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1. Introduction

The classical beta function B(a, b) is defined by [1-4]
1
B(a, b) :f 1 -nbtde, R(a),R(b) >0 (1.1
0
Moreover, the incomplete beta function B;(a, b) is defined by [1, 2]
T
B:(a,b) :f “l1-0Ptdt, R(a),Rb)>0,and0<7<1 (1.2)
0

In 1997, Chaudhry and Zubair [5] defined and investigated extension of beta function

4
t(t-1)

1
Bp(a,b)zf t“_l(l—t)b_lexp( )dt, R(p) > 0R(a),R(b) >0 (1.3)
0

Here, if p = 0, this equation reduces to the classical beta function provided in Equation (1.1). Furthermore,

the extension of incomplete beta function B;(a, b) is given by [5]

b
t(t-1)

Bp(a,b;‘r):f r“‘l(l—t)b‘lexp( )dt, R(p) >0, R(a),R(b)>0and 0<7<1 (1.4)
0
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It is easily yielded that setting 7 = 1 in Equation (1.4), which provides us the special case of extension of beta
function (1.3), and taking p = 0 and 7 = 1 in Equation (1.4) reduces to Equation (1.1). It will be observed
that this expansion is fruitful because it expresses most of the properties of the beta function naturally and
simply. They also expressed various integral representations, Mellin transform, a large number of properties

and cases from the point of special functions.

Afterwards, Ozergin et al. [6] introduced and considered the generalisation of beta function as given:

1
B;aa'ﬁ}(a,bhf AR )bllFl(aﬁ )dt R(p) >0, R(@),R(B) >0, R(a),R(D)>0 (1.5
0

-1

In 2011, Parmar and Chopra [7] obtainded the generalisation of incomplete beta function given as follows:

By (a,b) = fT a1 - pb- llFl(a B; pl))dt, R(p) >0, R(a),R(P) >0, R(a),R(b)>0and0<T<1 (1.6)
0

It is observed that putting @ = fand p = 0 in Equation (1.5), which gives us Equation (1.1). Besides, setting

7 =1in Equation (1.6) reduces to Equation (1.5).

Proceeding from the generalisations of the beta function expressed above, various generalisations of Equa-

tion (1.1) have been introduced and investigated by many authors (see [8-23]).
Throughout this paper, let C, Z;, and N be the sets of complex numbers, non-positive integers, and positive
integers, respectively, and assume that R(p),R(q), R(x),R(y) > 0,R(v) > 0,R(x) > 0. Recently, Sahin et al.

[24] proposed a generalisation of the extended beta function as follows:

1
Klt) a-1.1 _ pnb-1 P q
(a,b) = fo t“t(1-1 exp( T t)l‘)dt (1.7)

First, by selecting a known generalisation of Equation (1.7), systematically, we goal to determine further
properties and representations for this beta function such as integral representations, Mellin transform.
Next, we introduce a new generalisation of the extended incomplete beta function using Equation (1.7).
Moreover, we obtain its integral representations and examine its various properties. Finally, we provide the

beta distribution for a new generalisation of the extended beta function provided in Equation (1.7).
2.Integral Representaions of Equation (1.7)

This section presents various integral representations of Equation (1.7), professed in the following theorem.

,/u)

Theorem 2.1. The following integral representation for the function B( (a,b) given by Equation (1.7)

holds true:

f f P g Byt (@, b)dpdq =T(OTm)B(a+x(,b+pun), R(a+xO),Rb+um)>0  (2.1)

Proof.
Multiplying each side of Equation (1.7) by p*~!¢"~! and integrating with respect to 0 < p, g < co, we get

o0 o0 o0 o0 1
-1 =100 (4 1 dnd :f f -1 -1 f fa-1¢) _ pb-1 ( P q )dt dvd 29
fo fo pq pq (@, b)dpdq A pq { A ( )7 exp P } pdq 2.2)

Because of the uniform convergence, we can be changed the order of integration in Equation (2.2). Thus,
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we obtain
% 1 g1 plow Vo p-1f [ -1 p < -1

f [ P’ g Byy (a,b)dpdqu t“ 71— {f p exp(——K)dpf q' Texp|—
o Jo 0 0 t 0

Further, the above integrals can be reduced in terms of the gamma function to give Theorem 2.1.

i t)”)dq}dt 2.3)

S [ p g By (@, bydpdg =TT @) fy 411 - pPn-1dy
=TT M) B(a+«x{, b+ un)

(2.4)

Remark 2.2. Taking { =1 and n=1in (2.1), we have
o )
f [ B, 4 (a,b)dpdq = B(a+x,b+p) (2.5)
o Jo

Moreover, taking x = 1 and = 1 in Equation (2.5), which gives us the special case of integral representation
for extended beta function [9].

Theorem 2.3. The following integral representations for the function B( “ )

hold true, for R(a), R(b) >0,

(a, b) given by Equation (1.7)

(K 'u o0 ua_l p(l + u)K
B (a b) fo mexp (—T—q(l+u)” du (26)
(K/t) 1-a-b a-1 b-1 p2* q2t )
B , 2 1 - 2.
(a,b) = f I+w* " (Q-u exp( 1+ O—wF u 2.7)
BY ”)(a b) = fE cos®“19sin®’ 1 exp (- psec?™ 6 — gcsc® 0)do (2.8)
0
(Ku) 1-a—b a-1 b-1 piy—-x* qly-x*
B, s (a,b)=(y—x) [ (u—x)"""(y—-u exp( TR o=k du 2.9
(K ”) (a,b) = f tanh?*~! 0 sech?’0 exp (—p coth® 6 — g cosh®* §) dO (2.10)
0

Proof.

o p=1 = cos?6, and ¢ = 4= in Equation (1.7) and sinh?6

in Equation (2.1). Therefore, we can be obtained Equations (2.6), (2.7), (2.8), (2.9), and (2.10), respectively.

Putting to use the transformations ¢ =

Corollary 2.4. If setting x = p in Equations (2.6), (2.7), and (2.9), the following integral representations are

obtained, respectively.

B (a,b) = foooﬁexp((l+u)’<[—q—%])du @.11)

By (a,b) =217 bf A+w*ta-wh- 1exp( [—p(l—u)K—q(1+u)K])du (2.12)

(y—x)
U2+ (x+y)u—xy

B(KK)(a,b) (y-xnt 9 bf wu-0*""y-wb" 1exp( [—p(y—u)’(—q(u—x)"])du (2.13)

Remark 2.5. Applying k¥ = 1 in Equations (2.11), (2.12), and (2.13), we obtain a special case of integral repre-

sentation for extended beta function [9].
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3. Certain Formulas for Equation (1.7)

This part obtains a functional relation and some summation formulas for Equation (1.7).

Theorem 3.1. The following functional relation for the function B;’Z (a, b) given by Equation (1.7) holds true:

Byt (a,b) = By (a+1,b)+ Byt (a,b+1) (3.1)

Proof.
The right hand side of (3.1) occurs

p q

1
(K,ﬂ) (K,;t) _pab-1_ sa-1,7_ b _r_
B (a+1, b)+B (a,b+1) = fo 1) +t* " (1-1) ]exp( p (1_””)611? (3.2)

which after a simple arrangement, becomes to the left hand side of (3.1).

Theorem 3.2. The following summation formula for the function B;:’;(u, b) given by Equation (1.7) holds

true: b
By (a,1-b) = 3 )mB(K“)(a+m 1) 3.3)
m=0 m!
Proof.
Using the following binomial series
a-pt=y Onl” (3.4)
- m=0 m! .
in Equation (1.7), we have
a+m-1
B (a,1-b) = Z Bt eXp(_E_ q )dt 3.5)
0 m=0 o 1-pH

Then, shifting integration and summation in Equation (3.5) and taking advantage of Equation (1.7) gives
the required result.
Theorem 3.3. The following summation formula for the function B;’Z(a, b) given by Equation (1.7) holds

true:
B (a,b) = 5 B (a+m,b+1) 3.6)

m=0

Proof.

Setting the following binomial series

o0

a-ot=a-n"Y " (3.7)
m=0
in Equation (1.7), we have

Then, changing integration and summation in Equation (3.8) and taking into consideration of Equation

(1.7) obtains the required result.
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Definition 3.4. The extended Gamma function is defined by

v  x- 14
r;)(x):fo t*lexp(-t—=)dt (3.9)

tV

Theorem 3.5. The following product formula for the function B;:Z (a, b) given by Equation (1.7) holds true:

rgf)(a)r;“’(b):zf @ L exp(-r)B%Y , (a,b)dr (3.10)
0

72K 2#

Proof.

Putting ¢ = ¢? and t = n? in Equation (3.9), we obtain

Pg‘)(x):zf Cza_lexp(—fz—%)df (3.11)
0
and
W o [ 2b-1 24
Fq (b)—ZfO n exp( 772”)(117 (3.12)
Therefore,
r®@r¥ (b) =4 fo fo PP exp(~¢2 —n?) exp( Cq—n—)dfdﬂ (3.13)

Replacing { = r cos8 and i = r sinf in Equation (3.13), we get

®) W o [ 20atb)-1 2 ®  2a-1p2b-1 p q
I (@l (b) —Zfo rel@*=lexp(—r )[2[0 cos**~" fsin Hexp(— i rzﬂsinzﬂ(?)del dr  (3.14)

Taking advantage of Equation (2.8) in Equation (3.14) obtains the required result.

Theorem 3.6. The following summation formula for the function B;’Z(a, b) given by Equation (1.7) holds

true:

m=0

B“;N—a—c—n)=§:(m)ﬁk“w+nu {—m) (3.15)

Proof.

Applying a = { and b = —{ — n in Equation (3.1), we have
BYH (¢, ~¢-m) =BY C+ 1, —m)+ Byt ((,~{—n+1) (3.16)

Begin with n = 1, we can write this formula recursively to have

By, ~¢-1 = BYFC+1,-0-D+Byt ¢, ~0)
Byi(¢,-(-2) = Byl +2,-¢-2)+2B5°C+1,-(- D) +By (¢, -0
By, ~¢-3) = By C+3,-0-3)+3B0t ((+2,~(-2)+3By (+1,-{ - 1)+ Byt ((, )

and so on. Then, it can be seen from the above equation that the coefficients of the expression come from

the finite binomial expansion. Thus, we can get the required result.
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4. Mellin Transform of Equation (1.7)
This section provides the Mellin transform and recurrence relation for Equation (1.7).

Theorem 4.1. The following Mellin transform for the function B;:Z (a, b) given by Equation (1.7) holds true:

By (a,b) = p~tqd¢dn 4.1)

Vlﬂoof””‘” LTI (a+x)T(b+ pun)
(Zm) vi—ico Jvy—ico I'(a+b+«x{+un)

Proof.
Using the Mellin transform in [1-3] for Equation (1.7), we have
LTI (a+x)T(b+ un)

(x, 1)
M{B, " (a,b);p—{,q —n} = @t bl + ) (4.2)

Then, taking the inverse Mellin transform in [1-3] for Equation (4.2), we can obtain the required result.

Theorem 4.2. The following recurrence relation for the function B;’Z(a, b) given by Equation (1.7) holds
true:
aBy i (a,b+1) - bBy I (a+1,b) = uqBys’ (a+1,b-1) ~xpBpt’ (@—1,b+1) (4.3)

Proof.

The Mellin transform of Equation (1.7) is

By (a,b) = M{f" (¢, b); a}

and
0, t>1
H1-1 =
1, r<1
Differentiating with respect to t, we have
(i, 1) 51— (1 — b1 _(p_ _ (1 pb-2 g _pb-l[_XP _ K4 _p__q
{f (tb) [5(1 na-o (b-DHA-1-0"""+H1-01-1) o] (1—0’”1) EXP( K (l_t)p)

where %H(l —t) = —6(1—t) and 6 symbolizes the Dirac delta function such that (1 - ) =6(¢ - 1), for £ #0

[1-3]. Taking advantage of the relationship between the Mellin transform of a function and its derivative:
M{f(1);a} = F(a) = MIf (0] =—(a—1)F(a-1)
Then, making a simple arrangment, we have that
(a-1Byt(@—1,b)~ (b- DBy (a,b-1) = pgBii" (a,b—2) ~kpBos’ (a—2,b) (4.4)

Setting a and b by a+ 1 and b + 1 in Equation (4.4), respectively, yields the required result.
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5. Generalisation of Extended Incomplete Beta Function

This section defines the generalisation of the extended incomplete beta function using Equation (1.7) as

follows:

T
B(K u)(x V1) = fo - t)y_lexp(—t—’?(— a _qt)u)dt' —oco< X, y<o0,and0<7<1 (5.1)

Here, the special cases of Equation (5.1) are Bgfo'm (x,y;7) = B:(x,y), B(1 D (x,y;7) = B¢ (x,y;p), B(m ) (x,y;7) =
B:(x,y; p:m), and B(1 U(x, ¥;T) = B:(x,y; p, q) where B;(x, y) is the incomplete beta function provided in
Equation (1.2). B;(x,y; p) is extended incomplete beta function given in Equation (1.4), B;(x, y; p : m) and

B:(x,y; p, q) are generalised incomplete beta functions defined in [8, 9], respectively.
6. Integral Representations of Equation (5.1)

This section presents various integral representations for the generalisation of the extended incomplete

beta function provided in Equation (5.1), professed in the following theorem.

Theorem 6.1. The following integral representation for the function B;:;]” (a, b; 1) given by Equation (5.1)
holds true:

f f plg"” 1B“’”(a b;1)dpdq =TT M) B (a+x{,b+un), Ra+x),R(b+un) >0 (6.1)

where B;(a, b) is the incomplete beta function provided in Equation (1.2).
Proof.
The proof of Equation (6.1) is similar to that of Equation (2.1).

Theorem 6.2. The following integral representations for the function B;’Z(a, b; 1) given by Equation (5.1)
hold true:

o a—1 K
B(K“)(abr) [ “ —p( )

_ q(1+u)“)du, 0<o=——<oo (6.2)
0 (1+u)a+b 1

g
B(K M a biT) = f cos?*~19sin®’ g exp (- psec? 0 — gcsc 6)do, 0<o =arcsin(v7) < g (6.3)
0

T

g
B(K M (a,b;7) = f tanh?*"! 9 sech?’0 exp (—pcoth® @ — gcosh® 0) dd, 0<o =sinh™! ( ) <oo (6.4)
0

1-1

Proof.
Putting to use the transformations ¢ = -5 and ¢ = cos?6 in Equation (5.1) and ¢ = sinh?# in Equation

(6.2), we can be obtained Equations (6.2), (6.3), and (6.4), respectively.
7. Certain Formulas for Equation (5.1)

This part obtains functional relation and summation formulas for the generalisation of the extended in-

complete function (5.1). Besides, we present the relationship between Equation (1.7) and Equation (5.1).

Theorem 7.1. The following functional relation for the function B;:Z(a, b; 1) given by Equation (5.1) holds
true:
By (a,b;1) = Byt (a+1,b;7) + Byt (a, b+ 1;7) (7.1)
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Proof.

The proof of Equation (7.1) is similar to that of Equation (3.1).

Theorem 7.2. The following summation formula for the function B;’Z (a, b; T) given by Equation (5.1) holds
true: b
By (a,1-b;1) = Z ( )""B(K“)( +m, 1;7) (7.2)

m=0

Proof.

The proof of Equation (7.2) is similar to that of Equation (3.3).

Theorem 7.3. The following summation formula for the function B',;j’(; (a, b; T) given by Equation (5.1) holds
true:
B (a,b;7) = ZBK“)(ch b+1;7) (7.3)

Proof.

The proof of Equation (7.3) is similar to that of Equation (3.6).

Theorem 7.4. The following identity for the function B;’Z (a, b; T) given by Equation (5.1) holds true:

BYH (b, a;1) = By (a,b) - Byt (a,b;1 - 1) (7.4)
Proof.

The right hand side of Equation (7.4) gives

P q
xK (1-x)¢

(x,10) (x, 1) !
BK’“(,b) B"“(abl 7) = f

k11— x)a ! exp (—
1-1

)dx (7.5)

Setting x = 1 — ¢ in Equation (7.4), we obtain

T bl a1 . q9 P
fot 1-0 exp( o (l—t)#)dt (7.6)

which gives the left hand side of (7.4).

Theorem 7.5. The following summation formula for the function B;’g (a, b; T) given by Equation (5.1) holds

true:

Byt (~(,~{ - m;7) = Z(m)B(“”(mm ~( = m;7) (7.7)

m=0

Proof.

The proof of Equation (7.7) is similar to that of Equation (3.15).
8. Beta Distribution of Equation (1.7)

This section anticipated that B(K’“ (r,n) would have several applications in generalising Equation (1.7). One
of these that comes to mind is apphcatlons in statistics. For example, the conventional beta distribution
can be expanded, by considering B (x, 1), to variables r and y with an infinite range. Such an extension

seems desirable for the project con81derat10n and review technique used in certain special cases.
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We define the beta distribution of Equation (1.7) by

Al - )Y 1exp( 2 ﬁ) 0<t<l1

o= BW“(”) ©8.1)

0, otherwise

A random variable X with probability density function (pdf) given by Equation (8.1) will be said to have the
generalisation of the extended beta distribution with parameters ¢ and 1y such that —co <,y < co. If § is any

real number
(K W

®+6,1)
EX0%) = _7HW_%_ (8.2)
Ly
In particular, 6 =1
By x+1,1)
v=EX)= T (8.3)
@)
shows the mean of the distribution, and
s s ,  Bpdlw+2,mBy @y - (Bl @+ 1)1
0°=EX%) - (EX))" = (Ku (8.4)
(Bp,q &,m]?
is the variance of the distribution. The moment generating function of the distribution is
M) = f ﬁE(ae’") -1 5 Y B+ m, n)—m (8.5)
m=0 M B(K’“)(zc ) m=0
The cumulative distribution of Equation (8.1) can be written as
B @, m7)
g ©Y)

where B( “ ) (r,9;7) is the generalisation of the extended incomplete beta function provided in Equation
(5.1). Probably, this distribution should be useful in expanding the statical results for quite simply positive

variables to deal with variables that can take arbitrarily large negative values as well.
9. Conclusion

Recently, Sahin et al. [24] have defined and investigated certain properties of Equation (1.7). This paper ob-
tains several new formulas for generalising the beta function provided in Equation (1.7), for example, sev-
eral integral representations, functional relations, summation formulas, Mellin transform and recurrence
relation. Furthermore, we defined and studied a generalisation of the extended incomplete beta function
provided in Equation (5.1) with the help of Equation (1.7). Then, we present some essential properties,
for instance, integral representations, functional relations, summation formulas and recurrence relations.

Finally, the conventional beta distribution can be extended using Equation (1.7).

This paper produces results with a general character and encourages further interesting studies involving
integral representations. Moreover, opening up creative horizons in applied mathematics, this paper in-

spires the researchers to define and study various new fractional derivatives and integral operators.
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