(t,)),
0= x(t) — E(u(t,£)),
u(t, &) € K, (v—u(t, &) wt, &) >0, VveK,

where K C R™ is closed and convex cone.

In the past couple decades, differential algebraic equations have become a very impor-
tant generalization of ordinary differential equations and have been studied extensively.
More details can be found in [2,3,32,36].

By introducing an auxiliary variable, the problem (P) is a standard stochastic differ-
ential algebraic equatlons as a special case of the SDVI (1.1) with y = (w, ), f(t,z(t)) +

I
E(B(t,x(t),§)y(t,€)) = —F(x(t)) + E(w(t,£)), G(¢, x(t), &) + F (& y(t,€)) = (x —u, w) and
K=R"x K.

Recently, numerous stochastic variational inequalities and stochastic nonlinear problems
have been studied; see [8,13,18,39,40] and the references therein. Motivated by these
researches, in this paper, we study a class of stochastic differential variational inequalities
given by (1.1).

The remaining of this paper is organized as follows. Section 2 collects some notations
and preliminaries materials. In section 3, an existence theorem of solutions to SDVI
(1.1) is established in case that F'is a P-function via the theory of variational inequality
and projection method. The uniqueness of the solution is discussed. Then, when F is
a Pp-function, existence of weak solutions to SDVI (1.1) is proved by using the theory
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of differential inclusions and Filippov’s implicit function theorem. Sample average and
time stepping approximated problems to SDVI are introduced and convergence results are
obtained in section 4.

2. Preliminaries

Let £ = L?([0,T]; R") denote the square integrable function space on [0, 7] and U be
the space taken either as U = X x £ or U = X x X. We use || - ||2 to denote the [3-norm
for vectors. In this section, we recall some definitions and lemmas.

Definition 2.1. [9] A mapping T :UCR™— R™ is said to be weakly univalent on its
domain if it is continuous and there exists a sequence of univalent (i.e., continuous and
injective) function {U*} from U into R™ such that {U*} uniformly converges to ¥ on
bounded subsets of U.

Lemma 2.2. [9] Let f : R™ — R™ be a weakly univalent function. Suppose f~1(0) # 0
and f~1(0) is compact. If for every € > 0 there exists § > 0 such that for weakly univalent
function h : R™ — R satisfying

sup {[|A(y) = f()ll2 : y € cl(f7(0) + B(0,))} <5,
then, we have
0 #h~10) C f710) + B(0,e).

Lemma 2.3. [32] Let F : Q@ — R™ be an upper semi-continuous (usc) set-valued map with
nonempty closed and convex value. Suppose that there exists a scalar pr > 0 satisfying

sup {[|ullz : u € F(t,2)} < pp(1 + [lzfl2), V(t z) € Q.
Then the Cauchy problem of the differential inclusion
z e F(t,x), z(0) =x0, o€ R"
has a weak solution in the sense of Carathéodory.

Lemma 2.4. [10] Let G : Q x R™ — R™ be a continuous function and ® : Q — R be a
closed set-valued map such that for some constant ne > 0,

sup{[[yll2 -y € ®(t, 2)} < ne(1+ |lzll2), V(t,2) € Q.
Let v : [0,7] — R™ be a measurable function and x : [0,7] — R" be a continuous function
satisfying 0(t) € G(t,z(t), ®(t,x(t))) for almost all (a.a.) t € [0,T]. Then, there exists a
measurable function y : [0,7] — R™ such that y(t) € ®(¢,z(t)) and 0(t) = G(¢,z(t),y(t))
for a.a. ¢t € [0,T].
Lemma 2.5. [6] Let T > 0, > 0,7 > 0, and § > 0, and let © : [0,7] — R4 be
(Lebesgue) integrable. If

o) §a+/0t[ﬁ@(s)+'y}ds, Vi e [0,T],

then
O(t) < aexp(Bt) + %(exp(ﬁt) —1), Vte[0,T].

Definition 2.6. [29] The epigraph of a function € over U is defined as the set
epi 0 :={(z,y,0) e U xR [ O(z,y) < af.

Let

[ullx = sup |[lu(t)]2,
te[0,7]
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for u € X and

iutes = ( [ 3" xioar)

for x € £. And we define the norms:

1(u, ) [lexee == llullx + lIxllz2, for (u,x) € X x £,
and

QX oo == Nlullxe + lIxllc, for (u, x) € X x X.
A sequence of functions {6* }22, is said to be epigraphically convergent to a functional 6,
denoted by 0¥ —¢P ¢, if the following two statements hold:

1igninf 0% (2%, ) > 0(x,y) for all {4152, C W with (z*,y%) — (x,y),
—00

lim sup 0% (2%, %) < 0(x,y) for some {ack,yk}z":l C W with (2%, 4%) = (z,y).

k—o0
Here the convergence of (z¥,4*) — (z,v) is characterized by the norm || - ||y.

Definition 2.7. [14] A function 6 over U x E is a random lower semi-continuous (Isc)
function if 6 is jointly measurable in (z,y,{) and 6(-,-, &) is Isc for every & € =Z..

Definition 2.8. [40] A function 0(z,y, £) is said to be a Carathéodory function if §(z,y, )
is measurable for every (z,y) € U and (-, -, &) is continuous for a.e. £ € Z. Obviously,
is a random lsc if it is a Carathéodory function.

Remark 2.9. [28] A sequence of random lsc function {#*}2°, over U x = epiconverges to
0 on U a.s. (almost sure), written 6% —* § a.s., if for a.e. £ € 2, {0(-,-,£)}2, over U
epiconverges to 6 over U.

According to Pang-Stewart [32], we give the definition of a weak solution to (1.1).

Definition 2.10. For a fixed £ € =, a pair of trajectories (z(t),y(¢,€)) is called a solution
to (1.1) in the weak sense of Carathéodory if z(t) is absolutely continuous on [0,T] and
y € Y such that

o(0) = 2(0)+ [ f(t2() + EB(ralr), Oyl &)dr, V€ 0.T],

and y(t,&) € SOL(K,G(t,x(t),£) + F(¢,-)) for a.a. t € [0,T].

3. Existence of solutions

K is defined as the cartesian product of a finite number of lower-dimensional sets:

N
K =] K", (3.1)
9=1

N
where KV is a convex subset of R™ and Y. mg = m. We postulate the following condi-
=1
tions:

(Ao) F(&,-) is a continuous and uniform Py-function [6] on K, i.e.

IN\NT ’ _
B B > .e. =
max (o = yy) (Fo(&,y) = Fo(6,9)) 20, ae E€E,

for any y = (yg))_, and ¥/ = (v}))_; in K.
(A1) F(&,-) is a continuous and uniform P-function [9] on K, i.e.

 max (yy — yn) T (Fo(&y) — Fy(&,9) = ne©lly — v |I5, ae £ €E,
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for any y = (y9))_, and v = (¢}))_, in K, where n : 2 — (0,00) is a P-measurable
function and E(||nr(&)||2) < oc.
(A2) G(+,-, &) is Lipschitz continuous, i.e., exists a constant Lg > 0 such that
IG(t,2,€) = G(t', 2, )2 <as. Lallt =t | + ||z — 2’2,

for all (¢,z) and (¢,2') in Q.
(A3) f(-,-) is Lipschitz continuous with constant L on Q. And B(-,-,§) also is Lipschitz
continuous with constant Lp, i.e.

IB(t,2,&) — B(t', 2, |2 <as. Lpllt —t'| + [z — 2'[|2],
where E(||B(t, z,£)||2) < oo, i.e., there exists a constant Bs > 0 such that || B(t,z,)||2 <a.s.
B;.
Remark 3.1. ||B(t,z,¢)||2 <a.s Bs implies that P(||B(t,z,&)||2 < Bs) = 1.

Remark 3.2. Notice that (Az) and (As) imply that G and f have linear growth on @ in
xz, i.e., for some positive constants p; and pge and all (¢,z) € Q, we have

1G (2, )2 <as. pa(L+ ll2ll2), [[f(E2)ll2 < pp(L+l2]l2) - (3.2)
Lemma 3.3. Suppose (A1), (Az2) and (As) hold. Then y(t,z,£) is a solution of (1.2) if
and only if

where v : E — (0, 00) is a P-measurable function and E(||y(£)]|2) < oo and Pk is projection
operator on K i.e. for [(¢,£) € R™, we have

Pr(l(t, &) :={ue K :|i(t, &) —ulla =d((t,§),K)}, a.e &€ E.

Moreover, if

VLT 1202 —2](©) [2hr < 1
and

”F(fvyl(tvx7§)) - F(gayQ(taxag))HQ < U(&)Hyl(tvmaf) - yQ(tax7§)H27
for all yi(t,z,€), y2(t,x,&) € K, where E(c(§)) < oo. In view of E(]|v(§)]]2) < oo,
E(0(€)) < oo and E(nr(§)) < oo, we can conclude that there exist h., hy and hp such
that |[v(&)]l2 <as. by, 0(§) <a.s. he and np(€) <4 hp. Then (1.2) has a unique solution
y(t,z,&) € Y which is Lipschitz continuous w.r.t. (¢,z) for a.e. £ € E.

Proof. The first part of this lemma follows from [28, Lemma 1] and [31]. We turn to the
proof of the second part. To this end, let ¥4 be defined as

\Ild<t7 z,Y, 5) = PK[y(tv xz, 5) - 7(5)(G(t7 xz, g) + F(Ev y(ta xz, g)))]
We aim to prove that W, is a stochastic contractive mapping. For every y(t,x,&),
ya(t,x, &) € K, one has

1Wa(t,z, y1,€) — Valt, 2, y2,8) |2

= [|Px[y1(t, @, &) = v(E(G(t, 2, ) + F(& y1(t, 3,8)))]

— Prlya(t, @, 8) = v(§)(G(t, 2, §) + F(&y2(t, #,8)))] |2

< Myt 2, €) — 2t 2, &) = V(OF (& v (L, 2,8)) — F(E y2(t, 2,8)]|2-

From (A;), it follows

lyr(t, 2, &) = ya(t, 2, &) = Y(E)F (& vi(t, 2,€)) — F(&, y2(t, 2, )13
= lyi(t, 2,€) = ya(t, 2, )13 + IV EIBIF (& v (t, 2, 6) = F(&, pa(t, =, 6))I3
= 2| ll2ll{v1(t, 2, &) — yalt, 2, &), F(& y1(t 2, §)) — F(& y2(t, 2, €))) |2
<as. (L+h2RE = 2[|7(©)ll2hp) v (t, 2, €) — y2(t, =, ) |I5-
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Consequently,

H\I]d(tu Z, Y1, é-) - \I’d(t7 Z, Y2, 5)”2
s 122 = 2@kl (t,2,€) — yalt, 2, €) o

This shows that ¥ is contractive as \/1 + h2hZ = 2||y(§)l[2hr < 1. Therefore, the solution

of (1.2) is unique. Moreover, from [8] and [32, Theorem 5.1], we can draw the conclusion
that

15(t1, 21,€) = Glt2, 22,2 < wr(§)[La(lzr — z2ll2 + |t — ta])],  Var, 22 € X,

where X is certain domain such that a solution of (1.2) exists, E(kr(£)) < oo and Lg is
Lipschitz constant of G(-,-,§). O

According to Lemma 3.3, the value §(t, z, &) is uniquely defined for all ¢ € [0,T], = € X
and a.e. £ € =. Then the right hand expression of the ordinary differential equation in
(1.1) can be written as:

F(t,x) = f(t,x) + E(B(t,z,&)y(t, z,£)). (3.3)

Hence, in terms of the implicitly defined function y(¢,x,&), to study (1.1), it suffice
solve the ordinary differential equation:

x(t) = F(t, ),
{x(O) =z, te[0,T). (3.4)

The Lipschitz continuity of B(t,z,&)y(t,z,&) w.r.t. ¢t and x implies that E(B(t,z,§)
y(t,x,€)) is Lipschitz continuous w.r.t. ¢t € [0,7] and # € X. It follows that the function
F(t,z) in (3.3) is also Lipschitz continuous.

Therefore, using the classical existence and uniqueness theorem of ordinary differential
equation (cf. [32, Sect. 5.1]), we arrive at the following conclusion.

Theorem 3.4. Suppose the conditions in Lemma 3.3 hold. Then the ordinary differential
equation (3.4) exists a unique solution £ € X. Hence, the SDVI (1.1) exists a unique
solution (z,y) € X x Y.

Note that if F'(§,-) is a continuous and uniform Py-function on K, the solution to (1.1)
is unnecessarily unique. See the following example.

Example 3.5. Let £ ~ N(u, 0?). Consider an stochastic differential variational inequality:

() = Az(t) + E(B(§y(t,€)) + f (1),
y(t,€) € SOL(RY, N(§)z(t) + q(t,€) + M(§)y(t,£)), (3.5)
x(0) = zo, t€][0,T],

where 4 =1, B(§) = (1,1), N(§) = (.07, 2(0) = 0, f(t) =0, qlt,x) = (=L0)T, 0 <
[ <1 is a constant, and
m©= (7 o)

is a Py-matrix. It follows from [9, Sect. 3.5] that F(§,y) = M(§)y(t,§) is a Pyp-function.
It is readily to see that the SDVI (3.5) has infinitely many solutions (x(t),y(t,¢)) :

(1) = Itlnp if0<t<l, (t.6) = (HE 0T ifo<t<t,
N (I+z2)etel —2 ift>1, Sl 0,2)" if t>1,

where z > 0 is an arbitrary constant.
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In the following we show the existence of weak solution of SDVI (1.1) in case that F'(¢,-)
is a Pp-function. Denote N (z,7) the close ball centered by = with the radius of r in the lo
norm. Let

O(t,x,8) = SOL(K,G(t,x,&) + F(&,y))
and
U(t,z,y,8) =y — Prly —v(§)(G(t z,8) + F(§9))l.
In addition, we also define
Ht,z) = {f(t,2) + E(B(t,2,8)y) | y € D(t, 2,8)} (3.6)
and
Q= {y|dist(y, (0, x0,§)) < e}, (3.7)

for a positive number ¢ > 0, where dist(y, ®(0, xo,§)) min |y — 9.
9€P(0,20,€)

Lemma 3.6. Suppose ®(0, 2, &) is nonempty and bounded for a.e. £ € E, and (Ayg), (As2)
and (As3) hold. Then there exist Ty > 0 and dyp > 0 such that ®(¢,x,&) and H(¢, z) are
nonempty and bounded for every (¢,x) € [0,Tp] x N(xo,dp) and a.e. £ € Z.

Proof. We define the mapping \fl(y) = V(t,z,y,&). It is obvious that \Tf(y) is weakly
univalent (see Definition 2.1) for any fixed ¢, x and £. Then, according to Lemma 2.2, we
know that for every € > 0 if there exists § > 0 such that

SH£ H\Ij(t7$7y7§) - qj(oaxoayag)HQ SG-S- 57 (38)
ISE

then ®(¢,z,£) is nonempty and bounded with
0 # ®(t,z,€) C Q.
To show (3.8), we choose Tj and ¢ such that
hyLa(Ty + do) < 0.
Then we have
[ (t, 2, &) = (0, 20,9,8) |2
= [[1Pxly = ()Gt z,8) + F (& y)] — Prly —v(§)(G(0,20,€) + F (& y))][l2
< VO 2lG R 2, ) — G0, 20, 8) 2
<as. hyLa(t+ [z = ol2)
< hyLg(Ty + do) < 0.
This gives (3.8) and therefore, ®(¢,x,€) is nonempty and bounded for every (t,z) €

[0,Th] x N(zo,00) and a.e. £ € Z. And then, following [32, Sect. 6.1], we can conclude
that H(t, x) is also nonempty and bounded for every (¢, ) € [0, Ty] x N(zg, do). O

Theorem 3.7. Suppose that the hypotheses of Lemma 3.6 hold. Then ®(-, -, &) is upper
semi-continuous in [0, Tp] X N (zg, o) for a.e. & € Zand H(, -) is also upper semi-continuous
in [0, Tp] X N(zg,d0). Moreover, (1.1) has a weak solution on [0, Tp].

Proof. Since ®(t,x,¢) is nonempty and bounded for every (¢, z) € [0, 7] x N(zp,dp) and
a.e. £ € =, we deduce that there exists p > 0 such that

sup{|[yll2 : y € ®(t,2,8)} < p(1+ [|z]]2), (3.9)
for every (t,x) € [0,Tp] x N(xo,dp) with fixed & € Z. Moreover, G(t,z,£) + F(&,y) is
monotone and continuous w.r.t. y by assumptions (Ap). Hence, following [32, Sect. 6.1],
we can deduce that ®(¢,x,§) is convex and closed for any fixed (t,z) and £ € Z. This,
combination with (3.9), means that ®(-,-,&) is upper semi-continuous for fixed & € =.

On the other hand, by assumption (As), there exists a scalar Ag¢ satisfying

sup{||7|2 : 7 € H(t,z)} <as. Ac(1+ ||z]|2), V (t,2) € [0,Tp] x N(xo,dp).
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In the following we aim to prove the upper semi-continuity of H(t, z) on (¢, z) € [0, Tp] x
N(xo,dp). It suffices to show that the set-valued mapping H is closed on (¢,z) € [0, Tp] x
N(xo,d0). To this end, let the sequence {(ty,xr)} C [0,70] x N(xo,dp) be a sequence
converging to some vector (ts, Too) € [0, To] X N(z0, 60) and { f(tx, vx) +E(B(tg, xk, €)yr) }
converges to some vector zo, € R™ as k — oo, where y € ®(tg,zx,§) for every k > 1
and a.e. £ € Z. It follows that the sequence {yx} is bounded, and thus has a convergent
subsequence with a limit ¥, which implies that zoo = f(tso, Too) + E(B(too, Toos £)Yoo) €
H(toos o). This implies that H(t,x) is closed and also upper semi-continuous. Hence,
following [32, Proposition 6.1], it can be derived that

{55 e H(t,z),
z(0) = o,

has a weak solution Z. Therefore, we deduce

20l as lzoll + [ poc(1 + o) )i

Then, by Gronwall’s lemma, we obtain

[Z(®)ll2 <a.s. ([zoll2 + pscTo)exp(psTo).

In view of (3.9) and Lemma 2.4, there exists a measurable ¢(¢,£) w.r.t. ¢ such that
t, T

)
§(t,€) € ®(t,%,€) and & = f(t,2) + E(B(t,2,€) §(t,€)) for a.a. t € [0,Tp]. This shows
that (Z(t),9(t,€)) is a weak solution of (1.1). O

4. Discrete approximation

In this section we study the discrete approximations and convergence analysis to SDVI
(1.1) in case that the leading operator F' is a P-function. If F' is a Py-function, the
convergence analysis of (1.1) can be discussed by a standard regularization method [6,28]
to ensure the uniqueness of solution and the convergence results of the former case.

4.1. Convergence analysis of sample average approximation

Let &1,&9, -+, & be the independent identically distributed (i.i.d.) samples. Then on
the basis of these i.i.d. samples, we can get the following sample average approximate
(SAA) [40, Sect. 5] problem of (1.1):

(1) = f(ta(0) + } X Bl 2(0). &)y(t.&),
(w—y(t, )" (G, x(t), &) + F(&,y(t,&)) =0, l=1,--- v, Vw € K, (4.1)
z(0) = xg, t€0,T].

If F'is a Pp-function, (1.2) might have multiple solutions. In this case, (1.1) can be
transformed into the following differential inclusion system:

i(t) € H(t, ),
{fﬁ(O) =z, t€0,7], (4.2)

where H(t, z) is defined in (3.6). In what follows, we always assume that F'is a P-function.
Then, (1.2) has a unique solution y(t, z(t),£) and system (4.2) can be written as:

i(t) = f(t,z(t) + T (t,2(t)),
{w(o) =z, t€10,7T], (4.3)

where

It z(t)) = E(B(t, (1), §)y(t, 2(1), £)).
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If z(-) is a solution of (4.3), then (Z(-),y(-, :ﬁ() €)) is a solution of (1.1). Conversely, if
(Z(+),y(-,-)) is a solution of (1.1), then Z(-) is a solution of (4.3). Similarly, the SAA
problem (4.1) can be written as:

@(t) = f(t,2(t)) + TV(t,2(t)),
{ﬂf(o) =m0, t€[0,T], (4.4)

where

v 1 y
LVt z(t)) := - > B(t,x(t), &)t 2(t), &)
=1
System (4.4) can be viewed as the SAA problem of (4.3). If (2¥(¢), y(t, £"(¢),&)) is a unique
solution of (4.1) with [ = 1,--- ,v, then z¥(¢) is unique solution of (4.4). Analogously, if
Z¥(t) is a unique solution of (4.4) then (z¥(t),y(t,2"(t),&)) is a unique solution of (4.1)
withl=1,---,v

Define
1w o = ("EH) . reney = (TGED) ay
where
Rit,a(0)) = 2(t) — 20— [ f(ra(r) + 6(r)dr, 6(r) = Tlt,2(0),

RY(t,2°(t)) = 2*(t) — xo — /O F(r,2°(7)) + ¢¥(T)dr and ¢" (1) := T(t, z°(t)).

It is obvious that I(x,¢) € X x £ for an (z,¢) € X x £, and if (z,¢) € X x X then
I(z,¢) € X x X. Sois IV. Therefore, we know that x(t) is a classic solution of (4.3)
when [|R|lx = 0 and ¢ € X. If ||R|lx = 0 and ¢ € £, then z(t) is a weak solution (4.3).
Similarity, ||[R"||x = 0 and ¢" € X means z"(t) is a classic solution of (4.4). And z"(t) is
a weak solution of (4.4) if ||RY||x = 0 and ¢" € L.

Lemma 4.1. Let {v;}72; — oo be given. For any {(z%,¢")}72, C U, if (z%,¢"%) —
(z, ¢) with probability 1 (w.p.1) by the norm || -[jx, we have [[I% (2%, ¢"F)|ly — [|I(z, ¢)|lu
w.p.1 and ||[I%]jy—" ||I|jy a.s., by taking U =X x £ or U = X x X.

Proof. Taking U = X x £, then we have

1% (2%, ™) — Iz, ¢)lxxc

= sup [[R%(t,z%(t)) — R(t, z(t))ll2 + [|0™ — & 12
te[0,7

= sup |lz"(t) — z(t) — /t f(ra™ (7)) = f(r,2(7)) + ¢" (1) — ¢(7)dr
te[0,T] 0
+ (|6 — ol 2

T
S+ TLp)|z™ — aflx + /0 16°(7) = ¢(7)lladT + [[6™ — 0|2

2

1
2

T
< L+ TLy)lla™ — |z + VT (/O 6% (7) — ¢>(T)||§d7> + (|0 — ol 2

< (L+TLy)llz% = zllx + (1+ VT)|[¢" = ¢|l 2.

Since (2%, ¢**) — (x, ¢) w.p.1 by the norm [|-[|xx ¢, we can conclude that ||[1%%(z, ¢F)||lxx ¢
— || I(x, ¢)||xxe w.p.1 which implies that [[IV||xxz =P ||I||xxs a.s. since ||[I%||xxs is a
Carathéodory function and a random Isc function.
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Similarly, taking U = X x X, we have

[1% (%%, ™) — I(2, &) [|xxx

= sup [[R*™(t,2"(t)) — R(t, z(1))[l2 + [|¢" — ¢llx
te(0,7

t
= sup |z%(t) —z(t) - / [z (7)) = f(7,2(7)) + ¢™(7) — ¢(7)dT
te€[0,7 0
+[[¢% — ¢llx
T
< (L4 TLy)llz™ — flx + /0 [0 (1) = &(7)ll2dT + [|0°* — ¢llx
<A+ TLy)|z% = zflx + (1 +T)]|9" — ¢l

Therefore, we also derive that |[ 1 (z%, ¢"*)||xxx — [[1(, ¢)||xxx w.p.1 and then || I%F]|xxx
=P || I|xxx a.8. by ||[I7||xxx is is a Carathéodory function and a random lsc function. [

2

Under the assumptions of Lemma 3.3, the (1.2) exists a unique Lipchitz continuous
solution. Hence, (4.4) admits a unique solution for each fixed v.

Proposition 4.2. Suppose the conditions in Lemma 3.3 hold. Denote ¥ € X a unique
solution of (4.4). Then there exists a constant My, > 0 such that for any v € Nt :=
{/U|U € {172737}}

[2°]lx <a.s. (lzoll + Dexp(py + BsMy )T — 1,
where 7, > 0 such that ||kr(§)]l2 <a.s. Vi since E(kp(&)) < oc.

Proof. Under the assumptions in Lemma 3.3, we know that ¢(¢,Z(¢),§) is a unique

solution of (1.2) for any ¢t € [0.T], £ € X and [ = 1,--- ,v, and it is Lipschitz continuous
w.r.r. t and z(t). Hence, we can deduce that
19(t, 2(), &)ll2 <a.s. My, (1 + [l2(t)]2), (4.6)

for any t € [0,T],z € X and [ = 1,--- ,u. We know that ¢ € X for a fixed v by the
continuity of (-, -, &) and then

lo°@)l2 <

Z )y(t, z(t), &)

2

ZHB t2(8), &)l (19t (), &) ll2

<a.s. BsMw‘k(lJr 1Z()]]2)-

Since ¥ € X , then for any ¢ € [0, 7], we have

IOl < ol + | [ £72°() + 67 (r)ar

2

t
Sus llwollz+ [ 12"l + By (1+ o () f2)dr
t
< laolla + [ s+ 1a”(7)lla) + BuM (1+ (1) o)

¢
= llzolla+ | (ps + BuMz )" (7) 2 + (ps + B
Hence, according to Lemma 2.5, we have

[z°(#)ll2 <a.s. llzollzezp(py + BsMy )t + exp(ps + BsMy)t — 1,
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which means, for ¢ € [0, 7],
[2°ll2c <as. llzollaezp(py + BsMy)t + exp(py + Bs My )t —1
< (1 + [wolla)explos + BoMz)T — 1.
U

Theorem 4.3. Suppose the conditions in Lemma 3.3 hold. Let ¥ be a solution of (4.4).
Then there are a sequence {v;}32,; — o0, z* € X and ¢* € £ such that 2 — 2* w.p.1
uniformly on [0,7] and ¢ — ¢* w.p.1 weakly in £. Moreover, if ¢* — ¢* w.p.1 w.r.t.
| - |72, then z* is a weak solution of system (4.3). If ¢* — ¢* w.p.1 uniformly on [0, 77,
then z* is a classic solution of system (4.3).

Proof. According to Proposition 4.2, we know that {2V} is uniformly bounded on [0, T]
and so is {#V}, which implies {z"} is equicontinuous on [0,7]. Then by the Arzeld-Ascoli
theorem [15,41], there exists a sequence {v;}72; — oo such that {z"#} is convergent to
an z* € X w.p.1 uniformly on [0, 7.

Similarly, from Proposition 4.2 and (4.7), we know that {¢"} is also uniformly bounded
on [0, 7] w.p.1 for v sufficiently large. By Alaoglu’s theorem [15], there exists a subsequence
of {¢”}, which we may assume without loss of generality to be {¢*} itself, has a weak
limit, named ¢*, as £ is a reflexive Banach space.

Since z"(t) is a solution of (4.4), we know that x"(¢) is continuous and ¢"(t) is also
continuous under the assumption in Lemma 3.3. Hence, ||R"||x = 0 a.s.. In addition, if
o' — ¢* w.p.l w.r.t. || - ||z2, then we can see that |[R||x = 0 a.s. and ¢* € £ a.s. by

1T (2%, %) ||acxe — [ T(x", ¢")||lxxe w.p.1 as k — oo,

in Lemma 4.1. It means that z* is a weak solution of system (4.3). Similarly, if ¢"* — ¢*
w.p.1 uniformly on [0,7], we know that |R|x = 0 a.s. and ¢* € X a.s.. Then z* is a
classic solution of system (4.3). O

Theorem 4.4. Suppose the conditions in Lemma 3.3 hold. Denote z* and ¥ the unique
solutions of system (4.3) and (4.4), respectively. Then for any € > 0 and every compact
subset X C R™, there exist p = p(e,¢1) > 0, [ = I(¢) > 0 (independent of v), a constant ¢
and a constant c3 such that

P osup |TV(E x(t)) — Dt z(t)]]2 = e p < I(e)e vPEer), (4.8)
t€[0,T
z(t)eX
and
P{llz° — a*|lx > e} < U(e/o)ePE/7e/2), (4.9)
where o = cop(Ly+MpT—1) and ¢; = v2ces.

Lf+MB

Proof. According to Lemma 3.3, (1.2) has a unique solution y(¢,x(t),&). Naturally,
y(t,x(t),&) = y(t,z(t),€). Moreover, it is Lipschitz continuous w.r.t ¢t and z(t) for a.e.
¢ € E. Hence, by (4.6), we can derive that there exists a constant @1 > 0 such that, for
any t € [0,7] and z(t) € X,

Hg(t7x(t)7£)‘|2 <a.s. Ql-
Let

Me(7) = E (exp (7 (B(t, (1), )y (t, x(t), §) — E(B(t, 2(t), )§(t, (1), £))))) »

be the moment-generating function of stochastic variable B(t, z(t),&)y(t, z(t),&) — E(B(t
,x(t),)y(t, x(t),&)). Since y(t,z(t),€) is uniformly bounded w.p.1 and E(B(t,z(t),§)) <
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oo, we can derive that
Me(r) < E (exp (3r3(B(t, 2(2), )it (1), €) — E(B(t, 2(t), O)i(t, (), €)))?) )

<u.s E (exp (C%TQCQ))

=K (ea:p <c§7'22262>> (4.10)
-2
)

where c3 > 1 is easy to be found. By Lemma 3.3, we have
[9(t, 21, 8) — y(t, 22, )|z < kp(§) Lallzr — 222
<a.s. WLa|z1 — x2l|2.

Then, by (4.10), (4.11) and [40, Theorem 7.67], we can conclude that (4.8) holds.
On the other hand, since z"(t), z*(t) € X, we have, for any t € [0,T],

(4.11)

[2*(t) — 2" (#)]l2 < /Ot 1f (7, 2°(7)) = £ (7, 27 (7)) |2
+ (7, 2%(7)) = T(7, 2°(7)) |2
+0(7, 2%(7)) = (7, 27(7)) [l 2d7

< [ Uftrao) - fra @)

+[[E(B(7, 2°(7), (7, 2" (1), £))
— E(B(r,2"(7), (7, 2%(7),€))2
+ IT° (¢, 2V (t)) — T(t, 2" (1)) |27

<ue [ Ly + Mal2®(7) — 2*(2)]ls

+ sup [[[V(2,2°(t)) — T'(t, 2°(¢))||2dT,
t€[0,T
zv(t)eX

where Mp is Lipschitz constant of E(B(t,z"(t),&)y(t,z"(t),£)). Hence, by lemma 2.5, we
derive that

le* = a*|lx <as.o sup [TV(t,2" (1) = T(t,2" ()],
t€[0,T]
v (t)eX

holds for every ¢ € [0, T] where o is given in (4.9). Then, we have (4.9) holds. O

4.2. Convergence analysis of time-stepping approximation

Next, the time-stepping method, i.e., a finite-difference formula to approximate the time
derivative &, is used to solve the problem (4.4). It begins with the division of the time
interval [0, 7] into X for a fixed h =T/X = t;11 —t; where i = 0,--- , XK — 1 subintervals:

O=to<t1 < - <tg="T.

Starting from x§ = xo, we compute two finite sets of vectors

{xi]7x57"' xﬂ(}CRnand{ylvy27” 7y§{l7‘ 7y§17” 7yj<}C]Rm
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in the following manner: for ¢ =0,1,--- , X — 1,
wip =i + b [f(tigr, 07 + (1= 0)a7yy) + T (tir1, 2740)] (4.12)
v
where I' (¢ 11,27, ,) = % > B(ti,xf,fl)yfh = ¢"(ti1+1). Naturally, yf_lH satisfies
I=1
YL, € SOL (K, Gltirn,at1, &) + F(&.1)) (4.13)
Let 27 (t) be the continuous piecewise linear interpolation of the family {z} } and gﬁl (t) be
the continuous piecewise constant function of the family {y:'}, i.e., for i =0,1,--- , K —
Az(t) t*ti (x;)Jrl — .'13'?)7 Vt € [t“ ti+1], (414)
iL(t) = yfip vt € (ti,tiy1]-

Naturally, we define
1
;Z t27x17£l ZB tl7x17§l)yz+1 ¢U(tz‘+1)7

for all t € (t;,t;+1]. Consequently, for every sufﬁmently small A > 0 and sufﬁciently large
v > 0, the functions 2} : [0,T] — R, 5 : [0,T] = R™ (I =1,--- ,v) and ¢¢ : [0, T] — R"
are well defined.

Proposition 4.5. Suppose the conditions in Lemma 3.3 hold. Then there exist hg > 0
and v > 0 such that

T
27 ]l2 <as. a1 := | [|zoll2 + prt exp PIEY) _PITY

holds for any h € (0, hg],v € NT and i = 1,2,--- , X, where hg < #

Proof. Define
v = BsM (k) (|zoll2 + Dexp(ps + BsM (%)) T
Then we can deduce that
16"]lx <a.s. 7, (4.15)
is always ture by (4.7) and Proposition 4.2. According to (4.12), we have
121 ll2 < Naflla + ([ f (b, 07 + (1= 0)a7,) + 6" (tig)

<as. #fll2 + hop(L+ (|02 + (1 = 0)xi[l2) + by

< (L hpO)llzillz + (1= Ohpyllxiiillz + k(v + pf)-
Then, we can get

2i1llz <as. callzillz + s

and
-1
lo2ll2 <as cillaglla + =2 1%
_ 1+4ps0h __h(ps+7) , _ 1
where ¢4 = T=(1—0)hp; and cs = T=(1=0)hp; - Because th < Kh =T and ¢4 < T=hp;» We

can obtain that
. 0 T
cp=(ca—14 1) <exp(i(cy — 1)) < exp (%) < exp (1—p}fpf> '
Then by the calculation we can derive that
||.’E;)H2 Sa.s. aq

for h € (0, ho]. O
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Theorem 4.6. Suppose the conditions of Lemma 3.3 are fulfilled. Then there are se-
quences {vy} — oo and {hy} | 0 such that {;*} converges to an * w.p.1 uniformly on
[0,7] and QASZ’Z — ¢* w.p.1 weakly in £. Moreover, if QEZ’Z — ¢* w.p.l wrt. || -|z2, then

z* is a weak solution of system (4.3).

Proof. According to Proposition 4.5, we get the family of functions {2} (¢)} is uniformly
bounded on [0,7] w.p.1 for v > 0 and A > 0 small enough. Moreover, for any v > 0, we

have
||ZEH_1—1' ||2 >a.s. h“f Z+1a0m +(1_ )$f+l)||2+h/7

< 1ol + hoy(1 — 0)atll2 + ey + by (4.16)
= h(prar+ ps +7).
Then for any ¢ € [tx, tk+1], T € [thtps Kkip1) (p € NT) and v € NT, we have

125(7) = 24 (D)]l2

p—1
= (&h(T) — Tp4p) + Z Thyjr1 = Thg) + (@hp — T(1))
-1
2
-1 (4.17)
<ZR(T) = Tgpll2 + Z 2kt j1 — Thpjll2 + l2ksy — 2R (0|2
j=

<as [T =tigp + (0 — Dh+tp1 —t][prar + p1 +1]

< |r—=tllprar +pr+ 7).
It implies that the piecewise interpolations Zj(-) are Lipschitz continuous almost surely
on [0,7] and the Lipschitz constant is independent of h and v. Hence, we obtain that
{@}(t)} is equicontinuous. Then according to the Arzeld-Ascoli theorem [15,41], there are
sequence {ht} | 0 and {vy} — oo as k — oo such that {Z;*} converges to an 2* w.p.1
uniformly on [0, 7. Obviously, x*(¢) is a continuous function on [0, 7.

From (4.15), {¢} } is also uniformly bounded for h > 0 sufficiently small and v > 0. By

Alaoglu’s theorem [15], there exists a subsequence of {QEZ’Z }, which we may assume without
loss of generality to be {&Z’; } itself, has a weak limit ¢* w.p.1 in £ as k — oo.

Next, we show that z* is a weak solution of system (4.3).
For any 0 <t < T with 27 (0) = x¢ (with loos of generality, we choose t € [t;, tiy1]),

#0) ~ 30 [ 1 a50) + o (rar

ap(t) — 23(0) —/Otf(Ta H(0) + dh(T
= [Wh)ll2 + 135(1)]2-

<

H/¢h (7)

2

Then,
t T .
3:0ll2 < [ 164() = 6" (D) ladr < [ 163(7) = ¢ () adr
0 0
which means that
T T 9
e < [ 1650 - 0 oot < VT ([ 1300 - o
0 0
<VT|dh = ¢*|l 2.
Hence, if gﬁZ’Z — ¢* w.p.1,as k — oo w.r.t. |- |2, then

. v Jv * _
Jim (|33 [l < VT 7 = ¢*||z2 = 0.

1
2
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On the other hand,

AOIE
=l tj+1 t ~
= |2V (t) — 27 (0) — + 7,20 (7)) + ¢} (7) | dT
OREAC (0/ /) 77, 33(7) + i)
Lot
< [lar = 10 = 3 [77 1,005 + (1 = i) + & (¢l
Jj=0""%

t
— [ [t b0} + (1= 0)ati) + ")) dr

i

J+1

| Z/ Ftja0,025 + (1= 0)2y,1) = f(r. 35,(r))| dr

t
+ [ b0t 4 (0= 0)a) = fim o)

i—1
. . t—t;
() = 23(0) = Y (@ = af) = (@l — )

§=0

2

o 10 55) - s~

[l 1-0- 55 -

+ pfltivr — 7ldT

h2
<" hpglltis - aflla+ 2o+ (- )oylets — ot + oy
Jj=0
Pt
Sas. |Pflpgor+py+7)+ 5 | (T +h)h.

Therefore, we can conclude that
lim ||W}% (t)]|2 = 0
k: 1 H hk ( ) ”2 Y

which implies that lim [[W;* |y = 0.
k—o0 k

Since ¢* € L a.s., we have f + ¢* € £ a.s.. By the Lebesgue dominated convergence
theorem, we find
t

sup 2" (t) —z*(0) = [ f(7,27(7)) + ¢"(T)dr
t€[0,T] 0 2
= lim sup ||2}%(t) — 2} / f(r, 2" + ¢
i sup |12 (6) = 375 0 h (ryar|
= lim Wyl + lim |55 ]l = 0.
Hence, we conclude that z* is a weak solution of system (4.3). O
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