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Abstract

In this study, the Robust Output Feedback controller (ROF) is designed based on the H,, theory and implemented in the liquid level
control of the coupled tank system. As many chemical processes have complicated and nonlinear characteristics, this robust
methodology is proposed to overcome them. Hence, the vertical coupled tank system is selected as one of the popular case study
systems to simulate the large scaled chemical processes to illustrate the effectiveness of the proposed ROF controller. Linear Matrix
Inequalities (LMIs) methodology is selected as the main mathematical method of the design procedure. To demonstrate the
performance and robustness of the ROF controller, the simulation and experimental results are compared with the Feedforward
Proportional Integrator, one of the most common controllers in the industries. Two different liquid-level control scenarios are

considered in this comparison and the obtained results show the expected performance of the ROF controller guaranteeing the design
objectives.
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1. Introduction

Today, the control systems theory plays an undeniable role in many chemical industries' flow, level, and pressure control processes.
Whereas the complexity of most of these processes is increasing day by day, the need for new and efficient control methodologies is
highlighted. Because of the complexity and nonlinear behavior of these chemical processes, some of the common classical control
approaches such as Proportional Integral Derivative controller (PID) and Linear Quadratic Regulator (LQR), are more common for
their low costs and ease of implementation, cannot properly handle the objectives of the process control in terms of the robustness
and performance as good as possible. Some research studies have worked on these methodologies Jaafar et al. (2014), Saad et al.
(2014), Selamat et al. (2015), Engules et al. (2015), and Dutta et al. (2014). To overcome their low efficiency, the design and
implementation of robust and high-performance controllers are proposed in the last years such as by Sekban et al. (2020), Xu et al.
(2020), and Mahapatro et al. (2018).

The coupled tank system is a well-known benchmark that is used to verify the performance of the controller design in nonlinear
systems and is also used to simulate the nonlinear level process controls. The system’s nonlinear behavior is concluded from the
different scenarios of the interaction between tanks. Some control approaches are presented for level control of the nonlinear coupled
tank system. In some research studies, the SMC (Sliding Mode Control) is designed to control the reference tracking of the system on
different platforms Aksu and Coban (2019), Basgi et al. (2016), Dutta et al. (2014), Derdiyok and Bas¢i (2013), Prusty et al. (2016),
Nail et al. (2015), Ayten and Dumlu (2021). This methodology has its pros and cons; robustness to uncertainties and disturbances is
its advantage and the large chattering in the control signal and slow tracking response as disadvantages. In many case studies, the
Neuro-Fuzzy control and the GA (Genetic Algorithm) are presented by Owa et al. (2013), Yilmaz et al. (2021), Bas¢i and Derdiyok
(2016); Arun and Mohan (2017), Souran et al. (2013), Teng et al. (2003). Adaptive learning, fault tolerance characteristics, and more
complex learning algorithms with the large response time and the need for high memory requirements are the advantages and
disadvantages of these approaches. In another research, Fue et al. (2021) proposed an optimal reference tracking controller for linear
coupled systems and applied it to the coupled tank system.

In the above-stated research works, the nonlinear behavior of the system and the incompatibility of the control objectives make it
difficult to accede to the main objectives of the design procedure such as robustness and better reference tracking. Therefore, most of
them try to reach a better tradeoff between these incompatible objectives sometimes with trial and error. Hence, according to some
weaknesses of the aforementioned methods in dealing with the system's nonlinearity, the H,,-based feedback control methodology is
proposed to satisfy the design objectives of this study. On the other hand, the H.,-norm is explained as the output's worst-case RMS
(Root Mean Square) value. So, the characteristics of the H,, synthesis in response to the deterministic inputs and its acceptable
performance and robustness in disturbance rejection make it an effective choice for the level control of the system. Generally, the
coupled tank system with two main configurations named configurations 1 and 2 is considered in most controller design studies as a
case study to verify the effectiveness of their designed controller. Two scenarios cover these configurations: #1 controlling the upper
tank liquid level and #2 controlling the bottom tank liquid level in presence of the disturbance of the upper tank output.

This paper is structured as follows; section 2 contains coupled tank system description and its mathematical model. In section 3 the
design objectives are explained and the ROF H,, control methodology is described mathematically in LMIs. To illustrate the
performance of the designed controller the simulations and experimental results have been discussed in section 4. In this section to
demonstrate the efficacy of the proposed controller, it is compared to the Pl+Feedforward controller experimentally. Comparison
between these two controllers is done by computing the Mean Absolute Deviation (MAD) of the reference tracking responses. The
last section, section 5, includes the conclusions of the study.

2. Coupled Tank System Description

Two scenarios of configuration #1 and configuration #2, which are described based on the choice of the level control of the tanks, are
illustrated in Fig. 1 and Fig. 2. The mathematical descriptions of these configurations are presented in the following.

2.1. First-tank System with Configuration #1

The single-tank system consists of the top tank of the coupled-tank system shown in Fig. 1. The input of the system is the pump flow
into the first tank and the bottom tank is not considered. So the voltage of the pump is introduced as the input and the liquid level in
the top tank is described as the output of the process.
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Tank 2

Pump

Water Basin

Figure 1. Coupled-tank system schematic diagram: configuration #1
In the stationary consideration of the system, the input liquid flow to the tank is in the same amount as the output flow drained from

the system. The difference between these two amounts is accumulated in the tank in the dynamic consideration. Therefore, the
mathematical model of configuration #1 is determined by the following equations (Esmaeili and Basgi (2019)):

fil = KmVp (1)
for = Ao1Vo1 2

where K, is the pump volumetric constant, V}, is the pump input voltage, A, is the cross-sectional area of the system, and v,, is the
outflow velocity of the tank 1. As a remark, the A, is calculated by,

1
Aoy = Z”Dg1 ©))
where D, denotes the tank 1 outlet diameter. Bernoulli’s equation can calculate the outflow velocity

Vo1 = /2914 (4)

where g and L, are the gravitational constant(= 981 cm/sec?) and the height of the fluid in tankl, respectively. Substituting the
presented equations into equation (2), the outflow rate of tank 1 becomes,

for = As1y29Ly 5)

As mentioned before, the difference between the input and output flow is accumulated in the tank and this difference can be written
as a mass balance principle by the following first-order differential equation

A (510) = fu = fn (6)

where A, is the inside cross-sectional area of tank 1. Rewriting the equation (6) with egs. (1) and (2) can be denoted in the following
form:

9, _ _Aa g Km
ELI = T, 2gL, + AmVp (7

2.2. Coupled Tank System as Configuration #2

Fig. 2 illustrates configuration #2 of the coupled-tank plant. According to the schematic diagram of the second configuration, tank 1
is fed by the pump, and the outlet of tank 1 is fed into tank 2. The liquid level of tank 1 and tank 2 are the states of the system in this
configuration. The state-space equation for tank 1 is the same one in equation (7). For the bottom tank 2, the outlet flow rate can be
described as

foz = Ao2V02 (8)

The tank 2 outflow velocity using Bernoulli’s formula is
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Vo2 = /29L; ©)
In the same form as in the previous configuration, the cross-sectional area of the outlet of tank 2 is calculated by
Aoy = D%, (10)
The outlet flow rate of tank 1 is considered as the input flow to tank 2. So using Eq. (5) the input flow of tank 2 is

fio =fo1 = Ap14/29L4 (11)

Tank 1

Water Basin

Figure 2. Coupled-tank system schematic diagram: configuration #2

Considering the mass balance rule for tank 2, the differential equation for tank 2 is obtained as follows

7]
Ap, (ELZ) = fio = fo2 (12)
Substituting Egs. (8) and (11) into equation (12) give the state-space realization for the level of tank 2 as follows:
a A A
aLz :A_(:\/ZQM_A_(Z\/ZQLZ (13)

Egs. (7) and (13) are considered as main equations of the coupled-tank system, and the state variables will be as below

X () =Ly
X (t) =L,

Using the linearization principle around the equilibrium point of the system as (Ly4, Lo,), the state-space representation of the LTI
(Linear Time Invariant) system is described by:

x(t) = Ax(t) + Bu(t)

with

K_m
= Atl] (14)

3. LMI-Based ROF Synthesis Description

3.1. H, Norm
There are several descriptions for the H,, norm in the time and frequency domains. In generality, the main goal of designing this
controller is to minimize the H,, norm of the system’s transfer function. In the frequency domain representation, the H, norm
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minimizes the biggest singular value of the system, and in the SISO case; it is the largest input/output RMS gain of the transfer
function. The H,, norm is described as the following:

1G ()l = Sup d(G(jw)) (15)

The time-domain expression of the H,, norm is named the induced 2-norm as follows (Esmaeili et al. 2015):

16|l = sup 1202 (16)

w(t)#0 llw(@®ll2

where ||z()]|, = /fom Y.ilz; (t)]? dt is the energy of the signal vector. It minimizes the energy of the output signal for the worst-case

input signal Esmaeili et al. (2015).

3.2. Design Obijectives

As mentioned before, in this study the main aims of the controller design are the reference setpoint tracking by considering the
structural constraints of the nonlinear system. On the other hand, some unexpected inputs such as disturbances and sensor noise
which the system must be isolated from are considered uncertainties in the design procedure. So these objectives, which are to be
taken into consideration in designing the controller, are listed as follows:

e Minimization of the reference tracking error: to have better reference tracking in the level control, it has to be minimized the
setpoint liquid level tracking error. Fast accurate reference tracking with minimum error has an important role in process control
applications.

e Disturbance rejection: Besides the main input of the system named as the reference setpoint, sometimes there are other types of
unexpected exogenous inputs such as disturbances and sensor noises. The need for a robust controller is highlighted to isolate the
system from and overcome these unwelcome inputs. This objective of designing a procedure motivates the disturbance rejection
characteristic of the H,, controller.

e Control signal: the upper and lower bounds of the water pump input voltage are considered the structural constraints of the
system, so the control signal constraint is determined as below:

[ul < Upax

3.3. Robust Output Feedback Synthesis

The design framework of the augmented plant is shown in Fig. 3. To negate the frequency effects of the exogenous inputs of the
system, it is undeniable to add some weights on the system inputs [Lrs N1 n2] and desired control outputs [Z, Z,]. In other words, the
input and output weights explain the frequency content of the inputs and the interested frequencies of controlled outputs (Esmaeili et
al. (2015)). The [y, y,] are measured using sensors which are described as the measured outputs of the tank levels.

Liguid level — | Error > Werror —»Z
e w Plant
»
Pump
u Controller

Figure 3. Augmented Plant model

Now the state-space realization of the augmented plant for designing the H,, control is described below:
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x(t) = Ax(t) + Byw(t) + Byu(t) (17. a)
z(t) = C;x(t) + Dy w(t) + Dy u(t) (17. b)
y(t) = Cx(t) + Dyyw(t) + Dyyu(t) (17.¢c)

To design the H,, controller the controller is described as

— (%) — AC E c Xc
S (u) (CC [)C)(y) (18)
and the closed-loop system realization is described as

o (A+BZDCCZ BZCC)
N BBCCE D.D {
+
B :=< 11 B2D. 21) 19
cl BCD21 ( )
Ceo = (Cy + D13D.C,  Dy,C.)
D¢y = Dy1 + D12D Dy

Considering the linear dissipative systems theory that Gahinet et al. (1994) have presented, the following BMI (Bilinear Matrix
Inequality) gives the controller:

Minimize y,, subject to

K>0 (20)
JZEK +KA,; KB, C’Zl
% —y2] DcTz <0
* * —]

As the inequality described in (20) involves nonlinear terms, this BMI (Bilinear Matrix Inequality) must be changed to an LMI using
a change of variables and the proper congruence transformation (Gahinet et al. (1994), Scherer and Weiland (2000)). So these new
variables are described as follows:

)) 1)

A. B _ A
(K'<cc Dc>> - ”‘(X' Y, (’E

The matrix K is chosen in such a way that

=G ) o= ) @

=i~

that the matrices X and Y are symmetric and in the same dimension as the matrix A which are satisfied MNT = I — XY.

Y I

v=( o) 2

yry=(] ) (24)

Yy = (1 ERE DG (25)
r (B, +B,DD,,;

Y KBy = <XB1 + BD,, ) (26)

yTe:=(¢,Y +D,,C C, + D;,DC,) (27)

Choosing the abovementioned transformations, the LMI of the ROF controller is obtained as follows:

(f: I;) >0, (28)
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AX + XAT + B,C + C"BY * * *
(A+AT+CZTETBZT YA+ ATY + BC, + CIBT * * \
BT + DI, D"BY BTY + DI,B" ~Vooln, . <0
\ C,X + D,,C Ci+D;;DC;, Dy +D1;DDyy Yool

The unknown parameters D, C, B,4,Y, X obtain from solving the above LMIs. Finally, the controller parameters are given by using
the following (Gahinet et al. (1994)):

( D =D,
C =D.C,X +C.MT
. cC2X + C. (29)
B =YB,D,+ NB,

A =YAX + YB,D.C,X + NB.C,X + YB,C.M" + NA.MT

where M and N are square and nonsingular matrices with MNT = I — XY. From Eq. (29) the controller matrices are obtained as
below:

( D.,=D
C.=(C—D,CrX)*(MT)™1
c ( _1C 2~) ( ) (30)
B.=(N)"t«(B-YB,D,)
A; = (N)'« (A= YAX = YB,D.C,X — NB.C,X — YB,CMT)  (MT)7?

4. Pl+Feedforward Controller Design

Proportional-Integral controllers are one of the most employed controllers in a wide range of industrial processes due to their relative
simplicity and low cost of implementation. The great success of these controllers is due to the implementation of their additional
functionalities such as feedforward action (Veronesi and Visioli (2013)). Although the PI controller minimizes small changes and
oscillations of the output from its operating point, the feedforward control can promote the disturbance rejection performance of the
controller and reference tracking of the system. The block diagram of the Pl+ feedforward controller is demonstrated in Fig. 4.
Because the plant doesn’t involve an integrator, the parameters of the controller are adjusted from the first method of the Ziegler-
Nicoles methodology as follows (Astrém and Higglund (2004), Ziegler and Nichols (1942))

Cpi(s) = Kp(1+ 1) (31)
1
12

Kp = O45KCT ) Ti = Pcr

which K., and P, represent the critical gain and period, respectively.

Feedforward

A4

output
—>

setpoint PI controller

+¥Y

Figure 4. Block diagram of closed-loop P1 Feedforward system
5. Experimental Results

After designing the ROF controller in the previous section, the simulation and experimental results of the closed-loop coupled tank
system with two configurations 1 and 2 are expressed in this section. The performance of the designed controller is tested on the real
coupled tank system setup. Fig. 5 shows this setup of the Quanser coupled tank system. The results are compared with the
Pl+feedforward controller to demonstrate the effectiveness and superiority of the ROF H,, controller methodology and improvements
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to the design objectives. To have a good view of the performance comparison of these controllers, the Mean Absolute Deviation
(MAD) methodology is used. In this mathematical method, the difference between the reference signal and the experimental data is
calculated as y — y that the reference liquid level of the tank is denoted as y, and ¥ is the experimental tracking level. This residual
can be positive or negative as the tracking level moves above or under the reference level signal. So, averaging the absolute value of
the error (y — 9) calculates the MAD as the below equation:

1 ~
MAD = _¥iily: = il (32)

which n is the sample number.

ad? i
Figure 5. Quanser Coupled tank system setup

5.1. Configuration #1

According to the augmented plant model of the system mentioned in the third section, to satisfy the design frequency response
requirements in reference tracking and noise rejection some weights need to be added to the exogenous inputs and controlled outputs.
These weights are introduced as follows:

W, = 0.001
" _ s+ 3.1
eTTor T 52 4 265 + 85
W, = 0.0001

which the W, represents the weight on the noise input and W,,...,- is chosen as the weight on the closed-loop error wishing for good
reference tracking. In configuration 1 choosing the first order of the W, increases the order of the designed controller, so it is chosen
as a constant gain that reduces the possible effect of the noise on the system’s sensor. The W, has to be chosen as a small constant
near zero to dispel the singularity in the controller at high frequencies, and W,,..,, is chosen based on the frequency characteristics of
the desired level tracking signal. Interested readers in choosing the weights on the control objectives are referred to for more details
(Skogestad and Postlethwaite (2007); Zhou et al. (1996)). Fig. 6a and Fig. 6b illustrate the comparison of the simulation and
experimental results of the ROF H,, vs. Pl+feedforward. In this configuration, the reference level is set to 10 cm adding different
sinusoidal and square signals to show the efficiency of the ROF approach. The parameters of the coupled-tank system are introduced
in Table 1.

Table 1. Parameter Values of the Coupled-tank System

Description Symbol Value Units
Cross sections area of Tanks A=A, 15.5179 cm?
Outflow orifices areas of Tanks a; = a, 0.1781 cm?
Pump volumetric constant K 4.6 (cm3/sec)/V
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Figure 6. Comparison of ROF H,, and PI feedforward controllers on configuration 1; constant with sinusoidal
reference: a) simulation results; b) experimental results.
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Figure 7. Comparison of ROF H,, and PI feedforward controllers on configuration #1; constant with square setpoint:

a) simulat

According to Fig. 6 and Fig. 7, the ROF H,, controller has a considerable performance improvement in the reference setpoint track
versus the Pl feedforward. The MAD values of the two controllers are shown in Tables 2 and 3 to mathematically evaluate these

controllers' performance.

ion results; b) experimental results.
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Table 2. Mean Absolute Deviation values on Sinusoidal Reference Setpoint

50

Controller Constant part Sinusoidal part Total MAD
Pl+ feedforward 1.4637 0.0834 0.5528
ROF H,, 1.2661 0.0589 0.4694
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Table 3. Mean Absolute Deviation values on Square Reference Setpoint

Controller Constant part Square part Total MAD
Pl+ feedforward 1.5413 0.4310 0.8085
ROF H,, 1.2025 0.4127 0.6813

According to tables 2 and 3, the ROF H,, controller versus the Pl+ feedforward has considerable improvement in setpoint tracking of
the sinusoidal and square inputs about 15% and 15.7%, respectively.

5.2. Configuration #2

In this scenario, the main goal is to set the liquid level of the second tank at the setpoint level besides the satisfaction of the system’s
robustness in the existence of the output noises and disturbance. Similar to the previous section, according to the design objectives
similar to the previous design, some weights are added to the system. These weights are described below:

7

W, =—
" s+0.31
100

error = S + 85
W, = 0.0001

Considering the previous section descriptions, these weights are chosen based on the augmented system's frequency needs and the
system's sensitivity function and need some trial and error methods. After solving the related LMIs of ROF H,, controller synthesis,
the obtained controller has a high order of four. This controller adds extra states to the system which causes difficulties such as low
response time. Hence, using the order reduction function in MATLAB the order of the controller is reduced to two by eliminating
unnecessary Hankel singular values. This order reduction and the related frequency responses of the controller transfer function and
its reduced order are shown in Fig. 8.

Hankel Singular Values Bode Diagram
15000 r . 90 Presim
A
/T
80 /,/
A
/
10000 i —~ y
370 A
P /
@ o /
¥l 2 /
© = P
260
5000 = /
7 4
/
S
50 >
L_——7 —— Controller
// Reduced Order Controller
i . 40 LTTTTE I T TTTTITE
0 1 2 3 ) 10" 10° 10" 10°
Order Frequency (rad/s)

Figure 8. ROF H,, Controller Order Reduction (Hankel Singular Values)

Fig. 9 contains the results comparison of the nonlinear system using two controllers. As shown in Fig. 9, the proposed ROF controller
has perfect setpoint tracking in tank 2 and its performance improvement against the Pl+feedforward controller is about a total of
27.8%. The mathematical comparison of two controllers using the mean absolute deviation of tracking errors is obtained in table 4.

Table 4. Mean Absolute Deviation values on Sinusoidal Reference Setpoint

Controller Constant part Sinusoidal part Total MAD
Pl+ feedforward 2.3516 0.3430 0.8452
ROF H,, 2.1300 0.1039 0.6104
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Figure 9. Comparison of ROF H,, and Pl+feedforward controllers on configuration 2; constant with sinusoidal setpoint:
a) simulation results; b) experimental results.

6. Conclusion

In this experimental study, a ROF H,,-based controller is proposed to use in the control of the liquid level in a vertical coupled tank
system as a case study system in the simulation of large-scale process controls. The verification of the designed controller is done in
a procedure consisting of two configuration scenarios named configuration #1 and #2, in which the main goal is the setpoint level
tracking in tanks 1 and 2, respectively, besides satisfying the design objectives, as the robustness of the system by reducing the
effects of the disturbance and sensor noises besides the good setpoint tracking and a tradeoff between structural constraints. The
synthesis of the proposed approach is done using LMIs to handle the existence of the estimated singularities in the system and adjust
the design objectives simultaneously. Whereas in the second tank control the designed controller has a high order, the order reduction
methodology is used to decrease the order of the controller with retaining the frequency characteristics of the main one. The good
performance of the proposed robust controller is shown in simulation results in comparison to the Pl+feedforward controller and
verified with experimental results using both controllers. Attained results demonstrate the perfect improvements in the performance
of the closed-loop system by about 15% in level control of tank 1 and 28% in reference tracking in tank 2.
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Designing a mixed robust controller and comparison to the last designs for the coupled tank system and improvement of the system
performance is the future scope of the authors.
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