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1. Introduction

The fractional calculus is a generalization of ordinary differentiation and integration to an arbitrary order
that can be noninteger. Very recently it has been recognized that the fractional calculus arise naturally in
various fields of science. The use of fractional calculus in the mathematical modeling of engineering and
physical problems has become increasingly popular in recent years. The applications of the fractional calculus
in physics were initially undertaken by Abel and Heaviside 1,2, [3]. The physical interest in fractional calculus
is due it’s nonlocal behavior, linearity and nature which introduces a history dependence into the system.
Examples include material sciences, mechanics, wave propagation, signal processing, system identification,
and so on. Heymans and Podlubny [4] showed that in some examples from the eld of viscoelasticity, it is
possible to attribute physical meaning to initial conditions expressed in terms of Caputo fractional derivative

(CDZ:—{,&) g(t) = F(nl_ a) /at (t— T)niail g(n) (7)dr. (1.1)

In consequence, there are several contributions focusing on the different definitions of fractional derivatives
such as Riemann-Liouville, Hadamard, Grinwald-Letnikov, Riesz, Caputo, Marchaud, Weyl, Hilfer, Caputo
and Fabrizio, Atangana and Baleanu and others; see [5], 6, [7, 8, @] 10, 11} 12] and the references therein.

In [2], Kiryakova proposed a theory of a generalized fractional calculus and their applications. One of the
proposed generalizations of the fractional calculus operators which has wide applications is the p—fractional
operator. This notion is referred to as the fractional integral which combines the Riemann-Liouville and the
Hadamard integral into a single form

In recent contribution, the authors in [13, 2012], introduced a new definition of the fractional derivative.
This new derivative has gained widely attention and attracted a large number of scientists in different
scientific fields for the exploration of diverse topics. For example, in [I4], D. Anderson et.al. studied the
properties of the Katugampola fractional derivative with potential application in quantum mechanics.

Nowadays, fractional derivatives have been begun to be applied to real world modeling problems ( vertical
motion of a falling body problem in a resistant medium and the Malthusian growth equation,.., etc.) and
various other problems involving special functions of mathematical physics as well as their extensions and
generalizations in one or more variables, one can see, [15], 16 17, 18], [19] 20]. Some of the most prominent
examples are given in a book by Oldham and Spanier [21] (diffusion processes) and the classic papers of Bagley
and Torvik [22], and Caputo and Mainardi [23] (these two papers dealing with the modeling of viscoelastic
materials). More recent results are described, for example, in the works of Gaul et al. [24] (description
of mechanical systems subject to damping), Podlubny[25] (control theory), Poinot and Trigeassou [26] in
identification of physical systems and by Delgado et al. [27] in electrical circuits.

Recently, fractional differential equations have received increasing attention because the behavior of
many physical systems, such as fluid flows, electrical networks, viscoelasticity, chemical physics, diffusion
phenomena, electron-analytical chemistry, biology, and control theory, can be properly described by using
the fractional order system theory and so forth (see [6l 28]). For instance, used by Westerlund and Ekstam
in modeling of electrical capacitors, by Rossikhin and Shitikova in simulating viscoelastic materials and by
Tvazoei et al. in design and practical implementation of controllers.

In this paper, we consider equations of the form

(CDgrjt) ot ) = Av(t,z) + f(t,z,0(t,2)), p>0, t €[0,T],T < oo, = €R. (1.2)

A strong motivation for investigating of comes from physics. For example, fractional diffusion
equations are abstract partial differential equations that involve fractional derivatives in space and time.
They are useful to model anomalous diffusion on fractals (physical objects of fractional dimension, like some
amorphous semiconductors or strongly porous materials,... etc), where a plume of particles spreads in a
different manner than the classical diffusion equation predicts. The time fractional diffusion equation is
obtained from the standard diffusion equation by replacing the first-order time derivative with a fractional
derivative of order a € (0,1).
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It is natural from the physical point of view to consider a usual Cauchy problem, with the initial condition.
v(0,2) = vy (z),x € R. (1.3)

In the physical literature the expression of Caputo fractional derivative on the right is used as the basic
object for formulating fractional diffusion equations. For example, particles in turbulent flows have long
jump step and rapid diffusion speed. In the diffusion equation, one uses « € (1,2] indicate superdiffusion.
So studying such fractional partial differential models will enable us to better understand how the diffusion
flux goes from regions of higher concentration to regions of lower concentration.

In many concrete situations, the evolution equation (or the associated linear operator) is given as a
(formal) sum of several terms having different physical meaning and different mathematical properties.
However, some physical phenomena in nature can be modelled and described by equations and systems with
fractional derivatives of « € (n,n + 1], n € N.

In the past few years, the researchers have showed their interest in introducing fractional interpretations of
the classical integral transforms, namely, the Laplace and Fourier transforms [29, 30]. In [5 B11 82 33], 34], it
can be seen that integral transforms like Laplace, Fourier, generalized Laplace and p-Laplace were considered
as effective tools for obtaining analytic solutions to some classes of fractional differential equations.

Qualitative theory and its applications in physics, engineering, economics, biology and ecology were
extensively discussed and demonstrated in |2, [6] and the references therein. Investigating the existence,
uniqueness, stability, continuous dependence of data of classical, strong, weak and mild solutions of fractional
differential equations have been intensively studied by many researchers in the scientific community, especially
in fractional calculus, see [35] and references therein. A weak solution (also called a generalized solution)
to an differential equation is a function for which the derivatives may not all exist but which is nonetheless
deemed to satisfy the equation in some precisely defined sense. A different way of defining a weak solution
of was given by J. Ball [36].

It is well known that one important way to introduce the concept of mild solutions for fractional evolution
equations is based on some probability densities and Laplace transform. This method was initialed by El-
Borai [37]. The problem of the existence of mild solutions for abstract differential equations with a fractional
derivative has been considered in several recent papers, (see [38] and references therein).

The notion of an abstract Cauchy problem has recently been introduced by E. Hille in [39]. As we all
know, the main difficulty to study the fractional abstract differential equations is how to obtain a suitable
fractional resolvent family generated by the infinitesimal generator A in Banach space. We note that the
uniformly continuous semigroups are a subset of strongly continuous semi-groups. In order to overcome this
barrier, some authors introduced an a-resolvent family under the fractional derivative and some constraints.
The notion of a-resolvent families (or solution operators) is introduced in Li and Zheng [40], see [35] 411, 42,
43| 144] [45] [46], 47, 48]. Another approach to treat abstract equations with fractional derivatives based on the
well developed theory of resolvent operators for integral equations, (see [49, 50l [51], 52]).

Bazhlekova [53] used solution operator to investigate the following fractional abstract Cauchy problem

{ °D§,u(t) = Au(t), t > 0,n = [a] + 1, (1.4)

U(O) =z, u(k)(O) = 07LU (= X7 k = 17 vy — 1’

where “Dg, is the Caputo fractional derivative operator.

The important point is that classical solutions exist if (and, by the definition of D(A), only if) the
initial value z belongs to D(A). However, modifying slightly the concept of “solution” and requiring
differentiability only for ¢ > 0, we obtain such solutions for each x € X as soon as the semigroup S, (¢) (t = 0)
is immediately differentiable. This already suggests that different concepts of “solutions” might be useful.
The most important one renounces differentiability and substitutes the differential equation by an integral
equation. The nuance between these two notions of solutions lies on the one hand in the verification of the
differential equation and on the other hand in the fact that the classical solution is regular. Indeed,
the classical solution satisfies the differential equation while for the soft solution, it is the integral of this
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one which satisfies the differential equation. This criterion has great importance in the study of existence of
mild solutions for , because arguments to solve using fixed points theorems can be applied. Then
the problem of finding mild solutions for problem is reduced to finding the fixed point.

We assumed that the solution u € C1([0, T]; X). However, this assumption is too restrictive. Therefore,
in order to relax this assumption, we introduce the notion of mild solution.

If A is the infinitesimal generator of a Cj semigroup which is not differentiable then, in general, if
x ¢D(A), the fractional abstract Cauchy problem does not have a solution. The function t — S, (t)z
is then a “generalized solution” of the fractional abstract problem which we will call a mild solution. In
general, a mild solution may not be differentiate and hence need not be an classical solution to . But
this notion is known as the most natural one of the generalized notions of solutions to . For regularity
results of mild solutions, (see Martin [54]).

Furthermore, mild solutions have a considerable advantage over weak solutions in the sense that it is
directly clear how they should be interpreted, whereas defining weak solutions involves some seemingly
arbitrary choices. Which choices to make is not directly evident from modelling considerations. in addition
mild solutions have the advantage that their existence can be established via standard methods such as
Picard iteration and non-extendibility arguments under much less restrictive conditions than classical or
weak solutions.

Motivated by some recent developments in p-fractional calculus, in this paper, we can reformulate the
fractional partial differential problem ([1.211.3]) as an abstract fractional Cauchy problem

(°Dg?) u(t) = Au(t) + f(t,u(t)), p>0, t €[0,T],T < oo, (1.5)

with
u(0) = uyp, (1.6)

where (“Dy’) denotes a generalized Caputo—type fractional derivative of order 0 < a < 1, A : D(A) C
X — X is an infinitesimal generator of bounded linear operator, S, (t) (t = 0) generated by A defined on a
Banach space (X, ||.||), wo € X and f : [0,7] x X — X and obtain the unique mild solution by using the
theory of generalized uniformly continuous semigroups of operators and the fixed point theorem.

For instance, in differentiation to show that if A is a bounded operator and f is continuous with a = 1, the
function u defined by is continuously differentiable and satisfies . However, this function exists
under more general hypotheses; so it is useful to introduce the concept of a mild solution. Then a mild
solution is a classical solution if and only if it is continuously differentiable.

The definition of the mild solution of the fractional abstract Cauchy problem (1.5H1.6) coincides when
f = 0 with the definition of S, (t)x as the mild solution of the corresponding homogeneous equation. It is
therefore clear that not every mild solution of is indeed a (classical) solution even in the case f = 0.
For any f € L'((0,T);X), the fractional abstract Cauchy problem has a unique mild solution. Now
a natural question to the problem (1.5H1.6)) is that under what conditions on f, a mild solution is also a
classical solution.

The main contributions of the article are as follows: we introduce some notations, properties, lemmas,
definitions of p-fractional calculus, we present a slight generalization for Ulam—Hyers theorem which was used
in studying the stability and preliminary facts needed in our proofs later are given in the second section.
Then, in the third section, We adopt the theory of uniformly continuous operator semigroups, we construct an
operator S, (t) (t > 0) and discuss its properties for use in section 4. In subsection 4.1, we study the existence
and uniqueness of mild solutions for by virtue of solution operator method and contraction mapping
theorem and local fractional Laplace transform.

In subsection 4.2, we represented the mild solution of problem (1.5{1.6)) which is defined in terms of the
Mittag-Leffler function by applying the fractional analog of the generalized Duhamel principle.

Next, in subsection 4.3 is, we look at the question as to how the solution w varies when we change
the order of the fractional differential operator or the initial values and the dependence on parameters of
nonlinear term f is also established.
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The last, fourth subsection is,devoted to the stable solution of fractional (1.5H1.6) is provided by us-
ing classical technique of nonlinear functional analysis investigated by Ulam, an illustrative examples are
presented in the fifth section. Finally, the paper is concluded in section 6.

2. Preliminaries and assumptions

In this section we introduce notations, lemmas, definitions, assumation and preliminary facts which are

used throughout this paper.
The generalized fractional integrals are defined by, n — 1 < o < n [9]

)00 = s [ (257 00

where T'(.) is the Euler gamma function.
The corresponding left and right generalized Riemann—type fractional derivatives of g of order « are

defined by [10]

t n—o—1
a, " tP — 1P dr
@00 = o [ (F57) a0 rela

PRY b P _ P n—oa—1 dr
D) g(t) = ——1) / u =L telab
( bf)g() F(n—a) ] p g(T)Tl—p’ E[av ]7
respectively.
The left-sided generalized Caputo—type fractional derivative of g of order « is defined by|[1T]

t — P\" L (yng) (1)dr _
(D2E) 900) = )/ (tp p) DGO _ Jameramg) )

'n—« P Tl=p

and

Analogous formula can be offered for the right fractional derivative as follows

b P P n—a—1 . _\n Adr
(CDZ?LP) g(t) = 1)/t < ¢ ) Mjb[—mp((_v)ng)(t)_

I'n—« p Tl=p

For o > 0 and p > 0, we have [I1]
n—1 k k—a
tr af
D) g(t) = DoPg(t) — 3 LU

where v = tl_p%.

Lemma 2.1. [7]]
i. Let g € ACYa,b] or CYla,b] and a € C. Then,

n—1 k
(v*9)(a) (" a”
T (D) o) =g(t) = D=~ =) -
k=0 ’
iil. Fora>0; §>0; 1<p<oo; a€ (0,00); p, ceR; p=>c.
TP TP g = T g; g € XP(a,b).
iii. For all @ € (n — 1,n] and 8 > 0 the relation holds

jo‘jﬁ’pg(t) _ jaﬂjn,ppsza,/)g(t)'

a
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Lemma 2.2. [T1] For 8 > —1, one has

) [(2-2)]- ey (52
)i \p  p) | TO+a+p)\ »p

and

(cmp) (Tp_a”y _ r+p) (t”—a”>5a
at)I\p  p) | TU-a+pB)\ »p ‘

Lemma 2.3. [53[Let « > 0, n = [a] + 1 and g € AC}a,b], where 0 < a < b < co. Then

_ (D) 9(©) (17 "\
o) =g+ S (D -0 ) sasesese

Lemma 2.4. [56/For 0 < a <1,1/p+1/q<1+a,if g€ (T2") (Xy) and h € (T,2") (Xp),
b b
—a dr —a dr
[ e () s 55 = [Ca ) (Pl nin) 55
Definition 2.5. [56]Let h, g € L'(R"), we define the product of convolution g and h by

<h*pg><t>—/0th<(p (f—f))’vg(ﬂﬁfp.

Definition 2.6. [33|Let g : [0,00) — R™ be a real valued function. The p-Laplace transform of g is defined
by

tr dt

£ ts} )= [ e (=L ) oy

for all values of 7.

Theorem 2.7. [33[/Let a > 0 and g be a piecewise continuous function on each interval [0,t] and of p
P

exponential order ec%. Then the Laplace transform formula for the Caputo type generalized fractional integral
1s defined by
Lo AT g} (1) =77L,{g(®)}, 7> c.

Lemma 2.8. [32[Let R(5) > R(«r) > 0 and (i) < 1. then

To

(&) w0 -2

where the two parameter Mittag— Leffler function E, g is given by

> 2" 1 to‘*ﬁetd C

E,3(z) = - =— | ——dt, a,8>0, z€ C,
o (2) k_OF(ak‘+B) 27T2'/Ht"‘—z »

where the path of integration H is a loop which starts and ends at —oo, and encircles the circles disc |t| <

12[Y% in the positive sense: |arg(t)| < m on H.

In particular

exp(z) —1

Ei(z) =exp(z), Ei12(2) = and E (zl/Q) =exp (z) [1 + erf (zl/g)} ,

where erf (z) error function.
The following lemmas give asymptotic formula and estimate of the behaviour of the Mittag—Leffler func-
tions.
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Lemma 2.9. [57/If 0 < o < 2 and 8 > 0; then, for |z| — +o0,
i. If |arg(z)| < iam,

i. If [arg(—2)| < (1 — 3,

where )
z " _
ga,ﬁ( ):_Z F(a—B )+O(’Z‘ N)a‘Z’ — 090,
n=1

for some N € N — {1}.

Lemma 2.10. Let 0 < a <1 and 8 > 0. Then

P\ 15 A L P
E,glw|— <Coplltwa 1—|—<> exp(wa);w}();t}(). 2.1
ﬁ< <p> ) ﬁ< )< P ) ( p 21

Proof. For w =0 and all £ > 0, the inequality is trivially satisfed. Fix 0 < @ < 2,58 > 0 and T > 0. Choose
an arbitrarily large T' > 0. )
Case 1: For all t > (L)a, follows that there exists a constant C; > 0 such that
1

o o(3)) = () o))
S (5)) = ()
a0 (45) oo (7))

Case 2: For t € |0, (%)i], there exists a constant Co > 0 such that

o407 (14) on(2)

Taking Cq g = max{C;;Ca} we obtain the inequality (2.I). O

Lemma 2.11. [58] If u, v are non negative and integrable functions on (a,T), as the function v is not
decreasing over (a,T), and w € L'(a,T); a > 0, it senses from

u(t) < v(t) —i—/ b(T)u(r)dr,

then

u(t) < o(t) exp(/ b(t)dr).

Theorem 2.12. [59] Let B, be closed, convex and nonempty subset of a Banach space X. Let ¥V : B, — B,
be a continuous mapping such that V(B,) is a relatively compact subset of X. Then W has at least one fized
point in B,.
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For the study of Hyers-Ulam-Rassias and generalized Ulam-Hyers-Rassias stabilities of the equation (1.5))
on a compact interval [a,T], we will adapt such definitions [60, [61), 62].
Let € >0 and @ : [a,T] — [0,00) be a continuous function and consider the following inequalities

[(“D§Y) alt) — Aat) — f(t,@(1)]| <e, (2.2)

|(“DgP) alt) — Adt) — f(t, ()| < @ (1), (2.3)
and

[(°Dg) alt) — Adit) — f(t, ()| < @ (). (2.4)

Definition 2.13. Problem (1.5{1.6) is Ulam-Hyers stable if there exists a real number c¢; > 0 such that
for each € > 0 and for each solution @ € C([a,T],R) of the inequality (2.2)) there exists a mild solution
u € C (la,T],R) of problem (1.541.6) with

la(t) — u(t)| < ecy.

Definition 2.14. The equation (1.5{1.6) is Ulam-Hyers-Rassias stable with respect to ® if there exists a
real number ¢y > 0 such that for each € > 0 and for each solution @ €C([a,T],R) of the inequality (2.3)
there exists a mild solution u € C'([a,T],R) of equation (1.541.6) with

() — u(t)] < ec® ().

Definition 2.15. The equation (|{1.5H1.6)) is generalized Ulam-Hyers-Rassias stable with respect to ® if there
exists ¢y > 0 such that for each solution @ € C'[a,T] of the inequation (2.4) there exists a mild solution

u € C ([a,T],R) of the equation ((1.5H1.6])) with
a(t) —u(t)] < er® (1)

Remark 2.16. for every € > 0, a function @ € C'[a,T] is a solution of of the inequality (2.2), where ® () > 0
if and only if there exists a function g € C ([0,7],R) (which depend on @) such that

@) lg@®)] <e Vte(0,T].
(i) (“DEY,) (] = Aa(t) + F(t,a(t) + g (1)
The remaining portion of the paper, we make use of the next assumptions:
A, There exist a constant L > 0 such that
|f(t,u) — f(t,v)| < L|u—wv|, for each t € [0,T] and all u,v € R.
A, There exists an increasing function p (¢) € (C[0,T],R"), for any ¢ € [0,T7],

W
1+ |ul’

[f(E,u)l < p(t) cR.

A3 There exists an increasing function ® (¢t) € (C[0,7],R") and there exists I > 0 such that for any
te[0,T],
(72) 19 <ls®(0), p>o0.
A, There exists an increasing function ¢ (1), @ (¢) € (C[0,7],R") such that for any ¢ € [0,T],
[ftu) < q(r)@(7), ueR.

1
For the sake of brevity the notation f := f(u) = f(t,u) and Sy, (t,7) = Sa <<p (ﬁ - Tp)>ﬁ>is

introduced here.
Next, we turn our attention to the semigroup associated with A.
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3. Uniformly continuous solution operators of bounded linear operators

Throughout the paper,(X; ||.||) is a Banach space, and BL (X) is the space of all bounded linear operators
on X. A is a bounded linear operator on X.

We denote the domain, range, resolvent set, spectrum set and resolvent of the operator A, by D(A), R(A), o(A),o(A
and R(A%, A)(\ € o(A)), respectively.

For 0 <w < % we denote the sector with angle w by

Z) —[AeC:A£0, Jarg\| < w}.

We assume that A is a sectorial operator of angle w € [0, %77)
In order to study the nonlinear problem ([1.511.6|), we first consider the associated homogeneous linear
problem

{ (°Dgi”) u(t) = Au(t), t € [0,T7, (3.1)

u(0) =z, ze X

Definition 3.1. A semigroup S,(t) (t > 0) on a Banach space X is called uniformly continuous (or norm
continuous) if ¢ € Ry — S,(t) € BL (X) of bounded linear operators on X is continuous with respect to
the uniform operator topology on BL (X).

For well-posed problems we define S, (t)x := u(t), where u(t) is the solution of (3.1]), and call the operator
function S,(t) the solution operator of (3.1)).

When A is linear and bounded, uniformly continuous solution operator for is defined in terms of
the corresponding integral equation

u(t) =z + (Jy:") Au(t). (3.2)
The problem (3.1)) is well-posed if and only if the integral equation ( is well-possed.

Definition 3.2. Let o > 0. A family {S4(¢)},~, CD(A) of linear and bounded operators on Banach space
X is called a uniformly continuous solution operator for (3.1)) if the following conditions are satisfied:
(i) Sq(t) is a uniformly continuous function for ¢ > 0.
(ii) So(0) =14 and
lim {|So(t) —Ial| = 0,
t—0

where I is identity operator on X.
(iii) AS,(t)z = Sa(t)Ax; for all x € X, ¢t > 0.
(iv) Sa(t)x is a solution of (3.2)) for all x € X, ¢ > 0, i.e., the resolvent equation

Sa(t)r =2+ (jo(ﬁ’p) Sa(t)Az,
holds for all ¢ > 0.

Definition 3.3. An operator A is said to belong SG, (M, w) if A generates a solution operator S, (¢) satisfying

tP
w
(0% i b — ) — ) * °
| Sa(t) |I< Me“ P, M >1,w>0,t>0 (3.3)

Denote
SGa(w) =U{SGo(M,w): M >1}.

The relation between the solution operator S, () and its infinitesimal generator A is characterized by
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Lemma 3.4. For a > 0, the infinitesimal generator A of a uniformly continuous solution operator S, (t) (t > 0)
for is defined by
Sa(t)z —
Az =T(1+ ) lim a )xa :C, for allz € D(A), (3.4)

t—0t tP.
p

D(A)={zeX: lim Ser=2
t—0t <ﬁ)
P

Proof. For all x € X, u(t) = S,(t)z i.e by (3.1)), we have

where

extsts

(CDST) Sa(t)z = AS,(t)z, (3.5)
for which this limits exists, and the generator A could also be defined as
(CDS‘;”) Sa(t)x |t=0= AS,(0)x = Ax. (3.6)
On the other hand, by Lemma [2.3] we have

(‘DY) Sa(§)z <t”

Sa(t)z = Sa(0)x + >a, 0<¢&E<t; te(0,7).

MNa+1) P
So,
[(a+ 1)W = (“D5) Sz, 0<E<t; te(0,7), (3.7)
(%)
We claim that ] . () -z i o
(a+ )tin (%)a _gino( 0+) w(&)x as £ — 0,

O
The relation between the solution operator S, (t) and the resolvent operators of A is characterized by:

Theorem 3.5. Assume A €S5G,(M,w), and let S, (t) be the corresponding solution operator. Then for
R (X) > w, the operator (A\*1q — A) inversible and

RO, A)x = ML, (S (t)z) (N) for z € X, (3.8)
where R(A, A) = (A\*1q — A)~! stands for the resolvent operator of A, that is
{A* R (N) > w} C p(A).
Proof. Assume A €5G,(M,w), so, for everything R (\) > w, and x € D(A); we define

+oo
R(\)@ = L, (Sa(t)z) (A) = /0 exp (—)\t:) sa(t)xtf—_tp; >0, (3.9)

By Definition [3.2}iv, we give

oo tP dt
RNz = /0 exp <—>\p> Sa(t)xm

o (ag) dt O ()| 1 e a-l dr | dt
= /0 e\ "o :Utl_p—i-/o e\ "7 F(a)/()( 5 > ASQ(T)J:—TI_I) A

— % +ATYAL, (Sa(t)x) (N).
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So this implies that

R(\)z = § FATCAR(N)z.

Therefore
R(A) = A1\ — A)7! (3.10)

and like S, (t) is switched with A.
Denote
R(A*A) = (\q —A)~L.

The following integral representation of the resolvent of the infinitesimal generator A of S,(t), valid in
the right half-plane

dt

o0 p
RO A) = (\Ig —A) ' = Al—a/ exp (—Ai)) Sa(t) 5=, (3.11)
0

with {A% : RA > w} C p(A). O

Theorem 3.6. Let a > 0. Then A €SG,(M,w) and the corresponding solution operator is continuous in
the uniform topology if and only if A is a bounded linear operator.

Proof. The proof is divided into two parts, necessity and suffeciency.
Necessary: Let A €5G,(M,w) and take A > w > 0. then (3.8) implies

+o00 p
AR, A) — A1, = / exp <—)\tp> [Salt) ~ L] o1, (3.12)
0

when p(t) :=|| Sa(t) —1q || is continuous on ¢ > 0 and p(0) = 0. Using (3.1), we obatin

Wt
p(t) =l Sa(t) = la [[<]] Salt) +1a < Me™e + 1.

Fix € > 0 and take 6 > 0 such that p () < eif ¢t € [0,0] then

+00 p
| ATROSA) A T < exp(—xtp)u(t)dt
0

ti-p

1 +00
t° dt t° dt
—A— —A— t)——
/OeXp< p)u()tler/ eXP( p>u()t1p

€ 1
< —+ — ILA— +
N (’)<)\)< ,A 00,

IN

when p(t) sur [0;0] and Ve > 0,36 > 0: u(t) <€ and

Foo tP dt Foo tP Wt dt
/5 exp <)\p> u(t)m < / exp < Ap) [Me + 1] A

oo tﬂ wt dt oo P\ dt
< [ e (0F) s [ e ()
Too e dt oo P\ dt
< M/ e @) w)tﬂl+/ exp = | —

5 t=r = Js p) t=r
< 1 6_(>\_w)£ 1 e

A —w p+Xe .

Thus 1
| ACR(A,A) —Tq < e+ O <A> <1
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Hence A*R(A%, A) has a bounded inverse. that is R(AY, A)~! = (A\%Iq — A) is bounded, thus A is
bounded.
Sufficiency: let A is bounded and putting

s (1) 2) =5 )2 -

P n=0

the right hand side of (3.13) converges in norm for every ¢t > 0;

(%)a(nH) (1 +an)A™tt F(an+1) tP aA
L1+ a(l+n)) (%>0‘" A Tla(n+1)+1) <p>
_ I'(an+1) P\
 (an+a)...(an+ DT (an + 1) (p> A
Thus
lim A =0

n—+oo (an + a)...(an + 1)

and definies a bounded linear operator S, (t)

oo Alm tP \an «
I Sat) 1< ZM — &, (| A (;) ) (3.14)

n=0

arg (141 () ) 12 o
w100 (5) ) =aew (140 (5) ) e (120 (5) )

o (H N (t:)a> _ Nz_l (” 1;(”1 (_3»22” +0 (yarg (H Al <t:)a) - !) :

n=1

IfO<a<1, t>0then

and

The continuity of the Mittg—Leffler function in ¢t > 0 imply that, if w > 0, there is a constant C such
that

P\ L
E, (w <> > <Ce" P t>0; ac(0,1), (3.15)
p

therefore (3.14) and (3.15) imply

I5ao) < Cox () A1) (3.16)

Now we can apply (3.16) and obtain again the estimate (3.3), so, implies that S,(t) is exponentially
bounded.

Moreaver, hence A €5G,, (H A Hé) and S, (t) is the corresponding solution operator, j = n — 1. From

the definition it is clear that if S, (¢) is a uniformly continuous semigroup of bounded linear operators then

fim | Sa(t) = Sa(r) =0 (3.17)
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and on
o A (L) e #\°
Sa(t) —1q [|< — P/ Al E A — — 0.
150 -1 1= e = (5) 141 Pewn (181 (5))
Therefore limy|g || So(t) —Iq [|= 0, i.e., the solution operator is uniformly continuous. O

Theorem 3.7. Let So(t) and Sa(t) be exponential bounded uniformly continuous solution operators with
infinitesimal generators A and B, respectively. If A = B then S, (t) = S (t), for every t >0 .

Proof. Since S, (t) is exponential bounded there exist constants M; > 1 and wy > 0 such that

tP

| Sa(t) < Mie™ 7, ¢ > 0.
Then for R\ > wy and z € X, we have

AR Az = " —/\ﬁ S, (¢ At 3.18
(A A)x ; exp P a()wtl_p, (3.18)

where R(A%, A) = (A\%q — A)~! stands for the resolvent operator of A.
Similarly, for S, (t) there exists wy such that for for R(A) > we and x € X we have

~ LP
| Sa(t) 1< Mpe®2%, My >1, £ >0
and

AR\ B)z = e —Aﬁ S, (t At 3.19
(A%, B)x ; exp P a()xtl_p- (3.19)

From (3.18) and (3.19), Sa(t) = S.(t) follows from the uniqueness of the p-Laplace transform.
Below, we establish a connection between the solution operator and the fractional abstract equation

(L.5fL.6). O

Theorem 3.8. Let 0 < v < 1 and S, (t) (t > 0) be a uniformly continuous solution operator satisfying (3.9).
Then
(i) There exists a unique bounded linear operator A such that

Su(t) = Eo <<tpp>aA> 10,

(it) The operator A in (i) is the infinitesimal generator of solution operator Sy (t).
(iit) For every t > 0,

‘Do Sa(t) = AS,(t) = Sa(t)A.

Proof.
(i) For ®(A\) > 0 and = € X we have:

a—1 «a e tr de
A TR\ A)x = exp [ —A— | Sa(t)z4—,p > 0. (3.20)
0 p tr
where A" LR(AY, A) = A1 (A3 — A)~L is p— laplace transform of a familly (Sa(t))a>0 i.e:

L,{Sa®)}(N) =21 (\Tg —A)! (3.21)

L, {Ea (<t:>a) A} (A =227t (o1g — AL (3.22)

and, we have
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Comparaison (3.21)) and (3.22), we have

- ((5)4)

(ii) Fix 0 < a < 1. From Theorem we know that the infinitesimal generator of S,(¢) is a bounded linear

(0%
operator A. Also, A is the infinitesimal generator of E,, (A (%) )

(iii) For every = > 0,

. Sa(r)r —x
Az =T(1+ ) lim e
()
So we have
ASa(t)z = D(1+a) lim So(n)Se(Bz ~ Salt)z
2)
= F(l + a) Thi% (t) (S‘I(-xfT(lflf — .CC)
(%)
= Sa()I'(1+ «) lim Sa T?Jx T Sa(t)Az

On the other hand, we are going to watch
Dyt Sa(t)r = AS,(t)x.
By Theorem [3.8}i-ii and Lemma [2.2] we deduce that
= [(5)"4]
(D) Saltle = (PG) X Firany™

_ (cDa,p) T+ i A" (C,Da,p) E an N
o+ — I'(1+an) 0\ p

A™ p*T"D(1 4 an)
I'l4+an) I'(1 —a+ an)

An tp oz(n—l)
I+ a(n— 1) <p) )
An+1 0\ o
— = x
i (o)
= A P\ "

The proof is complete. O

(tp)an—a _

I
Nk

1

3
Il

M2 1M

4. The mild solutions of abstract Cauchy problem ([1.5H1.6))

4.1. Ezistence and uniqueness of mild solutions of nonlinear problem (1.5
In order to study the existence and uniqueness of a mild solutions for a class of fractional abstract Cauchy
problem of the form ((1.501.6)), we consider the following auxiliary abstract problem
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where the auxiliary function
F(t,ult) = (Dé;‘”’) Fltut), 0<a <1, tel0,T], (4.2)

where (D(l): wp ) f the generalized Riemann—type fractional derivative of f.

It is reasonable to define the mild solution of ({.1)) as follows.
Definition 4.1. A function u € C(]0,7T]; X) is called a mild solution of (4.1)) if

dr
Tl=p"

u(t) =up + A (jéi’p) u(t) + /0 F(r,u(r)) (4.3)

By Lemma [2.1 and ({.1]), we obtain (4.3]).

Lemma 4.2. Let A be the infinitesimal generator of a solution operator S, (t), and let F € C(]0,T] x X, X)
is a mild solution of , then

u(t) = S (t)uo + /Ot Sa (<p (t: B r:>>

Proof. Assume u(t) satisfies (£.1)). By applying the p-Laplace transform to (£.3)), we get
Lo {u} (7)) = £y fuo} (1) + £, (AT u(D)} (7) + £, { TEPF (1 ut) } (7)
= woLly {1} (1) + A"AL, {u(t)} (1) + AL, {F (1, u(t))} (7).
This implies that

MLy {u(t)} (1) = uoA" L, {1} (1) + ALy {u(t)} (1) + A7 L, {F (L u(t))} (7). (4.5)

) F(r,u(r)) T‘ffp. (4.4)

=

which implies that
(A% = A) L, {u(t)} (1) = woX*L, {1} (1) + X*71L, {F (¢, ult))} (1),
and consequently
Lo {u(t)} (1) = uoA®H (A = A) 7+ AT = AL, {F(t u(t)} (7). (4.6)
On the other hand, using Theorem and we deduce that
Lp{u®)} (1) = L {Sa(t)uo} (1) + Ly {Sa(t)} (1) Lp {F (L, ult))} (7).
By Definition 2.5} we obtain
Lo{u(®)} (1) = Lo {Sa(t)uo} (7) + Ly {Sa(t) *p F(t, u(t))} (7).
Taking inverse p- Laplace transform into account, we arrived at . O

By virtue of Lemma we get the following:

Theorem 4.3. The mild solution operators of is in fact a genmeralization of a-order fractional
uniformly continuous solution operator Sy (t). The resolvent equation, we given

)= Sawo + [ 5. ((p (- j))i) D3 o) T un

where (Dé:a’p) f the generalized Riemann—type fractional derivative of f and S, (t) is a solution operator

generated by A.
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Proof. Tt can be easily shown by direct computation that the integral equation (4.7) satisfies the boundary

value problem ([1.5H1.6)).

Indeed, by virtue of the definition of F', let u(t) be given by formula ( and by Lemma operating

on both sides of it by (“Dg:’), we get
CN,P CNOLP K 1 ap dr
( D0+ ) u(t) = ( D0+ ) Sa(t)uo + o Sap (t,7) D, f(r, u))T s

— ASu(tuo+ 3 (D) JETPAT (1, u(t)
n=0

= ASa(thuo+ Y JyPA"f(t,ult))

n=0

= ASa(t)uo + f(t,u(t) + T3 AZ (“DG) T P AT F(t, u(t))

= AS.(t)uo + f(t,u(t)) + Ty A (CDO+ u(t) — (CDOJ_’)) Sa(t)uo)

= ASa(tuo + ft,u(t)) + Au(t) — Au(0) — ASa(t)ug + ASa(0)ug

= Au(t) + f(t,u(t)).

Since the initial condition is trivially satisfied, it follows that representation (4.7) does indeed solve the

fractional abstract Cauchy problem (1.5H1.6)). The proof is complete.

The following theorem is regarding the existence of mild solution of the problem ([1.51.6]).

O

Theorem 4.4. Assume f € C([0,7],X) is continuous and (Az) holds. Then the problem has at

least one mild solution defined on X.

Proof. Consider the operator ¥ : C([0,T],X) — C([0,T7],X) defined by

(Tu) () ug—i—/ Sa,p (t,7) Dy P f(7,u(r)) dr )

Tl=p

Let
B, :={ueC([0,7),X): [|ul]| <7},

where r > 0 is to be determined.

Clearly, the fixed points of the operator ¥ are solutions of the problem ([L.5H1.6)).

For any u € C([0,7T],X), and each t € [0,T], we have

t 1— dr
[l < a0l + | [ up 0:r) D51 (et T
a, dr
< Sa(tuoll + 1150, . | / DL f (ryu(r)
o dr
< [Sultyunll + [Sup e | [ DI 1) ST

&I * Tr
< Me" r [UO+I‘220z)(p> ]::r<oo,

which implies that the Wu € C ([0, 7], X) ,where p* = sup{p(¢) : t € [0,T]}.
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Moreover, for u,v € C ([0, T],X) and ¢ € [0,T], we get

100 =@ < Sap el | [ 23 ) - ) 55
g gy w0 vl ar
S Hm(m—p(t)mﬂ,p
= (et <1f\(u)<|>\‘1+|v|t )| [ pie
dr
<

1—a,
50, (5" [ D 10

1 AN
< et IS ()

This proves that ¥ transforms the ball B, into itself. We shall show that the operator ¥ : B, — B,
satisfies all the conditions of Schauder fixed point theorem. The proof will be given in several steps.

Step 1: ¥ : B, — B, is continuous. Let u, be a sequence such that u, — w in C ([0,7),X). Then for
each t € [0, T

00 = (B0l < 1180 )| [ 2 st = s
o () u()|  dr
< rs,ptTuH/D o ) O p(t)m
< swp el (Ll - JOLY | ooy 7

Since u, — u as n — oo and f is continuous, then by the Lebesgue dominated convergence theorem, we

have
[ (Wun) (¢) — (Yu) ()| — 0 as n — oo.

Step 2: W (B,) is uniformly bounded. This is clear since ¥ (B,) C B, and B, is bounded.
Step 3: U (B,) is equicontinuous. Let t1,t3 € [0,T),t; < t2 and let w € B,. Thus, we have

(W) (t2) — (Vu) (t)] < [[Sa(t2) = Sa(t1)] uo

to . d']— t1 _ dT
1—a, 1-a,
+ ; Sa,p(t%T)D(]Jrﬂ—p[f]E_ Sa,p(tlvT)DOJrﬂ—p[ﬂm
< [[Sa(t2) = Salt1)ll uo
t o dr
[ B0 (12:7) = S (1 D () 5
t2 a, dr
+ ] Smp(tg, ) 1 pf( ) Fl=p
1

From the property (3.17)), we have
o dr
I00) ) = () @) < [Sup G2l [ D 1)
t1

< Mt E D (Tp> -t
- I'(a) \ p p

As t; — tg, the right-hand side of the above inequality tends to zero.

As a consequence of Step 1-3 together with the Arzela-Ascoli theorem, we can conclude that ¥ is con-
tinuous and compact. From an application of Theorem we deduce that U has a fixed point u which is
a solution of the problem ((1.511.6)). O
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Theorem 4.5. Assume that the hypotheses (A1) and hold. If

yre Lo TP\
MV ) <uM>1Lw>o0. (4.9)
I'(a) \ p

Then there exists a unique mild solution of ,
Proof. Let sup;cjo.ry [f(t,0)] = N. Let u € C([0,T), X), by (A1) and (4.8), we see that

|f(rw)] = [f(r,u) — f(,0) + f(7,0)| < [f(7,u) = f(7,0)[ + | f(7,0)| < Ljul| + N (4.10)
and

dr
Tl=p

t
|wul < |rsa<t>uou+H /0 Sy (t.7) DT F (mu(r)))

t a d
< a0l + 180 0 | [ 202 (o) T
t o d
< IS0l + 10, 61| [ 2o 10 5

Lre L N (TP
et [y LN

I'(a) p
which implies that the Yu € C ([0,7];X), for all t € [0,T).

(0%
) ]<oo, for all T' < oo,

Moreover, for u,v € C([0,7),X) and ¢ € [0,T] we get
t 1—a,p dr
[ (Wu) = (Po)|| < ; ap (& )Py I (7,0) = £, 0) | 5
1o ], TP\ ¢
< Me"" P — u(t) —v(t)|.
v () Tt =0
If ) I _—
= TP
Mt — () <n, 411
e (o) i
then 1
['(a) e
T* N . 4.12
< (i) (412

In this way, we have actually shown that the mapping ¥ is a contraction in space C([0,7™),X), and it
follows from Banach’s contraction principle that the mapping ¥ has a unique fixed point in that space.

Since the choice of T™ given by does not depend on the initial condition, it follows that the solution
obtained can be extended to arbitrary T > 0, repeating the previous procedure and choosing new initial
conditions. O

4.2. Mild solutions and Mittag— Leffler function

By other method, representation of the mild solution of problem (1.501.6]), obtained by applying the
fractional analog of the generalized Duhamel principle, is given in the following statement:

Lemma 4.6. The mild solution of the fractional abstract Cauchy problem is given by

uu>_ﬁh<<i>QA>um+1TEa<<i-ij>aA>D;ﬂWf@ﬂwﬂ»;fﬁ (4.13)

where Dé;a’pf the generalized Riemann— type fractional derivative of f.
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Proof. Let u(t) be given by formula (4.7) then
dr

ut) = Sultyun+ /tsa,pw) DL ()

= £ ((5) uﬁ/Zman)[ ¢ ((ﬂ(if—T,f))’l’)p>ar7>é:“’”f<u>ﬂ
() o [ (£ 2) 02,
(5 o [ () e

Integral representation stated in the next Lemma will often be used in proving some auxiliary results as

I
S

O

well as in proving our main result.

Lemma 4.7. Let 0 < o < 1 and let S, (t) be a solution operator generated by A then

[ Sos 61 D )= [ For [0 (5 %) )fw,u))jf,, (1.14)

T1=p v e l1-a
p p

Proof. By Theorem [3.8}i and Lemma [2.T}Hii, we have

t dr ‘N 1 1 [ % “\* dr
N (R
/0 7P( 7) f() OZF(I—FO&n) [<p <p P ’ £ (u) —
= ﬁ _ Lp o 1—a,p diT
- / 1 + Oén < P P > D0+ fT’ U(T))Tlfp
1 t tP P an ol dr
N gr(l—kcm)/o <p n p> A Dy fT7U(T))7—17p

_ Zjolj—an,pAnfDé oz,pf t, u Z a+an pAnf t u( ))
n=0

() 1 t /4P P a+an 1 dr
nZ:O Ia+ an) /0 <p P) > f (T,u(T))Tl_p

t ool 2 A v_ )" T
[ M e

- LG () o

Theorem 4.8. The solution operators is in fact a generalization of o -order fractional uniformly continuous
solution operator of . The resolvent equation, we given

-n (S o [ (G5 B o

O
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4.8. Dependence of mild solution on the parameters

For f Lipschitz, the mild solution’s dependence on the order of the differential operator, the boundary

values, and the nonlinear term f are also discussed.

4.8.1. The dependence on parameters of the left-hand side of (
We show that the mild solutions of two equations with neighbouring orders will (under suitable
on their right hand sides f) lie close to one another.

conditions

Theorem 4.9. Suppose that the conditions of Theorem hold. Let u(t),uc(t) be the mild solutions,

respectively, of the problems and
“Dos “Pu(t) = Au(t) + f(t,u(t), 0 <t <T,

(4.16)

with the boundary conditions (1.6), where 0 < a—e < a < 1. Then ||[u — uc|| = O (€), for € sufficiently small.

Proof. By the above theorems, we can obtain the following results. Let

dr

Ue (1) = Sa_e u0+/ Sa—ep ( tT)Dl O‘Jre’pf(T,ue(T))ﬁ,

be the mild solution of 1@)

On one hand, from and (| m yields
[ue —ull = [[(Sa—e () = Sa () uoll

(
[ [Samew (07 PR ) = g (1) D (0 — 5 )
[(Sa—e () = Sa () uol|
+—LA S (6,7) (D0 f (7)) = DI (7)) -

dr

Tl=r

IN

[ Bae (07) = S0y (DI DI (F () <15

[ Santtem) (D05 o)~ D

By Theorem [3.8}i, we have

~
—~~
R
£
N
H‘
|
B

lim [|(Sa () = Sa—c (t)) uol| = 0

e—0

and
foc=ull < 3 f Grae | (3o - 2 ) | (5)
1 TP
M L fue — HDl oter [y ]H ()
p

From Lemma that

1 P a—€
he—1-me— L1 (L) o
F'(a—e€) \ p

Thus, in accordance with (4.18) and (4.19) we obtain ||u — u.|| = O (¢).

where

(4.17)

(4.18)

(4.19)
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4.8.2. The dependence on parameters of initial conditions

Let us introduce small changes in the initial conditions of ([1.6]) and consider (1.5) with boundary condi-
tions

u(0) = ug + €. (4.20)
Theorem 4.10. Assume the conditions of Theorem hold. Let u (t),ue (t) be respective solutions, of the

problems and the boundary conditions 4.20). Then ||ue —ul| = O ().
Proof. Let

¢ o dr
0 t) = Sal®) (w0 + )+ [ Sy (67 DI (rulr) S5, (121)
solutions of the problem (1.514.20)), Then
t o dr
lue —ull = |Sa (t)6+/0 Seup (6,7) Do ™ (f (7,u0)) = f (7,))) =
t 1—a,p dr
< Sa (@) ell 4+ [[Sap (6 S (7, ue) = f(7,u))l . Dor 1=
e dre [ L (TP\“
< eMeV" e 4+ Me""r [ <> ] Ue — ul| .
o () | =l
Consequently, we obtain
1 &I
|ue —ul| < —eMe™" 7, (4.22)
ko
where kg is defined by (4.19). It is easy to see that ||ue — u|| = O (¢) . O

4.3.8. The dependence on parameters of the right-hand side of (
Theorem 4.11. Suppose that the conditions of Theorem hold. Let u(t),uc (t) be the mild solutions,

respectively, of the problems and
“Dyfu(t) = Au(t) + f(t,u(t)) + eh(t,u(t), 0<t <T, a € (0,1), (4.23)
with boundary conditions where h € C[0,T]. Then ||lu— uc|| = O ().

Proof. Assume that u(t) and uc(t) on [0, T] are the mild solutions of the initial value problems ([L.511.6]) and
(4.2311.6)), respectively. In accordance with Theorem we have

t o dr
ue (t) = Sao(t)ug —|—/0 Sap(t,T) Dé+ PUf (T, ue) + eh (T, ue)] et (4.24)
Then
t 1—a,p dr
|ue —ull = ) Sap (t,7) D0+ (f (1,ue(7))) = f (T,u)) + eh(T, ue)) s
t 1—a,p dr
< Sayp (NS (7, ue) = f(7,u) + (T, ud)| . Do 1=
e (5) ] w5 ()|
< Me"" T e | — + Me"" P | —— | — Ue — |
i (7 ma) \p ) e
We get
1 L 7\
lue — ul| < —Me"" [e||h|| < ) ] , (4.25)
ko P
where kg is defined by (4.19). It is easy to see that ||ue — u|| = O (€) . O

Finally, we state and prove the Ulam—Hyers stability result.
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4.4. Ulam—Hyers stability of mild solution

Next, we are going to discuss stability in Ulam-Hyers sense of the fractional equation on [0,7]. In
this subsection, we study Hyers-Ulam stability for the solutions of our proposed system. Thanks to Definitions
2.13 and Theorem the respective results are received. In the proofs of Theorems [4.13}{4.14] we use
one of the most important techniques of classical calculus: Gronwall type inequality and integration by parts
in the settings of p-fractional operators.

Lemma 4.12. if @ € C is a mild solution of the inequation then 4 is a mild solution of the following
wntegral inequation

¢ T
a(t)—Sa(t)uo—/o S (17 DR () | < ey, (4.26)
with 4
Cf—sup{/ Sap( t’T)Dl O‘p[l]Tlip:tE(O,T]}, (4.27)

where cy is independent of i (t) and f.
Proof. Let @ € C is a mild solution of the inequation ), by Remark ii, we have that

5(0) = St~ [ Sup () (D) (00 +9 (1) 15 (1.28)

In view of (3.3)) and ( m, we obtain

a(t) — UO—/ Sap(t,T) DL ap)f(T,ﬂ(T)) dr

Ti=p

a, dr
< /S,ptT 1 p)g(7>71_p
TP
< elsmp el | (25 (5) <<
where ¢y is defined below in (4.27)). O

Theorem 4.13. Assume that the assumptions (A1) and hold. Then the equation is Ulam-Hyers
stable with
| (0) —u (0)] = 0. (4.29)

Proof. By Lemmas , integrating by parts one shows that

w0 < et [ Sup60) (D) (Fru(r)) = Fr () -5
< cop L[ Suplt) (D55) (uln) — 2 (0D 57,
dr
<

t
ecy + L/ (D;*Ta,p) Sap (t,7) |u(r) —a(r)| e
0
Then Gronwall’s inequality implies that

v(t) =ecy and v(1) = L (D;;a,p) [Sap (t,7) 7071 .

It follows that

it) — u(t) |< v(t) exp(A(t)), A(t) = /O b(r)dr. (4.30)
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It is immediately to find that v(t) — 0 in the presence of ¢ — 0. Therefore, we conclude that
a(t) — u(t).

This proves that the problem (1.5{1.6) is Hyers-Ulam stable. Thus we complete this proof. O

Theorem 4.14. Assume that the assumptions (A1) and (As) hold. If a continuously differentiable function
@:[0,T) — R satisfies (2.5), where ® : [0,T] — R is a continuous function with (As), then there exists
a mild solution w : [0,T] — R of problem such that

@) — u ()] < ecs® (), (431)

with {{29).

Proof. By Lemma [2.4] and Remark [2.76] -, one can obtain
() —a(t)] = /sap (t.7) (D) () = F(r. )+ 9 (7))
dr
/SaptT 1a’p)<I>(T)Tl_p
# [ Sup ) (257 () = i)
¢ /0 Sep (,7) (Dgﬁp) @ (1) 55,

+ [ g 0) (D42 ) — )]

a dr
/Sapm Dy ™) @ (r) =
dr

+L/0 (D}',Ta P) Seap (t,7)|u(r) —a(r)] ey
For the Lemma [2.10] we have

o(t) = /sapm 1”)@() ?Tp

T

e ([ o075
e[zt )] |(77) 93

(27) 1| o (1

dr
Ti=p

IN

dr
Ti-p

IN

IN

IN

IN

IN

€

and

So
Lit) — u(t) | < o(t) exp(A(t)), A(t) = /0 b(r)dr. (4.32)

It is immediately to find that v(¢) — 0 in the presence of ¢ — 0. Therefore, we conclude that
a(t) — u(t).

This proves that the problem (1.5H1.6)) is Hyers-Ulam-Rassias stable.Thus we complete this proof. O
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Theorem 4.15. Assume that the assumptions (A1), (As) and (A4). If a continuously differentiable function
@:[0,T] — R satisfies (2.4]), where ® : [0,T] — RT is a continuous function with (As), then there exists
a mild solution w : [0,T] — R of problem such that

(1) = u ()] < ey® (1), (1.33)
with , where
¢f = sup {(1 +2¢%) [|Sap (£,7)] H (Di}a’p) [1]H lp:t € [o,T]} : (4.34)

Proof. By Remark ii, we have that

50 = Sulha — [ Suptt.7) (D5°7) im0

(4.35)

< /0 t Sep (t,7) (Déjo‘”’) (@ (7)) jip-

In view of Lemma (A3) and Ay4), we obtain

w050 < [ Sy tr) (P50) @ 7))
[ Sup ) (2427 (50 - 1@ 55
< [ sy ter) (D50) 001

[ () i 2

< 1 20) [ Sup ) (D427 (20

< (14207 S, (BN (D12) )] | (577 (9]

This proves that the problem (1.5H1.6]) is generalized Ulam-Hyers-Rassias stable. Thus we complete this
proof. O

Remark 4.16.

(i) Under the assumptions of Theorem [£.4] we consider ([L.B1.6) and the inequality (2.2)), one can renew
the same procedure to confirm that (1.541.6) is Ulam-Hyers stable.

(ii) Other stability results for the equation (1.5 ) can be discussed similarly.

5. Examples

In this section we present two examples to illustrate our results. We take

X=Co(R)={ue C(R): lim u(s)=0}

|s| =00

and for a fixed constant 8 > 0, we define an operator Ag by the difference quotients

(A (5) = 5 (u s+ 9) = u(s)) u € X
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It is well known that Ag € LB(X) is the infinitesimal generator of an semigroup S.(t) (¢ > 0) with
w := ||Ag|| = 2/f, and hence one has the estimate

Isatul = £ ((£) a0) u

o
However, with multiplication of the product of two series, we can rewrite F, (<?> (Ag)) as

< meP(5) g, M1

1

() o) oo (- () () S v

n=0

From this it follows that S, () (¢ > 0) is a uniformly continuous semigroup of bounded linear operators
Ag €85G (M, w) on X =D (Ag).
By Theorem we have that

(AgSa(t)) u(s) = Ap (Sa(t)u) (s) = Z (Salt)u (s + B) — Sa(t)u(s)) = Sa(t) (Agu) (s)

| =

and

(“DEP) Sa(tyu (s) = (“DEP) (Ea <<t:>a Aﬁ> u(s)> _ Ay <Ea ((ZJ)(XAB) u) (5) = (AsSa(t)) u(s).

Example 5.1. Let us first consider the fractional abstract Cauchy problem (1.541.6) with the following
parameters T'=1, a =1/2,p =3, u(0) = —3. Here

Fltu) = gult) + By ot ).

It is easy to see that the function f satisfy condition (A;) and L = 1/3. Furthermore, the inequality
(4.9) holds with

PN 1
ML <T> ewD‘TTfJZEQM %<1’
L(a) \ p 9w
which implies that
| <M< T 3[ B> 0.

It follows from Theorem [£.5] the problem (1.5HI.6) has a unique mild solution.
In the view of Theorem {.13|the problem l i is Ulam-Hyers stable if the condition (4.27) is satisfied

with e - V3
¢t 2 [[Sap tTHH( )[1]” <p> 57Me F < oo,

Next, in the view of Theorem the problem (1.5H1.6) is Ulam-Hyers-Rassias stable with ¢(t) =
E1/2(t1/2), hence

| TP (1) |< Lod(t) with Ig = 1.
From the condition (As), which implies that

Mly, (TP\® ,Lizr 1 P
cfz—¢S ) e¥ 5 ﬁfﬁMeg F < 0.
Lla) \ p 3
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Example 5.2. Consider the following fractional abstract Cauchy problem (1.5H1.6) withT' =1, a = 1/2, p =
1/2 u(0) = -3

Ktl/? | u(t) |
t,u) = Bt/ 2L 0 tel0,1 R.
f(t,u) 20 172( )1+‘u(t)|ﬂ"€e{7oo>v 6[7]771'6
o Kt s 1
From the conditions (As) and (Ay4), p(t) = %Elg(t /2) and q(t) = §p(t)

/2
p* = Sup{ﬁ20 El,?(tl/Q) te [O’ 1]} = % (6 - 1)7 k>0,

Before, Theorem the problem (1.51.6]) has at least one mild solution, when M > 1 and

r=M (u(O) + rl();) <7:;)a> ot 0 (;{)\‘gn(e —1) - 3) &V < .

In view of Theorem §4.15), the problem (1.5}{1.6)) is generalized Ulam-Hyers-Rassias stable with ¢(t) = 2v/1,
hence

| T (1) |< Ld(t) = 2V/E with 1 = 1.
We derive that

« %Lﬂ K 2
Cf:M(1+2q*)<> e :M<1—|——(6—1)>—e F < oo.

5l

6. Conclusions

We have presented some results dealing with the existence and uniqueness of mild solutions for abstract
Cauchy problem involving generalized fractional order The mild solutions are obtained by using the theory
of uniformly continuous semigroups of operators, we also analyze the continuous dependence of solutions all
on its right side function, initial value condition and the fractional order for abstract Cauchy problem and
We also presented a discuss on the Ulam-Hyers stability of the mild solution of the proposed problem. The
concerned theory has been enriched by providing suitable examples.

Reported results in this paper can be considered as a promising contribution to the theory of fractional ab-
stract Cauchy problems. These results can be used to study and develop further quantitative and qualitative
properties of generalized fractional abstract differential equations. Furthermore, the form of a fundamen-
tal mild solution obtained in this work is a foundation result for further investigation such as the problem
with perturbation, delay and a nonlocal term. For problem ([1.511.6]), we can also consider its approximation
controllability, which will be our future work.

However, some questions remain open and are motivations for a future work among them, the main one is
the possibility to investigate the existence and uniqueness of classical, mild and strong solutions to a class of
nonlocal term Cauchy problem with weighted p-Caputo fractional mixed generalized Volterra-Fredholm-type
integrodifferential equations of order a € (1,2) of integrodifferential and differential fractional equations in
the sense of the ¥-Caputo fractional derivative, we will develop approximate controllability results for Sobolev
type fractional delay evolution inclusions of order a € (1,2). We claim that the results of this paper is new
and generalize some earlier results.
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