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Abstract: In this study, by using the monotonicity properties of functions, several inequalities for convex

functions are obtained with the help of a weighted fractional integral operator which provides a function

f to be integrated in fractional order with respect to another function. It is also seen that the results

obtained were generalizations of the previous results presented.
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1. Introduction
Fractional calculus plays an important role in the field of inequality theory with its rich content

and new fractional operators have been added day by day, especially in recent years. Some of these

operators have certain algebraic properties such as semigroup property while some do not. Also,

some of them have a singularity problem at some points while some of them do not. Therefore, the

application areas of the operators can also differ. Convex analysis has become one of the important

application areas of fractional analysis [1–3].

In addition, severel mathematicians have studied certain inequalities for convex functions

using different type (for example; R-L fractional integral operator, tempered fractional integral

operators, generalized proportional integral operators, generalized proportional Hadamard integral

operators) of integral operators. These studies have helped to develop different aspects of operator

analysis [9–12].

At first, we recall the elementary notation in convex analysis:

Definition 1.1 A set 𝟋 ⊂ R is said to be convex if

φa+ (1− φ)b ∈ 𝟋
∗Correspondence: cetin@atauni.edu.tr
2020 AMS Mathematics Subject Classification: 26A15, 26A51, 26D10

This Research Article is licensed under a Creative Commons Attribution 4.0 International License.
Also, it has been published considering the Research and Publication Ethics.

66

https://orcid.org/0000-0002-8302-343X
https://orcid.org/0000-0002-7092-4298


Çetin Yıldız and Mustafa Gürbüz / FCMS

for each a, b ∈ 𝟋 and φ ∈ [0, 1].

Definition 1.2 The mapping f1 : 𝟋 → R, is said to be convex if the following inequality holds:

f1(φa+ (1− φ)b) ≤ φf1(a) + (1− φ)f1(b)

for all a, b ∈ 𝟋 and φ ∈ [0, 1]. We say that f1 is concave if (−f1) is convex.

The properties and definitions of the convex functions have recently ascribed a significant

role to its theory and practice in the field of fractional integral operators.

In [7], Ngo et al. established the following inequalities:

∫ 1

0

gζ+1
1 (ρ)dρ ≥

∫ 1

0

ρζgζ1(ρ)dρ

and ∫ 1

0

gζ+1
1 (ρ)dρ ≥

∫ 1

0

ρgζ1(ρ)dρ,

where ζ > 0 and the positive continuous function g1 on [0, 1] such that

∫ 1

x

g1(ρ)dρ ≥
∫ 1

x

ρdρ, x ∈ [0, 1].

Then, in [8], Liu et al. established the following inequalities:

∫ b

a

gζ+ϑ
1 (ρ)dρ ≥

∫ b

a

(ρ− a)ζgϑ1 (ρ)dρ,

where ζ > 0, ϑ > 0 , and the positive continuous g1 on [a, b] is such that

∫ b

a

gξ1(ρ)dρ ≥
∫ 1

0

(ρ− a)ξdρ, ξ = min(1, ϑ), ρ ∈ [0, 1].

The following two theorems are obtained by Liu in [1]:

Theorem 1.3 Let ℏ1 and ℏ2 be continuous and positive functions with ℏ1 ≤ ℏ2 on [a, b] such

that ℏ1 is increasing and ℏ1

ℏ2
(ℏ2 ̸= 0) is decreasing. If ϕ is a convex function, then the inequality

∫ b

a
ℏ1(t)dt∫ b

a
ℏ2(t)dt

≥
∫ b

a
ϕ (ℏ1(t)) dt∫ b

a
ϕ (ℏ2(t)) dt

holds, where ϕ(0) = 0 .
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Theorem 1.4 Let ℏ1, ℏ2 and ℏ3 be continuous and positive functions with ℏ1 ≤ ℏ2 on [a, b] such

that ℏ1 and ℏ3 are increasing and ℏ1

ℏ2
(ℏ2 ̸= 0) is decreasing. If ϕ is a convex function, then the

inequality ∫ b

a
ℏ1(t)dt∫ b

a
ℏ2(t)dt

≥
∫ b

a
ϕ (ℏ1(t)) ℏ3(t)dt∫ b

a
ϕ (ℏ2(t)) ℏ3(t)dt

holds, where ϕ(0) = 0 .

Now some fractional integral operators used to obtain integral inequalities will be given.

First of them is Riemann-Liouville fractional integral operators (see [6]) which is widely used in

fractional calculus.

Definition 1.5 Let ℏ ∈ L1[a, b]. The Riemann-Liouville integrals Jα
a+ℏ and Jα

b−ℏ of order α > 0

with a ≥ 0 are defined by

Jα
a+ℏ(x) =

1

Γ(α)

∫ x

a

(x− t)
α−1 ℏ(t)dt, x > a

and

Jα
b−ℏ(x) =

1

Γ(α)

∫ b

x

(t− x)
α−1 ℏ(t)dt, x < b

where Γ(α) =
∞∫
0

e−uuα−1du , respectively. Here is J0
a+ℏ(x) = J0

b−ℏ(x) = ℏ(x). In the case of

α = 1 , the fractional integral reduces to the classical integral.

Definition 1.6 Let (a, b) ⊆ R and σ(x) be an increasing positive and monotonic function on the

interval (a, b] with a continuous derivative σ′(x) on the interval (a, b) with σ(0) = 0, 0 ∈ [a, b].

Then, the left-side and right-side of the weighted fractional integrals of a function ℏ with respect

to another function σ(x) on [a, b] are defined by [3]

(
a+ℑℓ:σ

w ℏ
)
(x) =

w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ℏ(t)w(t)dt, (1)

(
wℑℓ:σ

b−ℏ
)
(x) =

w−1(x)

Γ(ℓ)

∫ b

x

σ′(t) [σ(t)− σ(x)]
ℓ−1 ℏ(t)w(t)dt, ℓ > 0

where w−1(x) = 1
w(x) , w(x) ̸= 0 (w(x) > 0).

Remark 1.7 In Definition 1.6,

• To obtain Riemann-Liouville fractional integral operator, one can choose w (x) = 1 and

σ(x) = x in definition of the weighted fractional integral operators (1).
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• To obtain the following version of fractional integral operator which is defined in [4, 5],

one can choose w(x) = 1 in (1):

(
a+ℑℓ:σℏ

)
(x) =

1

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ℏ(t)dt,

(
ℑℓ:σ

b−ℏ
)
(x) =

1

Γ(ℓ)

∫ b

x

σ′(t) [σ(t)− σ(x)]
ℓ−1 ℏ(t)dt, ℓ > 0.

2. Main Results
In this section, inequalities for convex functions by utilizing weighted fractional operators presented.

Theorem 2.1 Let ℏ1 and ℏ2 be two positive continuous functions on the interval [a, b] and

ℏ1 ≤ ℏ2 on [a, b]. If ℏ1

ℏ2
is decreasing and ℏ1 is increasing on [a, b], then for a convex function ϕ

with ϕ(0) = 0, the weighted fractional operator given by (1) satisfies the following inequality

(
a+ℑℓ:σ

w ℏ1
)
(x)

(a+ℑℓ:σ
w ℏ2) (x)

≥
(
a+ℑℓ:σ

w ϕ ◦ ℏ1
)
(x)

(a+ℑℓ:σ
w ϕ ◦ ℏ2) (x)

, (2)

where x > a > 0, ℓ ∈ C, Re(ℓ) > 0.

Proof ϕ(x)
x is increasing since ϕ is defined as convex function satisfying ϕ(0) = 0 . Besides the

function ϕ(ℏ1(x))
ℏ1(x)

is also increasing as ℏ1 is increasing. Obviously, the function ℏ1(x)
ℏ2(x)

is decreasing.

Thus, for all [a, x], a < x ≤ b, it can be written φ ≤ t

(
ϕ(ℏ1(t))
ℏ1(t)

− ϕ(ℏ1(φ))
ℏ1(φ)

)(
ℏ1(φ)
ℏ2(φ)

− ℏ1(t)
ℏ2(t)

)
≥ 0.

It follows that

ϕ(ℏ1(t))
ℏ1(t)

ℏ1(φ)
ℏ2(φ)

+
ϕ(ℏ1(φ))
ℏ1(φ)

ℏ1(t)
ℏ2(t)

− ϕ(ℏ1(φ))
ℏ1(φ)

ℏ1(φ)
ℏ2(φ)

− ϕ(ℏ1(t))
ℏ1(t)

ℏ1(t)
ℏ2(t)

≥ 0. (3)

Multiplying (3) by ℏ2(t)ℏ2(φ), we have

ϕ(ℏ1(t))
ℏ1(t)

ℏ1(φ)ℏ2(t) +
ϕ(ℏ1(φ))
ℏ1(φ)

ℏ1(t)ℏ2(φ)−
ϕ(ℏ1(φ))
ℏ1(φ)

ℏ1(φ)ℏ2(t)−
ϕ(ℏ1(t))
ℏ1(t)

ℏ1(t)ℏ2(φ) ≥ 0. (4)

Now, multiplying both sides of (4) by w−1(x)
Γ(ℓ) σ′(t) [σ(x)− σ(t)]

ℓ−1
w(t) and then integrating
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with respect to the variable t from a to x, we have

w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ1(t))

ℏ1(t)
ℏ1(φ)ℏ2(t)w(t)dt

+
w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ1(φ))

ℏ1(φ)
ℏ1(t)ℏ2(φ)w(t)dt

−w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ1(φ))

ℏ1(φ)
ℏ1(φ)ℏ2(t)w(t)dt

− w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ1(t))

ℏ1(t)
ℏ1(t)ℏ2(φ)w(t)dt ≥ 0.

Then, it follows that

ℏ1(φ)
(

a+ℑℓ:σ
w

ϕ ◦ ℏ1
ℏ1

ℏ2
)
(x) +

ϕ(ℏ1(φ))
ℏ1(φ)

ℏ2(φ)
(
a+ℑℓ:σ

w ℏ1
)
(x)

− ϕ(ℏ1(φ))
ℏ1(φ)

ℏ1(φ)
(
a+ℑℓ:σ

w ℏ2
)
(x)− ℏ2(φ)

(
a+ℑℓ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ1
)
(x) ≥ 0. (5)

Again, multiplying both sides of (5) by w−1(x)
Γ(ℓ) σ′(φ) [σ(x)− σ(φ)]

ℓ−1
w(φ) and then inte-

grating with respect to φ from a to x, we obtain

(
a+ℑℓ:σ

w ℏ1
)
(x)

(
a+ℑℓ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2
)
(x) +

(
a+ℑℓ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2
)
(x)

(
a+ℑℓ:σ

w ℏ1
)
(x) (6)

≥
(
a+ℑℓ:σ

w ϕ ◦ ℏ1
)
(x)

(
a+ℑℓ:σ

w ℏ2
)
(x) +

(
a+ℑℓ:σ

w ℏ2
)
(x)

(
a+ℑℓ:σ

w ϕ ◦ ℏ1
)
(x) .

It follows that (
a+ℑℓ:σ

w ℏ1
)
(x)

(a+ℑℓ:σ
w ℏ2) (x)

≥
(
a+ℑℓ:σ

w ϕ ◦ ℏ1
)
(x)(

a+ℑℓ:σ
w

ϕ◦ℏ1

ℏ1
ℏ2
)
(x)

. (7)

Now, since ϕ(x)
x is an increasing function and ℏ1 ≤ ℏ2 on [a, b], we get

ϕ(ℏ1(t))
ℏ1(t)

≤ ϕ(ℏ2(t))
ℏ2(t)

(8)

for t ∈ [a, x].

Multiplying both sides of (8) by w−1(x)
Γ(ℓ) σ′(t) [σ(x)− σ(t)]

ℓ−1 ℏ2(t)w(t) and then integrating

with respect to the variable t from a to x, we have

w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ1(t))

ℏ1(t)
ℏ2(t)w(t)dt

≤ w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ2(t))

ℏ2(t)
ℏ2(t)w(t)dt,
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which yields (
a+ℑℓ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2
)
(x) ≤

(
a+ℑℓ:σ

w ϕ ◦ ℏ2
)
(x) . (9)

Hence from (7) and (9), we have (2). 2

Remark 2.2 In Theorem 2.1, if we choose w(x) = 1 and σ(x) = x, then we obtain Theorem 3.1

in [9].

Remark 2.3 In Theorem 2.1, if we choose w(x) = 1 = ℓ, σ(x) = x and x = b, then we obtain

Theorem 1.3.

Theorem 2.4 Let ℏ1 and ℏ2 be two positive continuous functions and ℏ1 ≤ ℏ2 on [a, b]. If ℏ1

ℏ2
is

decreasing and ℏ1 is increasing on [a, b], then for a convex function ϕ with ϕ(0) = 0, the weighted

fractional operator given by (1) satisfies the following inequality

(a+ℑρ:σ
w ℏ1) (x)

(
a+ℑℓ:σ

w ϕ ◦ ℏ2
)
(x) + (a+ℑρ:σ

w ϕ ◦ ℏ2) (x)
(
a+ℑℓ:σ

w ℏ1
)
(x)

(a+ℑρ:σ
w ϕ ◦ ℏ1) (x) (a+ℑℓ:σ

w ℏ2) (x) + (a+ℑρ:σ
w ℏ2) (x) (a+ℑℓ:σ

w ϕ ◦ ℏ1) (x)
≥ 1,

where x > a > 0, ℓ, ρ ∈ C, Re(ℓ) > 0 and Re(ρ) > 0.

Proof ϕ(x)
x is increasing since ϕ is defined as convex function satisfying ϕ(0) = 0 . Besides the

function ϕ(ℏ1(x))
ℏ1(x)

is also increasing as ℏ1 is increasing. Obviously, the function ℏ1(x)
ℏ2(x)

is decreasing

for all [a, x], a < x ≤ b. Multiplying both sides of (5) by w−1(x)
Γ(ρ) σ′(φ) [σ(x)− σ(φ)]

ρ−1
w(φ) and

then integrating the resulting identity from a to x, we obtain

(a+ℑρ:σ
w ℏ1) (x)

(
a+ℑℓ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2
)
(x) +

(
a+ℑρ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2
)
(x)

(
a+ℑℓ:σ

w ℏ1
)
(x) (10)

≥ (a+ℑρ:σ
w ϕ ◦ ℏ1) (x)

(
a+ℑℓ:σ

w ℏ2
)
(x) + (a+ℑρ:σ

w ℏ2) (x)
(
a+ℑℓ:σ

w ϕ ◦ ℏ1
)
(x) .

Similar to the (9) inequality, multiplying both sides of (8) by

w−1(x)
Γ(ρ) σ′(t) [σ(x)− σ(t)]

ρ−1 ℏ2(t)w(t)

and then integrating with respect to the variable t from a to x, we have

(
a+ℑρ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2
)
(x) ≤ (a+ℑρ:σ

w ϕ ◦ ℏ2) (x) . (11)

Hence, from (9), (11) and (10), we have the needful result. 2
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Remark 2.5 If we choose ℓ = ρ, then Theorem 2.4 will lead to Theorem 2.1.

Remark 2.6 In Theorem 2.4, if we choose w(x) = 1 and σ(x) = x, then we obtain Theorem 3.3

in [9].

Remark 2.7 In Theorem 2.4, if we choose w(x) = 1 = ℓ = ρ , σ(x) = x and x = b, then we

obtain Theorem 1.3.

Theorem 2.8 Let ℏ1 , ℏ2 and ℏ3 be positive continuous functions and ℏ1 ≤ ℏ2 on [a, b]. If ℏ1

ℏ2

is decreasing and ℏ1 and ℏ3 are increasing on [a, b], then for a convex function ϕ with ϕ(0) = 0 ,

then the following inequality holds for the weighted fractional operator (1)

(
a+ℑℓ:σ

w ℏ1
)
(x)

(a+ℑℓ:σ
w ℏ2) (x)

≥
(
a+ℑℓ:σ

w (ϕ ◦ ℏ1)ℏ3
)
(x)

(a+ℑℓ:σ
w (ϕ ◦ ℏ2)ℏ3) (x)

,

where x > a > 0, ℓ ∈ C, Re(ℓ) > 0.

Proof Since ℏ1 ≤ ℏ2 on [a, b] and ϕ(x)
x is increasing for t, φ ∈ [a, x], a < x ≤ b, we get

ϕ(ℏ1(t))
ℏ1(t)

≤ ϕ(ℏ2(t))
ℏ2(t)

. (12)

Multiplying both sides of (12) by w−1(x)
Γ(ℓ) σ′(t) [σ(x)− σ(t)]

ℓ−1 ℏ2(t)ℏ3(t)w(t) and then inte-

grating with respect to the variable t from a to x, we have

w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ1(t))

ℏ1(t)
ℏ2(t)ℏ3(t)w(t)dt

≤ w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ2(t))

ℏ2(t)
ℏ2(t)ℏ3(t)w(t)dt

which, in view of (1), can be written as

(
a+ℑℓ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2ℏ3
)
(x) ≤

(
a+ℑℓ:σ

w (ϕ ◦ ℏ2)ℏ3
)
(x) . (13)

Also, since the function ϕ is convex and such that ϕ(0) = 0, ϕ(t)
t is increasing. Since ℏ1 is

increasing, so is ϕ(ℏ1(t))
ℏ1(t)

. Clearly, the function ℏ1(t)
ℏ2(t)

is decreasing for t, φ ∈ [a, x], a < x ≤ b.Thus

(
ϕ(ℏ1(t))
ℏ1(t)

ℏ3(t)−
ϕ(ℏ1(φ))
ℏ1(φ)

ℏ3(φ)
)
(ℏ1(φ)ℏ2(t)− ℏ1(t)ℏ2(φ)) ≥ 0.

It becomes
ϕ(ℏ1(t))ℏ3(t)

ℏ1(t)
ℏ1(φ)ℏ2(t) +

ϕ(ℏ1(φ))ℏ3(φ)
ℏ1(φ)

ℏ1(t)ℏ2(φ)
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− ϕ(ℏ1(φ))ℏ3(φ)
ℏ1(φ)

ℏ1(φ)ℏ2(t)−
ϕ(ℏ1(t))ℏ3(t)

ℏ1(t)
ℏ1(t)ℏ2(φ) ≥ 0. (14)

Multiplying both sides of (14) by w−1(x)
Γ(ℓ) σ′(t) [σ(x)− σ(t)]

ℓ−1
w(t) and then integrating with

respect to the variable t from a to x, we obtain

w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ1(t))ℏ3(t)

ℏ1(t)
ℏ1(φ)ℏ2(t)w(t)dt

+
w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ1(φ))ℏ3(φ)

ℏ1(φ)
ℏ1(t)ℏ2(φ)w(t)dt

−w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ1(φ))ℏ3(φ)

ℏ1(φ)
ℏ1(φ)ℏ2(t)w(t)dt

−w−1(x)

Γ(ℓ)

∫ x

a

σ′(t) [σ(x)− σ(t)]
ℓ−1 ϕ(ℏ1(t))ℏ3(t)

ℏ1(t)
ℏ1(t)ℏ2(φ)w(t)dt ≥ 0.

This follows that

ℏ1(φ)
(

a+ℑℓ:σ
w

ϕ ◦ ℏ1
ℏ1

ℏ2ℏ3
)
(x) +

ϕ(ℏ1(φ))ℏ3(φ)
ℏ1(φ)

ℏ2(φ)
(
a+ℑℓ:σ

w ℏ1
)
(x)

− ϕ(ℏ1(φ))ℏ3(φ)
ℏ1(φ)

ℏ1(φ)
(
a+ℑℓ:σ

w ℏ2
)
(x)− ℏ2(φ)

(
a+ℑℓ:σ

w (ϕ ◦ ℏ1) ℏ3
)
(x) ≥ 0. (15)

Again, multiplying both sides of (15) by w−1(x)
Γ(ℓ) σ′(φ) [σ(x)− σ(φ)]

ℓ−1
w(φ) and then inte-

grating with respect to the variable φ from a to x, we have

(
a+ℑℓ:σ

w ℏ1
)
(x)

(
a+ℑℓ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2ℏ3
)
(x) +

(
a+ℑℓ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2ℏ3
)
(x)

(
a+ℑℓ:σ

w ℏ1
)
(x)

≥
(
a+ℑℓ:σ

w ℏ2
)
(x)

(
a+ℑℓ:σ

w (ϕ ◦ ℏ1) ℏ3
)
(x) +

(
a+ℑℓ:σ

w ℏ2
)
(x)

(
a+ℑℓ:σ

w (ϕ ◦ ℏ1) ℏ3
)
(x) .

Therefore, we can write

(
a+ℑℓ:σ

w ℏ1
)
(x)

(a+ℑℓ:σ
w ℏ2) (x)

≥
(
a+ℑℓ:σ

w (ϕ ◦ ℏ1)ℏ3
)
(x)(

a+ℑℓ:σ
w

ϕ◦ℏ1

ℏ1
ℏ2ℏ3

)
(x)

. (16)

Hence, from (13) and (16), we obtain the required result. 2

Remark 2.9 In Theorem 2.8, if we choose w(x) = 1 and σ(x) = x, then we obtain Theorem 3.5

in [9].

Remark 2.10 In Theorem 2.8, if we choose w(x) = 1 = ℓ , σ(x) = x and x = b, then we obtain

Theorem 1.4.
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Theorem 2.11 Let ℏ1 , ℏ2 and ℏ3 be positive continuous functions and ℏ1 ≤ ℏ2 on [a, b]. If ℏ1

ℏ2

is decreasing and ℏ1 and ℏ3 are increasing on [a, b], then for a convex function ϕ with ϕ(0) = 0

then the following inequality holds for the weighted fractional operator (1)

(a+ℑρ:σ
w ℏ1) (x)

(
a+ℑℓ:σ

w (ϕ ◦ ℏ2)ℏ3
)
(x) + (a+ℑρ:σ

w (ϕ ◦ ℏ2)ℏ3) (x)
(
a+ℑℓ:σ

w ℏ1
)
(x)

(a+ℑℓ:σ
w ℏ2) (x) (a+ℑρ:σ

w (ϕ ◦ ℏ1)ℏ3) (x) + (a+ℑρ:σ
w ℏ2) (x) (a+ℑℓ:σ

w (ϕ ◦ ℏ1)ℏ3) (x)
≥ 1,

where x > a > 0, ℓ, ρ ∈ C, Re(ℓ) > 0 and Re(ρ) > 0.

Proof By the assumption of Theorem 2.11, multiplying both sides of (15) by

w−1(x)
Γ(ρ) σ′(φ) [σ(x)− σ(φ)]

ρ−1
w(φ)

and then integrating with respect to the variable φ from a to x, we have

(a+ℑρ:σ
w ℏ1) (x)

(
a+ℑℓ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2ℏ3
)
(x) +

(
a+ℑρ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2ℏ3
)
(x)

(
a+ℑℓ:σ

w ℏ1
)
(x) (17)

≥
(
a+ℑℓ:σ

w ℏ2
)
(x) (a+ℑρ:σ

w (ϕ ◦ ℏ1) ℏ3) (x) + (a+ℑρ:σ
w ℏ2) (x)

(
a+ℑℓ:σ

w (ϕ ◦ ℏ1) ℏ3
)
(x) .

Since ℏ1 ≤ ℏ2 on [a, b] and ϕ(x)
x is increasing for t, φ ∈ [a, x], a < x ≤ b, we get

ϕ(ℏ1(t))
ℏ1(t)

≤ ϕ(ℏ2(t))
ℏ2(t)

. (18)

Multiplying both sides of (18) by w−1(x)
Γ(ℓ) σ′(t) [σ(x)− σ(t)]

ℓ−1 ℏ2(t)ℏ3(t)w(t) and then inte-

grating with respect to the variable t from a to x, we have

(
a+ℑℓ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2ℏ3
)
(x) ≤

(
a+ℑℓ:σ

w (ϕ ◦ ℏ2) ℏ3
)
(x) . (19)

Similarly, multiplying both sides of (18) by w−1(x)
Γ(ρ) σ′(t) [σ(x)− σ(t)]

ρ−1 ℏ2(t)ℏ3(t)w(t) and

then integrating with respect to the variable t from a to x, we can write

(
a+ℑρ:σ

w

ϕ ◦ ℏ1
ℏ1

ℏ2ℏ3
)
(x) ≤ (a+ℑρ:σ

w (ϕ ◦ ℏ2) ℏ3) (x) . (20)

So, from (17), (19) and (20) we have

(a+ℑρ:σ
w ℏ1) (x)

(
a+ℑℓ:σ

w (ϕ ◦ ℏ2)ℏ3
)
(x) + (a+ℑρ:σ

w (ϕ ◦ ℏ2)ℏ3) (x)
(
a+ℑℓ:σ

w ℏ1
)
(x)

(a+ℑℓ:σ
w ℏ2) (x) (a+ℑρ:σ

w (ϕ ◦ ℏ1)ℏ3) (x) + (a+ℑρ:σ
w ℏ2) (x) (a+ℑℓ:σ

w (ϕ ◦ ℏ1)ℏ3) (x)
≥ 1.
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Remark 2.12 If we choose ℓ = ρ, then Theorem 2.11 will lead to Theorem 2.8.

Remark 2.13 In Theorem 2.11, if we choose w(x) = 1 and σ(x) = x, then we obtain Theorem

3.7 in [9].

3. Conclusion
In this paper, first we gave different definitions of fractional integral operators and then we

introduced some inequalities using the monotonicity properties of functions for weighted fractional

operators. The obtained results are an extension of some known results in the literature. Especially,

we would like to emphasize that different types of integral inequalities can be obtained using this

operators.
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