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Bi-Periodic (p, q)-Fibonacci and Bi-Periodic (p, q)-Lucas Sequences

Yasemin TASYURDU ™!

Abstract

, Naime Seyda TURKOGLU*

In this paper, we define bi-periodic (p, q)-Fibonacci and bi-periodic (p, q)-Lucas sequences,
which generalize Fibonacci type, Lucas type, bi-periodic Fibonacci type and bi-periodic Lucas
type sequences, using recurrence relations of (p, gq)-Fibonacci and (p, q)-Lucas sequences.
Generating functions and Binet formulas that allow us to calculate the nth terms of these
sequences are given and the convergence properties of their consecutive terms are examined.
Also, we prove some fundamental identities of bi-periodic (p, q)-Fibonacci and bi-periodic
(p, q)-Lucas sequences conform to the well-known properties of Fibonacci and Lucas

sequences.

Keywords: Bi-periodic Fibonacci numbers, Fibonacci number, generalized Fibonacci
numbers, bi-periodic Lucas numbers, Lucas number

1. INTRODUCTION

Fibonacci sequence, {E,},en IS introduced
by recurrence relation F, = F,_1 + F,_,
with initial terms F, = 0, F; = 1forn > 2.
The most interesting applications of this
sequence have been on its generalizations,
also called families of Fibonacci sequence.
For instance, Lucas sequence, {L,}ney 1S
introduced by recurrence relation L, =
Ly,_1+ L,_, with initial terms L, =2,
L, = 1 for n > 2 using different the initial
terms and recurrence relation similar to the
Fibonacci sequence [1]. Then, k-Fibonacci
sequence by recurrence relation F, =
kFy n—1 + Fy n— Withinitial terms Fy, , = 0,
Fr,iy =1 and k-Lucas sequence by
recurrence relation Ly, = kLy 1 + Lgpn—2

with initial terms Ly, =2, Ly, =k are
determined according to parameter k [2, 3].
For more details on generalizations, see [4-
7].

Further generalizations of the Fibonacci and
Lucas sequences are presented according to
parameters p and q. For integers p,q = 1,
the (p, q)-Fibonacci sequence is presented
by recurrence relation

Fygn = PFpgn-1+ @Fpgn-2, n =2 (1)

with initial terms F,, , o = 0,F, ., = 1, and
the (p, q)-Lucas sequence is presented by

recurrence relation

Lpgn =Plpgn-1+Alpgn-2 122 (2)
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with initial terms Ly, ;o = 2,Ly, 51 = p. The
Binet formulas, which are the general
formulas for the nth terms of these two
sequences, are given by

n n
01 — 0y
E __1 -2

PAT -1y

— n n
Lygn =01 + 03

_ p+Vp?+4 p—Vp?+4q
— —_—.

where ¢, = 1 and g, = :

Also, main properties of these sequences are
presented by generalizing with the Binet
formulas [8-11].

As other generalizations of the Fibonacci
and the Lucas sequences, bi-periodic
Fibonacci sequence, {q,,} is defined by

_ {a%—1 + qn—2, ifniseven
= \bg, 1 + q,_,, ifnisodd

with initial terms g, = 0, q; = 1 [12], and
bi-periodic Lucas sequence, {L,} is defined
by

n=?2

l _ {bln—l + ln—z: ile is even
" lal,_q + l,_, ifnisodd

with initial terms [, =2, [, =a where
a and b are any two nonzero real numbers
[13]. Also, a matrix related to the bi-periodic
Fibonacci sequence is defined and some
interesting identities for this sequence are
given [14, 15]. Then, these studies lead to
the discovery of many studies, called bi-
periodic  sequences, using recurrence
relations and initial terms of special
sequences of integers, such as Jacobsthal,
Jacobsthal-Lucas, Pell and Pell-Lucas,
sequences, etc. In [16], some properties of
bi-periodic Horadam sequences are given by
generalizing the known properties related to
the bi-periodic Fibonacci and the bi-periodic
Lucas sequences. In [17, 18], bi-periodic
Jacobsthal and bi-periodic Jacobsthal-Lucas
sequences are defined, and then in [19, 20],
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bi-periodic Pell and bi-periodic Pell-Lucas
sequences are defined.

The aim of this study is to define new
generalizations of the bi-periodic Fibonacci
type and the bi-periodic Lucas type
sequences, which we shall call bi-periodic
(p, g)-Fibonacci and bi-periodic (p, q)-
Lucas sequences, using recurrence relations
of the (p, q)-Fibonacci and the (p, q)-Lucas
sequences, respectively. It is to present
general formulas and well-known identities
conform to sequences of integers for these
sequences. It is also to give special cases of
the bi-periodic (p, g)-Fibonacci and the bi-
periodic  (p,q)-Lucas sequences and
generalize all the results.

2. MAIN RESULTS

In this section, new generalizations of both
the Fibonacci type sequences, Lucas type
sequences and the (p, q)-Fibonacci
sequence, the (p, q)-Lucas sequence, called
bi-periodic (p, q)-Fibonacci sequence and
bi-periodic  (p, q)-Lucas sequence, are
presented taking into account that the
recurrence relations of the (p, q)-Fibonacci
sequence and the (p, q)-Lucas sequences,
respectively. Generating functions, Binet
formulas, some basic properties as well as
the Catalan's identity, Cassini's identity,
d'Ocagne’s identity for these sequences are
obtained.

Definition 1. For integers p,q = 1 and any
two nonzero real numbers a and b, the bi-
periodic (p, q)-Fibonacci sequence, say
{E,(p, @) }nen, 1s defined by the recurrence
relation

Fn(p' CI) =

{apFn—1(P. q) + qF,_,(p,q), ifnis even 3)
bpF,_1(p,q) + qFp_2(p,q), ifnis odd

with initial terms Fy(p,q) =0, F;(p,q) =
1 for n > 2, and the bi-periodic (p,q)-
Lucas sequence, say {L,(p,q)}nen, IS
defined by the recurrence relation
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Ln(p; Q) =
{bPLn—1(P' q) +qL,_,(p,q), ifniseven @)
apLn,_1(0,q) + qLn_,(p,q), ifnis odd

with initial terms Ly(p,q) = 2, L1(p,q) =
ap for n > 2. The nth bi-periodic (p, q)-
Fibonacci number is denoted by F,(p, q)
and the nth bi-periodic (p, g)-Lucas number
is denoted by L,,(p, q).

From Definition 1, both sequences are as
follows

{F. (0, O}nen = {0,1, ap, abp? + q, a’bp®
+2apq, a’b?p* + 3abp?q + q?,a3b?*p®
+4a’bp3q + 3apq?, a®b3p® + 5a*b*p*q

+6abp?q? + q3,a*b3p” + 6a3b?p°q
+10a%bp3q? + 4apq3, ...}

and

{Ln(p' q)}neN = {2' ap, abpz + 2q, asz3
+3apq, a’b?p* + 4abp?q + 2q*, a*b?p®

+5a%bp3q + 5apq?, a*b3p® + 6a*b*p*q
+9abp?q? + 2q3,a*b3p” + 7a3b?pq
+14a2bp3q2 + 7apq3,a4b4p8
+8a3b3p6q + 20a2b2p4q2
+16abp?q®+2q*, ...}

respectively.

Alternative recurrence relations can be
given for the bi-periodic (p, q)-Fibonacci
and the bi-periodic (p, q) Lucas sequences.
For integers p,q = 1 and any two nonzero
real numbers a and b, the bi-periodic (p, q)-
Fibonacci sequence is given by

F.(p,q) = a'*™piMWpF, _, (p,q)
+qF2(.q) (5
with initial terms Fy(p,q) = 0, F;(p,q) = 1

for n > 2, and the bi-periodic (p, q)-Lucas
sequence is given by
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Ln(p,q) = a*™b**™pL,_ (p,q)
+qLln—2(.q)  (6)
with initial terms Ly(p,q) = 2, Li(p,q) =

ap for n > 2, and where é(n) =n — 2 EJ
is the parity function, i.e.,

_ (0, if niseven
§m) = {1, if nisodd

respectively. Then we have the quadratic
equation x2? — pabx — qab = 0 with roots
o= pab+.p?2a?b2+4qab

2
p“b_vpz‘;zb2+4q“b for the bi-periodic (p, q)-

Fibonacci and the bi-periodic (p, q)-Lucas
sequences.

and p=

Note that the roots o and p have the
following relations

o+ p=pab
op = —qab

o — p = \/p2a?b? + 4qab

0.2
ab

po+q =

2

pp+q="n

Definition 1 generalizes many the bi-
periodic Fibonacci type and the bi-periodic
Lucas type sequences. Special cases of the
bi-periodic (p, q)-Fibonacci and the bi-
periodic (p, q)-Lucas sequences obtained
according to parameters p, q are presented in
the Table 1. Since the all results given
throughout the study are provided for all the
bi-periodic (p, q)-Fibonacci and the bi-
periodic (p, q)-Lucas sequences, the values
given in Table 1 can be used in the relevant
theorem or corollary for any bi-periodic
sequences which are the bi-periodic
Fibonacci type sequences and the bi-
periodic Lucas type sequences.
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Table 1 Special cases of the bi-periodic (p, q)-Fibonacci and the bi-periodic (p, g)-Lucas numbers

P q Symbol Generalized nth bi-periodic number

1 1 F,(1,1) =q, qn, nth bi-periodic Fibonacci number [12]

k 1 F,(k,1) = qyn qx.n, nth bi-periodic k-Fibonacci number

1 1 L,(1,1) =1, L,,, nth bi-periodic Lucas number [13]

k 1 Lo(k,1) =1, Ly n, nth bi-periodic k-Lucas number

1 2 E,(1,2) =], J., nth bi-periodic Jacobsthal number [17]

k 2 F,(k,2) = Jin Ji.n, nith bi-periodic k-Jacobsthal number

1 2 L,(1,2) =¢c, ¢y, nth bi-periodic Jacobsthal-Lucas number [18]
k 2 L,(k,2) = cxp Ck.n, nth bi-periodic k-Jacobsthal-Lucas number
2 1 E,(2,1) =B, P,, nth bi-periodic Pell number [19]

2 k F,(2,k) = Py Py, nth bi-periodic k-Pell number

2 1 L,(21)=0Q, Q,,, nth bi-periodic Pell-Lucas number [20]

2 k L,(2,k) = Qn Q.. nth bi-periodic k-Pell-Lucas number

Using Definition 1, some identities for the
bi-periodic (p, q)-Fibonacci and the bi-
periodic (p, q)-Lucas numbers are given in
the following lemma.

Lemma 2. The bi-periodic (p, q)-Fibonacci
sequence, {F,(p, q)}.y and the bi-periodic

(p! q)-LucaS Sequence, {Ln(p, Q)}neN
satisfy the following identities

i. Fon(p,q) = (abp® + 2q)Fn—2(p, q)
—q*F2n-4(p, q)

ii. Fyny1(p,q) = (abp? + 2q)Fon_1(p,q)
—q*Fzn-3(p, q)

iii. Lyy(p,q) = (abp® +2q)Lyn—»(p, q)
—q*Lon-4+(p, q)

iV. Lyny1(p,q) = (abp® +2q)Lyn-1(p, q)
_q2L2n—3 (p' q)

Proof. Using the equation (3)

I. Fon(p,q) = apFon_1(p, q)
+qFn—2(p, @)

= ap(bpFan—2 (P, q) + qFan—3(p,9))

+qFon-2(p, q)
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= (abp® + Q)F2n_2 (0, @)
+apqFon-3(p, q)

= (abp® + Q)Fzn_2 (0, @) + qF2n_2(p, q)
—q*Fon-4(p, @)

= (abp® + 2q) Fon—>(p, 9)
~q*Fon-4(0, q)

il. Fon41(p, q) = bpFon(p, q)

+qFon-1(, )

= bp(apFan-1(p, @) + qF2n—2(p, @)
+qFon-1(0, @)

= (abp® + Q) F2n_1(, Q)
+bpqFzn-2(p, q)

= (abp® + Q)F2n_1(0, @) + qF2n_1 (0, q)
—q*Fon3(p, 9)

= (abp® + 2q)Fan-1(p, q)
—q*Fan—3(p, @)

and the i. and ii. are proved. Similarly, the
proofs of iii. and iv. can be proved using
equation (4).
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Now we introduce generating functions of
the sequences {E,(p, 9) }nen and
{L,(p, @)}nen- Let the generating function
of the sequence {F,(p, q) }nen be F(x) and
let the generating function of the sequence
{L,(p,q)}nen be L(x). Then, we get the
following

FO = ) R, )"

L) = ) La(, "
n=0

where F,(p, q) is the nth bi-periodic (p, q)-
Fibonacci number and L,, (p, q) is the nth bi-
periodic (p,q)-Lucas number. By the
following theorem, the generating functions
of the bi-periodic (p, q)-Fibonacci and the
bi-periodic (p,q)-Lucas sequences are
given.

Theorem 3. The generating functions of the
bi-periodic (p, q)-Fibonacci and the bi-
periodic (p, q)-Lucas sequences are

x + apx? — qx3
1— (abp? + 2q)x? + q?x*

F(x) =

2 + apx — (abp? + 2q)x? + apqx?®
1 — (abp? + 2q)x? + q?*x*

L(x) =

respectively.

Proof. Let F(x) be the generating function
of the sequence {F,(p, q)}. Then

F(x) = 2 F(p, @)x™
n=0

= Fy(p,q) + Fi(p, 9)x + F,(p, q)x*
+o+ B ox™ + -

If we divide the generating function such
that the sum of the even subscript terms is
F¢(x) and the sum of the odd subscript terms

is Fr(x). Therefore,

Sakarya University Journal of Science 27(1), 1-13, 2023

Fe(0) = Fo(p, @) + Fa(p, x?
+ 2, B x® (1)

If both sides of equation (7) are multiplied
by —(abp? +2q)x* and g2x*, then we
obtain
—(abp® + 2q)x*F(x)

= —(abp® +2q) )., Fou(p, @)x**? (8)
and
PxAF(x) = q2 Y Fu(p,@)x?** (9)
From the equations (7), (8) and (9), we have

(1 - (abp® + 2q)x* + q*x*)F,(x)

=Fy(p,q) + F,(p, q)x* + Z F,i(p, q)x*

=2

—(abp? +20) ) Foip, )x*

i=0

+q° Z Fypi(p, Qx4
i=0
= apx? + Z Fi(p, @)x*
i=2
—(abp® + 2q) Z Fapi5(p, q)x*
i=2
+q° Z Fpia(p, q)x*
i=2

= apx® + Z(Fn(p, q)
i=2

—(abp® + 2q)Fpi_,(p, @)
+q°Fai_a(p, @))x*".
Using Lemma 2, i., generating function of

the bi-periodic (p, q)-Fibonacci sequence
with even subscript terms is obtained as
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apx?

1 — (abp? + 2q)x? + q?x*"

F(;(x) =

Now let consider the sum of the odd
subscript terms in the generating function.
Therefore,

Fr(x) = Fi(p, O)x + F3(p, @) x>

+ ZZZ Fyie1(p, @x** (10)
If both sides of equation (10) are multiplied
by —(abp? + 2q)x? and g*x*, then we
obtain

—(abp? + 2q)x*Fr(x)
= —(abp? +2q) Y.,  Faiv1(p, )x?*+3 (11)

and
q*x*Fr(x) = q* Zzo Fair1(p, )x**° (12)

From the equations (10), (11) and (12), we
have

(1 — (abp® + 2q)x* + q*x*)Fr(x)

= F,(p, @)x + F3(p, 9)x>
+ Z Fiv(p Cl)x2i+1
i=2

—(abp? + 2q)xF,(p, @)

—(abp? + 2q) Z Fyii1(p, q)x?3

=1

+q2 Z Fiv1(p, Q)XZHS

=0
= x + (abp? + q)x3

+ z Fi11(p, Q)XZiH
i=2
—(abp? + 2q)x3

—(abp? + 2q) Z Fyi_1(p, q)x?t

=2
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+q* z Fi3(p, Q)xZiH
i=2
= x + (abp? + q)x3 — (abp? + 2q)x3

+ ) (Fai41(p, @) — (abp® + 29)Fy;1(p, @)

=2
+q°Fpi_3(p, ).
Using Lemma 2, ii., generating function of

the bi-periodic (p, q)-Fibonacci sequence
with odd subscript terms is obtained as

Fo(x) = x — qx3
T T T T (abp? + 29)x2 + @2xt
From F(x) = Fg(x) + Fr(x), the

generating function of the bi-periodic (p, q)-
Fibonacci sequence is obtained as

x + apx? — qx3

F(x) = :
) 1— (abp? + 2q)x? + q%x*

Similarly, the generating function of the bi-
periodic  (p,q)-Lucas sequence using
Lemma 2, iii. and iv., is obtained as

2 + apx — (abp? + 2q)x* + apqx®

L(x) =
() 1 — (abp? + 2q)x? + q?x*

Thus, the proof is completed.

Now we give Binet formulas that allow us to
calculate the nth terms of the bi-periodic
(p, @)-Fibonacci and the bi-periodic (p, q)-
Lucas sequences with the following
theorem.

Theorem 4. The Binet formulas for the bi-
periodic (p, q)-Fibonacci and the bi-
periodic (p, q)-Lucas sequences are given

by

al—E(n)) o — pt

E(p.q) = M
(9 ((ab)lﬂ P
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af@m
L,(p,q) = ( " ) (c™+p™)
(ab)l

2p2
where o= pab+y/p?a?b +4qab, p=
—/p2a2p2
pab—./p“a*b*+4qab and f(n) =1 — 2 [2]

~E

Proof. We complete the proof by induction
method on n. The result is obviously valid
for n = 0,1. Suppose that result is true for
n € N, namely

al—f(n) o™ — pn
F,(p,q) = < 0 ) —.
(ab)lzl g=p
Using equation (5) and the hypothesis of

induction, we shall show that it is true for
n + 1. Then, we have

Fry1(p, @) = a2 DR DpE (p,q)

+qFn-1(0,q)
= al_f(n+1)b§’(n+1)p (al—f(n)> O—Tl _ pn
(ab)lEJ

al—f(n—l) o.n—l _ pn—l
+q 1
(ab)lTJ og=p
a1—$(n+1)o.n—1

o—p

( abpo abq >
asMmp1l- f(n+1)(ab)l I (ab)l J

a1—$(n+1)pn—1

o—p

( abpp abq )
n + n—-1
aEmp1-sar (gp)lzl (a1

ql=§(n+1) zn-1 (ab(pa + CD)
o—p (ab)lnﬂj

Sakarya University Journal of Science 27(1), 1-13, 2023

a1—f(n+1)pn—1 (ab(pp + q)>
og—p (ab)lnTHJ

ql=§(m+1) gn-1 o2
- g=p <(ab)ln+lj>
a1—§(n+1)pn—1 pz
o) <(ab)ln+1l>
al=§m+D)\ gn+1 _ pn+1
) <<ab>l"7“J> a=p

where po + q ="—2,pp +q =p—2and€(n) +
=[] 1 e 0+ [ = 22

Similarly, the Binet formula for the bi-
periodic (p,q)-Lucas sequence can be
obtained using equation (6) and induction
method on n. This completes the proof.

Theorem 5. The limit of theratio of
consecutive terms of the bi-periodic (p, q)-
Fibonacci and the bi-periodic (p, q)-Lucas
sequences is

Fony1(0qQ) 0

n-oo Fon(0.9) a

i lim @0 _ o
" nowFn-1(@aq) b

iii li Lon+1(0.9) — g
" noo Lan(0g) b

Lonw®) _ o
n-oo Lan-1(p.q) a

iv.

where E,(p, q) is the nth bi-periodic (p, q)-
Fibonacci number and L,, (p, q) is the nth bi-
periodic (p, q)-Lucas number.

Proof. Using Binet formula of the bi-
periodic (p, q)-Fibonacci sequence given in
Theorem 4, we have



Yasemin TASYURDU, Naime Seyda TURKOGLU

Bi-Periodic (p,q)-Fibonacci and Bi-Periodic (p,q)-Lucas Sequences

- . F. A
i. lim on+1(0,9)
n-oo Fn(®.q)

(al—f(2n+1)> (0.2n+1_p2n+1)
2n+1

. abl 2 J o=p

= lim (ab)

n—-oo aql-§@2n) (O-Zn_pzn)
2
(ab)ITn o-p

1 (0.2n+1_p2n+1)

3. (ab)™ o—-p
gl i
(ab)*\ o-p

. O_2n+1 (1 _ (§)2n+1)

nirg)a o2n (1 _ (g)Zn)

a

and

s g Fon(p,q)
il. lim _fen\Pq)
n-oo Fon-1(0,9)

al—f(Zn) GZn_pZn
27"] ( o-p )

. ol
= lim (ab)
n—oo <a1—£(2n—1)> U.Zn—l_pzn—l)

2n—-1 o—p

(ab) IT

a O.Zn_p21'l
— I (ab)"( g—p )
- nzg'o 1 (O-zn—l_pzn—l)
(ab)n—1 a-p

a o7 (1 - (§)2n>

= lim —

n-o ab g2n-1 (1 _ (g)zn_l)

o
b

n
where |pl|<o and lim (B) = 0.

n—-oo \O

Similarly, the proofs of iii. and iv. can be
proved using Binet formula of the bi-
periodic (p,q)-Lucas sequence given in
Theorem 4. This completes the proof.
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Theorem 6. Negative subscript terms of the
bi-periodic (p, q)-Fibonacci and the bi-
periodic  (p,q)-Lucas sequences are
obtained as

F—n(p' q) = _(_Q)_nFn(pr q)
La(p,q) = (=) "La(p, @)
respectively.

Proof. Using Binet formulas of the bi-
periodic (p, q)-Fibonacci and the bi-
periodic (p, q)-Lucas sequences given in
Theorem 4, we obtain

al—f(—n)) oM — p—n
@nlzl) o-°

F—n(p' q) = (

o — pt

g1-ECm
=D <(ab)1;—"1> (—qab)y(o —p)

al—f(n)) o — pn
@l 7=8

=—(—q9)""F{ q)

=(E=DE™ (

and
as=m
Ly(p.q) = (7) (@™ +p™)
(ab)lT]
B ( at-m ) o™ + p"
(ab)l%ﬂl (—qab)™
&)
= (- (“—) (@™ +p™)
@)l

=(—q)"L,(p,q)

where op = —qab. Thus, the proof is
completed.

Now we present some basic identities for the
bi-periodic (p, q)-Fibonacci and the bi-
periodic (p, q)-Lucas sequences, such as
Catalan's identity, Cassini's identity and
d'Ocagne’s identity.
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Theorem 7. (Catalan’s Identity) Let n and
r be nonnegative integers. For n > r, we
have

i. af(n—r)bl—f(n—T)Fn_r (P, Q)Fn+r (P, q)
_af(n)bl_f(n)Fnz (p’ q)
= —(—=q)""at b EME(p, q)

and

ii. @' S, (p, O Lnsr (0, @)
—qlt=EMmp1+Em 2 (1 q)
— (_q)n—raf(r)bl—f(r)(pzabz

+4bq)F;(p, q)
where F,(p, q) is the nth bi-periodic (p, q)-
Fibonacci number and L,, (p, q) is the nth bi-
periodic(p, q)-Lucas number.
Proof. i. Using Binet formula of the bi-

periodic (p, q)-Fibonacci sequence given in
Theorem 4, we obtain

atpr=EIE, (0, Q) Fper (P, Q)

_af(n)b1—§(n)Fnz . q)
— g p1-§n-r) (al—f(n—r)) ( al_g(nm)
@)1\ (@)l
<0'n—r _ pn—r> <O.n+r _ pn+r>
o—p P
M p1-Em) (al‘f (">> <a1—€(n))
@)/ \ @an)l2l

O.n_pn O.n_pn
=)o)

aZ—E(n—r) bl—f(n—r)

n+r

(ab)[%JJ'lTJ

(O.Zn _ O.n—rpn+r _ pn—ro.n+r + p2n>
(o — p)?
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az—f(n)bl—f(n) (0.271 _ 20'npn + p2n>
(ab)ZEJ (6 —p)*

a2—§(n—r) bl—{(n—r)
= (ab)n—§(n—r)

<O.2n _ (O.p)n—r(o.Zr + pZT') + p2n>
(0 —p)?

a2~ $Mp1-§(m) s 2n _ 2(cp)™ + p2n
(ab)r=¢( (0 —p)?

_a [~ (@ +p*) +2(p)"
~ (ab)™? (0 —p)? ]

— n-r , v _ .T\2
- (=)

—a(—qab)™ " (ab)zlﬂ
T (ab)rt qE® E(p, )

a(ab)ZEJ
(ab)s@*2[z]1 g2-26m)

=—(=)"" F*(p,q)

= — (=" "tV DE2(p, q)

n n-—r
where ¢é(n) =n-—2 H and lTJ +
"T”J =n—&( —r). Similarly, the proof
of ii. can be proved using Binet formula of
the bi-periodic (p, q)-Lucas sequence given

in Theorem 4. This completes the proof.

Theorem 8. (Cassini’s Identity) Let n be
nonnegative integer. Then, we have

_ £(n-1)
i (3) P OFna(0,0)
a\ém a

-(3) Eeo=-Comy

and
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a

. p\s(m+D)
I (_) Lyo1(0, D Lns1 (0, @)
)
- (S) Ly®,q) = (—q)"(p?ab + 4q).

Proof. The proof can be seen in an obvious
way by taking r =1 in the Catalan’s
identity.

Theorem 9. (d’Ocagne’s Identity) Let n
and r be nonnegative integers. For n > r,
we have

i, ar i (p, @) Fy 1 (D, Q)
—atrnpitrtn g (p, @)F-(p, q)

= (_Q)rag(n_r)Fn—r (p' Q)
and

i, afrprn (0, Q)L (9, q)
—atrn pErtn L (p,q) Ly 41 (D, q)
= (—q)"a*™ " (p?ab + 4q)F,_(p, q)

where F,(p, q) is the nth bi-periodic (p, q)-
Fibonacci number and L,, (p, q) is the nth bi-
periodic(p, q)-Lucas number.

Proof. i. Using Binet formula of the bi-

periodic (p, q)-Fibonacci sequence given in
Theorem 4, we obtain

qémr+n) p&(nr+r) F,(p, O)Fr+1(0,q)

—aqfrn pErimp  (p, @)E.(p, q)
1-¢(n) 1- 1)
— gsr+n) pE(nr+r) (a $(n )(a S+ )
n T+1
(ab)bJ (ab)[TJ
O-n —_ pn O-r+1 _ p-r+1
( g—p )( o—p )
_af(nr+r)bg(nr+n) <a1_f(n+1)> (al_g(r))
n+1 T
(ab)lTJ (ab)[gj

O.n+1 _ pn+1 (O‘T _ pr)
o—p o—p
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abf(nr+r) al—f(n) =&(r+1)+é(nr+n)

(ab) =]

0.n+r+1 _ O.npr+1 _ pno.r+1 + pn+r+1
< (o0 — p)? )

abf(nr+n) al—f(n+1)—§(r)+f(nr+r)

a1+

<O.n+r+1 _ O.n+1pr _ pn+1o.r + pn+r+1>
(o —p)?

abf(nr+r) af(n—r)—f(nr+n)

n-r-&(n-r)

(ab) > +&(nr+r)+r
<O.n+r+1 + pn+r+1 _ (O.p)r(o.pn—r + po.n—r)>
(o —p)?

abé’(nr+n) aé’(n—r)—f(nr+r)

n-r-§é(n-r)

(ab) 2

O.n+r+1 + pn+r+1 _ (O.p)r(o.n—r+1 + pn—r+1)
(o —p)?

abémr+r) g §(nr+r)

+&(nr+n)+r

n-r-§{(n-r)

(ab) > +&(nr+r)+r

O.n+r+1 + pn+r+1 _ (Gp)T(O'pn_T + po.n—r)
(0 —p)?

abf(nr+n) af(nr+n)

n—-r-&é(n-r)

(ab) 2

O.n+r+1 + pn+r+1 _ (O.p)r(o.n—r+1 + O.n—r+1)
(o0 —p)?

+&(nr+n)+r

a(ab)™"
- n—-r—&(n-r)

(ab) 2

<(O.p)r(_o.pn—r _ po.n—r+o.n—r+1 +pn—r+1)
(o — p)?

_ a(ab)‘r <(_qab)r(0_ _ p)(o_n_r _ pn—r)>
(ab)l7] @ — p)?
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_ eCar (o)

(ab)[%J o—p
= (_q)raE(n—r)Fn_r (p, Q)
where
1-&m—-r)=EM)+é&@r+1)-26(nr+n)

=iMm+1)+é&@r) —26(r+1r)

En—r)y=émr+n)+é(nr+r)

n—-r— {(n T) r+1

+E(nr+r)+r—l] [

RO ) + 7 = [ [
%ﬁl—ﬂ:[ﬂj

Similarly, the proof of ii. can be proved
using Binet formula of the bi-periodic
(p, 9)-Lucas sequence given in Theorem 4.
This completes the proof.

3. CONCLUSION AND SUGGESTION

The generalizations and applications of the
Fibonacci and the Lucas sequences have
been presented in many ways. In this paper,
the bi-periodic (p, g)-Fibonacci and the bi-
periodic (p, q)-Lucas sequences, which
generalize well-known Fibonacci, the k-
Fibonacci, the Lucas, the k-Lucas, the
Jacobsthal, the k-Jacobsthal, the Jacobsthal-
Lucas, the k-Jacobsthal-Lucas, the Pell, the
k-Pell, the Pell-Lucas, the k-Pell-Lucas
sequences as well as the bi-periodic
Fibonacci, the bi-periodic k-Fibonacci, the
bi-periodic Lucas, the bi-periodic k-Lucas,
the bi-periodic Jacobsthal, the bi-periodic k-
Jacobsthal, the bi-periodic Jacobsthal-
Lucas, the bi-periodic k-Jacobsthal-Lucas,
the bi-periodic Pell, the bi-periodic k-Pell,
the bi-periodic Pell-Lucas, the bi-periodic k-
Pell-Lucas sequences, are defined. Binet
formulas that allow us to calculate the nth
terms of these sequences and some
properties of their consecutive terms are
given. Also generating functions, Catalan's

Sakarya University Journal of Science 27(1), 1-13, 2023

identity, Cassini's identity, and d'Ocagne’s
identity are obtained.

It would be interesting to study these
sequences in matrix theory. More general
formulas that allow us to calculate the nth
terms of these sequences and relations like
the well-known relations between the
Fibonacci and the Lucas sequences can be
explored.
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