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Abstract

We present the generalizations of Holder’s inequality and Minkowski’s inequality along with the general-
izations of Aczél’s, Popoviciu’s, Lyapunov’s and Bellman'’s inequalities. Some applications for the metric
spaces, normed spaces, Banach spaces, sequence spaces and integral inequalities are further specified.

It is shown that (R",d) and (I, d,, ) are complete metric spaces and (R", ||z||,,,) and (lp, Hme,p) are

L _Banach spaces. Also, it is deduced that (b;’j, ||as||m’m) is a = —normed space.
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1. Introduction

We shall use N to denote the set of positive integers, C for the set of complex numbers, R for the set of real
numbers and R"” for the set of all ordered n-tuples « = (21,2, ..., ;) of real numbers z;.
In [1], the following extensions of the inequalities of Holder and Minkowski are given respectively:
1

Ife,; >0 fori=1,2,...,nandj=1,2,...,m, andif p; > 0 with Z;n:lle,then
J

n m m n 1/p;
> I=s <11 (Z xf}) 7 (1.1)
j=1 \i=1

=1 j=1
the sign of equality holding if and only if the m sets (2%} ), (23 ), ..., (™) are proportional, that is, if and only if
there are numbers \;, not all 0, such that ZTzl )\jxfj’? =0 fort=1,2,...,n.
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Ifx;,; >0 fori=1,2,...,nandj=1,2,...,k, andif p>1,then

n k P\ /P k n 1/p
(Z (Z %‘) ) <> (Z x’i’j) - (1.2)
i=1 \j=1 j=1 \i=1

The inequality is reversed forp < 1 (p # 0) . (For p < 0, we assume that z; ; > 0). In each case, the sign of equality
holds if and only if the & sets (zi1), (2:2) , . . ., (zix) are proportional.
Similarly, the integral form of the Holder inequality is

/: (f[l fj(:v)> z < 1;[ (/ 7 (@ )Upj, (1.3)

where f; (x) >0 (j =1,2,...,m), z € [a,b], —00 < a <b < 400, p; >0, 31", pi =1 and f; € LPi [a,}].
Furthermore, the integral form of the Minkowski inequality is

b k P 1/p k b 1/p
( / (ij(x)) dx) Z( / f;’(x)dx> :
a j=1 j=1 a

where f; (z) >0 (j=1,2,...,k), € [a,b], —o0o < a < b < +o0, p>0and f; € L [a,b].

A normed linear space is called complete if every Cauchy sequence in the space converges, that is, if for each
Cauchy sequence ( f,,) in the space there is an element f in the space such that f,, — f. A complete normed linear
space is called a Banach space. [2](p. 115).

For 1 < p < oo, we denote by [, the space of all sequences = = (z,,),.; such that Y | |z, |” < co. The space I,
is a Banach space by the norm

IA

1/p

lzll = (D leal”)

which is given by Yosida in [3] (p. 55).
In [4, 5], the sequence space b;° is given by

b = {x = Z

n

s ()] <)

Where 1 < p < oo, rand s are nonzero real numbers with r + s # 0. The binomial matrix B"* = (b"7) is defined as

follows:
P — { (SJ:T)TL < Z ) Snik?"k ,0 < k <n
nk — 9

0 Jk>n

for all k,n € N. For sr > 0, one can easily check that the following properties hold for the binomial matrix
B = (47

@A) |B™*|| < oo, (it) limy oo by =0 (eachk € N), (#4)limy—oo b8 = 1.

Thus, the binomial matrix is regular whenever sr > 0.
Young’s inequality asserts that,
X
@ + — >ab, foralla,b>0,
p q
whenever p, g € (1,00) and % + % = 1; the equality holds if and only if a” = b7.

W.H. Young actually proved a much more general inequality which yields the aforementioned one for f (z) =
P~ L
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Theorem 1.1 (Young’s inequality). Suppose that f : [0,00) — [0, 00) is an increasing continuous function such that
f(0)=0andlim;_ f (x) = 00 . Then

ab < /af(:c)dx—i—/bf_l (x) dz,
0 0

forall a,b >0, and equality occurs if and only if b= f (a).[6] (p. 15).

In the next section, we consider the following form of Young’s inequality, for s > 1

where a,b > 0, sp,sq € (1,00) and %p + qu =1.

In [7], H. Agahi et al. gave some generalizations of Holder’s and Minkowski’s inequalities for the pseudo-
integral. In [8], C.J. Zhao and W.S. Cheung gave an improvement of Minkowski’s inequality. In [9], X. Zhou
established some functional generalizations and refinements of Aczél’s inequality and of Bellman’s inequality. In
[10], S.I. Butt et al. gave refinements of the discrete Holder’s and Minkowski’s inequalities for finite and infinite
sequences by using cyclic refinements of the discrete Jensen’s inequality. In [11], S. Rashid et al. established
Minkowski and reverse Holder inequalities by employing weighted AB .« %—fractional integral. In [12], S. Rashid
et al. gave new fractional behavior of Minkowski inequality and several other related generalizations in the frame
of the newly proposed fractional operators. In [13], S. Rashid et al. presented the major consequences of the certain
novel versions of reverse Minkowski and related Holder-type inequalities via discrete h-proportional fractional
sums. In [14], S. Rashid et al. gave the certain novel versions of reverse Minkowski and related Holder-type
inequalities via discrete-fractional operators having fih-discrete generalized Mittag-Leffler kernels. In [15], S. Rafeeq
et al. presented the explicit bounds for three generalized delay dynamic Gronwall-Bellman type integral inequalities
on time scales, which are the unification of continuous and discrete results. In [16], Z. Zong et al. investigated
the n-dimensional (n > 1) Jensen inequality, Holder inequality, and Minkowski inequality for dynamically

consistent nonlinear evaluations in L* (Q, F (Ft) 0 P). Furthermore, they gave four equivalent conditions on
the n-dimensional Jensen inequality for g-evaluations induced by backward stochastic differential equations with
non-uniform Lipschitz coefficients in L? (Q, F, (Fy)g<i<rs P) (1 < p < 2). Finally, they gave a sufficient condition

on g that satisfies the non-uniform Lipschitz condition under which Holder’s inequality and Minkowski’s inequality
for the corresponding g-evaluation hold true.

Holder’s inequality, power-mean inequality and Jensen’s inequality are used to obtain Hermite-Hadamard
type inequalities and Ostrowski’s type inequalities for different kinds of convexity which are used in the fields
of integral inequalities, approximation theory, special means theory, optimization theory, information theory and
numerical analysis. Furthermore, both the Holder inequality and the Minkowski inequality play an important role
in many areas of pure and applied mathematics. These inequalities have been used in several areas of mathematics,
especially in functional analysis and generalized in various directions.

The main aim of this paper is to give generalizations of Holder’s, Minkowski’s, Aczél’s, Popoviciu’s, Lyapunov’s
and Bellman’s inequalities.

For several recent results concerning Holder’s inequality, Minkowski’s inequality, Hermite-Hadamard type
inequalities and Banach spaces, we refer to [1, 6, 7, 10, 16—40]. For Aczél’s, Popoviciu’s, Bellman's inequalities and
the related results, we refer to [3, 9, 36].

2. Main results

First, we give a generalization of Holder’s inequality.

Theorem 2.1. If ay, by, >0 fork=1,2,...,nand $+?1q =1withp>1, s>1,then

n n 1/sp s p 1/sq
S (b)) < (Z ai) (Z b;i) : 2.1)
k=1 k=1

=1

with equality holding if and only if cal, = b for k = 1,2,...n, where o and f3 are real nonnegative constants such that
a?+ 5% >0.
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Proof. If Yy _,ak =0 or Y ;_; b =0, then equality holds in (2.1). Let >_;'_, ai > 0 and >_;_, b} > 0. Substituting

n —1/sp n —1/sq
a=al/* (Z ai) L b=0bl (Z bZ) , (2.2)
k=1 k=1

into the inequality
a? b
+ — >ab, (2.3)
sp 5q
we get
n -1 n -1 1/s,1/s
a (Z ag> L <Z bg> > av_by
= 1 \i= (i ) (S o)
and
1o 1 b a/ b/
SP Y g—1 0k 54D k—1 Dk (7 b)) P(r b9)M
Adding together these inequalities for v = 1,2, ...,n, we have
Lo Ll

- n 1 S 1 S :
P sS4 (30— ay) / p(Zkzl bi) /s

For - + .- = 1, we obtain the inequality (2.1).

Since equality holds in (2.3) if and only if a*? = 0°9, we conclude, in virtue of (2.2), that there is equality in (2.1) if
and only if af (3"} _, aﬁ)f1 =1 (>, bZ)f1 fork=1,2,...,n,ie,if and only if wa} = Bb] for k =1,2,...,n
This completes the proof. O

Remark 2.1. a) If we put s = 1in (2.1), we get Holder’s inequality.
b) If we put s = 1 and p = ¢ = 2 in (2.1), we get Cauchy-Schwarz inequality.

¢) From (1.1), the extension of (2.1) becomes, for Z;”:l é =1
1/s m n l/Spj
Dj
(M=) <fi(se) "
i=1 \j= j=1 \i=1

d) By (1.3), the integral form of inequality (2.1) becomes
1/s

/b ﬁ f(@) d:p<H< / e )1/%. 2.4)
o\t

e) By the inequality (2.3) in [28], we have for s > 1 and x;,y; > 0,

i=1,2,...,n,

n 1/s n
i=1 i=1
Using the inequality above, from the Holder’s inequality and taking «; = axbi, we get, for s > 1

n 1/5 n n 1/17 n l/q
(Z (akbk)s> < Zakbk < (Z CLZ) (Z bZ) )
k=1

k=1

and from this inequality we obtain

n n s n s/p n s/q
Z(akbk)s < (z arbr) < (Z ai) (Z bZ) )
k=1

k=1 k=1
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which is another generalization of Holder’s inequality.
f) Let 7=, af and >, b} be convergent series. Then, from the last inequalities in e), we have

%) 00 S %) % 00 %
k=1 k=1 k=1 k=1
Now, we give a generalization of Minkowski’s inequality.
Theorem 2.2. Ifay, b, >0, fork=1,2,...,nandp > 1, then
n 1/mp n 1/mp n 1/mp
O (ak +bx)") < (Z ai) + (Z bi) : (2.5)
k=1 k=1 k=1
with equality holding if and only if the n-tuples a = (ay, az, ..., an) and b = (b1, b, ..., by,) are proportional, where m € N.

Proof. We consider the identity
(@k + bk)P — (ak: + bk)l/m(ak + bk)P—l/m.

Using the inequality, for a > 0, b > 0 and m € N,

Va+b< %a+ Vb,

we obtain
(an + be)” < (%/ax + Vi) (ak +b)” ™
< W(ak + bk)p_# + X bk(ak + bk)p_l/m.
Summing over k = 1,2,...,n, we get

n n

v/ax(ay + by) _’iJrZ?\"/bk ap + b))’ 1/m

(ar +bg)? <
=1

M:

o~
Il
—

By the inequality (2.1), for %p + m%, =1landp > 1, we have

n n 1/mp n 1/mq
_1 p—
E R (a + b))’ < < E ai) < E (ar + bk)q( b 1)>
k=1 k=1

k=1

n 1/mp n 1/mq
(Z bz) < (ak + bk)q(mp_1)> .
k=1 k=1
Adding the last two relations, we obtain,

n Wlp n 1/mp n 1/mq
> (ak +bi)’ < (Z ak> + (Z bﬁ) ( (ax + bk)q(m”l)> .
k=1 k

k=1 =1

and

| /\

Z /b (ag, + b)P

Since .-+ = 1, we get p = ¢(mp—1). Also, by dividing both sides of the inequality above by (3", (ax, + be)P) /™,

mp
n 1/mp n 1/mp n 1/mp
(3 e+ 00 s(zaz) +<sz) ,
k=1 k=1 k=1

we obtain
which is required. O
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Remark 2.2. a) If m = 1 is substituted into (2.5), we get Minkowski’s inequality.
b) If p = 2 is substituted into (2.5), we get

n 1/2m n 1/2m n 1/2m
(Z (ax +bk)2> < (Z a§> + (Z bi) . (2.6)
k=1 k=1

k=1
¢) From (1.2), the extension of (2.5) becomes

p\ 1/mp

EH: Ekj%- = zk: (Zn: x%) Ump.

i=1 \j=1 j=1

In the following theorems, we give the generalizations of the reverse Holder inequality, Popoviciu’s inequality,
Lyapunov’s inequality and Bellman'’s inequality respectively.

Theorem 2.3. Ifay, by > 0fork=1,2,..., ncmd —|— = =1 with sp < 0or sq <0, for
s> 1, then

n Usp /o N Usa
> (arbi)'? (Z ak> (Z bZ) : 2.7)
k=1

k=1

with equality holding if and only if cal, = b} for k = 1,2,...n, where a and f3 are real nonnegative constants such that
a?+p%>0.

Proof. Let sp < 0 and put P = _3%7 Q= squ. Then $ + % = 1 with sP > 0 and sQ) > 0. Therefore, according to
(2.1), we obtain

n 1/sP , 1/sQ n
<Z A}f) (Z B;?) > Z(AkBk)l/Sv
k=1 k=1 k=1

where A, > 0 and By, > 0 for k =1,2,...,n. The last inequality for A, = a; °*? and By, = a;b;? becomes

(

n n 1/Sp n 1/5q
(axb)"/* > (Z ai) (Z bi) :
k=1 k=1 k=1

ai) SP i ak:blc s i bsq 1/@

=1 k=1

ol
I|M:
N

Hence, we have

which is (2.7). O
Theorem 2.4. Let a and b be two nonnegative n-tuples, p and q are real numbers such that
p,q#0, s> landé—&—i =landleta) —ah —---—al >0and b} — b —--- — b2 > 0. Then, we have for p > 1,
p_ P p\V/spa _ pa q\l/s s s T
(@Y —ay —---—al) "7 (b =bd — - =01)"" <ajb; —a3b; —..—anbs. (2.8)

If p <1 (p #0), we have the reverse inequality.

Proof. Replacing a and b by af — ab — --- — a? and b — b3 — - -- — b%, respectively, in (2.1), we have
1 1 1
(a1b1)* < (a1b1)® — (ashs)® — -+ — (anbn)*.
Resubstituting, the last inequality becomes
(@ —ab —--- —aﬁ)l/s(b‘f — bl — ~-~—b%)1/S < al‘%’bllg —a§b§ — ..—aébé‘.

which is (2.8). O
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Remark 2.3. a) If we put s = 1in (2.8), we get Popoviciu’s inequality.
b) If we put s = 1 and p = ¢ = 2in (2.8), we get Aczél’s inequality.

Remark 2.4. From (2.1) for u > 1, we get

n n 1/up n l/u‘l
2<akbk>w§(za¢z) (zbz) |
k=1 k=1 k=1

r—t r—t

where uip + uiq = 1. Substituting p = =L, ¢ = =t (r > s>t >0), a = prz}, and b = ppa}, (pp > 0, x>
0 for k=1,2,...,n) into the inequality above, we have

r—s s—t

- r—s ot n u—n " G
Z (pry) "7 (pray) "0 < (Z PR}, (Z PETY)
k=1 k=1 k=1
From the last inequality, we get
n s\ u(r—t) n rTs n s—t
S (o) <) Cmp) 2.9)
k=1 k=1 k=1

which is the generalization of Lyapunov’s inequality. Letting v = 1 in (2.9), we obtain Lyapunov’s inequality.

Theorem 2.5. Let a and b be n-tuples of nonnegative numbers such that

ai? —ah—---—ab >0and by —bh —--- =02 > 0.Ifp>1 (orp <0), then
1 11Pp
(@7 —ah = —al)T 4 7 = )
< (a1 4+01)"™" = (ag + ba)" — .. = (an +b,)". (2.10)

If 0 < p < 1, then the reverse inequality in (2.10) holds, where m € N.

Proof. Replacing a and b} by a7"? — ab — - -+ — aP and b"" — b5 — - - - — b, respectively, in (2.5), we have
(a1 —+ bl)p S ((11 —+ bl)mp — (a2 —+ bz)p — e — (an + b»n)p

Resubstituting, the last inequality becomes
1 11P
(@7 —ah = —al)T 4 7 = )
< (ay + b)) = (ag + bo)’ — - — (an + by)?,
which is (2.10). O

Remark 2.5. If m = 1 is substituted into (2.10), we get Bellman’s inequality.

3. Applications

Now, using inequalities (2.5) and (2.6), we give some applications for the metric spaces, normed spaces, Banach
spaces and sequence spaces. Furthermore, using inequality (2.4), we give an integral inequality.

Corollary 3.1. Let d : R"zR™ — R be the function such that

d (ZL‘/y) = [(‘Tl - yl)2 + (:EQ - y2)2 +ot (mn - yn)2 1/2m' (31)

Then (R™, d) is a metric space for m € N.
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Proof. The properties (M1) and (M2) of the metric are obvious. Applying the inequality (2.6), we obtain for
z,y,z € R"

n 1/2m n 1/2m
d(z,y) = |z —wl®) = lok — 2z + 2 — wl)
k=1 k=1
n 5 n 1/2m
< (Z |lz) — Zk|2> + (Z B
k=1 k=1

<d(z,2) +d(z,y),
which is (M3). O
Corollary 3.2. The space R™ with the norm defined for x = (x1,x2, ..., z,) and m € N by

1/2m

n
2
Izl = Qlal™)
i=1

is a L —normed vector space.
m

Proof. The space R" is an n-dimensional vector space, so we need to verify the properties of the norm. We have
(ND). ||z||,, =0z =0.
(N2). For aeR,

1/2m 1/2m

n n
lazl,, = O lazil®) =" Q lwl’) = o™ all,,
i=1 =1

(N3). Applying the inequality (2.6), we get

1 1

n 2m n 2m
2 2
< (zw ) N (z " ) Yol + sl
=1 =1

Thus, (R™, ||z||,,) is a = —normed vector space. O

n 1/2m
2
lz+yl,, = (Z |z + vil”)
=1

Corollary 3.3. The metric space (R", d) is complete.

Proof. Suppose that (x,,) is a Cauchy sequence in R™. Then, we have
d(zm,zr) = 0 (m, k — o).

Note that each member of the sequence (x(m)) is itself a sequence
Tm, = (xl(m)> = (xgm),a:gm), . 7scglm)),form =1,2,3...
Now, for each ¢ > 0 there exists n, € N such that d (z,,,, zx) < &, ¥m,k > n,. By (3.1), we have

n

1/2t
2
d (T, ) = (Z (xgm) — xl(-k)> ) <e, forVm,k>mn,andt e N.

i=1

Since each term in the above inequality is positive,

‘xgm) —xgk)‘ <&t fori=1,2,...,nandVm,k > n,.

Hence (xgm)) = (:cgm)7 2™ ,x%m)) is a Cauchy sequence in R, for i = 1,2,...,n. Since R is complete, (x(m))

i
converges to z; inR fori =1,2,...,n.So,
(m) _

lim x;
m— 00

x; fori=1,2,...,n.
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Letz = (z1,%2,...,%,), then x € R™. We now prove that (z,,) converges to z.
n 9 1/2t n ) 1/2t
- (m) ‘ — 1 (m) _ (k)
d(Tm,z) = (; (331 — x1> ) = kli}rgo <§: (xz x; ) ) <&, Vm >ng .
Hence the Cauchy sequence (z,,) converges to = € R". Thus, (R", d) is a complete metric space. O

Corollary 3.4. The vector space R™ with the norm defined for x = (z1, 22, ..., ) and m € N by

1/2m

n
2
Izl = l2il®)
i=1

is a - —Banach space.
m

Proof. Note that a Banach space is a normed linear space that is a complete metric space with respect to the metric
derived from its norm. For this reason, the claim follows from Corollaries 3.2 and 3.3. O

Corollary 3.5. Let dy, p, @ l,2l, — R be the function such that

1/mp

Ay = O lwi—wil”)
i=1

forl<p<oo,méeNandx = (z1,%2,...). Then (I,,dy, ) is a metric space.

Proof. The properties (M1) and (M2) of the metric are obvious. The property (M3) follows from the inequality
(2.5). O

Corollary 3.6. The space l, with the norm defined for 1 < p < oo, m € Nand x = (z1,22,...) by

0 1/mp

]y = Qi)

=1

1

is a = —normed vector space.
m

Proof. The properties (N1) and (N2) of the norm are obvious. The property (N3) follows from the inequality
(2.5). O

Corollary 3.7. The metric space (1, dy, ) is complete.

Proof. Let (x,,) be a Cauchy sequence in the space [,,, where z,, = (:z:z(-")> = (rg"), M ) Let ¢ > 0 be a real
number. Then, there exists a positive integer n, such that

n 1/mp

dm,p (l'n,xt) - <Z (Q?En) - ZEEt))p) <e€, (32)

=1

or all n,t > n, and m € N. This shows that 2 — 2D < em forall n,t > n, and consequentl M) =
¢ i q Y\ %
(n)

4" |

,xé"), . ) is a Cauchy sequence in K (R or C). Since these spaces are complete, (x
x; € K. Also, for each k € N, the statement (3.2) gives

>

i=1

) converges to a point

p
ajl(.") — 2D <™ for all n,t > n,. (3.3)

(2

From (3.3) with ¢ — oo, we get

p
:1:1(") — x| <M. (3.4)

>

=1
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We need to prove that © = (21,2, ...) isinl,. The inequalities (3.4) and (2.5) show that

k 1/mp 1/mp

1/m
Since (x(")) is in [,, the above inequality shows that (Zle |z4]") /™ is bounded and monotonically increasing,

3

therefore the series Zle |z;|” is convergent. Thus, z is in [,,. Also, it is obvious from (3.4) that (z,,) converges to .
Therefore, (I,),dy, ) is a complete metric space. O

Corollary 3.8. The space l,, , with the norm defined for 1 < p < oo, m € Nand z = (z1,22,...) by

1/mp

oo
Izl = Q)
i=1

is a = —Banach space.
m

Proof. Note that a Banach space is a normed linear space that is a complete metric space with respect to the metric
derived from its norm. For this reason, the claim follows from Corollaries 3.6 and 3.7. O

Let b, be the binomial sequence space such that

by = {x—(a?k) cw: Y (s+17“)"2n:i:( ]Z )sikrkxk

p
<oo} ,1<p<oo.
n i=0 k=0

The space b,] includes the spaces [, and b;*. Hence we may give the following corollary.

Corollary 3.9. The space b, with the norm defined for m € N by

o0
ol - (z
n=0

is a +—normed space.
m

Proof. So, we need to verify the conditions (N1)-(N3) of the norm. We have
(ND). [|z|| =0 z=40.

r,s,m

(N2). For aeR,

HO[J? r,8,m"

p\ 1/mp
, ) :al/mHz

S
|7',s,7n - E :

n=0

(N3). Applying the inequality (2.5), we get

12+ 4l s m (
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p) 1/mp

Thus, (b;si, ||1Hrsm> is a L —normed space. O

<z

7,8,™M r,8,m"

Finally, we give an integral inequality:

Corollary 3.10. Let f be a real valued function defined on [a,b] C R such that the functions | f|” and | f|? are integrable on

[a, b] and let
b
In/s :/ f(x)n/sdwa

L1ys= < Ip I(‘i, 2)q"

then we have forn > 1 and s € N

Proof. Applying the inequality (2.4) for j = 1,2, we obtain

b s
[9n /s = </ f 2(n 1) /de) _ </a f(x)n/sf(x)(n—Q)/sdx>
1/q

b 1/p b L
< ( / f(x)"”dw> ( / f(w)<”_2)qdw> S 1% R

which is required. O

4. Conclusion

In this paper, the generalizations of Holder’s inequality and Minkowski’s inequality have been presented.
Furthermore, the generalizations of Aczél’s, Popoviciu’s, Lyapunov’s and Bellman’s inequalities have been given.
Finally, some applications for the metric spaces, normed spaces, Banach spaces, sequence spaces and integral
inequalities have been provided.
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