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ABSTRACT

Let (M, g) be a Riemannian manifold and (7'M, §) be its tangent bundle with the g—natural metric.
In this paper, a family of metallic Riemannian structures J is constructed on 7'M, found conditions
under which these structures are integrable. It is proved that (T')/, g, J) is decomposable if and only
if (M, g) is flat.
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1. Introduction

Let (M, g) be a Riemannian manifold and T'M be its tangent bundle. In [4], Abbassi and Sarih defined
g—natural metrics on 7'M as metrics which arise from g through first order natural operators defined between
the natural bundle of Riemannian metrics on M and the natural bundle of (0, 2)—tensor fields on T'M. Some
well-known examples of g—natural metrics are the Sasaki metric ([8],[20]), Sasaki type metrics ([9]), the
Cheeger-Gromoll metric ([19], [21]), Cheeger-Gromoll type metrics ([7],[10]) and the Kaluza-Klein metric ([6]).
Abbassi et al. have been studied geometric properties of tangent bundles with respect to g—natural metrics (see
[11,[2],[3], for instance).

On the other hand, consider the general quadratic equation 2? — az — b =0, where a and b are positive
integers. The set of positive solutions of this equation o, = “Y2+ are referred to as the Metallic Means
Family. These numbers were introduced by Spinadel in [22] and can be seen as generalizations of the
golden number ¢ = # = 1.618... Inspiring these numbers, Hretcanu and Crasmareanu introduced metallic
structures on Riemannian manifolds in [12]. Investigating metallic structures and their subclasses (such as
golden, silver, bronze etc. structures) on Riemannian manifolds is an actual subject in differential geometry
(see for example [5],[11],[13, 17]).

In this paper, we introduce a family of metallic structures J on tangent bundles 7'M with g—natural metrics
g- We study integrability of these structures and prove that locally flatness of the base manifold M is necessary
and sufficient for the locally decomposability of the tangent bundle (7'M, g, J).

2. Preliminaries

2.1. Tangent bundle

Let M be an n—dimensional Riemannian manifold and V be the Levi-Civita connection of g. The tangent
bundle T'M of the manifold M is a 2n—dimensional smooth manifold and it is defined by disjoint tangent
spaces at distinct points on M. If {U, 2} is a local coordinate system in M, then {7 ~!(U), 2",y };—1,.. » is a local
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coordinate system in 7'M, where r is the natural projection defined by = : TM — M. We have a direct sum
decomposition
TTM =VITM®HTM

for the tangent bundle T M, where VI'M = Kerm, is the vertical subspace and HT M is the horizontal subspace
defined by V. Given a vector field X on M, the horizontal lift X" € HTM of X is defined by 7, X" = X and
the vertical lift XV € VI'M of X is defined by X"(df) = X f, for every smooth functions f on M. Notice that
1-forms df on M are supposed to be functions on 7M. Furthermore, the vector field y" = y'(52:)" yields the
geodesic spray on TM. Any tangent vector Z € TM can be expressed as Z = X" + Y, where X and Y are
uniquely written vector fields on M.

From [4], it is known that the g—natural metric § on the tangent bundle TM of the Riemannian manifold
(M, g) is completely determined as follows:

(XM Y = (a1 + ag)(w?)g(X Y) (B1+ B3)(w?)g(X, y)g(Y,y),
(XM yY) = ﬁ(X” Y =a2( 2)9(X,Y) + Ba(w?)g(X,y)g(Y, ), (2.1)
(XV, V") = ar(w?)g(X,Y) + Bi(w?)g(X,y)9(Y,y),

Q@ @

where w? = g(y,y), a;,B8;: Rt — R, i=1,2,3 are six smooth functions and y, X,Y are vector fields on

M. Remark that the g—natural metric § is Riemannian if and only if
ay(t) >0, 1(t) >0, a(t) >0, p(t) >0,
for all t € RT, where
i(t) = ai(t) +tBi(t), a(t) = ar(t)(aa(t) + as(t)) — a3(t), ¢(t) = @1(t)(pr(t) + wa(t)) — P3(1).

Lemma 2.1. [8] Let (M, g) be a Riemannian manifold on TM be its tangent bundle. The Lie bracket of vertical and
horizontal vector fields on T M is given by

[thyh} = [XvY]h — (R(X,Y)u)",
X" Y] = (VxY),
[Xa Y} = 0,

where X, Y are vector fields on M, V is the Levi-Civita connection of g and R is the Riemannian curvature of V.

2.2. Metallic Riemannian structures on tangent bundles

Definition 2.1. [12] Let (M, g) be an n—dimensional Riemannian manifold. A metallic structure on M is a
(1,1)—tensor field J which satisfy the following relations

J? =aJ +bl, (2.2)

9(IX,JY) = ag(JX,Y) + bg(X,Y), 23)
where a, b are positive integers and X, Y are vector fields on M.

The Riemannian metric satisfying (2.3) is referred to as J—compatible and the triple (M,g,J) is said
to be a metallic Riemannian manifold. When the Nijenhuis tensor N; of J is zero, it is said that the
metallic Riemannian structure is integrable. A metallic Riemannian manifold (M, g, J) with an integrable
metallic structure J is called locally decomposable metallic Riemannian manifold. The following proposition
characterizes the locally decomposibility of metallic Riemannian manifolds.

Proposition 2.1. [11] Let (M, g, J) be a metallic Riemannian manifold. Then (M, g, J) is locally decomposable if and
only if ® ;9 = 0, where @ is the Tachibana operator defined by

,9(X,Y,2) = (JX)(9(Y.Z)) = X(9(JY,2)) + g((Ly J) X, Z) + g(Y, (LzJ)X).

Here, (LxJ)Y = [X,JY] - J[X,Y].
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3. Metallic Riemannian structures on tangent bundles with g-natural metrics

In this section we construct a metallic structure on the tangent bundle 7'M which is equipped with g—natural
metrics as J—compatible metrics.

Theorem 3.1. Let (M, g) be a Riemannian manifold and T M be its tangent bundle with a g—natural metric g described
by (2.1). The tensor field J defined by

J(XM) = pXh4gx", (3.1)
J(XY) = rX" 45XV,
is a metallic Riemannian structure if and only if
2
q:_%p—b’ s=a—p, a?(w2)252(w2):07 (32)
ag(w?) = ~ SN b) | g(y2) — ARG ert), |

where a, b are positive integers, p, q,r, s are non-zero constants and X is a vector field on M.

Proof. The metric § described by (2.1) is J-compatible with the tensor J in (3.1) if and only if (2.2) and (2.3) are
valid. Putting (3.1) and (2.1) into (2.2) and (2.3) gives us

p?+qr—ap—b=0,qlp+s—a)=0,r(p+s—a)=0, gr+s>—as—b=0,

(a1 + az)(w?)p® + (2qa2(w?) — aa1 (w?) — aaz(w?))p + ¢*ar (w?) — bas (w?) — bag(w?) =0,

(81 + B3) (w?)p* + (2¢B2(w?) — af1(w?) — aBs(w?))p + ¢ 1 (w?) — bB1 (w?) — bB3(w?) =0,

pr(ar + az)(w?) + (p(s — a) + gr — b)ag(w?) + q(s — a)ag (w?) = 0,

pr(Br + B3)(w?) + (p(s — a) + qr — b) fo(w?) + q(s — a)f1(w?) =0, (3.3)
r(gaz(w?) + (p — a)(a1 + az)(w?)) + (ps — as — b)az(w?) + gsa (w?) = 0,

r(gfa(w?) + (p — a)(B1 + B3)(w?)) + (ps — as — b) Ba(w?) + gsP1(w?) =0,

(r? 4+ 52 — as — b)ay (w?) + r?agz(w?) + (2sas(w?) — acz(w?))r = 0,

(r? + 5% — as — b) B (w?) + r2B3(w?) + (25B2(w?) — aBa(w?))r = 0.

Direct computations prove that system of equations (3.3) is satisfied if and only if (3.2) is valid. Thus, we prove
the theorem. 0

Particular cases of the g—natural metric in (2.1) give some well-known examples of Riemannian metrics on
T M. More precisely, we obtain
(1) Sasaki metric g%, if

a1(t) = 1, aa(t) = as(t) = Bi(t) = Ba(t) = Bs(t) =0, (3.4)
(2) Cheeger-Gromoll metric g%, if
t
az(t) = B2(t) = 0, a1 (t) = Bi(t) = —B5(t) = T as(t) = T
(3) Cheeger-Gromoll type metrics g™, if
1 l

as(t) = Ba(t) =0, as(t) =

az(t) =1 —aq(t), Bi(t) = —Bs(t) =

(1 +e)m (1+t)m’

(4) Kaluza-Klein metric g**, if
ax(t) = Ba(t) = (B + B3)(t) = 0.
Now, we can express the following theorems and examples for these metrics.
Theorem 3.2. Let (T'M, g°) be the tangent bundle of a Riemannian manifold (M, g) with the Sasaki metric g*. The tensor
field J given by
JX") = kX" 4+ V—k%+ak+bX", (3.5)
J(XY) = V—k2+ak+bX" + (a— k)X,

for an arbitrary non-zero constant k satisfying —k? + ak + b > 0 and an arbitrary vector field X on M is a metallic
Riemannian structure on TM and (T M, J, g°) is a metallic Riemannian manifold.
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Proof. From Theorem 3.1 and (3.4), we occur that (3.3) is true if and only if

p=k,q=r=+v—-k>+ak+0b, s=a—k,
where £ is a non-zero constant satisfying —k? + ak + b > 0. Thus, the theorem is proved. O

Example 3.1. Let (R?, ¢°) be the Euclidean 2-manifold and (u',u?) be a local coordinate neighbourhood on
R?. In this case, the vectors {2, 525} yield a local frame field on 2. The components of the metric ¢ are

[ ifi=),
9”‘5”‘{ 0, if i 5, irj=1,2.

Denote the tangent bundle of R? by T'R? and choose a local frame field on TR? as {u',u? v',v?}, where
u' =u'om, i =1,2. The Sasaki metric g° on T R? is defined by

gs(aqiaac? ) g (aﬁiaagi)a
8(3)) )
Do- g

)
“(5ar 7ar )

fori,j = 1,2 (see [18]). From (3.5), we occur

Oy _ gl e rar

I ou’ ) ou o' (3.6)
I e e RS

for an arbitrary non-zero constant k satisfying —k* + ak + b > 0. To prove the triple (TR?, J, g*) is a metallic
Riemannian manifold, we should show that the relations (2.2) and (2.3) are fulfilled. Taking ¢,j = 1,2 and
using (3.6) we get

0 0 0 0

_ 2 —
) Ik + VR -k ba) = kI (5

0 0
_ .2
ou’ Wt ak bavi )

o B)
_ L2 _ 2 _ _ _
vV —k2 + ak + b(v/—k +ak+boss 4 (a— k)5 5)

0 3]
. _2 P — .7
(ak+b)aw+a k +ak+bavz, (3.7)

)+ VR +ak+ I

T o’ )

k(k

and

aJ( 6_.)4—()[( 8_) = ak a_,+a\/—k2+ak+ 0 +ba

out ou’ ou’ 8 ¢ out

_ (ak+b)%+a\/—k2+ak+b 0

ou ovt’

Equations (3.7) and (3.8) imply that J?(52;) = aJ(z2;) + bI(52;). Similarly, taking 4, j = 1,2 and using (3.6) we
obtain

(3.8)

J2(6.) = J(V—-k24ak+b

ov?

0 \/27 — )+ (a—k)J(=—
+ (a k)?)— k —&-ak—i—bJ(iﬂi) (a—k)J(5=
= —k%2 +ak +blk— + k? +ak +b

out ovt )

Ha— k)R ¥ ak + b+ (a— )

out 81;2')

a\/—kQ—l—ak—&—bi_i—i-(a —ak +b) 6. (3.9)

ou ovt’

a [

and

o ) 0 7]
a‘](ai ,Ui) = a\/mﬁ-‘ra(a_k) +b ™

PTG vl 0w

— m/—k2+ak+b%+(a2—ak+b) 0 (3.10)

ou ov?
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Equations (3.9) and (3.10) imply that J?(52;) = aJ(52) + bI(z2:). So, the condition (2.2) is fulfilled. Now, we
examine the condition (2.3). We have

R O e S A I v el
g(‘](aal)"](aal)) = g((k;(91 k? 4+ ak + b al) FrTia k +ak+b8v1))
o 0 o 0
_ 2 s Y Y 1.2 s(_~ 7
- (8a1’8a1)+( k +ak+b)g (8'[)1’81)1)
o 0 o 0
_ 2. e Y Y 1.2 e(_~ 7\ _
- (8u1’8u1)+( k +ak+b)g (aul?aul) ak+b? (3‘11)
and
D Dy D O 0 e O )
CLg (J(aa1)7aa1)+bg (8a158a1) - k + k +ak+ 8 178 1 (8a158ﬂ1)
= ak:er (3.12)
From (3.11) and (3.12), we have
s 0 d .\ 0 0 ., 0 0
g (J(ﬁ),(](ﬁ))_ag (J(ﬁ),ﬁﬂ—bg (8 T 90 1) = ak +b. (3.13)
By similar way, we obtain
T R R B
g (J(W)’J(ﬁ)) =ag ('](aﬁg)7aa2)+bg (aﬂ25 aﬁz) =ak + b, (3.14)
s 0 J .\ 0 0 s 0 0
g (J(ﬁ)ﬂ](ﬁ))*aﬂg (J(a )5 90 +5) T bg (8121’8122)70’ (3.15)
s 0 a . 0 0 s 00
g (r](%)w}(@)) =ag (J(w)awﬂ'bg (801’801) =a(a—k)+b, (3.16)
a2 O\ art 72y 0y e 2 9
g (J(w)a‘](w» = ag (J(avz)a 8’[)2) +bg (81)2) 81)2) - a(a k) + b) (317)
R R R R R B R
g (J(@)J(@)) =ag (J(w),@)—i—bg (avla (%2) =0. (3.18)

Equations (3.13)- (3.18) show that the condition (2.3) is fulfilled. Therefore, (T R?, J, g°) is a metallic Riemannian
manifold.

Theorem 3.3. There does not exist any metallic Riemannian structure J of the form (3.1) on (T M, g*9).

Proof. Tt is clear that taking ao(t) = f2(t) = 0, ax(t) = Bu(t) = —Bs(t) = 135, as(t) = 1% in (3.3) does not yield
a solution. This completes the proof. O

Theorem 3.4. Let (TM,g™) be the tangent bundle of a Riemannian manifold (M, g) with a Cheeger-Gromoll type
metric g™. The tensor field .J given by

JXM) = (a—k)X" + kXY,
2 _ _
J(XV) _kizak b Zkl bxh 4 k1 X?,
2

for arbitrary non-zero constants ky, ko when ki — aky —b > 0 and an arbitrary vector field X on M is a metallic
Riemannian structure on TM and (TM, J,g™) is a metallic Riemannian manifold if and only if | =0 and m =

(it =)

(1 (g(y,y)2)  me

Proof. Taking as(t) = B2(t) =0, a1(t) = W, as(t) =1—aq(t), Bi(t) = —PB3(t) = (1+t in (3.3) yields one
solution as

k‘2
k2 —aky — b In(z—3—)
s=ki,q=ko,p=a—k,r=—>———"— " 1=0,m=m, = L
! ? ! ko " In(1+ (9(y,9))%)
for arbitrary non-zero constants k1, ks when k% — ak; — b > 0. Thus the theorem is proved. O
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Theorem 3.5. Let (T M, g**) be the tangent bundle of a Riemannian manifold (M, g) with the Kaluza-Klein metric g**.
The tensor field J given by

JXM) = B X"+ kX, (3.19)
K} —aky —b

J(X'U) k:2

XM 4 (a— k)X,
for arbitrary non-zero constants ki, ko and an arbitrary vector field X on M is a metallic Riemannian structure on T M

and (T M, J, g™) is a metallic Riemannian manifold if and only if az(w?) = — al(wz)k(fi:f:fkl_b) and f1(w?) = 0.
1

Proof. The proof is similar to the proof of the previous theorem. O

Example 3.2. Let (R?, g°) be the Euclidean 2-manifold and T'R? be its tangent bundle as in Example 3.1. The
Kaluza-Klein metric g** associated with (R?, g.) is given by

gkk(aa-w %) = (Oq + O‘3)(1)ge(9(ZL ) %)’
gkk(agf‘ia 371> = 07
(5 o) = (g (g g ). 1,5 = 1,2,
where ay,a3 : RT — R smooth functions and a3(1) = —al(l)gﬁjfé__‘zkl_b). From (3.19), the tensor field J is
defined by
0 0 0
TGw) = Mga thgs
0 k2 —ak; —b 0 0
(G PG vl

for arbitrary non-zero constants k1, ko. We have

0 0 0 0] 0
2 —
J (8111’) N a‘](aai) bl(aai) (aky +0) o’ akz o’
0 0 0 k? —aky —b 0 0
2 _ _ M 1 2 s
J (8vi) N aJ(@v“> bI(@vi) N ks ou’ (a7 = aky b)avi’ =12

So, the condition (2.2) is fulfilled. We also have

0 0 0 0 g 0 —akyk3 — bk3
kk _ . kk kk _ 172 2
9 ) ) = a0 (), o) + 00" (s o) = G = (1),
0 0 0 0 o 0
kk _ o kk kk _
0 0 0 0 0
kk Y ) — kk i N kk( T\ .
I T ) = ag™ (5, 1) 5 ) + 0™ (51 5 7) = (ala = ) + Baa(1),
0 0 0 0 0 0
kk _ o kk kk _
IH TG T 5)) = a9 (T (5 1) 55) + 0™ (5 5 55) = 0.

Thus, the the condition (2.3) is fulfilled. This shows that the triple (TR2, J, g¥*) is a metallic Riemannian
manifold.

4. Integrable metallic Riemannian structures on tangent bundles with g-natural metrics

In this last section, we study the integrability of the metallic structure J on tangent bundles with g-natural
metrics. From Proposition 2.1, we know that a metallic structure J on the tangent bundle 7'M with a g—natural
metric g is integrable if and only if ®;5 = 0. In this case, (T'M, g, J) is called locally decomposable metallic
Riemannian manifold. We express the proposition below.
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Proposition 4.1. Let (T'M, g°) be the tangent bundle of a Riemannian manifold (M, g) with the Sasaki metric g°. The
metric g° is pure with respect to the metallic Riemannian structure J introduced in Theorem 3.2 as

J(XM) = EX" 4/ —k2 +ak+bX",
J(XY) = V-k2+ak+bX" + (a— k)X,
for an arbitrary non-zero constant k satisfying —k* + ak + b > 0 and an arbitrary vector field X on M.

Proof. The purity condition is given by gS(J)~(, 17) - gs()?, Jff) = 0, for all vector fields X", XV, Y, Y* on T M.
We have

gS(JXh7Yh)7gS(XhaJYh) = kg(va)fkg(va) :Ov
FIXM YY) —g5(X", JY?) = —k2 +ak +bg(X,Y) —/—k2 +ak +bg(X,Y) =0,
g (JX° YY) —g* (X", JY") = (a—k)g(X,Y)—(a—k)g(X,Y)=0.
So, the metric ¢° is pure with respect to the metallic Riemannian structure J. O

In the following theorem, we examine the conditions under which (T'M, ¢*,J) is locally decomposable
metallic Riemannian manifold.

Theorem 4.1. Let (T'M, g®) be the tangent bundle of a Riemannian manifold (M, g) with the Sasaki metric g°. Then
(TM, g°,J) is a locally decomposable metallic Riemannian manifold if and only if (M, g) is flat.

Proof. Having in mind Proposition 2.1 and Proposition 4.1 and using the relations
X"(g(Y, 2))" = (Xg(Y. Z))", X"(g(Y. Z))" =0,
for all vector fields on M, we have
®s9°(X,Y,2) = (JX)(¢°(V. 2)) = X(¢°(JY, 2)) + ¢° (L5 /)X, Z) + g*(Y, (L) X),
for all vector fields on T'M. It follows that

s h

®,9°(X Z") = V—=k*+ak +bg*(R(Y, X)u — R(u,Y)X)", Z"),
CIJJgS(X”,Yv,Zh) = V—k2+ak+bg*(R(u,Y)Z)", Z"),
®,0°(XV, Y, Z%) = /—k?+ak+bg®(R(X,Y)u)", Z"),

CDJgs(Xh ) = (ngS(thvazv)_q)J S(thvazh):Oa
(I)Jgs(Xv Yo Zv) _ (I)Jg‘s(XU,Yh,Zh) _ 0,

) )

where R is the Riemannian curvature of g. So, it is clear that (7'M, ¢°, J) is a locally decomposable metallic
Riemannian manifold if and only if (M, g) is flat. O

Proposition 4.2. Let (T M, g™) be the tangent bundle of a Riemannian manifold (M, g) with a Cheeger-Gromoll type
metric g™ with m = m,, and | = 0. The metric g™ is pure with respect to the metallic Riemannian structure J introduced
in Theorem 3.4 as

J(XM) = (a—k)X" + kXY,
2 _ _
Jxvy = fmekob Zkl "Xtk X,
2

for arbitrary non-zero constants k1, ko and an arbitrary vector field X on M.

Proof. Following the same way in the proof of Proposition 4.1, one can easily show the purity of the metric g™
with respect to the metallic Riemannian structure J. We omit here. O

Theorem 4.2. Let (T M, g™) be the tangent bundle of a Riemannian manifold (M, g) with the Cheeger-Gromoll type
metric g™. Then (T M, g™, J) is a locally decomposable metallic Riemannian manifold if and only if (M, g) is flat.
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Proof. For | = 0 and m = m,,, the Cheeger-Gromoll type metric g,,; is given by

gml(thyh) = g(Xa Y),
gml(Xh7yv) _ gml(X”7Yh) — 0’
g (XY YY) = g (w?)g(X,Y),

where w? = g(y,y) and X,Y are vector fields on M. Taking into account Proposition 2.1 and Proposition 4.2
and using the relations
XMg(Y,2))" = (Xg(Y, 2))", X"(g(Y, Z))" =0,

for all vector fields on M, we have
®9™ (XY, 2) = (IX)(g™(V,2)) = X (g™ (IY, Z)) + g™ (Lg X, Z) + g™ (Y, (L5 ) X),

for all vector fields on T'M. By direct computations, we have

O g™ (XYM Z"Y) = kg™ ((R(Y, X)u — R(u,Y)X)", Z"),
ml(yv v 7h ki —aki —b h 7h
@,g" (XY, 2" = E R (R, Y) 2)" 2",
k¥ —aky —b
Qug™ (XY 2T = T g M (R Y )), 2,
@ngl(Xh,Yh,Zv) — @ngl(Xh7y’U7z’U) — @ngl(Xh,Yv,Zh) — O,
(I)ngl(X’U’YU,Z’U) — (I)ng'l(XU,Yh,Zh) — 07

where R is the Riemannian curvature of g. Hence, it is obvious that (T'M, g™, J) is a locally decomposable
metallic Riemannian manifold if and only if (M, g) is flat. O

Theorem 4.3. Let (T M, g**) be the tangent bundle of a Riemannian manifold (M, g) with the Kaluza-Klein metric
g**. The metric g** is pure with respect to the metallic Riemannian structure J introduced in Theorem 3.5 as

JX") = X"+ kXY,
2 _ —
J(XY) _kl Zkl th,_’_ (a — k1) X",
2

for arbitrary non-zero constants ki1, ko and an arbitrary vector field X on M.

Proof. Direct calculations show that g**(JX,Y) — ¢**(X,JY) = 0for X = X" Y’ and Y = Y",Y*, where X, Y
are vector fields on M. So, the metric g** is pure with respect to the metallic Riemannian structure J defined
by (3.19). O

Following the same method in Theorem 4.1 or 4.2, one can easily prove the final theorem of the paper below.

Theorem 4.4. Let (TM, g**) be the tangent bundle of a Riemannian manifold (M, g) with the Kaluza-Klein metric
g**. Then (T M, g**, J) is a locally decomposable metallic Riemannian manifold if and only if (M, g) is flat.
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