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Abstract: In this study, by using the monotonicity properties of functions, several inequalities for convex
functions are obtained with the help of a weighted fractional integral operator which provides a function
f to be integrated in fractional order with respect to another function. It is also seen that the results

obtained were generalizations of the previous results presented.
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1. Introduction

Fractional calculus plays an important role in the field of inequality theory with its rich content
and new fractional operators have been added day by day, especially in recent years. Some of these
operators have certain algebraic properties such as semigroup property while some do not. Also,
some of them have a singularity problem at some points while some of them do not. Therefore, the
application areas of the operators can also differ. Convex analysis has become one of the important
application areas of fractional analysis [1-3].

In addition, severel mathematicians have studied certain inequalities for convex functions
using different type (for example; R-L fractional integral operator, tempered fractional integral
operators, generalized proportional integral operators, generalized proportional Hadamard integral
operators) of integral operators. These studies have helped to develop different aspects of operator
analysis [9-12].

At first, we recall the elementary notation in convex analysis:

Definition 1.1 A set F C R is said to be convex if

va+(1—p)berFr
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for each a,b e F and ¢ € [0,1].

Definition 1.2 The mapping fi1: F — R, is said to be convex if the following inequality holds:

filpa+ (1 —)b) < @fi(a)+(1—p)fi(b)
for all a,b € F and ¢ € [0,1]. We say that f1 is concave if (—f1) is convez.

The properties and definitions of the convex functions have recently ascribed a significant

role to its theory and practice in the field of fractional integral operators.

In [7], Ngo et al. established the following inequalities:

1 1
| o o= [ oo
0

0

and
1 1 1
/ 9 (p)dp > / pgs (p)dp.
0 0

where ¢ > 0 and the positive continuous function g; on [0, 1] such that

1

/: gl(p)de/ pdp, x € [0,1].

x

Then, in [8], Liu et al. established the following inequalities:

b b
/ 6 (p)dp > / (0 — @) (p)dp.

where ¢ > 0, ¢ > 0, and the positive continuous g; on [a,b] is such that

b 1
/ g5 (p)dp > /0 (p—a)°dp, &=min(1,9), p € 0,1].

The following two theorems are obtained by Liu in [1]:

Theorem 1.3 Let hy and hy be continuous and positive functions with hy < ks on [a,b] such

that hy is increasing and ™ (hy #0) is decreasing. If ¢ is a convex function, then the inequality
ho

holds, where ¢(0) =0.

67



Cetin Yildiz and Mustafa Giirbiiz / FCMS

Theorem 1.4 Let hy, ke and hs be continuous and positive functions with hy < ha on [a,b] such
that hy and hs are increasing and % (he # 0) is decreasing. If ¢ is a convex function, then the

inequality

holds, where ¢(0) =0.

Now some fractional integral operators used to obtain integral inequalities will be given.
First of them is Riemann-Liouville fractional integral operators (see [6]) which is widely used in

fractional calculus.
Definition 1.5 Let h € Li[a,b]. The Riemann-Liouville integrals J& h and J"h of order oo >0
with a > 0 are defined by

o () = FL / (@— )" LA, > a

a)

and

JE () = — /b (t —x)* " h(t)dt, = <b

where T'(a) = [e “u*"du, respectively. Here is JO,h(z) = J_h(z) = h(z). In the case of
0

a =1, the fractional integral reduces to the classical integral.

Definition 1.6 Let (a,b) C R and o(x) be an increasing positive and monotonic function on the
interval (a,b] with a continuous derivative o'(x) on the interval (a,b) with o(0) =0, 0 € [a,b].
Then, the left-side and right-side of the weighted fractional integrals of a function h with respect

to another function o(x) on [a,b] are defined by [3]

(3m) @) = S [ 0ot) - o) neuar )
wil xT b —1
(wSE7R) (z) = F(é()) / o' (1) [o(t) — o(2)] R(tw(t)dt, £>0

where w™(r) = —L<, w(z) #0 (w(z) > 0).

w(x)’

Remark 1.7 In Definition 1.0,
e To obtain Riemann-Liouville fractional integral operator, one can choose w (z) =1 and

o(x) =z in definition of the weighted fractional integral operators (1).
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e To obtain the following version of fractional integral operator which is defined in [4, 5],

one can choose w(x) =1 in (1):

(@SN @) = g [ o0t 0] hiey

b
(347h) (z) = / o' (1) [o(t) — o ()] ht)dt, £ 0.

2. Main Results

In this section, inequalities for convex functions by utilizing weighted fractional operators presented.

Theorem 2.1 Let hy and hy be two positive continuous functions on the interval [a,b] and
hy < hy on [a,b]. If % is decreasing and hy is increasing on [a,b], then for a convex function ¢

with ¢(0) = 0, the weighted fractional operator given by (1) satisfies the following inequality

(a+357M) () _ (a4 SE7¢ 0 M) ()
(a+S57h2) (2) ~ (a4 SE7P 0 ho) (2)

where © >a >0, £ €C, Re({)> 0.

Proof @ is increasing since ¢ is defined as convex function satisfying ¢(0) = 0. Besides the

function ¢%Fil((f))) is also increasing as h; is increasing. Obviously, the function Z;g; is decreasing.

Thus, for all [a,z], a < x < b, it can be written ¢ <t

(amm> whw»><mwx_m@)>a

R (t) R () ha(p)  ha(t)

It follows that

Multiplying (3) by ha(t)hiz2(p), we have

P(ha(2)) o(hi(¥)) o(hi(¥)) o(ha(t))
i (6) hy(p)ha(t) + Whl (t)h2(p) — Whl(@)fb(ﬂ T hi(t)ha(p) =2 0. (4)
Now, multiplying both sides of (4) by w;(le()x) o' (t) [o(z) — o(t)]" " w(t) and then integrating

69



Cetin Yildiz and Mustafa Giirbiiz / FCMS

with respect to the variable t from a to x, we have

wl(z) [* -1 1
r<z§>) / o' () o (@) — o (1) ‘ﬁg(g”mw)hxt)w(t)dt

e 1 9(hu(p))
()

-1 9(M(p))
hi ()

ha (t)ha(p)w(t)dt

ha(@)ha(t)w(t)dt

et (b(hl(i)))hl(t)hg(cp)w(t)dt > 0.

Then, it follows that

o @0 P(ha () o
i) (095 2 ) () + A (o) (198 m) 2)
- S () (987 1) (0) = () (o387 P ) (0) 2 0 )
Hx) -1

Again, multiplying both sides of (5) by 09 o'(¢) [o(x) —o(p)] " w(p) and then inte-

grating with respect to ¢ from a to x, we obtain

(387m) (@) (095 22 0 ) () + (w98 2500 ) @) (S (0) ()

> (a+%£ Tpo hl) (z) (a-&-\sl 0h2) (z) + (a-&-\sl 052) (z) (a+%£ 7¢o hl) (z).
It follows that

(a+35°M1) (2) _ (a+Su7¢ 0 M) (2)

(o S ha) (1) = (H%a%hg)( ) "
Now, since @ is an increasing function and hy < hy on [a,b], we get
P(ha (1)) < P(ha(1)) (8)
ha(t) ha(t)
for ¢ € [a, z].

Multiplying both sides of (8) by w;(lé()z) o' (t) [o(z) — o(t)] " he(t)w(t) and then integrating

with respect to the variable ¢ from a to x, we have

wfl(x) z ) . ¢(ﬁ1(t))
I'(¢) / o' (t) [o(z) — o (t)] ) Fio () w (t)dt

w (@)

< () /w O'/(t) [o(z) — J(t)]ffl @(ho(t)) ho (£)w(¢)dt,
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which yields
c@oh .
(29872200 () < (38700 1) (o). )

Hence from (7) and (9), we have (2). O

Remark 2.2 In Theorem 2.1, if we choose w(z) =1 and o(x) = x, then we obtain Theorem 3.1

in [9].

Remark 2.3 In Theorem 2.1, if we choose w(z) =1= ¥, o(z) =x and x = b, then we obtain

Theorem 1.5.

Theorem 2.4 Let hy and hy be two positive continuous functions and hy < hy on [a,b]. If % is

decreasing and hy is increasing on |a,b], then for a convex function ¢ with ¢(0) =0, the weighted

fractional operator given by (1) satisfies the following inequality

>1

(a6 h1) (2) (a1 3570 0 ) () + (a1 3576 0 ha) (2) (a1 S75,7 1) (2)
S0 he) () (a+SG P 0 M) () — 7

(a0 ¢ 0 1) (2) (a1 357 Di2) () + (ar

where x> a >0, £,p € C, Re(f) >0 and Re(p) > 0.

Proof @ is increasing since ¢ is defined as convex function satisfying ¢(0) = 0. Besides the

$(ha () hy (x)

function (o) 18 also increasing as h; is increasing. Obviously, the function Fo(z) 1S decreasing

for all [a,z], a < x < b. Multiplying both sides of (5) by wl:(lp()x)a’(cp) [o(z) — ()" w(p) and

then integrating the resulting identity from a to x, we obtain

(w3871 () (w387 S50 ) (@) 4 (098720 ) () (0987 ) (2) - (10)
> (07D ) (@) (s S e) () + (s Sha) (2) (170 M) (2).

Similar to the (9) inequality, multiplying both sides of (8) by

“’Ef,ff Lo/ (1) [o(x) — o (1)) Ba(t)w(t)

and then integrating with respect to the variable ¢ from a to z, we have
oh
(w927 2202 ) (1) < (98760 1a) (o). 1)

Hence, from (9), (11) and (10), we have the needful result. O
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Remark 2.5 If we choose { = p, then Theorem 2./ will lead to Theorem 2.1.

Remark 2.6 In Theorem 2.4, if we choose w(x) =1 and o(x) = x, then we obtain Theorem 8.3

in [9].

Remark 2.7 In Theorem 2.4, if we choose w(z) =1 = £ =p, o(x) =x and x = b, then we

obtain Theorem 1.3.

Theorem 2.8 Let hy, hy and hs be positive continuous functions and hy < hy on [a,b]. If %

is decreasing and Ry and hg are increasing on [a,b], then for a convex function ¢ with ¢(0) =0,

then the following inequality holds for the weighted fractional operator (1)

“’hl) (x) > (a+%ﬁa(¢ ° hl)h?’) ()
SL7 (¢ 0 hp)hs) (x)’

where © >a >0, £ €C, Re({)> 0.

Proof Since hy < hg on [a,b] and (bf) is increasing for ¢, ¢ € [a,z], a <z < b, we get

(12)

Multiplying both sides of (12) by w;(}g@ o' (t) [o(z) — o (t)]" hy(t)hs(t)w(t) and then inte-

grating with respect to the variable ¢ from a to x, we have

w” ()

()

°, e—1 ¢(ha(t))
[ o @lot) - o0~ DDy s yueya

w-'(z) [T _
< S [ oiow - o) S hwmu

which, in view of (1), can be written as

(w9872t ) (0) < (04947 (0 i) (). (13)

Also, since the function ¢ is convex and such that ¢(0) =0, @ is increasing. Since Ay is

o(ha (1))

(D) Clearly, the function Fa(t)

fa(r) is decreasing for ¢,¢ € [a,z], a <z <b.Thus

increasing, so is

o (1)) 6(hn (%))
< h1 (t) hS(t) - Wh;a(@) (hl (@)hg(t) — (t)hQ(Qp)) > 0.

It becomes

¢(Mn (1)) N3 (1)

o) R1 () (t) +
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P(h1 () hs(p)
ha ()

¢ (1))hs(t)

ha(t)ha() = 0. (14)

Multiplying both sides of (14) by w;(lz()z) o' (t) [o(z) — o(t)]" " w(t) and then integrating with
respect to the variable ¢ from a to x, we obtain
w™(z)

o /nL o' (t) [o(x) — a(t)]é—l Whl(@@(t)w(t)dt

w i x) [, 1 6 ()hs(p)
+ NG /aa(t) [o(z) — o (1)) 1#&@)@(@)@1&)&

w_@) 7 L1 6l (@)hae)
T / o' (t) [o(x) = o ()" T@):”ﬁ1(<ﬁ)hz(7§)w(t)dt

wl(z) [* 1 o(ha(t))hs(t)
0 /a o' (t) [o(x) — (1)) Tt)sm (t)ha(@)w(t)dt > 0.

This follows that

() (w807 22 s ) () + LD ) 90 0

P(hi(p))his()

_ Whl(@) (a+%fjﬁh2) (1') - h2(90) (a+%$‘7 (¢ o hl) hg) (;U) > 0. (15)

Again, multiplying both sides of (15) by w;(le()z) o' () [o(z) — o))" w(y) and then inte-

grating with respect to the variable ¢ from a to x, we have

(1387m) () (1987 S5t ) )+ (10987 2l ) (0) o 9) (0

> (49057 h2) (2) (o957 (@0 ) Fis) (2) + (a4 S0 h2) (2) (a4357 (D0 1) is) ().

w

Therefore, we can write

(a+%ff;(I hl) (x)
(a+ %7 N2) (2)

(a+ 357 (¢ 0 h)hs) (2)

> .
(ﬁgff ¢,§?1 hzhg) ()

(16)

Hence, from (13) and (16), we obtain the required result. O

Remark 2.9 In Theorem 2.8, if we choose w(x) =1 and o(x) = x, then we obtain Theorem 8.5

in [9].

Remark 2.10 In Theorem 2.8, if we choose w(x) =1 = £, o(x) =x and x = b, then we obtain

Theorem 1.4.
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Theorem 2.11 Let hy, he and hs be positive continuous functions and hy < ks on [a,b]. If h—l
) =

is decreasing and hy and hs are increasing on [a,b], then for a convexr function ¢ with ¢(0

then the following inequality holds for the weighted fractional operator (1)

Lo(poha)hs) (2) 4 (4S5 (d 0 ho)hz) () (ag- S5 1) (2)

34 (
(e 347 h2) (2) (0 27 (80 P )g) (@) + (s 957 h2) (@) (a S5 (6 0 hig) () =

where x >a >0, ¢,p € C, Re(f) >0 and Re(p) > 0.

Proof By the assumption of Theorem 2.11, multiplying both sides of (15) by

and then integrating with respect to the variable ¢ from a to x, we have

(w97 () (a9 22 ) (0) (14957 S5 ) () (0 987) (@) (17)

> (0 Su7h2) (2) (a4 357 (¢ 0 hn) hs) (@) + (a1 S5 h2) (2) (o307 (G0 Fr) his) ().

Since i1 < hp on [a,b] and @ is increasing for ¢, ¢ € [a,z], a < x < b, we get

(18)

Multiplying both sides of (18) by “— o’ (¢) [o(z) — o(t)]" " ha(t)hs(t)w(t) and then inte-

F(l)

grating with respect to the variable ¢ from a to x, we have

(w987 25 hats ) (0) < (1498 (00 1) ) (o), (19)

Similarly, multiplying both sides of (18) by wl:(lp()z) o' (t) [o(x) — o ()" ha(t)hs(t)w(t) and

then integrating with respect to the variable ¢ from a to z, we can write
LPoh .
(w327 S5t ) () < (298 (00 ) ) 0), (20
So, from (17), (19) and (20) we have

(o hhs) (@) -

7 (¢ 0 Ba)hs) () + (a4 S (¢ © ho)hs) () (ag- S5 1) (2)
‘ S ) () (ot GO
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Remark 2.12 If we choose ¢ = p, then Theorem 2.11 will lead to Theorem 2.8.

Remark 2.13 In Theorem 2.11, if we choose w(x) =1 and o(x) = x, then we obtain Theorem

3.7 n [9].

3. Conclusion

In this paper, first we gave different definitions of fractional integral operators and then we

introduced some inequalities using the monotonicity properties of functions for weighted fractional

operators. The obtained results are an extension of some known results in the literature. Especially,

we would like to emphasize that different types of integral inequalities can be obtained using this

operators.
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