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Bi-Periodic (𝒑, 𝒒)-Fibonacci and Bi-Periodic (𝒑, 𝒒)-Lucas Sequences 
 

 

Yasemin TAŞYURDU *1 , Naime Şeyda TÜRKOĞLU1  

 
 

Abstract 

 

In this paper, we define bi-periodic (𝑝, 𝑞)-Fibonacci and bi-periodic (𝑝, 𝑞)-Lucas sequences, 

which generalize Fibonacci type, Lucas type, bi-periodic Fibonacci type and bi-periodic Lucas 

type sequences, using recurrence relations of (𝑝, 𝑞)-Fibonacci and (𝑝, 𝑞)-Lucas sequences. 

Generating functions and Binet formulas that allow us to calculate the 𝑛th terms of these 

sequences are given and the convergence properties of their consecutive terms are examined. 

Also, we prove some fundamental identities of bi-periodic (𝑝, 𝑞)-Fibonacci and bi-periodic 

(𝑝, 𝑞)-Lucas sequences conform to the well-known properties of Fibonacci and Lucas 

sequences. 

 

Keywords: Bi-periodic Fibonacci numbers, Fibonacci number, generalized Fibonacci 

numbers, bi-periodic Lucas numbers, Lucas number 
 

 

1. INTRODUCTION 

Fibonacci sequence, {𝐹𝑛}𝑛∈ℕ is introduced 

by recurrence relation 𝐹𝑛 = 𝐹𝑛−1 + 𝐹𝑛−2 

with initial terms 𝐹0 = 0, 𝐹1 = 1 for 𝑛 ≥ 2. 

The most interesting applications of this 

sequence have been on its generalizations, 

also called families of Fibonacci sequence. 

For instance, Lucas sequence, {𝐿𝑛}𝑛∈ℕ is 

introduced by recurrence relation 𝐿𝑛 =
𝐿𝑛−1 + 𝐿𝑛−2 with initial terms 𝐿0 = 2,
𝐿1 = 1 for 𝑛 ≥ 2 using different the initial 

terms and recurrence relation similar to the 

Fibonacci sequence [1]. Then, 𝑘-Fibonacci 

sequence by recurrence relation 𝐹𝑘,𝑛 =

𝑘𝐹𝑘,𝑛−1 + 𝐹𝑘,𝑛−2 with initial terms 𝐹𝑘,0 = 0, 

𝐹𝑘,1 = 1 and 𝑘-Lucas sequence by 

recurrence relation 𝐿𝑘,𝑛 = 𝑘𝐿𝑘,𝑛−1 + 𝐿𝑘,𝑛−2 
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with initial terms 𝐿𝑘,0 = 2, 𝐿𝑘,1 = 𝑘 are 

determined according to parameter 𝑘 [2, 3]. 

For more details on generalizations, see [4-

7]. 

 

Further generalizations of the Fibonacci and 

Lucas sequences are presented according to 

parameters 𝑝 and 𝑞. For integers 𝑝, 𝑞 ≥ 1, 

the (𝑝, 𝑞)-Fibonacci sequence is presented 

by recurrence relation 

𝐹𝑝,𝑞,𝑛 = 𝑝𝐹𝑝,𝑞,𝑛−1 + 𝑞𝐹𝑝,𝑞,𝑛−2,   𝑛 ≥ 2      (1) 

with initial terms 𝐹𝑝,𝑞,0 = 0, 𝐹𝑝,𝑞,1 = 1, and 

the (𝑝, 𝑞)-Lucas sequence is presented by 

recurrence relation 

𝐿𝑝,𝑞,𝑛 = 𝑝𝐿𝑝,𝑞,𝑛−1 + 𝑞𝐿𝑝,𝑞,𝑛−2,  𝑛 ≥ 2      (2) 
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with initial terms 𝐿𝑝,𝑞,0 = 2, 𝐿𝑝,𝑞,1 = 𝑝. The 

Binet formulas, which are the general 

formulas for the 𝑛th terms of these two 

sequences, are given by  

𝐹𝑝,𝑞,𝑛 =
𝜎1

𝑛 − 𝜎2
𝑛

𝑟1 − 𝑟2
 

𝐿𝑝,𝑞,𝑛 = 𝜎1
𝑛 + 𝜎2

𝑛 

where 𝜎1 =
𝑝+√𝑝2+4𝑞

2
 and 𝜎2 =

𝑝−√𝑝2+4𝑞

2
 . 

Also, main properties of these sequences are 

presented by generalizing with the Binet 

formulas [8-11].  

 

As other generalizations of the Fibonacci 

and the Lucas sequences, bi-periodic 

Fibonacci sequence, {𝑞𝑛} is defined by 

𝑞𝑛 = {
𝑎𝑞𝑛−1 + 𝑞𝑛−2,   if 𝑛 is even
𝑏𝑞𝑛−1 + 𝑞𝑛−2,   if 𝑛 is odd

    𝑛 ≥ 2  

with initial terms 𝑞0 = 0,  𝑞1 = 1 [12], and 

bi-periodic Lucas sequence, {𝑙𝑛} is defined 

by  

𝑙𝑛 = {
𝑏𝑙𝑛−1 + 𝑙𝑛−2,   if 𝑛 is even
𝑎𝑙𝑛−1 + 𝑙𝑛−2,   if 𝑛 is odd

      𝑛 ≥ 2  

with initial terms 𝑙0 = 2,  𝑙1 = 𝑎 where 

𝑎 and 𝑏 are any two nonzero real numbers 

[13]. Also, a matrix related to the bi-periodic 

Fibonacci sequence is defined and some 

interesting identities for this sequence are 

given [14, 15]. Then, these studies lead to 

the discovery of many studies, called bi-

periodic sequences, using recurrence 

relations and initial terms of special 

sequences of integers, such as Jacobsthal, 

Jacobsthal-Lucas, Pell and Pell-Lucas, 

sequences, etc. In [16], some properties of 

bi-periodic Horadam sequences are given by 

generalizing the known properties related to 

the bi-periodic Fibonacci and the bi-periodic 

Lucas sequences. In [17, 18], bi-periodic 

Jacobsthal and bi-periodic Jacobsthal-Lucas 

sequences are defined, and then in [19, 20], 

bi-periodic Pell and bi-periodic Pell-Lucas 

sequences are defined.  

 

The aim of this study is to define new 

generalizations of the bi-periodic Fibonacci 

type and the bi-periodic Lucas type 

sequences, which we shall call bi-periodic 

(𝑝, 𝑞)-Fibonacci and bi-periodic (𝑝, 𝑞)-

Lucas sequences, using recurrence relations 

of the (𝑝, 𝑞)-Fibonacci and the (𝑝, 𝑞)-Lucas 

sequences, respectively. It is to present 

general formulas and well-known identities 

conform to sequences of integers for these 

sequences. It is also to give special cases of 

the bi-periodic (𝑝, 𝑞)-Fibonacci and the bi-

periodic (𝑝, 𝑞)-Lucas sequences and 

generalize all the results. 

2. MAIN RESULTS 

In this section, new generalizations of both 

the Fibonacci type sequences, Lucas type 

sequences and the (𝑝, 𝑞)-Fibonacci 

sequence, the (𝑝, 𝑞)-Lucas sequence, called 

bi-periodic (𝑝, 𝑞)-Fibonacci sequence and 

bi-periodic (𝑝, 𝑞)-Lucas sequence, are 

presented taking into account that the 

recurrence relations of the (𝑝, 𝑞)-Fibonacci 

sequence and the (𝑝, 𝑞)-Lucas sequences, 

respectively. Generating functions, Binet 

formulas, some basic properties as well as 

the Catalan's identity, Cassini's identity, 

d'Ocagne's identity for these sequences are 

obtained. 

 

Definition 1. For integers 𝑝, 𝑞 ≥ 1 and any 

two nonzero real numbers 𝑎 and 𝑏, the bi-

periodic (𝑝, 𝑞)-Fibonacci sequence, say 
{𝐹𝑛(𝑝, 𝑞)}𝑛𝜖ℕ,   is defined by the recurrence 

relation 

𝐹𝑛(𝑝, 𝑞) = 

{
𝑎𝑝𝐹𝑛−1(𝑝, 𝑞) + 𝑞𝐹𝑛−2(𝑝, 𝑞), if 𝑛 is even

𝑏𝑝𝐹𝑛−1(𝑝, 𝑞) + 𝑞𝐹𝑛−2(𝑝, 𝑞), if 𝑛 is odd
   (3) 

with initial terms 𝐹0(𝑝, 𝑞) = 0,  𝐹1(𝑝, 𝑞) =
1 for 𝑛 ≥ 2, and the bi-periodic (𝑝, 𝑞)-

Lucas sequence, say {𝐿𝑛(𝑝, 𝑞)}𝑛𝜖ℕ, is 

defined by the recurrence relation 

Yasemin TAŞYURDU, Naime Şeyda TÜRKOĞLU
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𝐿𝑛(𝑝, 𝑞) = 

{
𝑏𝑝𝐿𝑛−1(𝑝, 𝑞) + 𝑞𝐿𝑛−2(𝑝, 𝑞), if 𝑛 is even

𝑎𝑝𝐿𝑛−1(𝑝, 𝑞) + 𝑞𝐿𝑛−2(𝑝, 𝑞), if 𝑛 is odd
   (4) 

with initial terms 𝐿0(𝑝, 𝑞) = 2,  𝐿1(𝑝, 𝑞) =
𝑎𝑝 for 𝑛 ≥ 2. The 𝑛th bi-periodic (𝑝, 𝑞)-

Fibonacci number is denoted by 𝐹𝑛(𝑝, 𝑞) 

and the 𝑛th bi-periodic (𝑝, 𝑞)-Lucas number 

is denoted by 𝐿𝑛(𝑝, 𝑞).  

 

From Definition 1, both sequences are as 

follows  

 

{𝐹𝑛(𝑝, 𝑞)}𝑛𝜖ℕ = {0,1, 𝑎𝑝, 𝑎𝑏𝑝2 + 𝑞, 𝑎2𝑏𝑝3 

+2𝑎𝑝𝑞, 𝑎2𝑏2𝑝4 + 3𝑎𝑏𝑝2𝑞 + 𝑞2, 𝑎3𝑏2𝑝5 

+4𝑎2𝑏𝑝3𝑞 + 3𝑎𝑝𝑞2, 𝑎3𝑏3𝑝6 + 5𝑎2𝑏2𝑝4𝑞 

+6𝑎𝑏𝑝2𝑞2 + 𝑞3, 𝑎4𝑏3𝑝7 + 6𝑎3𝑏2𝑝5𝑞 

+10𝑎2𝑏𝑝3𝑞2 + 4𝑎𝑝𝑞3, … } 

and 

{𝐿𝑛(𝑝, 𝑞)}𝑛𝜖ℕ = {2, 𝑎𝑝, 𝑎𝑏𝑝2 + 2𝑞, 𝑎2𝑏𝑝3 

+3𝑎𝑝𝑞, 𝑎2𝑏2𝑝4 + 4𝑎𝑏𝑝2𝑞 + 2𝑞2, 𝑎3𝑏2𝑝5 

+5𝑎2𝑏𝑝3𝑞 + 5𝑎𝑝𝑞2, 𝑎3𝑏3𝑝6 + 6𝑎2𝑏2𝑝4𝑞 

+9𝑎𝑏𝑝2𝑞2 + 2𝑞3, 𝑎4𝑏3𝑝7 + 7𝑎3𝑏2𝑝5𝑞 

+14𝑎2𝑏𝑝3𝑞2 + 7𝑎𝑝𝑞3, 𝑎4𝑏4𝑝8 

+8𝑎3𝑏3𝑝6𝑞 + 20𝑎2𝑏2𝑝4𝑞2 

+16𝑎𝑏𝑝2𝑞3+2𝑞4, … } 

respectively. 

 

Alternative recurrence relations can be 

given for the bi-periodic (𝑝, 𝑞)-Fibonacci 

and the bi-periodic (𝑝, 𝑞) Lucas sequences. 

For integers 𝑝, 𝑞 ≥ 1 and any two nonzero 

real numbers 𝑎 and 𝑏, the bi-periodic (𝑝, 𝑞)-

Fibonacci sequence is given by 

𝐹𝑛(𝑝, 𝑞) = 𝑎1−𝜉(𝑛)𝑏𝜉(𝑛)𝑝𝐹𝑛−1(𝑝, 𝑞) 

+𝑞𝐹𝑛−2(𝑝, 𝑞)      (5) 

with initial terms 𝐹0(𝑝, 𝑞) = 0, 𝐹1(𝑝, 𝑞) = 1  

for 𝑛 ≥ 2, and the bi-periodic (𝑝, 𝑞)-Lucas 

sequence is given by 

 

𝐿𝑛(𝑝, 𝑞) = 𝑎𝜉(𝑛)𝑏1−𝜉(𝑛)𝑝𝐿𝑛−1(𝑝, 𝑞) 

+𝑞𝐿𝑛−2(𝑝, 𝑞)       (6) 

 

with initial terms 𝐿0(𝑝, 𝑞) = 2,  𝐿1(𝑝, 𝑞) =

𝑎𝑝 for 𝑛 ≥ 2, and where 𝜉(𝑛) = 𝑛 − 2 ⌊
𝑛

2
⌋ 

is the parity function, i.e., 

𝜉(𝑛) = {
0, 𝑖f  𝑛 is even 
1, if   𝑛 is odd

 

respectively. Then we have the quadratic 

equation  𝑥2 − 𝑝𝑎𝑏𝑥 − 𝑞𝑎𝑏 = 0 with roots  

𝜎 =
𝑝𝑎𝑏+√𝑝2𝑎2𝑏2+4𝑞𝑎𝑏

2
 and 𝜌 =

𝑝𝑎𝑏−√𝑝2𝑎2𝑏2+4𝑞𝑎𝑏

2
  for the bi-periodic (𝑝, 𝑞)-

Fibonacci and the bi-periodic (𝑝, 𝑞)-Lucas 

sequences.  

 

Note that the roots 𝜎 and 𝜌 have the 

following relations 

 

𝜎 + 𝜌 = 𝑝𝑎𝑏                            

𝜎𝜌 = −𝑞𝑎𝑏               

𝜎 − 𝜌 = √𝑝2𝑎2𝑏2 + 4𝑞𝑎𝑏 

𝑝𝜎 + 𝑞 =
𝜎2

𝑎𝑏
    

𝑝𝜌 + 𝑞 =
𝜌2

𝑎𝑏
.      

Definition 1 generalizes many the bi-

periodic Fibonacci type and the bi-periodic 

Lucas type sequences. Special cases of the 

bi-periodic (𝑝, 𝑞)-Fibonacci and the bi-

periodic (𝑝, 𝑞)-Lucas sequences obtained 

according to parameters 𝑝, 𝑞 are presented in 

the Table 1. Since the all results given 

throughout the study are provided for all the 

bi-periodic (𝑝, 𝑞)-Fibonacci and the bi-

periodic (𝑝, 𝑞)-Lucas sequences, the values 

given in Table 1 can be used in the relevant 

theorem or corollary for any bi-periodic 

sequences which are the bi-periodic 

Fibonacci type sequences and the bi-

periodic Lucas type sequences. 
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Table 1 Special cases of the bi-periodic (𝑝, 𝑞)-Fibonacci and the bi-periodic (𝑝, 𝑞)-Lucas numbers 

𝒑 𝒒 Symbol  Generalized 𝒏th bi-periodic number 

1 1 𝐹𝑛(1,1) = 𝑞𝑛 𝑞𝑛, 𝑛th bi-periodic Fibonacci number [12] 

𝑘 1 𝐹𝑛(𝑘, 1) = 𝑞𝑘,𝑛 𝑞𝑘,𝑛, 𝑛th bi-periodic 𝑘-Fibonacci number 

1 1 𝐿𝑛(1,1) = 𝑙𝑛 𝑙𝑛, 𝑛th bi-periodic Lucas number [13] 

𝑘 1 𝐿𝑛(𝑘, 1) = 𝑙𝑘,𝑛 𝑙𝑘,𝑛, 𝑛th bi-periodic 𝑘-Lucas number 

1 2 𝐹𝑛(1,2) = 𝐽𝑛 𝐽𝑛, 𝑛th bi-periodic Jacobsthal number [17] 

𝑘 2 𝐹𝑛(𝑘, 2) = 𝐽𝑘,𝑛  𝐽𝑘,𝑛, 𝑛th bi-periodic 𝑘-Jacobsthal number  

1 2 𝐿𝑛(1,2) = 𝑐𝑛 𝑐𝑛, 𝑛th bi-periodic Jacobsthal-Lucas number [18] 

𝑘 2 𝐿𝑛(𝑘, 2) = 𝑐𝑘,𝑛 𝑐𝑘,𝑛, 𝑛th bi-periodic 𝑘-Jacobsthal-Lucas number  

2 1 𝐹𝑛(2,1) = 𝑃𝑛 𝑃𝑛, 𝑛th bi-periodic Pell number [19] 

2 𝑘 𝐹𝑛(2, 𝑘) = 𝑃𝑘,𝑛 𝑃𝑘,𝑛, 𝑛th bi-periodic 𝑘-Pell number  

2 1 𝐿𝑛(2,1) = 𝑄𝑛 𝑄𝑛, 𝑛th bi-periodic Pell-Lucas number [20] 

2 𝑘 𝐿𝑛(2, 𝑘) = 𝑄𝑘,𝑛 𝑄𝑘,𝑛, 𝑛th bi-periodic 𝑘-Pell-Lucas number  

Using Definition 1, some identities for the 

bi-periodic (𝑝, 𝑞)-Fibonacci and the bi-

periodic (𝑝, 𝑞)-Lucas numbers are given in 

the following lemma. 

 

Lemma 2. The bi-periodic (𝑝, 𝑞)-Fibonacci 

sequence, {𝐹𝑛(𝑝, 𝑞)}𝑛𝜖ℕ and the bi-periodic 

(𝑝, 𝑞)-Lucas sequence, {𝐿𝑛(𝑝, 𝑞)}𝑛𝜖ℕ 

satisfy the following identities 

i.    𝐹2𝑛(𝑝, 𝑞) = (𝑎𝑏𝑝2 + 2𝑞)𝐹2𝑛−2(𝑝, 𝑞) 

                                −𝑞2𝐹2𝑛−4(𝑝, 𝑞) 

ii.   𝐹2𝑛+1(𝑝, 𝑞) = (𝑎𝑏𝑝2 + 2𝑞)𝐹2𝑛−1(𝑝, 𝑞) 

                                −𝑞2𝐹2𝑛−3(𝑝, 𝑞) 

iii.  𝐿2𝑛(𝑝, 𝑞) = (𝑎𝑏𝑝2 + 2𝑞)𝐿2𝑛−2(𝑝, 𝑞) 

                                −𝑞2𝐿2𝑛−4(𝑝, 𝑞) 

iv.  𝐿2𝑛+1(𝑝, 𝑞) = (𝑎𝑏𝑝2 + 2𝑞)𝐿2𝑛−1(𝑝, 𝑞) 

                                −𝑞2𝐿2𝑛−3(𝑝, 𝑞). 

 

Proof. Using the equation (3) 

 

i. 𝐹2𝑛(𝑝, 𝑞) = 𝑎𝑝𝐹2𝑛−1(𝑝, 𝑞) 

+𝑞𝐹2𝑛−2(𝑝, 𝑞)   

= 𝑎𝑝(𝑏𝑝𝐹2𝑛−2(𝑝, 𝑞) + 𝑞𝐹2𝑛−3(𝑝, 𝑞)) 

  +𝑞𝐹2𝑛−2(𝑝, 𝑞) 

= (𝑎𝑏𝑝2 + 𝑞)𝐹2𝑛−2(𝑝, 𝑞) 

   +𝑎𝑝𝑞𝐹2𝑛−3(𝑝, 𝑞) 

= (𝑎𝑏𝑝2 + 𝑞)𝐹2𝑛−2(𝑝, 𝑞) + 𝑞𝐹2𝑛−2(𝑝, 𝑞) 

   −𝑞2𝐹2𝑛−4(𝑝, 𝑞) 

= (𝑎𝑏𝑝2 + 2𝑞)𝐹2𝑛−2(𝑝, 𝑞) 

    −𝑞2𝐹2𝑛−4(𝑝, 𝑞) 

ii. 𝐹2𝑛+1(𝑝, 𝑞) = 𝑏𝑝𝐹2𝑛(𝑝, 𝑞) 

           +𝑞𝐹2𝑛−1(𝑝, 𝑞) 

= 𝑏𝑝(𝑎𝑝𝐹2𝑛−1(𝑝, 𝑞) + 𝑞𝐹2𝑛−2(𝑝, 𝑞)) 

   +𝑞𝐹2𝑛−1(𝑝, 𝑞) 

= (𝑎𝑏𝑝2 + 𝑞)𝐹2𝑛−1(𝑝, 𝑞) 

   +𝑏𝑝𝑞𝐹2𝑛−2(𝑝, 𝑞) 

= (𝑎𝑏𝑝2 + 𝑞)𝐹2𝑛−1(𝑝, 𝑞) + 𝑞𝐹2𝑛−1(𝑝, 𝑞) 

   −𝑞2𝐹2𝑛−3(𝑝, 𝑞) 

= (𝑎𝑏𝑝2 + 2𝑞)𝐹2𝑛−1(𝑝, 𝑞) 

   −𝑞2𝐹2𝑛−3(𝑝, 𝑞) 

and the i. and ii. are proved. Similarly, the 

proofs of iii. and iv. can be proved using 

equation (4). 
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Now we introduce generating functions of 

the sequences {𝐹𝑛(𝑝, 𝑞)}𝑛𝜖ℕ and 

{𝐿𝑛(𝑝, 𝑞)}𝑛𝜖ℕ. Let the generating function 

of the sequence {𝐹𝑛(𝑝, 𝑞)}𝑛𝜖ℕ be 𝐹(𝑥) and 

let the generating function of the sequence 
{𝐿𝑛(𝑝, 𝑞)}𝑛𝜖ℕ be 𝐿(𝑥). Then, we get the 

following 

𝐹(𝑥) = ∑ 𝐹𝑛(𝑝, 𝑞)𝑥𝑛

∞

𝑛=0

 

𝐿(𝑥) = ∑ 𝐿𝑛(𝑝, 𝑞)𝑥𝑛

∞

𝑛=0

  

where 𝐹𝑛(𝑝, 𝑞) is the 𝑛th bi-periodic (𝑝, 𝑞)-

Fibonacci number and 𝐿𝑛(𝑝, 𝑞) is the 𝑛th bi-

periodic (𝑝, 𝑞)-Lucas number. By the 

following theorem, the generating functions 

of the bi-periodic (𝑝, 𝑞)-Fibonacci and the 

bi-periodic (𝑝, 𝑞)-Lucas sequences are 

given.  

 

Theorem 3. The generating functions of the 

bi-periodic (𝑝, 𝑞)-Fibonacci and the bi-

periodic (𝑝, 𝑞)-Lucas sequences are 

𝐹(𝑥) =
𝑥 + 𝑎𝑝𝑥2 − 𝑞𝑥3

1 − (𝑎𝑏𝑝2 + 2𝑞)𝑥2 + 𝑞2𝑥4
       

𝐿(𝑥) =
2 + 𝑎𝑝𝑥 − (𝑎𝑏𝑝2 + 2𝑞)𝑥2 + 𝑎𝑝𝑞𝑥3

1 − (𝑎𝑏𝑝2 + 2𝑞)𝑥2 + 𝑞2𝑥4
 

respectively. 

Proof. Let 𝐹(𝑥) be the generating function 

of the sequence {𝐹𝑛(𝑝, 𝑞)}. Then 

𝐹(𝑥) = ∑ 𝐹𝑛(𝑝, 𝑞)𝑥𝑛

∞

𝑛=0

 

          = 𝐹0(𝑝, 𝑞) + 𝐹1(𝑝, 𝑞)𝑥 + 𝐹2(𝑝, 𝑞)𝑥2 

             + ⋯ + 𝐹𝑛(𝑝, 𝑞)𝑥𝑛 + ⋯ 

If we divide the generating function such 

that the sum of the even subscript terms is 

𝐹Ç(𝑥) and the sum of the odd subscript terms 

is 𝐹𝑇(𝑥). Therefore, 

 

 𝐹Ç(𝑥) = 𝐹0(𝑝, 𝑞) + 𝐹2(𝑝, 𝑞)𝑥2 

                            + ∑ 𝐹2𝑖(𝑝, 𝑞)𝑥2𝑖∞

𝑖=2
     (7) 

If both sides of equation (7) are multiplied 

by  −(𝑎𝑏𝑝2 + 2𝑞)𝑥2  and  𝑞2𝑥4, then we 

obtain 

 

−(𝑎𝑏𝑝2 + 2𝑞)𝑥2𝐹Ç(𝑥) 

 = −(𝑎𝑏𝑝2 + 2𝑞) ∑ 𝐹2𝑖(𝑝, 𝑞)𝑥2𝑖+2∞

𝑖=0
  (8) 

and 

𝑞2𝑥4𝐹Ç(𝑥) = 𝑞2 ∑ 𝐹2𝑖(𝑝, 𝑞)𝑥2𝑖+4∞

𝑖=0
      (9) 

From the equations (7), (8) and (9), we have 

(1 − (𝑎𝑏𝑝2 + 2𝑞)𝑥2 + 𝑞2𝑥4)𝐹ç(𝑥) 

= 𝐹0(𝑝, 𝑞) + 𝐹2(𝑝, 𝑞)𝑥2 + ∑ 𝐹2𝑖(𝑝, 𝑞)𝑥2𝑖

∞

𝑖=2

 

  −(𝑎𝑏𝑝2 + 2𝑞) ∑ 𝐹2𝑖(𝑝, 𝑞)𝑥2𝑖+2

∞

𝑖=0

 

  +𝑞2 ∑ 𝐹2𝑖(𝑝, 𝑞)𝑥2𝑖+4

∞

𝑖=0

 

= 𝑎𝑝𝑥2 + ∑ 𝐹2𝑖(𝑝, 𝑞)𝑥2𝑖

∞

𝑖=2

 

  −(𝑎𝑏𝑝2 + 2𝑞) ∑ 𝐹2𝑖−2(𝑝, 𝑞)𝑥2𝑖

∞

𝑖=2

 

  +𝑞2 ∑ 𝐹2𝑖−4(𝑝, 𝑞)𝑥2𝑖

∞

𝑖=2

 

= 𝑎𝑝𝑥2 + ∑(𝐹2𝑖(𝑝, 𝑞)

∞

𝑖=2

 

                         −(𝑎𝑏𝑝2 + 2𝑞)𝐹2𝑖−2(𝑝, 𝑞) 

                         +𝑞2𝐹2𝑖−4(𝑝, 𝑞))𝑥2𝑖. 

 

Using Lemma 2, i., generating function of 

the bi-periodic (𝑝, 𝑞)-Fibonacci sequence 

with even subscript terms is obtained as 
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𝐹Ç(𝑥) =
𝑎𝑝𝑥2

1 − (𝑎𝑏𝑝2 + 2𝑞)𝑥2 + 𝑞2𝑥4
 . 

Now let consider the sum of the odd 

subscript terms in the generating function.  

Therefore, 

 

𝐹𝑇(𝑥) = 𝐹1(𝑝, 𝑞)𝑥 + 𝐹3(𝑝, 𝑞)𝑥3  

                    + ∑ 𝐹2𝑖+1(𝑝, 𝑞)𝑥2𝑖+1∞

𝑖=2
    (10) 

If both sides of equation (10) are multiplied 

by −(𝑎𝑏𝑝2 + 2𝑞)𝑥2 and 𝑞2𝑥4, then we 

obtain 

 

−(𝑎𝑏𝑝2 + 2𝑞)𝑥2𝐹𝑇(𝑥) 

= −(𝑎𝑏𝑝2 + 2𝑞) ∑ 𝐹2𝑖+1(𝑝, 𝑞)𝑥2𝑖+3∞

𝑖=0
  (11) 

 

and 

 𝑞2𝑥4𝐹𝑇(𝑥) = 𝑞2 ∑ 𝐹2𝑖+1(𝑝, 𝑞)𝑥2𝑖+5∞

𝑖=0
   (12) 

 

From the equations (10), (11) and (12), we 

have 

(1 − (𝑎𝑏𝑝2 + 2𝑞)𝑥2 + 𝑞2𝑥4)𝐹𝑇(𝑥) 

= 𝐹1(𝑝, 𝑞)𝑥 + 𝐹3(𝑝, 𝑞)𝑥3 

  + ∑ 𝐹2𝑖+1(𝑝, 𝑞)𝑥2𝑖+1

∞

𝑖=2

 

  −(𝑎𝑏𝑝2 + 2𝑞)𝑥3𝐹1(𝑝, 𝑞) 

  −(𝑎𝑏𝑝2 + 2𝑞) ∑ 𝐹2𝑖+1(𝑝, 𝑞)𝑥2𝑖+3

∞

𝑖=1

 

   +𝑞2 ∑ 𝐹2𝑖+1(𝑝, 𝑞)𝑥2𝑖+5

∞

𝑖=0

 

= 𝑥 + (𝑎𝑏𝑝2 + 𝑞)𝑥3 

   + ∑ 𝐹2𝑖+1(𝑝, 𝑞)𝑥2𝑖+1

∞

𝑖=2

 

   −(𝑎𝑏𝑝2 + 2𝑞)𝑥3 

   −(𝑎𝑏𝑝2 + 2𝑞) ∑ 𝐹2𝑖−1(𝑝, 𝑞)𝑥2𝑖+1

∞

𝑖=2

 

  +𝑞2 ∑ 𝐹2𝑖−3(𝑝, 𝑞)𝑥2𝑖+1

∞

𝑖=2

 

= 𝑥 + (𝑎𝑏𝑝2 + 𝑞)𝑥3 − (𝑎𝑏𝑝2 + 2𝑞)𝑥3 

 + ∑(𝐹2𝑖+1(𝑝, 𝑞)

∞

𝑖=2

− (𝑎𝑏𝑝2 + 2𝑞)𝐹2𝑖−1(𝑝, 𝑞) 

             +𝑞2𝐹2𝑖−3(𝑝, 𝑞))𝑥2𝑖+1.           

Using Lemma 2, ii., generating function of 

the bi-periodic (𝑝, 𝑞)-Fibonacci sequence 

with odd subscript terms is obtained as  

𝐹𝑇(𝑥) =
𝑥 − 𝑞𝑥3

1 − (𝑎𝑏𝑝2 + 2𝑞)𝑥2 + 𝑞2𝑥4
 . 

From 𝐹(𝑥) = 𝐹Ç(𝑥) + 𝐹𝑇(𝑥), the 

generating function of the bi-periodic (𝑝, 𝑞)-

Fibonacci sequence is obtained as  

𝐹(𝑥) =
𝑥 + 𝑎𝑝𝑥2 − 𝑞𝑥3

1 − (𝑎𝑏𝑝2 + 2𝑞)𝑥2 + 𝑞2𝑥4
 . 

Similarly, the generating function of the bi-

periodic (𝑝, 𝑞)-Lucas sequence using 

Lemma 2, iii. and iv., is obtained as  

𝐿(𝑥) =
2 + 𝑎𝑝𝑥 − (𝑎𝑏𝑝2 + 2𝑞)𝑥2 + 𝑎𝑝𝑞𝑥3

1 − (𝑎𝑏𝑝2 + 2𝑞)𝑥2 + 𝑞2𝑥4
 . 

Thus, the proof is completed. 

Now we give Binet formulas that allow us to 

calculate the 𝑛th terms of the bi-periodic 

(𝑝, 𝑞)-Fibonacci and the bi-periodic (𝑝, 𝑞)-

Lucas sequences with the following 

theorem. 

 

Theorem 4. The Binet formulas for the bi-

periodic (𝑝, 𝑞)-Fibonacci and the bi-

periodic (𝑝, 𝑞)-Lucas sequences are given 

by 

𝐹𝑛(𝑝, 𝑞) = (
𝑎1−𝜉(𝑛)

(𝑎𝑏)⌊
𝑛

2
⌋
)

𝜎𝑛 − 𝜌𝑛

𝜎 − 𝜌
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𝐿𝑛(𝑝, 𝑞) = (
𝑎𝜉(𝑛)

(𝑎𝑏)⌊
𝑛+1

2
⌋
) (𝜎𝑛 + 𝜌𝑛) 

where 𝜎 =
𝑝𝑎𝑏+√𝑝2𝑎2𝑏2+4𝑞𝑎𝑏

2
, 𝜌 =

𝑝𝑎𝑏−√𝑝2𝑎2𝑏2+4𝑞𝑎𝑏

2
  and 𝜉(𝑛) = 𝑛 − 2 [

𝑛

2
].  

Proof. We complete the proof by induction 

method on 𝑛. The result is obviously valid 

for 𝑛 =  0,1. Suppose that result is true for 

𝑛 ∈ ℕ, namely  

𝐹𝑛(𝑝, 𝑞) = (
𝑎1−𝜉(𝑛)

(𝑎𝑏)⌊
𝑛

2
⌋
)

𝜎𝑛 − 𝜌𝑛

𝜎 − 𝜌
. 

Using equation (5) and the hypothesis of 

induction, we shall show that it is true for 

𝑛 + 1. Then, we have  

 

𝐹𝑛+1(𝑝, 𝑞) = 𝑎1−𝜉(𝑛+1)𝑏𝜉(𝑛+1)𝑝𝐹𝑛(𝑝, 𝑞) 

                        +𝑞𝐹𝑛−1(𝑝, 𝑞) 

= 𝑎1−𝜉(𝑛+1)𝑏𝜉(𝑛+1)𝑝 ((
𝑎1−𝜉(𝑛)

(𝑎𝑏)⌊
𝑛

2
⌋
)

𝜎𝑛 − 𝜌𝑛

𝜎 − 𝜌
) 

  +𝑞 ((
𝑎1−𝜉(𝑛−1)

(𝑎𝑏)⌊
𝑛−1

2
⌋
)

𝜎𝑛−1 − 𝜌𝑛−1

𝜎 − 𝜌
) 

=
𝑎1−𝜉(𝑛+1)𝜎𝑛−1

𝜎 − 𝜌
 

(
𝑎𝑏𝑝𝜎

𝑎𝜉(𝑛)𝑏1−𝜉(𝑛+1)(𝑎𝑏)⌊
𝑛

2
⌋

+
𝑎𝑏𝑞

(𝑎𝑏)⌊
𝑛−1

2
⌋+1

) 

  −
𝑎1−𝜉(𝑛+1)𝜌𝑛−1

𝜎 − 𝜌
 

(
𝑎𝑏𝑝𝜌

𝑎𝜉(𝑛)𝑏1−𝜉(𝑛+1)(𝑎𝑏)⌊
𝑛

2
⌋

+
𝑎𝑏𝑞

(𝑎𝑏)⌊
𝑛−1

2
⌋+1

) 

=
𝑎1−𝜉(𝑛+1)𝜎𝑛−1

𝜎 − 𝜌
(

𝑎𝑏(𝑝𝜎 + 𝑞)

(𝑎𝑏)⌊
𝑛+1

2
⌋

) 

  −
𝑎1−𝜉(𝑛+1)𝜌𝑛−1

𝜎 − 𝜌
(

𝑎𝑏(𝑝𝜌 + 𝑞)

(𝑎𝑏)⌊
𝑛+1

2
⌋

) 

=
𝑎1−𝜉(𝑛+1)𝜎𝑛−1

𝜎 − 𝜌
(

𝜎2

(𝑎𝑏)⌊
𝑛+1

2
⌋
) 

  −
𝑎1−𝜉(𝑛+1)𝜌𝑛−1

𝜎 − 𝜌
(

𝜌2

(𝑎𝑏)⌊
𝑛+1

2
⌋
) 

= (
𝑎1−𝜉(𝑛+1)

(𝑎𝑏)⌊
𝑛+1

2
⌋
)

𝜎𝑛+1 − 𝜌𝑛+1

𝜎 − 𝜌
 

where 𝑝𝜎 + 𝑞 =
𝜎2

𝑎𝑏
, 𝑝𝜌 + 𝑞 =

𝜌2

𝑎𝑏
 and 𝜉(𝑛) +

⌊
𝑛

2
⌋ = ⌊

𝑛+1

2
⌋, 1 − 𝜉(𝑛 + 1) + ⌊

𝑛

2
⌋ = ⌊

𝑛+1

2
⌋. 

 

Similarly, the Binet formula for the bi-

periodic (𝑝, 𝑞)-Lucas sequence can be 

obtained using equation (6) and induction 

method on 𝑛. This completes the proof. 

 

Theorem 5. The limit of the ratio of 

consecutive terms of the bi-periodic (𝑝, 𝑞)-

Fibonacci and the bi-periodic (𝑝, 𝑞)-Lucas 

sequences is  

 

i.     𝑙𝑖𝑚
𝑛→∞

𝐹2𝑛+1(𝑝,𝑞)

𝐹2𝑛(𝑝,𝑞)
=

𝜎

𝑎
        

ii.    𝑙𝑖𝑚
𝑛→∞

𝐹2𝑛(𝑝,𝑞)

𝐹2𝑛−1(𝑝,𝑞)
=

𝜎

𝑏
 

iii.   𝑙𝑖𝑚
𝑛→∞

𝐿2𝑛+1(𝑝,𝑞)

𝐿2𝑛(𝑝,𝑞)
=

𝜎

𝑏
          

iv.   𝑙𝑖𝑚
𝑛→∞

𝐿2𝑛(𝑝,𝑞)

𝐿2𝑛−1(𝑝,𝑞)
=

𝜎

𝑎
 

where 𝐹𝑛(𝑝, 𝑞) is the 𝑛th bi-periodic (𝑝, 𝑞)-

Fibonacci number and 𝐿𝑛(𝑝, 𝑞) is the 𝑛th bi-

periodic (𝑝, 𝑞)-Lucas number. 

 

Proof. Using Binet formula of the bi-

periodic (𝑝, 𝑞)-Fibonacci sequence given in 

Theorem 4, we have  
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i. 𝑙𝑖𝑚
𝑛→∞

𝐹2𝑛+1(𝑝,𝑞)

𝐹2𝑛(𝑝,𝑞)
 

        = 𝑙𝑖𝑚
𝑛→∞

(
𝑎1−𝜉(2𝑛+1)

(𝑎𝑏)⌊
2𝑛+1

2
⌋
) (

𝜎2𝑛+1−𝜌2𝑛+1

𝜎−𝜌
)

(
𝑎1−𝜉(2𝑛)

(𝑎𝑏)⌊
2𝑛
2 ⌋

) (
𝜎2𝑛−𝜌2𝑛

𝜎−𝜌
)

  

  = 𝑙𝑖𝑚
𝑛→∞

1

(𝑎𝑏)𝑛 (
𝜎2𝑛+1−𝜌2𝑛+1

𝜎−𝜌
)

𝑎

(𝑎𝑏)𝑛 (
𝜎2𝑛−𝜌2𝑛

𝜎−𝜌
)

 

= 𝑙𝑖𝑚
𝑛→∞

1

𝑎

𝜎2𝑛+1 (1 − (
𝜌

𝜎
)

2𝑛+1
)

𝜎2𝑛 (1 − (
𝜌

𝜎
)

2𝑛
)

       

                =  
𝜎

𝑎
 

and 

ii. 𝑙𝑖𝑚
𝑛→∞

𝐹2𝑛(𝑝,𝑞)

𝐹2𝑛−1(𝑝,𝑞)
 

= 𝑙𝑖𝑚
𝑛→∞

(
𝑎1−𝜉(2𝑛)

(𝑎𝑏)
⌊
2𝑛
2

⌋
)(

𝜎2𝑛−𝜌2𝑛

𝜎−𝜌
)

(
𝑎1−𝜉(2𝑛−1)

(𝑎𝑏)
⌊
2𝑛−1

2
⌋

)(
𝜎2𝑛−1−𝜌2𝑛−1

𝜎−𝜌
)

          

                 = 𝑙𝑖𝑚
𝑛→∞

𝑎

(𝑎𝑏)𝑛 (
𝜎2𝑛−𝜌2𝑛

𝜎−𝜌
)

1

(𝑎𝑏)𝑛−1
(

𝜎2𝑛−1−𝜌2𝑛−1

𝜎−𝜌
)

  

 = 𝑙𝑖𝑚
𝑛→∞

𝑎

𝑎𝑏

𝜎2𝑛 (1 − (
𝜌

𝜎
)

2𝑛
)

𝜎2𝑛−1 (1 − (
𝜌

𝜎
)

2𝑛−1
)

   

                  =  
𝜎

𝑏
 

where |𝜌| < 𝜎 and 𝑙𝑖𝑚
𝑛→∞

(
𝜌

𝜎
)

𝑛

= 0. 

Similarly, the proofs of iii. and iv.  can be 

proved using Binet formula of the bi-

periodic (𝑝, 𝑞)-Lucas sequence given in 

Theorem 4. This completes the proof.  

 

Theorem 6. Negative subscript terms of the 

bi-periodic (𝑝, 𝑞)-Fibonacci and the bi-

periodic (𝑝, 𝑞)-Lucas sequences are 

obtained as 

𝐹−𝑛(𝑝, 𝑞) = −(−𝑞)−𝑛𝐹𝑛(𝑝, 𝑞) 

𝐿−𝑛(𝑝, 𝑞) = (−𝑞)−𝑛𝐿𝑛(𝑝, 𝑞)    

respectively. 

Proof. Using Binet formulas of the bi-

periodic (𝑝, 𝑞)-Fibonacci and the bi-

periodic (𝑝, 𝑞)-Lucas sequences given in 

Theorem 4, we obtain 

𝐹−𝑛(𝑝, 𝑞) = (
𝑎1−𝜉(−𝑛)

(𝑎𝑏)⌊
−𝑛

2
⌋
)

𝜎−𝑛 − 𝜌−𝑛

𝜎 − 𝜌
 

=  (−1) (
𝑎1−𝜉(−𝑛)

(𝑎𝑏)⌊
−𝑛

2
⌋
)

𝜎𝑛 − 𝜌𝑛

(−𝑞𝑎𝑏)𝑛(𝜎 − 𝜌)
 

        = (−1)(−𝑞)−𝑛 (
𝑎1−𝜉(𝑛)

(𝑎𝑏)⌊
𝑛

2
⌋
)

𝜎𝑛 − 𝜌𝑛

𝜎 − 𝛽
 

         = −(−𝑞)−𝑛𝐹𝑛(𝑝, 𝑞) 

and 

𝐿−𝑛(𝑝, 𝑞) = (
𝑎𝜉(−𝑛)

(𝑎𝑏)⌊
−𝑛+1

2
⌋
) (𝜎−𝑛 + 𝜌−𝑛) 

                 = (
𝑎𝜉(−𝑛)

(𝑎𝑏)⌊
−𝑛+1

2
⌋
)

𝜎𝑛 + 𝜌𝑛

(−𝑞𝑎𝑏)𝑛
 

                 = (−𝑞)−𝑛 (
𝑎𝜉(𝑛)

(𝑎𝑏)⌊
𝑛+1

2
⌋
) (𝜎𝑛 + 𝜌𝑛) 

                 = (−𝑞)−𝑛𝐿𝑛(𝑝, 𝑞) 

where 𝜎𝜌 = −𝑞𝑎𝑏. Thus, the proof is 

completed. 

Now we present some basic identities for the 

bi-periodic (𝑝, 𝑞)-Fibonacci and the bi-

periodic (𝑝, 𝑞)-Lucas sequences, such as 

Catalan's identity, Cassini's identity and 

d'Ocagne's identity. 
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Theorem 7. (Catalan’s Identity) Let 𝑛 and 

𝑟 be nonnegative integers. For 𝑛 ≥ 𝑟, we 

have  

 

i.  𝑎𝜉(𝑛−𝑟)𝑏1−𝜉(𝑛−𝑟)𝐹𝑛−𝑟(𝑝, 𝑞)𝐹𝑛+𝑟(𝑝, 𝑞) 

−𝑎𝜉(𝑛)𝑏1−𝜉(𝑛)𝐹𝑛
2(𝑝, 𝑞) 

= −(−𝑞)𝑛−𝑟𝑎𝜉(𝑟)𝑏1−𝜉(𝑟)𝐹𝑟
2(𝑝, 𝑞) 

and 

ii.  𝑎1−𝜉(𝑛+𝑟)𝑏1+𝜉(𝑛+𝑟)𝐿𝑛−𝑟(𝑝, 𝑞)𝐿𝑛+𝑟(𝑝, 𝑞) 

−𝑎1−𝜉(𝑛)𝑏1+𝜉(𝑛)𝐿𝑛
2 (𝑝, 𝑞) 

= (−𝑞)𝑛−𝑟𝑎𝜉(𝑟)𝑏1−𝜉(𝑟)(𝑝2𝑎𝑏2 

+4𝑏𝑞)𝐹𝑟
2(𝑝, 𝑞) 

where 𝐹𝑛(𝑝, 𝑞) is the 𝑛th bi-periodic (𝑝, 𝑞)-

Fibonacci number and 𝐿𝑛(𝑝, 𝑞) is the 𝑛th bi-

periodic(𝑝, 𝑞)-Lucas number. 

 

Proof. i. Using Binet formula of the bi-

periodic (𝑝, 𝑞)-Fibonacci sequence given in 

Theorem 4, we obtain 

 

𝑎𝜉(𝑛−𝑟)𝑏1−𝜉(𝑛−𝑟)𝐹𝑛−𝑟(𝑝, 𝑞)𝐹𝑛+𝑟(𝑝, 𝑞) 

−𝑎𝜉(𝑛)𝑏1−𝜉(𝑛)𝐹𝑛
2(𝑝, 𝑞) 

= 𝑎𝜉(𝑛−𝑟)𝑏1−𝜉(𝑛−𝑟) (
𝑎1−𝜉(𝑛−𝑟)

(𝑎𝑏)⌊
𝑛−𝑟

2
⌋

) (
𝑎1−𝜉(𝑛+𝑟)

(𝑎𝑏)⌊
𝑛+𝑟

2
⌋

) 

   (
𝜎𝑛−𝑟 − 𝜌𝑛−𝑟

𝜎 − 𝜌
) (

𝜎𝑛+𝑟 − 𝜌𝑛+𝑟

𝜎 − 𝜌
) 

  −𝑎𝜉(𝑛)𝑏1−𝜉(𝑛) (
𝑎1−𝜉(𝑛)

(𝑎𝑏)⌊
𝑛

2
⌋
) (

𝑎1−𝜉(𝑛)

(𝑎𝑏)⌊
𝑛

2
⌋
) 

   (
𝜎𝑛 − 𝜌𝑛

𝜎 − 𝜌
) (

𝜎𝑛 − 𝜌𝑛

𝜎 − 𝜌
) 

=
𝑎2−𝜉(𝑛−𝑟)𝑏1−𝜉(𝑛−𝑟)

(𝑎𝑏)⌊
𝑛−𝑟

2
⌋+⌊

𝑛+𝑟

2
⌋

 

    (
𝜎2𝑛 − 𝜎𝑛−𝑟𝜌𝑛+𝑟 − 𝜌𝑛−𝑟𝜎𝑛+𝑟 + 𝜌2𝑛

(𝜎 − 𝜌)2 ) 

  −
𝑎2−𝜉(𝑛)𝑏1−𝜉(𝑛)

(𝑎𝑏)2⌊
𝑛

2
⌋

(
𝜎2𝑛 − 2𝜎𝑛𝜌𝑛 + 𝜌2𝑛

(𝜎 − 𝜌)2 ) 

=
𝑎2−𝜉(𝑛−𝑟)𝑏1−𝜉(𝑛−𝑟)

(𝑎𝑏)𝑛−𝜉(𝑛−𝑟)
 

    (
𝜎2𝑛 − (𝜎𝜌)𝑛−𝑟(𝜎2𝑟 + 𝜌2𝑟) + 𝜌2𝑛

(𝜎 − 𝜌)2 ) 

  −
𝑎2−𝜉(𝑛)𝑏1−𝜉(𝑛)

(𝑎𝑏)𝑛−𝜉(𝑛)
(

𝜎2𝑛 − 2(𝜎𝜌)𝑛 + 𝜌2𝑛

(𝜎 − 𝜌)2
) 

=
𝑎

(𝑎𝑏)𝑛−1
[
−(𝜎𝜌)𝑛−𝑟(𝜎2𝑟 + 𝜌2𝑟) + 2(𝜎𝜌)𝑛

(𝜎 − 𝜌)2
] 

=
−𝑎(𝜎𝜌)𝑛−𝑟

(𝑎𝑏)𝑛−1
(

𝜎𝑟 − 𝜌𝑟

𝜎 − 𝜌
)

2

 

=
−𝑎(−𝑞𝑎𝑏)𝑛−𝑟

(𝑎𝑏)𝑛−1

(𝑎𝑏)2⌊
𝑟

2
⌋

𝑎2−2𝜉(𝑟)
𝐹𝑟

2(𝑝, 𝑞) 

= −(−𝑞)𝑛−𝑟
𝑎(𝑎𝑏)2⌊

𝑟

2
⌋

(𝑎𝑏)𝜉(𝑟)+2⌊
𝑟

2
⌋−1𝑎2−2𝜉(𝑟)

𝐹𝑟
2(𝑝, 𝑞) 

= −(−𝑞)𝑛−𝑟𝑎𝜉(𝑟)𝑏1−𝜉(𝑟)𝐹𝑟
2(𝑝, 𝑞) 

where 𝜉(𝑛) = 𝑛 − 2 ⌊
𝑛

2
⌋ and ⌊

𝑛−𝑟

2
⌋ +

⌊
𝑛+𝑟

2
⌋ = 𝑛 − 𝜉(𝑛 − 𝑟).  Similarly, the proof 

of ii. can be proved using Binet formula of 

the bi-periodic (𝑝, 𝑞)-Lucas sequence given 

in Theorem 4. This completes the proof.  

 

Theorem 8. (Cassini’s Identity) Let 𝑛 be 

nonnegative integer. Then, we have 

 

i.   (
𝑎

𝑏
)

𝜉(𝑛−1)

𝐹𝑛−1(𝑝, 𝑞)𝐹𝑛+1(𝑝, 𝑞) 

− (
𝑎

𝑏
)

𝜉(𝑛)

𝐹𝑛
2(𝑝, 𝑞) = −(−𝑞)𝑛−1

𝑎

𝑏
 

and 
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ii. (
𝑏

𝑎
)

𝜉(𝑛+1)

𝐿𝑛−1(𝑝, 𝑞)𝐿𝑛+1(𝑝, 𝑞) 

− (
𝑏

𝑎
)

𝜉(𝑛)

𝐿𝑛
2(𝑝, 𝑞) = (−𝑞)𝑛−1(𝑝2𝑎𝑏 + 4𝑞). 

 

Proof. The proof can be seen in an obvious 

way by taking 𝑟 = 1 in the Catalan’s 

identity. 

Theorem 9. (d’Ocagne’s Identity) Let  𝑛 

and 𝑟 be nonnegative integers. For 𝑛 ≥ 𝑟, 

we have 

 

i.   𝑎𝜉(𝑛𝑟+𝑛)𝑏𝜉(𝑛𝑟+𝑟)𝐹𝑛(𝑝, 𝑞)𝐹𝑟+1(𝑝, 𝑞) 

−𝑎𝜉(𝑛𝑟+𝑟)𝑏𝜉(𝑛𝑟+𝑛)𝐹𝑛+1(𝑝, 𝑞)𝐹𝑟(𝑝, 𝑞) 

= (−𝑞)𝑟𝑎𝜉(𝑛−𝑟)𝐹𝑛−𝑟(𝑝, 𝑞)  
and 

 

ii.  𝑎𝜉(𝑛𝑟+𝑛)𝑏𝜉(𝑛𝑟+𝑟)𝐿𝑛+1(𝑝, 𝑞)𝐿𝑟(𝑝, 𝑞) 

−𝑎𝜉(𝑛𝑟+𝑟)𝑏𝜉(𝑛𝑟+𝑛)𝐿𝑛(𝑝, 𝑞)𝐿𝑟+1(𝑝, 𝑞) 

= (−𝑞)𝑟𝑎𝜉(𝑛−𝑟)(𝑝2𝑎𝑏 + 4𝑞)𝐹𝑛−𝑟(𝑝, 𝑞)  

 

where 𝐹𝑛(𝑝, 𝑞) is the 𝑛th bi-periodic (𝑝, 𝑞)-

Fibonacci number and 𝐿𝑛(𝑝, 𝑞) is the 𝑛th bi-

periodic(𝑝, 𝑞)-Lucas number. 

 

Proof. i. Using Binet formula of the bi-

periodic (𝑝, 𝑞)-Fibonacci sequence given in 

Theorem 4, we obtain  

 

𝑎𝜉(𝑛𝑟+𝑛)𝑏𝜉(𝑛𝑟+𝑟)𝐹𝑛(𝑝, 𝑞)𝐹𝑟+1(𝑝, 𝑞) 

−𝑎𝜉(𝑛𝑟+𝑟)𝑏𝜉(𝑛𝑟+𝑛)𝐹𝑛+1(𝑝, 𝑞)𝐹𝑟(𝑝, 𝑞)  

= 𝑎𝜉(𝑛𝑟+𝑛)𝑏𝜉(𝑛𝑟+𝑟) (
𝑎1−𝜉(𝑛)

(𝑎𝑏)⌊
𝑛

2
⌋
) (

𝑎1−𝜉(𝑟+1)

(𝑎𝑏)⌊
𝑟+1

2
⌋
) 

  (
𝜎𝑛 − 𝜌𝑛

𝜎 − 𝜌
) (

𝜎𝑟+1 − 𝜌𝑟+1

𝜎 − 𝜌
) 

  −𝑎𝜉(𝑛𝑟+𝑟)𝑏𝜉(𝑛𝑟+𝑛) (
𝑎1−𝜉(𝑛+1)

(𝑎𝑏)⌊
𝑛+1

2
⌋
) (

𝑎1−𝜉(𝑟)

(𝑎𝑏)⌊
𝑟

2
⌋
)  

  (
𝜎𝑛+1 − 𝜌𝑛+1

𝜎 − 𝜌
) (

𝜎𝑟 − 𝜌𝑟

𝜎 − 𝜌
) 

=
𝑎𝑏𝜉(𝑛𝑟+𝑟)𝑎1−𝜉(𝑛)−𝜉(𝑟+1)+𝜉(𝑛𝑟+𝑛)

(𝑎𝑏)⌊
𝑛

2
⌋+⌊

𝑟+1

2
⌋

 

  ( 
𝜎𝑛+𝑟+1 − 𝜎𝑛𝜌𝑟+1 − 𝜌𝑛𝜎𝑟+1 + 𝜌𝑛+𝑟+1

(𝜎 − 𝜌)2
) 

  −
𝑎𝑏𝜉(𝑛𝑟+𝑛)𝑎1−𝜉(𝑛+1)−𝜉(𝑟)+𝜉(𝑛𝑟+𝑟)

(𝑎𝑏)⌊
𝑛+1

2
⌋+⌊

𝑟

2
⌋

 

  (
𝜎𝑛+𝑟+1 − 𝜎𝑛+1𝜌𝑟 − 𝜌𝑛+1𝜎𝑟 + 𝜌𝑛+𝑟+1

(𝜎 − 𝜌)2
) 

=
𝑎𝑏𝜉(𝑛𝑟+𝑟)𝑎𝜉(𝑛−𝑟)−𝜉(𝑛𝑟+𝑛)

(𝑎𝑏)
𝑛−𝑟−𝜉(𝑛−𝑟)

2
+𝜉(𝑛𝑟+𝑟)+𝑟

  

  (
𝜎𝑛+𝑟+1 + 𝜌𝑛+𝑟+1 − (𝜎𝜌)𝑟(𝜎𝜌𝑛−𝑟 + 𝜌𝜎𝑛−𝑟)

(𝜎 − 𝜌)2
) 

  −
𝑎𝑏𝜉(𝑛𝑟+𝑛)𝑎𝜉(𝑛−𝑟)−𝜉(𝑛𝑟+𝑟)

(𝑎𝑏)
𝑛−𝑟−𝜉(𝑛−𝑟)

2
+𝜉(𝑛𝑟+𝑛)+𝑟

 

   (
𝜎𝑛+𝑟+1 + 𝜌𝑛+𝑟+1 − (𝜎𝜌)𝑟(𝜎𝑛−𝑟+1 + 𝜌𝑛−𝑟+1)

(𝜎 − 𝜌)2
) 

 =
𝑎𝑏𝜉(𝑛𝑟+𝑟)𝑎𝜉(𝑛𝑟+𝑟)

(𝑎𝑏)
𝑛−𝑟−𝜉(𝑛−𝑟)

2
+𝜉(𝑛𝑟+𝑟)+𝑟

 

   (
𝜎𝑛+𝑟+1 + 𝜌𝑛+𝑟+1 − (𝜎𝜌)𝑟(𝜎𝜌𝑛−𝑟 + 𝜌𝜎𝑛−𝑟)

(𝜎 − 𝜌)2
) 

   −
𝑎𝑏𝜉(𝑛𝑟+𝑛)𝑎𝜉(𝑛𝑟+𝑛)

(𝑎𝑏)
𝑛−𝑟−𝜉(𝑛−𝑟)

2
+𝜉(𝑛𝑟+𝑛)+𝑟

 

   (
𝜎𝑛+𝑟+1 + 𝜌𝑛+𝑟+1 − (𝜎𝜌)𝑟(𝜎𝑛−𝑟+1 + 𝜎𝑛−𝑟+1)

(𝜎 − 𝜌)2
) 

 =
𝑎(𝑎𝑏)−𝑟

(𝑎𝑏)
𝑛−𝑟−𝜉(𝑛−𝑟)

2

 

   (
(𝜎𝜌)𝑟(−𝜎𝜌𝑛−𝑟 − 𝜌𝜎𝑛−𝑟+𝜎𝑛−𝑟+1 + 𝜌𝑛−𝑟+1)

(𝜎 − 𝜌)2
) 

=
𝑎(𝑎𝑏)−𝑟

(𝑎𝑏)⌊
𝑛−𝑟

2
⌋

(
(−𝑞𝑎𝑏)𝑟(𝜎 − 𝜌)(𝜎𝑛−𝑟 − 𝜌𝑛−𝑟)

(𝜎 − 𝜌)2
) 
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=
𝑎(−𝑞)𝑟

(𝑎𝑏)⌊
𝑛−𝑟

2
⌋
(

𝜎𝑛−𝑟−𝜌𝑛−𝑟

𝜎−𝜌
)  

= (−𝑞)𝑟𝑎𝜉(𝑛−𝑟)𝐹𝑛−𝑟(𝑝, 𝑞)   

where  

 
1 − 𝜉(𝑛 − 𝑟) = 𝜉(𝑛) + 𝜉(𝑟 + 1) − 2𝜉(𝑛𝑟 + 𝑛) 

                          = 𝜉(𝑛 + 1) + 𝜉(𝑟) − 2𝜉(𝑛𝑟 + 𝑟)  

𝜉(𝑛 − 𝑟) = 𝜉(𝑛𝑟 + 𝑛) + 𝜉(𝑛𝑟 + 𝑟) 

𝑛−𝑟−𝜉(𝑛−𝑟)

2
+ 𝜉(𝑛𝑟 + 𝑟) + 𝑟 = ⌊

𝑛

2
⌋ + ⌊

𝑟+1

2
⌋   

𝑛−𝑟−𝜉(𝑛−𝑟)

2
+ 𝜉(𝑛𝑟 + 𝑛) + 𝑟 = ⌊

𝑛+1

2
⌋ + ⌊

𝑟

2
⌋   

𝑛−𝑟−𝜉(𝑛−𝑟)

2
= ⌊

𝑛−𝑟

2
⌋.   

 

Similarly, the proof of ii. can be proved 

using Binet formula of the bi-periodic 

(𝑝, 𝑞)-Lucas sequence given in Theorem 4. 

This completes the proof. 

 

3. CONCLUSION AND SUGGESTION 

The generalizations and applications of the 

Fibonacci and the Lucas sequences have 

been presented in many ways. In this paper, 

the bi-periodic (𝑝, 𝑞)-Fibonacci and the bi-

periodic (𝑝, 𝑞)-Lucas sequences, which 

generalize well-known Fibonacci, the 𝑘-

Fibonacci, the Lucas, the 𝑘-Lucas, the 

Jacobsthal, the 𝑘-Jacobsthal, the Jacobsthal-

Lucas, the 𝑘-Jacobsthal-Lucas, the Pell, the 

𝑘-Pell, the Pell-Lucas, the 𝑘-Pell-Lucas 

sequences as well as the bi-periodic 

Fibonacci, the bi-periodic 𝑘-Fibonacci, the 

bi-periodic Lucas, the bi-periodic 𝑘-Lucas, 

the bi-periodic Jacobsthal, the bi-periodic 𝑘-

Jacobsthal, the bi-periodic Jacobsthal-

Lucas, the bi-periodic 𝑘-Jacobsthal-Lucas, 

the bi-periodic Pell, the bi-periodic 𝑘-Pell, 

the bi-periodic Pell-Lucas, the bi-periodic 𝑘-

Pell-Lucas sequences, are defined. Binet 

formulas that allow us to calculate the 𝑛th 

terms of these sequences and some 

properties of their consecutive terms are 

given. Also generating functions, Catalan's 

identity, Cassini's identity, and d'Ocagne's 

identity are obtained.   

 

It would be interesting to study these 

sequences in matrix theory. More general 

formulas that allow us to calculate the 𝑛th 

terms of these sequences and relations like 

the well-known relations between the 

Fibonacci and the Lucas sequences can be 

explored. 

 

Acknowledgments  

The authors would like to thank the editors 

and the anonymous referees for their 

contributions.  

Funding  

The authors have no received any financial 

support for the research, authorship or 

publication of this study.  

 

The Declaration of Conflict of Interest/ 

Common Interest  

No conflict of interest or common interest 

has been declared by the authors.  

 

Authors' Contribution  

The first author contributed 60%, the second 

author 40%.  

 

The Declaration of Ethics Committee 

Approval  

This study does not require ethics committee 

permission or any special permission. 

 

The Declaration of Research and 

Publication Ethics  

The authors of the paper declare that they 

comply with the scientific, ethical and 

quotation rules of SAUJS in all processes of 

the paper and that they do not make any 

falsification on the data collected. In 

addition, they declare that Sakarya 

University Journal of Science and its 

editorial board have no responsibility for 

any ethical violations that may be 

encountered, and that this study has not been 

evaluated in any academic publication 

environment other than Sakarya University 

Journal of Science. 

Yasemin TAŞYURDU, Naime Şeyda TÜRKOĞLU

Bi-Periodic (p,q)-Fibonacci and Bi-Periodic (p,q)-Lucas Sequences

Sakarya University Journal of Science 27(1), 1-13, 2023 11



  

 

  

 

REFERENCES 

 

[1] A. F. Horadam, “A Generalized 

Fibonacci Sequence,” The American 

Mathematical Monthly, vol. 68, no. 5, 

pp. 455-459, 1961. 

[2] S. Falcon, A. Plaza, “On the Fibonacci 

𝑘-Numbers,” Chaos, Solitons & 

Fractals, vol. 32, no. 5, pp. 1615-24, 

2007. 

[3] S. Falcon, “On the 𝑘-Lucas 

Numbers,” International Journal of 

Contemporary Mathematical 

Sciences, vol. 6, no. 21, pp. 1039-

1050, 2011. 

[4] T. Koshy, “Fibonacci and Lucas 

Numbers with Applications,” vol. 1, 

2nd Edition, Wiley-Interscience 

Publications, New York, 2017, 704p.  

[5] Y. Taşyurdu, N. Çobanoğlu, Z. 

Dilmen, “On the a New Family of 𝑘-

Fibonacci Numbers,” Erzincan 

University Journal of Science and 

Technology, vol. 9 no. 1, pp. 95-101, 

2016.  

[6] Y. K. Panwar, “A Note on the 

Generalized 𝑘-Fibonacci Sequence,” 

MTU Journal of Engineering and 

Natural Sciences, vol. 2, no. 2, pp. 29-

39, 2021. 

[7] O. Deveci, Y. Aküzüm, “The 

Recurrence Sequences via Hurwitz 

Matrices,” Annals of the Alexandru 

Ioan Cuza University-Mathematics, 

vol. 63, no. 3, pp. 1-13, 2017. 

[8] A. F. Horadam, “Basic Properties of a 

Certain Generalized Sequence of 

Numbers,” Fibonacci Quarterly, vol. 

3, no. 3, 161–176, 1965. 

[9] A. Suvarnamani, M. Tatong, “Some 

Properties of (𝑝, 𝑞)-Fibonacci 

Numbers,” Science and Technology 

RMUTT Journal, vol. 5, no. 2, pp. 17-

21, 2015. 

[10] A. Suvarnamani, “Some Properties of 

(𝑝, 𝑞)-Lucas Number,” Kyungpook 

Mathematical Journal, vol. 56, pp. 

367-370, 2016. 

[11] Y. Taşyurdu, “Generalized (𝑝, 𝑞)-

Fibonacci-Like Sequences and Their 

Properties,” Journal of Mathematics 

Research, vol. 11, no. 6, pp. 43-52, 

2019. 

[12] M. Edson, O. Yayenie, “A New 

Generalization of Fibonacci Sequence 

& Extended Binet’s Formula,” 

Integers, vol. 9, pp. 639–654, 2009. 

[13] G. Bilgici, “Two Generalizations of 

Lucas Sequence,” Applied 

Mathematics and Computation, vol. 

245, pp. 526–538, 2014. 

[14] O. Yayenie, “A Note on Generalized 

Fibonacci Sequence,” Applied 

Mathematics and Computation, vol. 

217, pp. 5603-5611, 2011. 

[15] S. P. Jun, K. H. Choi, “Some 

Properties of the Generalized 

Fibonacci Sequence {𝑞𝑛} by Matrix 

Methods,” Korean Journal 

Mathematics., vol. 24, no. 4, pp. 681-

691, 2016. 

[16] E. Tan, “Some Properties of the bi-

Periodic Horadam Sequences,” Notes 

on Number Theory and Discrete 

Mathematics, vol. 23, no. 4, pp. 56-65, 

2017. 

[17] Ş. Uygun, E. Owusu, “A New 

Generalization of Jacobsthal Numbers 

(Bi-Periodic Jacobsthal Sequence),” 

Journal of Mathematical Analysis, 

vol. 7 no. 4, pp. 28-39, 2016. 

[18] Ş. Uygun, E. Owusu, “A New 

Generalization of Jacobsthal Lucas 

Numbers (Bi-Periodic Jacobsthal 

Lucas Sequence),” Journal of 

Advances in Mathematics and 

Yasemin TAŞYURDU, Naime Şeyda TÜRKOĞLU

Bi-Periodic (p,q)-Fibonacci and Bi-Periodic (p,q)-Lucas Sequences

Sakarya University Journal of Science 27(1), 1-13, 2023 12



   

 

  

 

Computer Science, vol. 34, no. 5, pp. 

1-13, 2019. 

[19] Ş. Uygun, H. Karatas, “Bi-Periodic 

Pell Sequence,” Academic Journal of 

Applied Mathematical Sciences, vol. 6 

no. 7, pp. 136-144, 2020. 

[20] Ş. Uygun, H. Karatas, “A New 

Generalization of Pell-Lucas Numbers 

(Bi-Periodic Pell-Lucas Sequence),” 

Communications in Mathematics and 

Applications, vol. 10, no. 3, pp. 469-

479, 2019. 

Yasemin TAŞYURDU, Naime Şeyda TÜRKOĞLU

Bi-Periodic (p,q)-Fibonacci and Bi-Periodic (p,q)-Lucas Sequences

Sakarya University Journal of Science 27(1), 1-13, 2023 13


