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Abstract: The paper investigates some special Smarandache curves according to Fle-frame in Euclidean
3-space. The Frenet and Flc frame vectors, curvature and torsion of the new constructed curves are
expressed by means of the initial curve invariants. For the sake of comparison in view, an example for

Smarandache curves according to both Frenet and Flc frame is also presented at the end of paper.
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1. Introduction

Characterizations of curves in classical differential geometry are generally expressed with the help
of Frenet framework. However, the disadvantage of this frame is that the frame cannot be settled at
points where the second derivative of the curve is zero. In this case, an alternative frame is needed.
Bishop defined Bishop frame which we call alternative parallel frame in 1975 [5]. This frame is
formed by rotating the normal vectors at a certain angle by keeping the tangent vector in the
Frenet framework constant and can be defined including the points where the second derivative of
the curve is zero. Even if the Bishop frame is suitable for applications, it is not an analytical frame.

Recently, Dede has introduced a new framework called Flc (Frenet like curve) frame along a given

polynomial curve, and provided some insight into the geometric meaning for the n*” derivative of
a given curve [8]. Calculations made according to this frame are easier than the Frenet frame and
Bishop frame. The most important advantage of the Flc Frame is that it has less singular points
compared to the Frenet frame. Thus, by hindering the sudden rotation of the tangent vector of
the curve, the deformation that may occur on the surface is prevented, and the problem of sudden
ruptures and bends on the surface are removed. The Smarandache curve is defined as the regular
curve with the place vector generated by the Frenet vectors of a regular curve.

In Euclidean space, the first studies for this subject were given by Ali in [2]. Turgut and

Yilmaz, described the Smarandache curves in Minkowski space [15]. Later, at either Euclidean
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or Minkowski space, some features of the Smarandache curves are investigated according to the
Darboux frame, Bishop frame, alternative frame, q frame and Sabban frame, [1, 3, 4, 6, 7, 9, 11—
14]. In this study, we introduce special Smarandache curves according to the new Flc frame in
Euclidean 3-space. The Flc apparatus of each new curve are calculated and the graphs of the

curves are also presented.

2. Preliminaries

In this section, we recall some basic concepts that we refer in the context of the paper. Let

a: I C R — R? be a regular curve in E2. The general forms of Frenet vectors and formulas are

given as

Ts)= 28 N = Bs)AT(s),  B(s)=

_ lla’(s) Aa"(s)]|

)= EE

{o/(s) A a(s),a"(s))
la’(s) Aa(s)]>

7(s) =

T'(s) = vi(s)N(s),  N'(s) =v(=r(s)T(s) + 7(s)B(s)),  B'(s) = —v7(s)N(s), (3)
where v = ||&/(s)]|, & is the curvature and 7 is the torsion of the curve [10].

Moreover, a point sg € I is said to be a singular point of order 0 of the curve «, if o/(sg)
vanishes. Another point s; € I is said to be a singular point of order 1 if o'/(s;) vanishes. If
o’ (s2) Aa”’(s2) = 0 that is the curvature vanishes at a point so € I, then sy is called an inflection
point. Therefore as known to be the main disadvantage of the Frenet frame, it has inflection points
and two type of singular points. However, recently, Dede introduced a new frame moving along a
polynomial space curve of degree n and named it as Flc-frame. The vector elements of this new

frame is defined as following;

a(s)

~ o)

_ o' (5) A al™(s)
Ho/(s) A a(”)(s)H ’

T(s) Dy(s) = D1(s) NT(s), D1 (s)

(4)
where the prime (n) stands for the n'" derivative with respect to s [8]. The new vectors D
and Dy are called as binormal-like and normal-like vectors, respectively. The curvatures of the
Fle-frame dy, do and d3 are defined as

<T/7D2> <T/7D1> <D2/7D1>

dl = fa d2:Ta d3 = T (5)

17



Stileyman Senyurt, Kebire Hilal Ayvaci and Davut Canli / FCMS

The relationship between the Frenet and Frenet like frame (Flc) is given by

T 1 0 0 T
Dy | =] 0 cosf sinf N (6)
D, 0 —sinf cosf B

and the relations between the curvatures of two frames are

d do
di1 = kcosb, dy = —ksind, 0 = arctan <_d2> , d3=—+r, (7)
1 1%

where § = (N, D3). Therefore, the local rate of change for the Flc-frame or namely the Frenet-like

formulas can be expressed as in the following form

T 0 dy do T
D2/ =V 7d1 0 dg .D2 : (8)
Dy’ —ds —ds 0 D,

3. Smarandache Curves According to Flc Frame

Let us consider the curve B(s) : I C R — R® as a regular polynomial curve in Euclidean space
and denote {T'(s), Da(s), D1(s)} as its moving Flc frame. We define and consider the following

Smarandache curves. Note that for simplicity we omit to denote the parameter s throughout the
paper.

3.1. TD>; Smarandache Curve

Definition 3.1 The curve 31 defined by the linear combination of two vectors T and D5 is called

the T Dy Smarandache curve and is defined as;

1
Pi(s) = E(T‘FD?)- (9)
We examine the Flc frame invariants of the T'Dy Smarandache curve [$; by means of the
main curve 8. To do so, we first differentiate (9) with respect to s and recall the relations given
at (8) to get

/_V

61_\/5

(—=diT + dy Dy + (d2 +ds3) D1) .

By taking the norm of above and considering the equations (1), we obtain the tangent vector

Tp, as;

—d1T + d1Dy + (d2 + ds) Dy
Tg, = - > .
\/2d1 + (d2 + ds)
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On the other hand, by recalling (8) again, the second order derivative of (9) with respect to

s is given as
B =mT +n2Dy + 13D,
where

m 1 v? (d12 + dads + d22) 4+ (l/dl)/
Mo = ﬁ 2 (d12 + dods + d32) — (le),
73 V2 <d1d2 — dldg) — (Vdg)l + (Udg)/

Then, the cross product of first and second order derivatives is given

By A BY =GT + (oD + (3Dy,

where
G o | (dins —m2(d2 + ds))
G | = 7 (d1m3 + 1 (da + d3))
G —dy (N1 +12)
Hence, we express the principal normal and the binormal vector field of 8, as in the following;
N, = v (G (da+d3) — G3di) T — (Gi (d2 + d3) + (3d1) Do + (C1d1 + adi) Dy
V2
V2 <\/2d12+(d2+d3)2) (\/ C12+C22+C32)
B — GT + C2Da + (3D
B = 2 2 7
VASRE I CHE €'
The third derivative of 8; Smarandache curve is
U"=p1T + p2D2 + p3Dy,
where
_ i vd,? (1/2d1 — 31/) +d; (1/3 (d22 + d32) —3v2d, — 1/”)
PL= \/§ —ds <3UV/ (dg + d3) + 2 (Sdgl + 2d3/)) — d2/1/2d3 — 2V/d1/ — lell ’

. i —Z/d12 (Z/2d1 + 3V/) —dy (I/3 (d32 + d22) + 31/2d1, — V”)
2=\ —vdy (vds' —30/ds) — 3v/vds® — v2dy (2dy’ + 3ds') + vdy" +2/dy )

L —13dy% (do + d3) — vdy (v (do — d5') + 3V (do — d3)) — v3ds” (da + d3) — v3d35®
—ds (1/2 (Vd32 + 2d1’) — V”) + (2V2d1/ + 1/’) ds +v (dg” + dg”) + 2/ (dzl + dg/)

Hence, the Frenet curvatures « and 7 of 3; are given as

1

V2V G+ G+ G N C1p1 + Gap2 + (3p3
) 1 — ) 2 5 -
v (2% + (d3 + ds)°) QGG

3
2
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Therefore, by using (6), the Flc apparatus of 8; can be given by means of the Flc components

of B as

—diT + d1 Dy + (da + ds) Dy

T, = )

n/V2

1 (1/00501 (CQ (d2 + dg) — CSdl) + uszn@lgl) T

2B, C - (1/60891 (Cl (dg + dg) + ngl) — usin@lgg) D2 y
H + (veosy (C1dy + Cady) + usind 1 (3) Dy
1 — (vsinby (Ca (d2 + d3) — (3d1) — pcosh1 (1) T

Dlﬁl = Q + (ysint91 (<1 (d2 + d3) + <3d1) + [LCOSHlCQ) D, R

— (vsinty (C1dy + Gady) — pcosdi(3) Dy

where p = \/4d12 +2(dsy -l—dg)27 =/ C12 +C22 +C32, 0L =< (N,@17D2B1) and

d C12 + C22 + C32
18, = = | cosbq,

V3 (2d12 ¥ (dy + dg)Q) :

2

2V2V/ G + G+ G5

dag, = — 5 | sinfy,
V3 (2d12 ¥ (do + dg)z) :

_ dajs, dig, — dop,dip,  Cip1+ Gapa + Csps
v (dif, +daj,) G+ G2+ G

d3g, =

3.2. T'D; Smarandache Curve

Definition 3.2 The curve By defined by the linear combination of two vectors T and Dy is called

the T D, Smarandache curve and is defined as:

1
52(3)ZE(T+D1)- (10)
We examine the Flc frame invariants of the T'D; Smarandache curve [ by means of the
main curve 3. To do so, we first differentiate (10) with respect to s and recall the relations given
at (8) to get

A

52_\/§

(—dQT + (dl — dg) Dy + daDy) .

By taking the norm of above and considering the equations (1), we obtain the tangent vector
Tp, as;
 —dT + (d1 — d3) Do+ daDy

T,
V22 + (dy — dy)?
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On the other hand, by recalling (8) again, the second order derivative of (10) with respect
to s is given as

By =&T + & Do + &3Dy,

where

& 1 V2 (do® + di® — dids) + (vdp)'
& = 7 —V2d2 (d1 + dg) + v/ (dl — d3) +v (dll — d‘g/)
& 2| <02 (do? - duds + ds?) + (vds)

Next, the cross product of first and second order derivatives is given

By A BY = x1T + x2D2 + x3Dx,

where

X1 L | & (dy — d3) — d2&o
X2 | = 7% ds (&1 + &3)
X3 & (dq +ds) — do&o

Hence, we express the principal normal and the binormal vector field of 35 as in the following;

(x2d2 — x3 (d1 — d3)) T — dz (x1 + x3) D2 + (x1 (d1 — d3) + x2d2) Dy

TV (\/26122 + (d1 — d3)2> (\/ X12 + x2? + X32)

Ng

)

_ xaT + x2D2 + x3Ds

’ vxai? + x2? + x3? .

The third derivative of 82 Smarandache curve is

Bg

i

5 =w T 4+ waDy + w3Dy,

where
_ b vd,? (dgl/2 — SV’) —vdy (3Vd1 —2uds’ — 3V'd3) +13dy® — 3udy?V
wr = \/§ + (I/2 (I/d32 — 3d2/) — I/”) dz + dl/l/ng — QV/dQ/ — I/dz/, ’
1 —03dy? (dy — ds) — dy (V3 (do? + ds?) + 2dy'v? + Buday' — V) + 13dy?ds
w2 = \/§ —vds (V (dll + d3/) + 3V’d3) + V3d33 —ds (2V2d2/ + l/”) +v (dlu — dgll) + 20/ (dl/ - d3’) ’

1 —3dody? +vdy (vds' + 30'd3) — vdy® (V2da + 3V) — do (V2 (vds® + 3dy") — V)
ws = —3V/Vd32 +ds3 (27/2d1/ — 3V2d3/) + Vdg// + 21//d21 '

Hence, the Frenet invariants x and 7 of S5 can be expressed as

2v2y/x12 + x2% + xs? Lo Xawi t Xows F Xaws
3 - .

% <2d22 + (dy — d3)2> )

K =
P 2 X12 + x2? + x32
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By using again (6), the Flc apparatus of 3 can be given by means of the Flc components

of B as
V2
Ty, = 7( —diT + di Dy + (ds + ds) Dl),
1 (vcosBsy (xads — x3 (d1 — d3)) + 9sinbax1) T
Dsg, = @ — (veosbs (da (x1 + x3)) — Usinfax2) Do ,

+ (veostz (x1 (d1 — d3) + x2dz2) + Vsinfzx3) D1

— (vsinbs (xada — x3 (d1 — d3)) — Fcosbax1) T
Dyg, = " + (vsinds (da (x1 + x3)) + Ycosbax2) Da ,
X — (vsinby (da (x1 + Xx3)) — Ycosbaxs) Dy

where 9 = \/4d22 +2(dy — d3)2, X =vXx12+x22+ x32, 6 =<« (NﬁQ,Dgﬁz) and

2v2y/x12 + x22 + x32

dig, = = | cosbs,

v3 <2d22 + (dy — 43)2> :

2

2v/2¢/x12 + x22 + x32

d252 = — 3 sin@z,
V3 (2d22 + (dl — d3)2)

dap,dip, —dag,dis, | xawn + Xows + X3ws

dsg, =
7 v (di3, + da3,) X12 + x2% + x3?

3.3. DyD; Smarandache Curve

Definition 3.3 The curve B3 defined by the linear combination of two vectors Do and Dy of Flc

frame is called the Do Dy Smarandache curve and is defined as;

1
Bs(s) = E(D2+D1)~ (11)
We examine the Flc frame invariants of the Dy D; Smarandache curve 83 by means of the
main curve 8. By differentiating (11) with respect to s, first and referring the relations given at
(8) to get

1%
By = —= (—(di + d2)T — d3sDy + d3 D).

V2

By taking the norm of above and considering the equations (1), we obtain the tangent vector
Tp, as;
(d1 + d2)T + dsDs + d3Dy

Tp, = —
\/2d32 + (dy + dy)?

3
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On the other hand, by recalling (8) again, the second order derivative of (11) with respect

to s is given as
5 = 1T + 2Dy + 3D,

where

¢1 1 V2d3 (dl — dg) — (le)/ — (Vdg)l
¢2 = ﬁ —V2 (d12 + dg —+ d32) — (Vdg)l
¢3 —l/2 (dldQ —|— d22 + d32) —|— (Vdg)/

Next, the cross product of first and second order derivatives is given

B5 A By =v1T + vaDy + v3Dy,

where
o o | —ds (62 + ¢s3)
vy | = 7 #3 (dy + da) + p1d3
U3 —¢2 (d1 + d2) + ¢1d3
Hence, we express the principal normal and the binormal vector field of 83 as in the following;
Nﬁ o L (d3 (’Ug + ’U3)) T — (U1d3 + ’U3(d1 + dg)) D2 — (Uldg — Ug(dl + dg)) D1
3 T )
\/5 (\/2d32 + (dl + d2)2) (\/ v12 +v? + U32)
’UlT -+ U2D2 + U3D1
B, = — 2 7
U1 + U2 + U3
Moreover, the third derivative of 53 Smarandache curve is
B4 = e T + eaDy + €3D1,
where
- i d12V3 (dl + dQ) + d1 (I/3 (d22 + d32) + 3l/d31/, + 21/2d3/ - Z/N) + V2d3 (dll - dg/)
1= \/5 +d23U3 + d2 (lldg (V2d3 — 31//) — 21/2d3/ — I/N) — QVI (dll + d2/) — VvV (dln + dgn) ’

_ i I/d12 (1/2d3 - 31//) - I/d1 (31/d2 +v (3d1/ + 2d2/)) + d22l/3d3
2= \/5 -V (d1ld2V — U2d33 + 3d32V/ + dgll) —ds (—3V2d3/ + Z/N) — 21//0331 ’
o — i —d12l/3d3 —vd; (31//d2 + dQIV) — l/d22 (l/2d3 + 31/’)
3 \/§ —U2d2 (lel + 3d2,) — Vd32 (1/2d3 + 3U/) —ds (31/2d3/ — UH) + QV/dgl + l/dg” '

Therefore, the Frenet curvatures « and 7 of 83 can be expressed as

2v/2v/012 + 192 + v32 V1€] + U262 + U3€3

Kps = ) TBs = 2 ) )
V3<2d32+(d1+d2)2) v1® + U2 + U3

(M)
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By using again (6), the Flc apparatus of 5 can be given by means of the Flc components

of B as
V2
Tp, = T( —(dy + d2)T + d3Ds + dgpl),
1 (veosBs (ds (vy + v3)) + dsinfsv,) T
DQBS 5* — (1/60593 (Uldg + Ug(dl + dg)) — 5Sin93U2) D2 5
v + (VCOSgg (’Uldg — V2 (dl + d2)) + 5sin03U3) D1
1 — (vsinbs (ds (v2 + v3)) — dcosbsv1) T

Dig, = 50 + (vsinds (vids + v3(dy + d2)) + dcosbzva) Do ,
v + (vsinbfs (v1ds — va(dy + d2)) + dcosbzvs) Dy

where § = \/4d32 +2(dy + d2)27 v =112+ 12 +v32, O3 =« (NBS,D253) and

2v/2v/012 + 092 + v32
V3 (2d32 + (d1 + d2)2> ?

d1 By — 60803,

dog, = — = | sinfs,
2\ 2
V3 <2d32 + (dl + dg) )

d dap,dip, — dag,dij, — vier + Vaes + Vzes
3B — .

RS R TR TR

3.4. TD>,D; Smarandache Curve

Definition 3.4 The curve B4 defined by the linear combination of the vectors T', Dy and D1 of

Flc frame is called the T Dy Dy Smarandache curve and is defined as;

1
Ba(s) = E(T+D2+D1)~ (12)
We examine the Flc frame invariants of the Dy D Smarandache curve 4 by means of the

main curve 8. By differentiating (12) with respect to s, first and referring the relations given at

(8) to get

8l = % (—(dy + d2)T + (dy — d3) D2 + (da + d3) D1) .

By taking the norm of above and considering the equations (1), we obtain the tangent vector

Tp, as;

Ty — —(d1 +d2)T + (d1 — d3) D2 + (d2 + d3) D
’ V(di +d2)? + (dy — d3)? + (da + d3)?
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On the other hand, by recalling (8) again, the second order derivative of (12) with respect

to s is given as
By =T +~v2Da +v3D1,

where

7 1 12 (di® — dids + do” + dods) — V' (di + d2) — v (di + da)
Yo = % —2 (d12 + dido + dods + d32) +v (dl/ — dgl) + v/ (dl — d3)
s —12 (do® + didy — dids + ds”) + v (do' +d3') + v/ (dy + ds)

The cross product of first and second order derivatives is given

By A By = rT + 2Dy + 13 D1,

where

P1 | (dy — d3) — 2 (d2 + d3)
Yo | = 7 73 (dy + d2) + 71 (da + d3)
Vs 3 v (ds —di) =2 (di + da)

Hence, we express the principal normal and the binormal vector field of 84 as in the following;

(Y2 (da +d3) — Y3 (d1 — d3)) T — (¢1 (d2 + d3) + 3 (d1 + d2)) D2

No — v + (1 (dy — d3) 4+ 12 (d1 + d2)) Dy
Bs — 5

V3 (\/(dl +d2)? + (dy —ds)? + (d2 + d3)2) (\/ Y1+ e’ + 1/)32>

_ T + 2Dy + 93Dy

. Vi ? + 1% + s

B

Moreover, the third derivative of 5, Smarandache curve is

"

y = 1T + 12D + 13D,

where
1 di 33 + vdy? (u2d2 — 3V’) +dy (V3 (d22 + d32) +3Vvds — V' — V2 (3d1' — 2d3’))
L= Wi vds? (V2dy — 3V') + do (vd3 (v2ds — 3V') — V" — 12 (3dy" + 2d5")) )
I/2d3 (dll — d2/) — 21/, (dll + dg/) — VUV (dl// + dg//)
1 7d131/3 + l/d12 (l/2d3 - 31//) - dl (l/3 (d22 + d32) + 3d21//V - I//, + V2 (3d1/ + 2d2/))
Lo = ﬁ —|—l/3d22d3 — I/dg (31/’6[3 +v (dll + dgl)) + I/d32 (I/2d3 - 31//)
—ds (I/” + 12 (3d3/ + 2d2/)) + 2 (dll — d3/) +v (d11/ — d3//)
1 —l/3d12 (d3 + dg) —d; (31/1// (dg + d3) -2 d3’ — dgl)) — V3d23
L3 = ﬁ +do (V” — V3d32 — 2 (2d1/ + 3d2,)) — (Vd2 +Vd32) (V2d3 + 31//)

+ (VN -2 (3d3/ — 2d1/)) ds + 21/ (dgl + dgl) + (dg” + d3”> v
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Therefore, the Frenet curvatures x and 7 of 34 can be expressed as

3V3V1” + b’ + bs” Y1+ ate +Psis

3 Ba — .
V3((dy + do)? + (dy — ds)2 + (da + d3)?) o+ s

KB4

By using again (6), the Flc apparatus of 4 can be given by means of the Flc components

of B as

V3
Ts, = X( — (dy + do)T + dsDs + ngl),

1 (1/00894 (1/)2 (dg + dg) - 1/)3 (dl - dg)) + ASZTL94’(/)1) T
Dsg, = Ao — (vcosly (Y1 (dg + ds) + 3 (dy + d2)) — Asinbyipz) Dy
v ¥ (vcosBs (1 (di — ds) + s (dy + d2)) + Asinfabs) Dy

9

1 — (Z/Sine4 (1#2 (dg +d3) — s (dl — d3)) — A00894¢1) T
Dy, = i + (vsindy (11 (da + d3) + 3 (di + d2)) + Acosb4ps) Do
v — (vsinby (11 (dy — d3) + 2 (di + da)) — Acosbyrps) Dy

)

where A = /3 ((di + d2)? + (di — d3)2 + (da + d3)?), ¥ = V1 ” +¥2” + 3%, 014 = < (Ng,, Dap,)

and

d o ( w12+¢22+¢32 )

18, = 5 | cosOs,
V3((d1 + d2)2 + (d1 — d3)2 + (d2 + d3)2)2
( 3V3V U + ha? + hs? ) )

dag, = — 5 | sinfly,

v3((dy 4+ d2)? + (dy — d3)? + (da + d3)?) 2
d dog,dip, — dag,dig, | i1+ Yats + P3is
3By —

v (d1%4 + d2%4) 11}12 + 'l/)22 + 'll)32 .

Example 3.5 Let us consider a = a(t) be a 4" order polynomial curve parametrized by

23 ¢4
)= (t? = —}.
o= (2.5 5)

The corresponding Frenet apparatus of this curve are given as

_ 2t 20t |t _(_ 21t _ |tlt=2sign(t) 2]t]
T(t)_(|t\(t2+2)7t2+27t2+2 7N(t)— TRy 1242 ) 1242 )

— (2 _ _2t  2t(t[t+sign(t) -2 = __2
B(t) = (t2+2’ 2420 T [H[(t2+2) )7 =T T e
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On the other hand, as ||/| = |t| (t? + 2), the corresponding FLC apparatus of o are

tlt] I¢]® 2(t|t|+sign(t))

Dy(t) = (_(t2+2)\/ﬁ’ (242)ViE+1° (2+2)VI2+1 ) )

_ t 1 __t — _ sign(t) — __tt
Dl(t)_( t2+17_\/m70)7 dl—m» d2—_ma d3—2(t2+1)~

To compare the two frames namely the Frenet frame and the Frenet like frame, let us denote

a1 and By as the TN -Smarandache curve and T Do -Smarandache curve, and define these as

T(t) + Da(t)

al(t) = T = 61(t) = \/i

The graph of these curves are given in Figure 1.

(a) a1 alone (b) B1 alone (c) a1 and Bi together

Figure 1: TN— vs TDy— Smarandache curves for ¢ € (—1,1)

Next let us denote this time as and (2 as the TB and T D;-Smarandache curves, respec-

tively, and define these as

() + Di(t).

a(t)=—"—=——,  fa(t)= 7

The corresponding pictures for these curves are provided in Figure 2.
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(a) ag alone (b) B2 alone (c) a2 and B2 together

Figure 2: TB— vs T'D;— Smarandache curves for t € (—1,1)

If we define a3 and B3 as the NB— and D;D;— Smarandache curves, respectively, then

we have

where these curves are presented in Figure 3.

-0.66
-0.67

Px 068
2 069
04y o

-047
-0.6

02 04
0.3-0.6

(a) as alone (b) Bs alone (c) az and B3 together

Figure 3: NB— vs DyD;— Smarandache curves for ¢ € (—1,1)

Finally, if we take oy and g4 asthe TN B— and T'Ds Dy — Smarandache curves, respectively,

then we write

ay(t) = T(t) + N\/(;)) + B(t)’ Ba(t) = T(t) + Do(t) + Dl(t)-

&

The Figure 4 shows these curves.
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-04

(a) ay alone (b) B4 alone (c) as and B4 together

Figure 4: TNB— vs TDyD;— Smarandache curves for ¢t € (—1,1)
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