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Abstract

In order to solve the fixed point of nonexpansive mappings, we propose two iterative
algorithms based on runge-kutta method. The first algorithm is focused on solving the
fixed point problem of a single nonexpansive mapping, and weak convergence has been
proved. we suggest the second algorithm by dynamic string-averaging rule. It can be used
to find a common fixed point of a family of finite nonexpansive mappings. We show that
the second algorithm is bounded perturbations resilient, and it is strongly convergent.
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1. Introduction

Fixed point theory and method is an important branch of nonlinear functional analysis,
it is widely applied in signal processing, image recovery, variational inequality, equilibrium
problems, etc. (see [6,16,17] and references therein). The origin of these theory can
be traced back to last century. Since 1922 Banach proposed the contraction mapping
principle, fixed point theory has attracted the attention of many scholars. With the
development of science, researchers are no longer limited to the existence of fixed point,
and more and more people begin to focus on the study of iterative algorithms (see [2-5,7,
9,12-14]). Up to now, scholars have made remarkable achievements. For example, Mann
introduced the so-called one-step method [15] in 1953, it iteration format as follows:

x0 € H, i1 = (1 —ap)zy + anTxy,, Vn > 0.
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In 1974, Ishikawa introduced two-step Mann method[15]:

{ Yn = (1 — ap)zp + apnTxy,
Tn4+1 = (1 - ﬂn)xn + BnTyn

In 2000, Moudafi introduced viscosity algorithm[15]:
xo € H, Tpy1 = (1 - O‘n)f(l'n) +apTxy, Vn >0,

where f is a contractive mapping.

Fixed point theory and differential equations are closely linked. On the one hand, fixed
point method is an effective tool for solving differential equations. On another hand,
the iterative method of numerical solution of differential equations also provides help for
the development of fixed point theory. In recent years, many scholars began to connect
the differential equation theory with the fixed point iterative methods(see [1, 8,10, 11]).
Motivated by these articles, we utilize runge-kutta method to propose two algorithms to
solve the fixed point problem.

For the ordinary differential equation, it is the following form:

y'(x) = flz,y(@) = fo(y(2)),y(0) = o (1.1)
Where f :[0,z] x R" — R", and f,() = f(x,-). Let h > 0 be a step-size. Using the
runge-kutta method, we can get
yl(n + 1)B] = y(nh) + h(biky + boks + - + buk)

k1= f(nh,y(nh))
ko = f(nh + A2h,y(nh) + pzh)

km = f(nh + Amh, y(nh) + Mmh)

where \; € [0,1], y(nh) + p;h is the approximate value of y(nh + A\jh). Under some mild
smoothness conditions on f, the above method converges uniformly to the exact solution
of (1.1) as h — 0 over z in any fixed finite time interval [0, Z].

If we set the function f,(y) = ¢.(y) — vy, the differential equation (1.1) will become

y'(2) = g:(y(2)) — y(@),y(0) = yo. (1.2)
Thus, differential equation (1.2) is related to the equilibrium problem by a common fixed
point

Y= g2(y)-
This encouraged us to apply the runge-kutta method to solve fixed point equation
Tx = x.
Note that the above process can be rewritten as
Yn+1 = Yn + hlbrg(nh, y(nh)) + - + bng(zn + Amh, y(nh) + pmh)]

m 1.3
— h()_ biyn + bapioh + - - - + by i h). (13)

=1
Based on the local truncation error, when Y ;" b; = 1 the runge-kutta method has first-
order precision.
Set A1 = p1 = 0, then the equation becomes

Ynt1 = (1 — h yn +hzbzg (nh + Aih y(nh +,Uz — h? szﬂz (1'4)
=1

Due to h — 0, so we have

Ynt1 = (1= h)yn + 1Y _ big(nh + Aih,y(nh) 4 pih). (1.5)
i=1
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Denote Ty the relaxation of 7. Since h — 0, the difference between g(nh,y(nh)) and
g(nh 4+ Aih,y(nh) + p;h) is very small. Meanwhile, (1 — A)y(nh) + Ag(nh,y(nh)) is ap-
proximately equal to g(nh,y(nh)) when A\ — 1. If we substitute the relaxation of g for
g(nh + A\ih,y(nh) + p;h), then we can construct the following iteration of a nonexpansive
mapping 7T :
Yn4+1 = (1 - h)yn + huy,
m
Uy = Zw(k:)TAkyn. (1.6)
k=1
Where > 1" w(k) =1, and{\;} C [0, 1].

The structure of this work is as follows. In section 2, we review some of the concepts and
preliminary results used below. In section 3, we deal with analyzing the weak convergence
of the first algorithm. In section 4, we propose the second algorithm, and in section 5 we
prove the strong convergence of the second algorithm and that it is bounded perturbations
resilient.

2. Preliminaries

Denote by H a Hilbert space endowed with inner product (-,-) and norm || - ||, respec-
tively. Let C' C H is a nonempty closed convex subset, and Fiz(T) the set of fixed points
of T. The sequence {z,} converges weakly to = is denoted by x,, — = as n — 0. wy(zy)
denotes the weak limit set of {x,}, i.e.

wn(rn) = {x € H : there exists a subsequence {n;} of {n} such that z,, — x}.
For any u,v € H and A € [0, 1], we have the following equality.
A 4 (1= Nl = Aful* + (1 = N)[[v]]* = (L = N)lJu —v|%. (2.1)
We also have
1D wimill® = 3 willzll® = 5 32 wiewsllai — 517, (2.2)
i=1 i=1 ij=1
where > w; =1, x; € H.
Definition 2.1. Let T': H — H be an operator. Then
1. the operator T is called nonexpansive if
[Tz = Tyl < [l -y
for all z,y in H .
2. the operator T is called strongly quasi-nonexpansive if exists a > 0
|IT2 —2|* < ||z — 2|* - al|Tz — |
for all x in H and z in Fiz(T).
3. denote T) the relaxation of T,
Ty = (1 — \)I + AT,

where [ is the identity operator and A € [0,2]. If A € (0,1) and 7' is nonexpan-
sive, then T) is averaged and denote by S. Clearly, an averaged operator is both
nonexpansive and strongly quasi-nonexpansive.

Lemma 2.2. ([11]). Let T be a nonexpansive self-mapping on C with Fix(T) # (). Assume
that x,, converges weakly to x as n — oo, and (I —T)x, — 0. Then x € Fix(T).

Lemma 2.3. ([11]). Let C be a nonempty closed convex subset of a Hilbert space H, and
{yn} represents a bounded sequence in H such that:

(1) limp—oo ||yn — ul|exists for all u € C;
(2) wy(yn) C C.
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Then {yn} converges to a point in C' weakly.

3. The first algorithm

In this section, a new algorithm is introduced to solve the fixed point problem of a
nonexpansive mapping. In order to obtain the convergence of the method, we make
the following assumptions. Assume that an operator 7' : C — C' is nonexpansive, and
w(k) € (0,1),k=1,2,--- ,m, such that > }"  w, = 1.

Algorithm 3.1

Yn+1 = (1 - Sn)yn + Spup,
i 3.1
un =Y w(k)Tx Yn, (3.1)
k=1
where {s,} C (0,1), {\x} C [0,1] and there exists k € {1,2,--- ,m} such that \x # 0.
Proposition 3.1. Let {y,} be the sequence generated by (3.1), then we have for all x* €
Fiz(T),
[yns1 — 27| < llyn — 27]]. (3.2)
Proof. Using (2.1), we have

lynr1 = 2|7 = 11 = $0) (yn — &) + sn(un — 2)?

= (1= sl — ") 4 sulln — 22 = (1= sa)sulln — o
= (1)l (g — 2
(3 B Doy — "1 = 5 3 (i) T, — Thu511)
k=1 ij=1 (3.3)

— (1= sn)snllyn — unl|
< (1= s0) [ (yn — )|

nz HTAkyn_:C H2 (1_3n)5n||yn_un”2

< II(yn = 2")|I” = (1 = sn)snllyn — unll.
We get immediately that

[Yn1 = 2" < llgn — 27].

Further, we also have
(e.0)
Z 1= sp)snllyn — un|| < +o0. (3.4)

Based on iterative parameter {s,} satisfies the condition that {s,} C (0,1), then we can
deduce

T flgn — uall = 0. (3.5)
Theorem 3.2. Let H be a Hilbert space, and an operator T : C' — C' be nonexpansive.
Assume that {yn} is a sequence generated by (3.1), then {y,} converges weakly to a point



Algorithm analysis of solving ... 1571

Proof. According to the norm triangle inequality, we have

Hyn — Ty,

| < llun = Tynll + llyn — unl|

= [lyn — uall + HkZ::l(l_)\k)W(k)(yn_Tyn)H (3.6)

< lyn = unll + D1 = M) ()| (yn — Tyn)l-
k=1

By (3.5), we can deduce immediately that
T [lgn — Tyall = 0. (37)

It follows from Lemma 2.2, we have wy,(yn,) C Fiz(T). Based on (3.2) we get that
lim, o0 ||y — @*|| exists for all z* € Fix(T). So, we can apply Lemma 2.3 to derive
the weak convergence of {y,} to a point in Fiz(T). O

4. The second algorithm

Now, we extend our result to solve the common fixed point problem for a family of
finite nonexpansive mappings. Set {T;}", is a family of nonexpansive self-mapping on H.
Denote by T; y» = I + A\(T; — I), where I is the identity operator. For each zy € H and any
r > (0, we mean

B(zg,r) ={z € H : ||z — zo| < r}.

For any positive number € > 0 and every i € {1,2,--- ,m}, assume that
m
F = Fiz(T;) (4.1)
1=1
FAT) = {z € H: | — Ti(x)]| < e} (42
Fe T’z):Fe(ﬂ)—i_B(OaE) (
m
i=1
m ~
i=1
By an index vector t = (t1,t,- - ,tp) such that t; € {1,2,--- ;m} foralli=1,2,--- ,p.
For an index vector t = (1,12, -+ ,t,), we mean
T =T, apen T agn = Ty o P = @ (4.6)
Fix a number 6 € (0, %], forallm >0, and i € {1,2,--- ,m},we define /\En) €,1-40].

It is obvious for every index vector ¢t and for all z € F,z,y € H that T'[t] is nonexpansive
and

T[t](z) = 2. (4.7)
Let A be the collection of all pairs (Q,w) and w satisfies
w: Q= (0,1),) wt)=1, (4.8)
teQ

where (2 represents a finite collection of index vectors.
Let (©,w) € A and set

Tow(x) =Y w(t)T[t)(z),z € H. (4.9)
teQ

It is clearly to see Tq,, is nonexpansive, and for all z € F' we have Tq ,(2) = 2.
In the present, we propose a dynamic string-averaging algorithm.



1572 X.Y. Li, L.J. Zhu, M. Postolache

Algorithm 4.1

{ Ynt1 = (1= 5n)yn + T 41 ws1 (Un)
10,41 wni1 (yn) = Eteﬂn+lw(t)T[t] (Yn)-

Where {s,,} C [a,1—a],a € (0,1] is a fixed number.

Note that (1.5), we will prove that algorithm 4.1 is bounded perturbations resilient. In
other words, set a sequence {e,} C [0, 00) satisfies > o €, < oo, and {y,} is a sequence
generated by algorithm 4.1. If for each n > 0

|yns1 — (1 — 50)Yn — SnTQnH,wnH (yn)ll < €nt1, (4.10)

then {y,} converges strongly to a point in F..
Fix an integer ¢ and a number  such that

q=m, (4.11)
5 € (0,m™. (4.12)
Denote by A* the subset of A such that for each (Q,w) € A* and t € Q,
p(t) <4 (4.13)
w(t) > 0. (4.14)

Set N a fixed natural number and Card(A) the cardinality of a set A.
Theorem 4.1. Let R > 0 satisfy
B(0,R)(F # 0, (4.15)

Fiz a positive number e and {e,} C [0,00) satisfy
oo
A=) ey < o0. (4.16)
n=1

Let ng be a natural number such that for every n > ng
en <e(N+1)"Yg+1)"1 (4.17)

Assume that
{(Qmwn)}zozl C A*a (4.18)

satisfy for any natural number j

J+N-1
{1727"' 7m}C U ( U {t17t27"' 7tp(t)})7 (419)
n:j tEQn
o € B(0, R). (4.20)

Then a sequence {y,} generated by algorithm 4.1 is bounded perturbations resilient and
Card({n € {1,2,---} 1 yn ¢ Fe})

< ng+ (2R + A)? +2A(2R + A))N(1 + N)*(1 + g)% 267 e,
where ¢ = [af(1 — 6)] L.
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5. Proof of Theorem 4.1

Proposition 5.1. For alln >0,

¥ —ynll <2R+) €, Va* € B(0,R)[|F. (5.1)
=0
Proof. Based on (4.15), there is a z* € B(0, R) () F. By (4.20) we have
2% — yoll < 2R. (5.2)

Set ey = 0,inequality (5.1) clearly holds for n = 0. Assume that n > 0 inequality (5.1)
holds, by (4.10)

[yn+1 — 2% <11 = $0)yn + $nT0, 1 wasr (Yn) — 27
+lYyn+1 — (1 = s0)yn — SnTQn+1,wn+1(yn)H

ntl (5.3)
< 2" = ynl + ent1 2R+ D€
i=0
Above all, proposition 5.1 is proved. 0
Set 0 = €(g+ 1)"H(N + 1)1, by (4.17) for all n > ng
en < 0- (5.4)
Let n > 0, for every t = (t1,t2," + ,tp1)) € Qny1, we can find a finite sequence
{z; (n.2) }p(t) C H such that
Yo = 2y (5.5)
Ty y20) = o™, = 1,2, p(2). (5.6)
xgzg) =Ty (5.7)
Set
B = max el =2l 1 j = 0,1, p(t) — 1}. (5.8)
Then we get
TQn+17Wn+1 yn - Z wn+1 xnt (59)
teQpnt1
Set
P+l = max{fnt 1t € Qpi1}. (5.10)
Proposition 5.2. For each natural number n > ngy satisfies pnt+1 < Yo, then we have
Yn € EEWO S € LJ {t17t27 7tp@)}7Hyn+l _'ynH §§Wb(§'+’1)- (5.11)

t€Qnt1

Proof. Let t = (t1,t2, -+ ,tpw)) € Qny1, based on Ty, j = t1,ta,- -+ 1, is averaged , for
every 0 < j < p(t)

n,t * TL,t *
|28 — 2|2 — |2 — 2|2
n,t n,t *
= o™ —&"|* = |IT,, ”MM( Ny —ar)?
(5.12)
n+1 n+1 n,t n,t
u—&+3>,:w< LG

> (1- )0t — 2lmD)2.
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Moreover, we have

lym x*||2 lans — )1 = [l — 2|2 = |2y — |1
pt) (nt) "
n, k n
Hl“ —z*|* - H%H —z*|?)
7=0
p(t)—1 9
n 2
1—992 Hx —acJHH
> (1- )%it-
It follows from (4.8), (4.13), (4.18), (5.10) and (5.13)
(1 = sn)yn + SnTQn+17Wn+1 (Yn) — $*|’2
< (1= sp)lyn — x*HZ + Sn Z wn—&-l(t)Hxn,t - w*H2
teQnt1
<A =sn)llyn =2 P+ 50 D> wap1(O)(lyn — 2*[* = (1 = 0)057 )
tEQn+1
= lyn — 27 —5.(1=0)0 D> wny1(t)Ba,
tEQn+1

< lyn = &"|* = ad0(1 = O)pi5 45
Further, by (4.10) and (5.1)
g1 = 2P = 1L = 50)yn + 50T 41,0001 (Un) — 2|7

= lyns1 — 2| = [[(1 — s0)yn + 5nTQn+1,wn+1 (Yn) — |
X Nynt1 = 2| + 11 = $0)yn + 80T 10001 (Yn) — 27|
< lynt1 =2 = 11 = sn)yn + $0T, 1 wnis (Un) — 7|

X (lyn = 2| + llynt1 — 7))
< 2,41 (2R + A).

Therefore, we have

lyns1 = 2*(* < llyn — 2*[|* — adb(1 — O)pp 11 + 26041 (2R + A).

For each n > ny,

2R+ A)? > |lyn, — 2™
n—1

> [lyng — 2117 = llym — 2™ = 3 (lys — 2" 17 = llyiv1 — 2*1%)

i=ng

> Z [a60(1 — O)uFq — 26511 (2R + A)].

1=ng
So, we have
n—1
(2R+A)* +2A(2R + A) > adf(1—0) > piy
1=ng

> adf(1 — 0)yaCard({k € {ng,--,n — 1} : pigs1 > 0})-
This implies

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

Card({k € {no, -~ ,n—1} : prr1 > 70} < (ad60(1 — 0)73) (2R + A)* + 2A(2R + A)).

(5.19)
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Assume that n > ng such that p,11 < 0. Set t = (t1,- -+ ,tp4)) € Qny1, we have
it it )t )t
Yo > ey = 2l = 1T, 25" = 25", (5.20)
therefore
nh) ¢ g (T, 21
2 € 70( tj+1)' (5' )
Moreover, ¥y, = a:(()n’t), so we have
Iy — 251 < 470 < 2. (5.22)

If j < p(t), then

Yn € Fgno(Tyy11)s (5.23)
so we have
Un € Fgo(Th,), s = 1,2, ,p(1). (5.24)
For all t € Qp,41,
lyn — znell < @0, (5.25)
therefore
yn € (VW Eao(Ts) :s€ | {tr, -t} (5.26)
t€Qn 11
Further, we have
[Yn+1 = ynl
<N = sn)yn + SnTQn+1,wn+1 (Un) = Yn+1|l
+ (1 = 50)yn + 50T 1 wni1 (Un) = Ynll (5.27)

< ent1 + Sl T0,0w00 (Un) = Unll
< €ent1+ 0@y < (¢ + 1)70.
Above all, proposition 5.2 is proved. g
Set Ey = {i € {no,no+1,---} : ptit1 > Y0}, based on (5.19)
Card(Ep) < (ad0(1 — 0)v3) ' (2R + A)? + 2A(2R + A)). (5.28)
Set By = {i € {ng,no +1,---}: [i,5+ N — 1] Eg # 0}, then
Card(Ey) < NCard(Ep)
< N(adf(1 - 0)75) " (2R + A)* + 2A(2R + A)). (5:29)

Let j > ng and j ¢ Ei, then [j,j + N — 1N Ey = 0. By proposition 5.2, for each
n € [j,j + N — 1], we can get 41 < 0.
For any ni,ng € {Ja]"’ L a]+N_ 1}7

1Yny = Unyr1ll < (7+ 1)Nro. (5.30)
Therefore, for all n € {j,j +1,---,5+ N — 1},

Yn € F@H)%(NH)(Ts)’

J+N-1 (5.3)
LS U U{{tl, 7tp(t)} tEQn+1}:{1727 ’m}'
n=j

So, yn € F.,n > ng. This implies theorem 4.1 true.
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Remark 5.3. If T;,7 = 1,2, --m is quasi-nonexpansive, then theorem 4.1 is also true.
Because we do not use the nonexpansibility of the operator in the proof. If T;,7 =1,2,---m
is a-strongly quasi-nonexpansive, then it is not difficult to get that 7; y,i = 1,2,---m is
also strongly quasi-nonexpansive with the coefficient (A(1 — \) + Aa)). Meanwhile, A €
(0,1 + «) instead of in (0,1). In this case, ¢ = [af(1 — 6)]~! in theorem 4.1 becomes
c = [af(1 — 0) + aaf] L. Obviously, it is an acceleration of algorithm 4.1.

Corollary 5.4. IfT; : C — C,i =1,2,---m, where C C H is compact. Then the sequence
{yn} defined by algorithm 4.1 converges to a point in F.

Proof. Obviously, T is nonexpansive and it follows that T" is continuous. Based on theo-
rem 4.1, for each € > 0, there is a common y(¢€) such that

| Tiy(e) —y(e)|| <€ i=1,2,--,m.

Because C' is compact, there is a sequence {¢,} such that y(e,) — y*. Let €, — 0, for all
i=1,2--,m

ITiy(en) — v || < [[Tiy(en) — ylea)l + ly(en) — 47l < en + [ly(en) — 47|

This implies that Tiy(e,) — y*, i =1,2,--- ,m.
So, we have

Ty* =T, lim y(e,) = lim Tiy(en) =y*, i =1,2,--- ,m.
Above all, corollary 5.4 is proved. 0

6. Conclusion

In this article, we propose two algorithms based on runge-kutta method. The first al-
gorithm is weak convergent. The second algorithm turns out to be bounded perturbations
resilient and convergent strongly.
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