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Abstract

A comprehensive search in the literature shows that there are two different rational number
definitions: Definition 1 (D1) Q = {a/b : a and b integer, b#0} and Definition 2 (D2) Q = {a/b :
a and b is integer, b#0, a and b are co-prime}. It is an important contradiction that the sets of Q
(rational number) expressed by D1 and D2 are not the same set, and this contradiction is the
source of motivation for this study. This article aims to analyze which definition is correct by
examining the non-equivalent definitions of D1 and D2 within the framework of the
construction and properties of rational numbers, and therefore to prevent the use of the incorrect
definition from becoming widespread. This research was carried out using document analysis,
one of the qualitative data analysis methods. As data collection tools, textbooks approved by
the Ministry of National Education of Tiirkiye, national and international mathematics and
mathematics education books, and documents consisting of academic articles (37 books and 15
articles ) containing the definitions of D1 and (or) D2 were used. With the analysis of the data,
it has been determined for what reasons the condition of "being co-prime" is needed, which
makes the definitions different from each other. As a result, it has been argued that there is no
need for the condition "being co-prime™ added to D2, and therefore D1 is a sufficient and correct
definition to define rational numbers, and it does not create contradictions such the definition
(D2). Additionally, when the definitions were evaluated according to the criteria of being a
definition, it was concluded that D1 was suitable for the criteria.
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The word ‘definition” can be expressed as specifying or explaining the
characteristics of a concept completely (Tiirk Dil Kurumu, 2011). So much so that
having the qualities given in the definition includes or excludes any object from the
set related to the concept. Therefore, defining a concept with the right qualities is
extremely important in terms of distinguishing that concept from other concepts and
being precise.

Definitions are extremely important corner stones for the field of mathematics,
as in many disciplines. The most basic element in constructing mathematical
structures and conveying mathematical ideas is the definitions of mathematical
concepts. Regarding mathematical communication, the strongest bridge between the
minds of those who express the concept and those who try making sense of the concept
can only be established by clearly defining the concept for both parties. Only in this
way, a correct transfer takes place in mathematical communication. Otherwise, there
will be some confusion in the mathematical communication of the parties, and it will
be difficult for them to look at a common point over the same concept.

Characteristics of a Mathematical Definition

In order for a definition to be accepted for a mathematical concept, the definition
must meet some criteria. In the relevant literature, these criteria; the criterion of
hierarchy (Winicki-Landman & Leikin, 2000), the criterion of existence, the criterion
of equivalence, establishing necessary and sufficient conditions for the concept, the
criterion of minimality (Van Dormolen & Zaslavsky, 2003). To elaborate on these
criteria, what is meant by the criterion of hierarchy is that each concept is defined as
a special case of a wider concept than itself. In mathematics, concepts are built on
each other. For example, to define rational numbers, integers must be defined first. In
this way, integers exemplify a special case of the rational numbers that contain them.
Van Dormolen and Zaslavsky (2003) used the expression “criterion of existence"
while explaining the criterion for the existence of the phenomenon or concept to be
defined (p.94). If this criterion is exemplified through the axiomatic structure, the
concept of rational number comes into being by constructing the set of whole numbers
and then constructing integers and then rational numbers. The equivalence criterion is
important in cases where more than one definition of the same concept is made. In
this case, one must be able to arrive at the other by any definition chosen among them
and the logical inferences that can be drawn from that definition. For example, the
definitions that are given to define prime numbers,

PN1: Whole numbers that have only two positive integer as divisor.

PN2: Positive integers greater than one that are only divisible by themselves and
1 without a remainder.

are equivalent definitions (Vinner, 1991). Perhaps the most important criterion
for being a definition is establishing necessary and sufficient conditions for the
concept. Let's assume that to define a concept, several properties must exist. Giving
only one of these features as a definition may have provided the necessary condition
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for that concept definition. However, since sufficient conditions are not provided to
define that concept, the definition of the concept will be incomplete and therefore
erroneous. For example, if PN1 is taken as the definition of a prime number, the
necessary condition for a number to be prime is that it is a whole number. The
sufficient condition is that this number has only two positive integers as divisor.
Another criterion sought in the definition of a concept is that the definition to be made
is minimal. What is meant by minimal here is that while a concept can be defined with
less than the qualities that make up that concept, more is not needed. Therefore, when
defining that concept, it will be simpler, and the definition will be more economical
by including only enough qualifications to define the concept. For example, by
removing the word "positive™ in PN2, which is used for the definition of prime
numbers (any integer greater than one is already positive), the definition of PN2 can
be written more economically. Although it is not a criterion, a feature sought in
mathematical definitions is elegance or aesthetics. It is preferred more than the other
in terms of being simple, creative and prompting the reader to think (Cakiroglu, 2013).
For example, the PN1 definition is more elegant than the PN2 definition.

Purpose and Problem Statement

Considering the criteria and qualifications for definition, the researchers of this
study wondered whether the expressions given as definitions in course materials and
written sources really define mathematical concepts. This curiosity about all
mathematical concepts in general focused on the concept of "rational number™ in
particular. When research articles on the definition of rational number, mathematics
education books, mathematics books, high school and secondary school textbooks are
examined through a comprehensive literature review, it is seen that the following two
definitions are discussed;

Definition 1: Q= {a/b : a and b integer, b#0}
Definition 2: Q = {a/b : a and b integer, b#0, a and b co-prime}

(In the rest of the article, Definition 1 and 2 will be abbreviated as D1 and D2.
In which reference and how each definition is handled will be explained in detail in
the findings section).

The fact that the sets of Q (rational numbers) expressed by these two different
definitions in the literature are not the same, causes confusion and misconceptions
about rational numbers for secondary and high school students, prospective teachers,
teachers and academicians. Therefore, by drawing attention to this problem, studies
to determine the reasons for the emergence of a second definition for the rational
number definition and to examine these two different definitions with mathematical
content knowledge will make an important contribution to the literature by eliminating
this confusion. The lack of studies on this confusion in the literature is the source of
motivation for this article. This article aims to analyze which definition is correct by
examining the non-equivalent D1 and D2 definitions within the framework of
mathematical definition criteria, the construction of rational numbers and their
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properties, and therefore to prevent the spread of the wrong definition. In line with
these purposes, answers to the following questions are sought:

In what sources are different definitions of rational numbers found?

What is the difference between the definitions used to define rational numbers,
and why is this difference necessary?

Which definition used to describe rational numbers is mathematically correct?

Do the definitions used to define rational numbers meet the characteristics of a
mathematical definition?

Method

This section covers the research model, data collection tools, data analysis,
validity and reliability evidences.

Research Model

A qualitative approach was used to find solutions to the problems of this research
and document analysis, one of the data analysis methods, was used. Document
analysis is a qualitative research method used to carefully and systematically analyze
the content of written documents (Wach, 2013). As it is known, which documents are
important and can be used as a data source in document analysis are closely related to
the research problem. Bogdan and Biklen (2007) stated that textbooks are frequently
examined in educational studies. In this study, in addition to the textbooks, academic
articles, which discuss rational numbers in their research problems were also included
in the study.

Data Collection Tools

In the document analysis carried out to find answers to the research questions,
secondary and high school mathematics textbooks containing rational numbers
approved by the Ministry of National Education (as rational numbers are included in
the mathematics curriculum at the 7th and 9th grade levels, mathematics textbooks at
these levels were examined), national-international mathematics textbooks,
mathematics education books, and national-international academic articles were used
as data collection tools.

Data Analysis

Many stages must be completed when conducting a document analysis.
According to Forster (1994), these stages are: (1) accessing the documents, (2)
checking the originality, (3) understanding the documents, (4) analyzing the data, and
(5) using the data. In accordance with the framework given in this study, first,
university libraries were scanned for textbooks. For articles, to increase access to
electronic resources and databases, databases containing academic publications were
searched through the proxy server of the university and books (37 books) and research
articles (15 articles) on rational number definitions were reached in this way. Since
only two different definitions were seen in the scanned sources, the stage of reaching
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the document was limited to 37 books and 15 articles. The current study examines the
definitions used rather than to describe the sources reached numerically (with the
thought that the sources with different definitions are sufficient), the mentioned
limitation was deemed appropriate. For the originality control stage, the sources from
which the rational number definitions in each book/article were cited were accessed
and it was checked whether the quoted definition was consistent with the quoting
source. At the stage of understanding the documents, each document was examined
by determining the rational number definition used. For the stage of analyzing the
data, the reasons for using the definitions used in the documents were analyzed and
the documents were classified in this way. As a result of the research, the data
consisting of the reasons for using the definitions were examined, then the definitions
were examined, and which definition was suitable for defining the set of rational
numbers was defended in a mathematical sense. Additionally, the characteristics of
these definitions were also examined. Thus, the phase of using the data was
completed.

Validity and Reliability

Validity in qualitative research means that the researcher observes the researched
phenomenon as it is and as impartially as possible (Yildinim & Simsek, 2008).
Explaining in detail how the research data was accessed, which criteria were used,
and how the results were interpreted are among the important criteria of validity in
qualitative research. The data of this study consist of textbooks and articles. Which
books and articles were included in the dataset with different criteria were explained
in detail with their justifications. Apart from this, during the determination of the
rationale for using the rational number definition, if the rationale was not clearly
expressed in the examined document, confirmation was obtained from the author of
the document by either e-mail or face-to-face interview.

The concept of reliability is related to the reproducibility of the research by other
researchers. The measures taken to ensure reliability in this research can be
summarized as follows: The data sources used in the research are clearly stated. Since
the documents used are articles published in peer-reviewed journals and sources in
the status of textbooks, the data are reliable. Additionally, the original sources used as
a reference in the documents were also reached, and the cases where an accurate
transfer was not provided were also specified in the research. Apart from that, the
research process has been reported in full detail. The research data were examined
separately and intermittently several times by the two researchers who carried out the
study, and a consensus was reached on the results. Additionally, the research results
were shared with three different field experts and their opinions on the interpretation
of the data were obtained.

Sak et al. (2021) stated that it would be meaningful to try interpreting the
documents together with their source and the way they were formed and to verify the
results obtained from the documents from different sources, instead of just examining
the documents to ensure validity and reliability in the document analysis method. In
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this study, the definitions used for the concept of rational numbers were examined
from this perspective, different definitions were explained with the reasons presented
by the documents examined, and which definition was suitable for rational numbers
was confirmed by verifying from different sources.

Ethical Declaration and Committee Approval

Since this study included document analysis and did not involve any
intervention, an ethics committee document was not needed.

Findings
In this section, the findings related to each research problem will be given.

Sources using different definitions of rational numbers

In this section, the findings regarding the sources and reasons for using the
different rational number definitions used in the literature are presented.

D1 in the Literature
D1: Q= {a/b:aand b integers, b#0}

Students encounter the concept of rational number for the first time at the seventh
grade level of secondary school. Seventh-grade mathematics textbooks (Altintas &
Keskin, 2019, p. 40; Erenkus & Eren Savaskan, 2018, p. 52; Keskin Ogan & Oztiirk,
2019, p. 62) and high school textbooks (Cetiner, et al., 2001; Giindogdu, 1999, p. 188;
Mavis et al., 2019, p. 81; Ministry of National Education, 2013, p. 135) use D1 to
define rational numbers.

The resources that give the rational number definition as D1 from the national
mathematics education books are very few (Argiin et al., 2020; Baki, 2018; Baykul,
2009). In one of these sources, Baki (2018) gave place to construction of numbers and
defined rational numbers as D1 in his book chapter "Do We Know the Mathematics
We Will Teach?” (p. 36). In widely used international books of well-known authors
in mathematics education (Musser et al., 2008, p. 382; Van de Walle et al., 2015, p.
626), itis used to define rational numbers. However, D1 is given in few basic/general
mathematics books (Esin & Agli, 1977; Kagar, 2006; Kogak, 1989; Sulak, 2007) and
in many national or international undergraduate level analysis/calculus books
(Adams, 2003; Celik & Celik, 2010; Karagay, 2009; Silverman, 1985; Stewart, 1998;
Thomas et al., 2010).

In addition to books, there are many articles on rational numbers in national and
international literature. Among these articles, it has been observed that D1 is used in
some international education articles (Obersteiner et al., 2015; Omoruan & Osadebe,
2020; Pinto & Tall, 1996; Vamvakoussi, 2015). There are also articles using D1 when
defining rational numbers at the national level (Cetin, 2020).

D2 in the Literature
D2: Q= {a/b:aandb integers, b#0, a and b co-prime}
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While D2 is not found in middle school mathematics textbooks, it is included in
some 9th grade high school mathematics textbooks (Aytar, 2018, p.94; Ucak et al.,
2019, p. 93.). In some national mathematics education books D2 is used as the
definition of rational number (Hidiroglu, 2019, p.78; Olkun & Yesildere, 2007, p.64;
Tuna & Biber, p.141, 2019; Yanik, 2013, p.95). For instance, Hidiroglu (2019) uses
D2 after explaining his reasons. Tuna and Biber (2019) state that they quoted this
definition from the sources of Balc1 (1999), Kadioglu and Kamali (2009), and Moss
(2000). It is seen that Yanik (2013) used D2 by stating that he quoted the sources of
Celik (2006) and Bagkan et al. (2006). D2 is also used in the other basic/general
mathematics books of the cited authors (Bizim et al., 2011; Celik, 2010). While there
are no international articles using D2 in the literature, the articles of Aktas and Cansiz
Aktas (2012) and Cansiz Aktas et al. (2014) at the national level uses D2 by
referencing from the 9th grade mathematics textbooks published by the Ministry of
National Education in 2007 and 2011.

According to the information of the viewed sources and their references, the
definition of D2 was first encountered in 1999. Afterwards, especially in 2006—-2007,
the use of D2 started to increase throughout only one 9th grade mathematics textbook
and generally basic/general mathematics textbooks and became widespread in the
following years.

Other Findings Regarding Definitions and Citations in the Literature

In this section, in the books and articles examined, some other observed
situations will be presented, apart from using D1 and (or) D2.

Miscitation

When Moss (2000) and Kadioglu and Kamali (2009) sources cited in Tuna and
Biber (2019) are examined, it is seen that the rational number definition is given as
D1 rather than D2 in these sources. For this reason, it is concluded that the rational
number definition is D2 with conditional acceptance of the wrong attribution made in
the source of Tuna and Biber (2019). However, this situation (citing the cited sources
as if they were given a different definition in the content) should be approached
carefully because the originality of the information is not preserved and it may create
confusion about the definition in the literature.

Studies Include/Not Include D1 and D2 Together

In most of the articles on the concept of rational number published in Turkish,
data analysis was carried out according to the answers of the students to the questions
selected to determine the level of knowledge of the students. Since the answers to the
questions examining the concept of rational number and the definition they adopted
were not given by the authors in these studies, it is unclear which definition they refer
to (Birgin & Giirbiiz, 2009; Cevikbas & Argiin; 2017; Ercire et al., 2016; Giirbiz &
Birgin, 2008). There are also articles in the international literature on rational numbers
in which the definition used is not clearly shared (Behr et al., 1997; Hurst & Cordes,
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2018). In articles on learning/teaching mathematical concepts, it is critical for the
authors to share the definition they defend, in terms of the full content of the work
they present, and thus inform the reader and evaluate how the data is interpreted.
Unlike these, Macit and Nacar (2019) and Doruk (2020) cited the definition of rational
number in the literature and included both D1 and D2 in their articles. However, they
did not mention according to which definition they evaluated the data. In the book
Basic Mathematics Concepts (Argiin et al., 2020, p. 435), the rational number
definition is stated as D1. Then, by emphasizing the importance of being aware of D1
as a teacher and knowing that rational numbers are an “equivalence class” according
to the teaching levels, it has been mentioned that it can be expressed symbolically as
D2 to enable students to construct this concept more clearly in their minds and to
distinguish the concept of rational number from the concept of fraction. In another
source (Balci, 2006, p. 5), although D1 is given, it actually points to D2, stating that
the integers in the definition should be considered co-prime.

Difference between the definitions used to define rational numbers

When the rational number definitions in the literature are examined, it is seen
that while the rational number definition is given as D2 in some high school, national
mathematics education and basic/general mathematics books, D2 is not used in
national/international calculus/analysis books. Additionally, it is quite remarkable that
the definition of rational number is only in the form of D1 in international publications
and that D1-D2 confusion is not seen.

Considering equivalence criteria, which is one of the definition criteria
mentioned in the introduction, it would be appropriate to emphasize that even if the
definitions of rational numbers, which is a mathematical concept, are expressed
differently, the defined set must be the same and the definitions cannot change
according to the authors.

Notice that the difference between the definitions is the "being co-prime"
condition in D2. With this condition, the elements of the set expressed by D1 and D2
cannot be the same. So D1 and D2 are not equivalent definitions. For example, while
2/4 is a rational number according to D1, it is not according to D2. This is just one of
the important contradictions that needs to be addressed. To eliminate these and other
contradictions, first, it should be discussed why this condition is needed and whether
this condition is necessary.

When the sources are examined, the condition of "being co-prime" in D2 was
added mainly for two reasons. First of these reasons is to prove some mathematical
propositions, and the other is to explain the fraction-rational number difference. In
addition to these, this condition needs to be added due to "other reasons™ such as the
infinite number of equal elements in the set Q, the countability of Q, etc. All of these
justifications will be examined in turn in this section and will be discussed in the next
section.
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Proving Mathematical Propositions

Although some studies that share D2 by quoting from each other (Bagkan et al.,
2006; Bizim et al., 2011; Celik, 2006; Celik, 2010; Yanik, 2013) define the set of
rational numbers, mention the necessity of "being co-prime" condition. They state that
it was not clearly stated, but this condition was used in the proofs and it was quite
important. In the study of Celik (2010), to support this requirement, the proof that the
number \2 is not rational is given as follows using D2 (p. 31):

“Conversely, assume the number V2 is rational. By definition, there are integers
p and q (g#0) such that V2 = p/q can be written. If we write p = V2 q from here and
square the two sides, p2=2 is found. So, which is divisible by 2, is an even number.
This is possible only if p is even. Therefore, it can be expressed as p = 2m, with m
being an integer. Substituting this result in the last equation (2m)2 = 4m2 = 292 and
from there 2m2 = 2 is obtained. This means that g2 and therefore g are even as above.
As a result, the fact that the numbers p and g, which we assume to be prime, are both
even, contradicts our assumption. So \2 is not a rational number and is irrational by
definition.”

Fraction-Rational Number Differences

When the literature is reviewed, it is seen that another reason for an additional
condition in D2 is the need to reveal the difference between a rational number and a
fraction. According to some authors, there is no such difference. It is not among the
purpose of this article to examine the rational number-fraction relationship. The aim
of this study is limited to examining the necessity of "being co-prime™ condition,
which creates the difference between D1 and D2, and defending which definition is
appropriate for the concept of rational number.

According to the opinions cited in Bizim et al. (2011), Celik (2006), Celik (2010)
and Yanik (2013) sources, “rational numbers are the simplest form of fractions” Here,
by using the additional condition, the difference between fraction and rational number
is emphasized and D1 is fraction and D2 is given for the rational number definition.
According to these definitions, although all the numbers ...8/12=6/9=4/6=2/3
represent fractions belonging to the same equivalence class, only 2/3 is a rational
number. Similarly, when we look at the unity of expression in the sources of Tuna and
Biber (2019) and Hidiroglu (2019), it is thought that the acceptance of "being co-
prime" in the definition is needed to reveal the difference between rational numbers
and fractions.

Argiin et al. (2020) stated that although the authors defined rational number as
D1, the research in mathematics education revealed that students should construct this
concept more clearly in their minds according to their education level. To distinguish
the concept of rational number from the concept of fraction in a pedagogical sense,
they proposed to introduce the set of numbers as D2 symbolically.



888 Tutku Yal¢inkaya

Other Reasons

Balci (2006, p. 5) gave D1 in his study, and after he highlighted, “Since c is a
non-zero integer, a/b=ca/cb, the above number (a/b) will be considered co-prime.” He
commented as “otherwise, the statement Q contains an infinite number of equal
elements.” By this statement, he needs the condition of “being co-prime” to exclude
the case of containing infinitely many equivalent fractions.

In the source of Hidiroglu (2019), it is stated that the fractions equivalent to each
other are represented by a point on the number line and that point is represented by
the simplest form of fractions. Considering this, he pointed out that this approach is
important in many proofs such as the infinity and countability of rational numbers,
and that this is an example that shows the difference and relationship between
fractions and rational numbers. Finally, he provided D2 as the definition of the rational
numbers. It can be concluded that the author claims that the problems regarding the
representation of infinitely many equivalent fractions on the number line, the infinity
of the set of rational numbers (containing infinitely many equivalent fractions), and
the proof of the countability of rational numbers are overcome by "being co-prime"
condition.

Mathematical Analysis of Definitions Used to Define Rational Numbers

In this section, it is argued that D1 is mathematically correct for the definition of
rational numbers.

The proof that the number \2 is not rational, based on D2 (Celik, 2010), was
given above. However, this can be proved using D1 without the "being co-prime"
condition:

Let's assume that V2 is rational. Then, according to D1, a and b integers (b#0),
it can be written V2 = a/b. If GCD (a,b) = 1, it means that a and b are co-prime and the
proof is completed by obtaining the contradiction as above. If GCD (a,b) = k, k is an
integer, and k # 1 (that is, when a and b are not prime), there are integers p and q such
that they can be written as a=kp and b=kq.

Additionally, since the number k is the largest of the common divisors of a and
b, GCD (p,q) = 1. In other words, p and q are co-prime and we get V2 = a/b = kp/kq =
p/q, k # 0. After that, with the same operations using p and q instead of a and b as in
the proof in the "Proving Mathematical Propositions” section, it is seen that p and g
are even numbers, which contradicts the fact that p and g are co-prime. As a result, it
is concluded that the assumption that "\2 is rational" made with the contradiction
obtained whether a and b are co-prime or not, is wrong. That is, \2 is not a rational
number, since the number V2 cannot be written as a/b, where a and b (b#0) are
integers. As it can be seen, D1 is sufficient to prove the proposition given by the author
of the chapter in the source of Celik (2010), and it would be appropriate to emphasize
here that it is not necessary to add the condition "a, b is co-prime."
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To understand why the "being co-prime" condition, which forms the basis for
the reasons mentioned in the "Rational Number-Fraction Difference" and "Other
Reasons" sections, is not necessary, the reader should firstly read the construction of
rational numbers in the Appendix (partly compiled from Karacay and Es).

With Zz* = Z\{0}, Q is the set of equivalence classes of an equivalence relation
defined on ZxZ*. In other words, the class of representatives formed by a
representative chosen from each equivalence class is called the set of rational
numbers. For example, the set {2/3, 4/6, 6/9, 8/12,...} is an equivalence class, so this
set is a rational number. Only one of the equivalent fractions that makes up this class
represents this rational number, and the choice for the representation is arbitrary.
Therefore, it is possible to select one of the representations {2/3, 4/6, 6/9, 8/12,...} =
[2/3] or {2/3, 4/6, 6/9, 8/12,.} = [8/12]. There are no rules or requirements for a
representative selection. However, the aesthetics of mathematics is simplicity and its
language is universal. For this reason, universally accepted simplicity is preferred in
the selection of representatives. Since 2/3 is the simplified form of 8/12, 2/3 is
preferred as the representative of {2/3, 4/6, 6/9, 8/12,...} equivalence class. With this
preference, it is quite natural to choose the fraction a/b as a representative of any
equivalence class, with a and b being co-prime. One of the most important things to
emphasize here is the comparison of two different types of concepts. A fraction is an
element of the equivalence class, while a rational number is the entire set of
equivalence classes.

After the explanations above, it can be concluded that the expression "rational
numbers are the simplest of fractions™ in the "Rational Number-Fraction Difference"
section may actually have originated from the perception of natural selection for
representatives as a rule or a necessity. As a result of this perception, with the thought
that rational number and fraction should have been in different definitions; D1 might
have been given for fraction and D2 might have been given for rational number.

Whether an operation defined on equivalence classes depends on the items to be
selected to represent the equivalence classes is critical. No matter which
representatives we choose from the equivalence classes when operating on
equivalence classes, we should always obtain the same result. This property means
that the operation is well defined (if an operation defined in the set of equivalence
classes does not depend on the delegate chosen to represent the equivalence class, that
operation is well defined). If not, the result of the operation will be different because
anyone may choose different representatives and such situation is undesirable.

When operating on rational numbers in different fraction forms (with different
representation choice), we always get the same result. For example, adding the pairs
1/2 and 3/4 or 3/6 and 12/16 gives the same result.

(E1)  1/2+3/4=5/4
(E2)  3/6+12/16=120/96
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In this example {1/2, 2/4,3/6,..} represents the equivalence class (rational
number) as 1/2 in (E1), 3/6 in (E2) and similarly {3/ 4, 6/8, 9/12, 12/16,...} were
chosen as 3/4 in (E1) and 12/16 in (E2) to represent the equivalence class (rational
number). The results obtained by these choices are different representatives of the
equivalence classes 5/4 and 120/96, {5/4, 10/8,...,120/96,..} and are different
representations of the same rational number. The addition operation defined on
rational numbers, which are the set of equivalence classes, is well-defined, that is, no
matter, which representatives of the equivalence classes we choose when adding on
rational numbers, the sum always gives the same result. Therefore, 5/4 and 120/96,
which are the result of operations (E1) and (E2), are the same rational number. These
examples can also be derived for subtraction, multiplication, and division (as well as
for addition).

Additionally, the fact that an operation defined on the set is well-defined means
that the set is actually closed to the operation. Rational numbers are closed according
to four operations (the result of two rational numbers being operated is also a rational
number). If the rational number definition is accepted as D2, according to this
definition, 1/8 and 3/8 are rational numbers. The humber (1/8+3/8=4/8) obtained as a
result of the addition operation is not a rational number according to D2 because 4
and 8 are not co-prime. However, rational numbers are closed under addition. So the
sum, 4/8, would also have to be rational. With this contradiction, it is concluded that
the assumption made for the definition is not correct. Therefore, the aforementioned
contradiction arises from the "being co-prime"” condition in D2. If the definition of
rational numbers had been made as D1 without this condition, such no contradiction
would have occurred. As a result, it is seen that rational numbers cannot be defined as
D2.

In some publications, it was mentioned that D1 could be given as a fraction and
D2 for a rational number, with the thought that the rational number and fraction should
have different definitions. Assuming the authors' claims are true, let the set of fractions
defined by D1 be symbolized by K, and the set of rational numbers defined by D2 by
Q. The following result emerges from these definitions made with the claim that
"every rational number is a fraction, but not every fraction is a rational number": The
claimed set of rational numbers Q is a subset of the claimed set of fractions K. If this
is true, there are two cases to be observed: First, since Q < K, there is at least one
element x in the set of fractional numbers K but not in Q. Since x & Q, ie not rational,
X must be an irrational number. The fact that x € K also means that the set K contains
an irrational number. Therefore, x, which is an irrational number, should be written in
accordance with the definition of the set K, that is, as the division of two integers,
since X € K, but this is not possible as is known. This contradiction arises from the
fact that the set of rational numbers Q is defined as D2 and therefore, is included in
the set expressed by D1. This contradiction, which consists of the definitions made to
reveal the fraction-rational number difference, will disappear when the set of rational
numbers Q is actually made as D1. The second situation that needs to be emphasized
is again to the relationship between being a subset among the number sets. According
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to the definitions made, Q is a subset of the set of fractions K. Knowing that Q is also
a subset of the real numbers R, the question can be asked: What is the subset
relationship between the sets K and R? Which relationship is true since both sets cover
the set Q; QcKcR or QcRcK ? Considering the KR part of the case QcKcR, the
set K contains all rational numbers, as well as at least one humber x that is both non-
rational and real (real numbers are the union set of rational and irrational numbers,
which are two disjoint sets), so x is an irrational number. In other words, assuming
KcR, the set K contains some irrational numbers and some does not. A set with this
property can only be a special set, for example K = Q U {xeR+| x2 is an integer}. In
this example, V2 € K, and again it cannot be written as a ratio of two integers. Also,
although this set contains Q, it cannot provide the algebraic properties of Q in itself.
When V2 and V2 € K, the result of any of the addition, subtraction or division
operations with these numbers will not be an element of K. Similar contradictions are
obtained in the case of QcRcK. All these contradictions arise from the two different
definitions of D1 and D2, which are made on the grounds of fraction-rational number
distinction. As a result, assuming that the set defined by D1 is the set of fractions K,
the set K is not a number system like N, Z, Q, and R number systems structured in a
hierarchical order. Therefore, the set Q (rational number) defined by D1, which does
not contain the "being co-prime" condition, is a number system that conforms to the
hierarchical structure.

Finally, the claims in the section called “Other Reasons” will be responded . It
was mentioned in Balc1 (2006) that the "being co-prime"” condition may have been
added to exclude the case of Q set containing infinitely many equivalent fractions.
Whereas, each infinitely many equivalent fraction set in Q is a rational number, and
this number is represented by an arbitrary fraction chosen from the aforementioned
set of equivalent fractions. For every nonzero integer c, the set of equivalence classes
formed by the infinitely many equivalent fractions ca/cb is a rational number. The
choice of the fraction ca/cb for any value of ¢ represents this rational number. The
arbitrary choice for co-prime numbers a, b, and c=1 is generalized in mathematical
notations (due to preference for simplicity). Hidiroglu (2019) also states that the
fractions equivalent to each other are represented by a point on the number line and
that point is represented by the simplest form of fractions. However, the author states
that this approach (simple representative choice) is important in many proofs such as
the infinity of rational numbers (infinity implies that Q contains infinitely many equal
elements), countability, and this is an example of the difference and relationship
between fractions and rational numbers. In the countability of Q, counting elements
are usually equivalence classes, and counting occurs by making one-to-one
correspondence between N with the simplest a/b choices representing classes (a, b co-
prime). However, also algorithms show the countability of Q defined by D1,
regardless of equivalence (Baki, 2018). Therefore, the condition of "being co-prime"
is not a necessary condition for counting either.
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Characteristics of mathematical definition of rational numbers

The criteria for being a definition discussed in detail in the introduction will be
evaluated here for D1 and D2. Criterion of hierarchy and criterion of existence are
provided for D1 within the scope of structuring rational numbers in the appendix.
Even if the set given with D2 has been constructed, it is seen in the explanations given
in the findings part that it is not suitable for the hierarchical concept structure. The
number system classified by hierarchical structure is a subset of the next set of
numbers (For example, NcZcQcR). The place of the set given by D2 in the subset
relation is unclear. If the definitions are analyzed in terms of the necessary and
sufficient conditions, it is sufficient for both D1 and D2 that a and b are co-prime to
ensure that a/b is a rational number. However, while the case “a and b are co-prime
numbers” is a necessity for a/b to be rational number in D2, this necessity is not seen
in D1. That is, D1 does not require that a and b be co-prime to each other for a/b to be
rational. According to the criterion of equivalence, if there are two different
definitions expressing the same concept, it should be possible to prove the other by
logical inferences from one. Since D1 and D2 do not represent the same set, they
cannot be equivalent. Therefore, only one definition is correct for the concept of
rational number. Being economical, as one of the definition criteria, is valid for
equivalent definitions, and it is not meaningful to interpret D1 and D2 according to
this criterion.

Discussion, Conclusion and Recommendations

Identification and classification are fundamental elements in mathematics. In
mathematical processes, first, the mathematical concepts of interest must be defined
clearly and precisely. Only in this way can common scientific conclusions be reached
(Mariotti & Fishbein, 1997). Additionally, the definition is not only to reveal the
mathematical concept; it is also used to determine the relationship or difference of the
concept with other concepts and to make a correct classification by separating the
elements of the set formed by the definition from other elements (Poincare, 2003).
Defining a concept correctly is important in terms of mathematical processes as well
as in terms of being able to teach correctly. Correct definitions allow students to
correctly classify mathematical concepts and construct mathematical structures
(Vinner, 1991). In this study, the correct and clear definition of mathematical concepts
has been examined in the literature, specifically for the concept of rational number.

When the relevant national and international literature is examined, two different
definitions in the sources for defining rational numbers are as follows:

Definition 1: Q= {a/b : a and b integers, b#0}
Definition 2: Q = {a/b : a ve b integers, b#0, a and b co-prime}

The difference between D1 and D2 is the "being co-prime™ condition in D2. With
this condition, it is an important contradiction that the sets of Q (rational number)
expressed by D1 and D2 are not the same. To eliminate this and similar contradictions
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that may occur, firstly, the reasons that may cause the inclusion of this condition in
the definition of D2 have been determined by examining the sources in the literature
in detail. These justifications are categorized as proving some mathematical
propositions, rational number-fraction difference and other reasons.

A reason presented in the literature for using D2 as the definition of rational
numbers is that it is used in the proof of some mathematical propositions. The example
given in the sources is the proof that \2 is not rational using the definition of D2. In
the sub-title of "Proving Propositions™ of the findings section, it is emphasized that
this proof can be shown with the definition of D1 without the need for the "being co-
prime" condition by using D2, and therefore the additional condition in D2 is not
necessary.

Another reason for using D2 is to emphasize the rational number-fraction
difference. There are many studies on this difference in the literature on mathematics
education. However, the researchers of this study focused on the meaning of the
concepts rather than the rational number-fraction difference and questioned whether
the "being co-prime" condition in D2 on which this difference is based is necessary,
with mathematical content knowledge. Thanks to the summary information (for
structuring rational numbers on integers with equivalence relations) compiled in the
appendix, it is seen that each rational number is actually an equivalence class (i.e., a
set) and every element in this equivalence class is a fraction. Therefore, since a
concept to be compared is a set and the other is a member of this set, it is emphasized
that this comparison is not correct. The statement “rational number is the simplest of
fractions” stated by the authors who defended the definition of D2 was supported by
the condition of “being co-prime” added to D2. However, the condition added to D2
is not necessary, given the fact that any element of this class (i.e., fractions) can be
chosen arbitrarily to represent a rational number, which is an equivalence class.

Also, thanks to the arbitrary selection mentioned, it is indispensable that an
operation between equivalence classes is well defined (a set is closed according to the
given operation). It is a well-known fact that the set of rational numbers is closed
according to four known operations. Whereas, according to any of the four operations,
it is very easy to show that the set defined by D2 is not closed. This contradiction
explained with examples, is due to the additional condition in D2. However,
contradictory situations have been obtained because it is accepted that the set of
rational numbers Q is defined by D2 and that the set defined by D2 is a subset of D1.

In terms of grade level, perhaps the effort to distinguish the concepts of rational
numbers and fractions from each other can be aimed at facilitating the learning
process. However, introducing D1 as a fraction and D2 as a rational number may lead
students to the conclusion that the inferences made from the definitions contradict the
known truths in later years. Students may turn to the idea of looking for a place for
fractions within the NcZcQcR subset relation they encounter during the
construction of numbers. Conducting detailed studies that will clarify this
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objectionable situation that may lead students to various learning difficulties and
misconceptions will contribute to the literature.

Other reasons observed in studies using D2 are the countability of rational
numbers, the existence of infinitely many equivalent fractions in the set of rational
numbers and their representation with a point on the number line, etc. Such issues are
seen as a problem by some authors and that the D2 definition should be used to
overcome them. Actually, one-to-one correspondence in countability can be
performed by more than one method. The set of infinitely many fractions equivalent
to each other is actually a single rational number (equivalence class), and the arbitrary
choice of the simplest fraction could represent the equivalence class. As a result of the
evaluation made with mathematics content knowledge, it was emphasized that the
assumed problems were not actually problems and therefore, the use of D2 was not
necessary.

D1 and D2 definitions were also evaluated in terms of characteristics of a
mathematical definition. It has been argued that these two different definitions that
are not equivalent do not represent the same set. There is no need for the "being co-
prime" condition to be added to D2, and also D1 is a sufficient and correct definition
to define rational numbers, that it does not create contradictions like the definition of
D2, and that it meets the definition criteria.

It is necessary to underline two important situations observed during this
research process. The first is the misattribution encountered in the process of
reviewing rational number definitions. Although D1 was used in the main source,
studies that were shown as D2 were encountered in the cited source. This situation
should be approached carefully because it may cause a conceptual confusion in the
literature. Another situation that should be underlined is the academic articles that do
not contain any definition of the concept of rational numbers, although the research
subject is rational numbers. It will be beneficial and effective for the authors of the
article to clearly reveal their understanding of the concept studied in the manuscript,
and to draw a framework that includes the definition of the concept, for the reader to
perceive the concept correctly.

When the publishing dates of the studies reached within the scope of the research
are examined, it has been seen that the use of D2 has increased since 2006 and it has
been used until today. Researchers working on rational humbers refer to the sources
where D2 is used, causing the definition of rational numbers to become widespread
incorrectly. Another aim of this study is to prevent the spread of this error that has
developed in the last 15 years. Therefore, the present study will contribute to the
literature. and therefore to teachers, teacher candidates and researchers in this sense.

Another remarkable result in the literature review is that the definitions of
rational numbers differ according to the types of sources and grade levels. While D1
is generally used in national/international mathematics (calculus) and international
mathematics education books, it is seen that D2 is used in some national basic/general
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mathematics textbooks and some mathematics education books used in our country.
First, the absence of a source using D2 in the international literature and the absence
of a confusion like D1 and D2 suggest that this is a problem at the national level. It is
possible that the use of mathematics and mathematics education books that include
D2 as a rational number definition in teaching will negatively affect the learning
process of students at secondary and/or high school levels through teachers who have
graduated from faculties of education. The spiral structure of the mathematics
curriculum in our country (MEB, 2018) allows for constructing new knowledge by
repeating the subjects learned at the previous-grade level. Students first encounter the
concept of rational number in the 7th grade of secondary school, and then again in the
9th grade under the title of "Number Sets.” However, when we look at the 7th grade
mathematics textbooks, it is seen that D1 is used, while there are a few textbooks that
use D2 at the 9th grade level. The contradiction of rational number definitions taught
in the 7th and 9th grades can be interpreted as a problematic situation that will drag
the students who are constructing the knowledge about the concept to learning
difficulties and various misconceptions. As a matter of fact, Tall and Vinner (1981)
argued that the definition of a concept and the way this definition is presented is an
important part of students' structuring of knowledge, and stated that concept
definitions affect the thinking process of learners.

Since mathematics is a field that consists of relationships by its nature, the only
meaningful way to learn is to establish meaningful relationships between concepts.
Regardless of their level, students should learn concepts with definitions that will not
hinder their further learning and allow them to establish necessary relationships
(Hiebert & Carpenter, 1992). This situation should also be considered in teaching the
concept of rational number, which is the focus of this study. Teachers and reseachers
should use the definition appropriate to the concept of rational number, and avoid
different definitions that are mathematically incorrect and lead students to
misconceptions.
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Tanim sdzcligli en genel anlamiyla, bir kavramin niteliklerini eksiksiz olarak
belirtme veya agiklama, olarak belirtilebilir (Tiirk Dil Kurumu, 2011). Oyle ki
tanimda verilen niteliklere sahip olma durumu, herhangi bir nesneyi s6z konusu
kavrama iligkin olan kiimenin i¢ine dahil eder ya da disarda birakir. Dolayistyla bir
kavramin dogru niteliklerle tanimlanmasi, o kavramin diger kavramlardan ayrilabilir
ve kesin olmasi yoniinden son derece 6nemlidir.

Tanimlar, birgok disiplinde oldugu gibi matematik alani i¢in de son derece
onemli yapi taslaridir. Matematiksel yapilarin insa edilmesinde ve matematiksel
distincelerin aktarilmasinda en temel 6ge, matematiksel kavramlara ait tanimlardir.
Matematiksel iletisim s6z konusu oldugunda, kavrami belirten ile kavrami
anlamlandirmaya c¢alisan kisilerin zihinleri arasindaki en saglam koprii yalnizca
kavramin her iki taraf i¢in de net bir bigimde tanimlanmasi ile kurulabilir. Ancak
boylelikle matematiksel iletisimde dogru bir aktarim gergeklesir. Aksi takdirde
taraflarin matematiksel iletisiminde bir takim karmasalar yasanir, ayni kavram
iizerinden ortak bir noktaya bakmalar1 giic duruma gelir.

Matematiksel Tanim Olgiitleri

Bir matematiksel kavram i¢in yapilan tanimin kabul edilebilmesi i¢in tanimin
baz1 olgiitleri saglamasi gerekir. Ilgili alanyazinda bu 6lgiitlere; siradizinsel
(hiyerarsik) kavram yapisina uygun olma (Winicki-Landman ve Leikin, 2000), tanimi1
yapilacak olgunun var olmasi ya da olabilmesi, bir kavramin birden fazla tanimi
yapildiginda her birinin denk oldugunun gosterilebilmesi (esdegerlik), gerekli ve
yeterli kosullarin belirtilmesi, ekonomik olmasi (Van Dormolen ve Zaslavsky, 2003)
seklinde deginilmistir. Bu olgiitleri ayrintilandirmak gerekirse, siradizinsel
(hiyerarsik) kavram yapisina uygun olmaktan kasit, her kavramin kendisinden daha
genig bir kavramin 6zel durumu olarak tanimlanmasidir. Matematikte kavramlar
birbiri iizerine inga edilirler. Ornedin, rasyonel sayilari tanimlamak icin Once
tamsayilarin tanimlanmig olmasi gereklidir. Bu sayede tamsayilar kendisini kapsayan
rasyonel sayilarin 6zel bir durumuna 6rnek olusturur. Van Dormolen ve Zaslavsky
(2003, s. 94), tanim1 yapilacak olgunun ya da kavramin var olabilmesi Sl¢iitiinii
aciklarken “tanimi yapilacak kavramin varligi gosterilebilmeli, tanimdan yola
¢ikilarak o kavram insa edilebilmelidir” ifadesini kullanmiglardir. Bu 0lgiit
aksiyomatik yapi iizerinden 6rneklendirilirse, dogal sayilar kiimesinin olusturulmasi
ve ardindan Once tamsayilarin, daha sonra rasyonel sayilarin insa edilmesiyle
rasyonel say1 kavrami var edilmis olur. Esdegerlik 6l¢iitii, aynt kavramin birden fazla
taniminin yapildigt durumlarda 6nemli olur. Bu durumda, iglerinden segilen herhangi
bir tanim ve bu tanimdan elde edilebilecek mantiksal ¢ikarimlar sayesinde bir digerine
ulasilabilmesi gerekir. Ornek olarak, asal say1 tamimu i¢in verilen,

AS1: Sadece iki pozitif tam say1 bdleni olan dogal sayilardir.

AS2: Sadece kendine ve 1 sayisina kalansiz boliinebilen birden biiyiik pozitif
tam sayilardir.
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tanimlari birbirine esdeger tanimlardir (Vinner, 1991). Tanim olma 6l¢iitlerinden
belki de en onemlisi tanim1 belirleyecek 6zelliklerden gerekli ve yeterli olanlarin
saptanmasi ve belirtilmesidir. Bir kavrami tanimlamak i¢in birkag 6zelligin var olmast
gerektigini diisiinelim. Bu 6zelliklerden sadece birinin tanim olarak verilmesi o
kavram tanimi i¢in gerek kosulu saglamis olabilir. Fakat o kavrami tanimlamak igin
yeter kosul saglanmadigindan kavram tanimi eksik ve dolayisiyla hatali olacaktir.
Ornegin, asal say1 tanim1 i¢in AS1 ele alinirsa bir sayinin asal olmast igin gerek kosul
o sayinin bir dogal say1 olmasidir. Yeter kosul ise bu sayinin sadece iki pozitif tam
sayl boleni olmasidir. Bir kavramin tanimlanmasinda aranan bir diger Olgiit de
yapilacak tanimin ekonomik olmasidir. Burada ekonomik olmaktan kasit, bir kavram
o kavrami olusturan niteliklerden daha azi ile tanimlanabilirken, daha fazlasina
gereksinim olmadigidir. Dolayistyla o kavrami tanimlarken daha yalin, sadece
kavrami tanimlamaya yetecek kadar niteliklerin icerilmesi ile tanim daha ekonomik
olacaktir. Ornegin, asal say1 tanimu icin kullamlan AS2’de “pozitif” kelimesini
kaldirarak (birden biiyiik her tamsay1 zaten pozitiftir) AS2 tanimi daha ekonomik
yazilabilir.

Olgiit olmasa da, matematiksel tanimlarda aranan 6zelliklerden biri de yapilan
tanimin zarif ya da estetik olusudur. Tanimin sade olmasi, yaratict olmast ve
okuyucuyu diistinmeye yonlendirmesi agisindan digerine oranla daha ¢ok tercih edilir
(Cakiroglu, 2013). Ornek olarak, AS1 tamimi AS2 tanimina gore daha estetiktir.

Amag ve Problem Durumu

Tanima yonelik 6lgiitler ve nitelikler diisiiniildiigiinde ders materyalleri ve yazili
kaynaklarda tanim olarak verilen ifadelerin gergekten matematiksel kavramlari
tanimlayip tanimlamadiklart bu ¢aligmanin arastirmacilarinda merak uyandirmustir.
Genelde tiim matematiksel kavramlara iliskin olusan bu merak, 6zelde “rasyonel say1”
kavramima yogunlasmistir. Kapsamli bir alanyazin taramasiyla, rasyonel sayi
tanimina iligkin arastirma makaleleri, matematik egitimi kitaplari, matematik alan
kitaplari, lise ve ortaokul ders kitaplar1 incelendiginde, asagidaki iki tanimin ele
alindig1 gorillmiistiir;

Tanim 1: Q= {a/b: a ve b tamsayi, b#0}
Tanim 2: Q= {a/b : a ve b tamsayi, b#0, a ve b aralarinda asal}

(Makalenin geri kalaninda Tanim 1, T1 seklinde Tanim 2 ise T2 seklinde
kisaltilarak kullanilacaktir. Her bir tanimin hangi kaynakta ne sekilde ele alindigi
bulgular kisminda ayrintisiyla aktarilacaktir.)

Alanyazinda gorilen bu iki farkli tanimin belirttigi Q (rasyonel say1)
kiimelerinin aynit olmamalari, ortaokul ve lise Ogrencileri, 6gretmen adaylari,
Ogretmenler ve akademisyenler i¢in rasyonel sayilara iligkin bilgi karmasasina ve
kavram yanilgilarina yol agmaktadir. Dolayisiyla, yagsanan bu soruna dikkat ¢ekerek,
rasyonel say1 tanimi i¢in ikinci bir tanimin ortaya ¢ikis nedenlerinin saptanmasit ve
matematik alan bilgisiyle bu iki farkli tanimimn irdelenmesi yoniinde yapilacak
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calismalar, bu karmasayr ortadan kaldirarak, alanyazina onemli bir  katki
saglayacaktir. Alanyazinda bu karmasaya yonelik c¢alismalarin bulunmamasi, bu
makalenin gilidiilenme (motivasyon) kaynagidir. Bu makalenin amaci, esdeger
olmayan T1 ve T2 tanimlarini, matematiksel tanim 6l¢iitleri, rasyonel sayilarin ingaasi
ve ozellikleri gergevesinde, irdeleyerek hangi tanimin dogru oldugunu ¢6ziimlemek
ve dolayisiyla yanlis olan tanimin yayginlasmasini 6nlemektir. Bu amaglar
dogrultusunda asagidaki sorulara yanit aranmistir:

Rasyonel sayilara iligkin farkli tanimlamalar hangi tiir kaynaklarda ne sekilde
bulunmaktadir?

Rasyonel sayilart tanimlamak i¢in kullanilan tanimlar arasindaki fark nedir ve
bu farka neden gereksinim duyulmustur?

Rasyonel sayilar1 tanimlamak i¢in kullanilan hangi tanim matematiksel anlamda
dogrudur?

Rasyonel sayilar1 tanimlamak i¢in kullanilan tanimlar, tanim olma o&lg¢iitlerini
saglamakta midir?

Yontem

Bu béliimde aragtirma modeli, veri toplama araglari, verilerin analizine yer
verilmektedir.

Arastirma Modeli

Bu aragtirmanin problemlerine ¢6ziim aramak i¢in nitel bir yaklagim kullanilmis
ve veri analizi yontemlerinden dokiiman analizinden yararlanilmigtir. Dokiiman
analizi, yazili belgelerin icerigini &zenle ve sistematik olarak analiz etmek igin
kullanilan bir nitel arastirma yontemidir (Wach, 2013). Bilindigi {izere dokiiman
incelemelerinde hangi dokiimanlarin 6nemli oldugu ve veri kaynagi olarak
kullanilabilecegi aragtirma problemi ile yakindan ilgilidir. Bogdan ve Biklen (2007),
egitime iligkin ¢aligsmalarda ders kitaplarinin siklikla incelendigini belirtmiglerdir. Bu
calismada ders kitaplarina ek olarak, arastirma probleminde rasyonel sayilar: konu
alan akademik makaleler de ¢aligma kapsamina alinmustir.

Veri Toplama Araclari

Arastirma  problemlerine yanit aramak amaciyla yapilan dokiiman
incelemesinde, rasyonel sayilar konusunu igeren Milli Egitim Bakanligi Talim ve
Terbiye Kurulu tarafindan ders kitabi olarak onaylanan ortaokul ve lise matematik
ders kitaplari (matematik &gretim programinda rasyonel sayilara 7. ve 9. simif
diizeyinde yer verilmesi nedeniyle bu diizeylerdeki matematik ders kitaplar
incelenmistir), ulusal-uluslararasi matematik ve matematik egitimi kitaplari ile yine
ulusal-uluslararasi akademik makaleler veri toplama araci olarak kullanilmistir.

Verilerin Analizi

Dokiiman incelemesi yaparken bir dizi asamanin tamamlanmasi gerekir.
Forster’e (1994) goére bu asamalar: (1) dokiimanlara ulasma, (2) Ozgiinligi
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(orjinalligi) kontrol etme, (3) dokiimanlari anlama, (4) veriyi analiz etme ve (5) veriyi
kullanma seklindedir. Bu ¢aligmada verilen cerceveye uygun olarak dncelikle ders
kitaplar1 i¢in {iniversite kiitliphaneleri taranmigtir. Makaleler igin ise elektronik
kaynaklara ve veritabanlarina erisimi arttirmak icin Universitenin proxy sunucusu
tizerinden akademik yayinlari igeren veri tabanlari taranmis ve rasyonel say1 tanimlart
ile ilgili kitaplara (37 kitap) ve arastirma makalelerine (15 makale) ulasilmistir.
Taranan kaynaklarda sadece iki farkli tanim goriildiigiinden dokiimana ulagma
asamasi ulasilan 37 kitap ve 15 makale ile sinirlandirilmistir. Bu ¢aligmanin amact
ulagilan kaynaklarin sayisal olarak betimlenmesinden &6te kullanilan tanimlari
irdelemek oldugundan, (farkli tammlarm yer aldigi kaynaklarin yeterli oldugu
diisiincesiyle) sozii edilen smirlama uygun goriilmiistiir. Ozgiinliigiin kontrolii
asamast icin her bir kitapta/makalede yer alan rasyonel say1 tanimlarinin alintilandigi
kaynaklara da ulasilarak alintilanan tanimin alintiy1 yapan kaynak ile tutarli olup
olmadigi kontrol edilmistir. Dokiimanlar1 anlama asamasnda, ulasilan her bir
dokiiman kullandig1 rasyonel sayi taniminin belirlenmesiyle incelenmistir. Veriyi
analiz etme asamast i¢in dokiimanlarda kullanilan tanimlarin kullanilma gerekgeleri
analiz edilmis, dokiimanlar bu sekilde diizenlenmistir. Arastirmanin sonucunda
tanimlarin kullanilma gerekgelerinden olusan veriler incelenerek tanimlar irdelenmis,
hangi tanimin rasyonel say1 kiimesini tanimlamak i¢in uygun oldugu matematiksel
anlamda savunulmustur. Ayrica kullanilan tanimlarin tanim olma olgiitlerini
kargilama durumu da incelenmistir. Boylelikle veriyi kullanma asamasi da
tamamlanmustir.

Gecerlik ve Giivenirlik

Nitel aragtirmalarda gegerlik, aragtirmacinin arastirdigi olguyu, oldugu bigimiyle
ve olabildigince yansiz gbzlemlemesi anlamina gelmektedir (Yildirim ve Simsek,
2008). Arastirma verilerine ne sekilde ulasildigi, hangi 6lgiitlerin kullanildigi,
sonuglarin nasil yorumlandigr gibi durumlarin ayrmtili olarak agiklanmasi nitel bir
arastirmada gegerligin 6nemli Olgiitleri arasinda yer almaktadir. Bu g¢alismanin
verilerini ders kitaplar1 ve makaleler olugturmaktadir. Hangi kitap ve makalelerin, ne
cesit dlgtitlerle veri setine dahil edildigi ayrintilartyla ve gerekgeleriyle agiklanmustir.
Bunun diginda verilerin analizi agamasinda problem durumuna konu olan kullanilan
rasyonel say1 taniminin kullanilma gerekgesinin belirlenmesi sirasinda, incelenen
dokiimanda bu durum agik¢a belirtilmediyse dokiiman yazarindan gerek e-posta ve
gerekse yiiz ylize goriisme saglanarak teyit alinmistir.

Giivenirlik kavrami, aragtirmanin bagka arastirmacilar tarafindan tekrar
edilebilirligi ile ilgilidir. Bu aragtirmada giivenirligin saglanmasina iliskin alinan
onlemler su sekilde Ozetenebilir: Arastirmada kullanilan veri kaynaklari agikca
belirtilmistir. Kullanilan dokiimanlar hakemli dergilerde yaymlanan makeleler ve
ders kitabi statiisiindeki kaynaklar oldugundan verilerin giivenilir oldugu sdylenebilir.
Ayrica dokiimanlarda referans olarak kullanilan asil kaynaklara da ulasilmis, dogru
bir aktarimin saglanmadigi durumlar da arastirmada belirtilmistir. Bunun diginda
aragtirma siireci biitlin ayrintisiyla rapor edilmistir. Arastirma verileri, ¢aligmay1
yiiriiten iki aragtirmaci tarafindan ayri ayri ve aralikli olarak birkag kez incelenmis ve
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sonuglar konusunda uzlagma saglanmistir. Buna ek olarak arastirma sonuglart farkl
iic alan uzmani ile paylasilmis ve verilerin yorumlanmasi konusundaki fikirleri
almmugtr.

Sak ve dig. (2021), dokiiman analizi yonteminde gegerlik ve gilivenirligi
saglamak i¢in dokiimanlar1 yalnizca incelemek yerine, dokiimanlar1 kaynagi ve
olusma bigimiyle birlikte yorumlamaya calismanin ve dokiimanlardan ¢ikarilan
sonuglart farkli kaynaklardan dogrulamanin anlamli olacagini belirtmislerdir. Bu
calismada da rasyonel say1 kavramina iligkin kullanilan tanimlar bu bakis agisi ile
incelenmis, farkli tanimlama durumlari incelenen dokiimanlarin sundugu gerekgelerle
aciklanmig ve hangi tamimlamanin rasyonel sayilar i¢in uygun oldugu farkh
kaynaklardan dogrulanarak ortaya konmustur.

Bulgular

Bu béliimde her bir arastirma problemine iliskin bulgulara ayr1 basliklarda yer
verilecektir.

Rasyonel Sayilarin Farkli Tanimlarinin Kullanildigi Kaynaklar

Bu kisimda alanyazinda kullanilan farkli rasyonel sayir tanimlarinin hangi
kaynaklarda, hangi gerekcelerle kullanildig1 bulgusuna yer verilmistir.

Alanyazinda T1
T1: Q= {a/b:aveb tamsayi, b#0}

Ogrenciler, rasyonel say1 kavranu ile ilk kez ortaokul yedinci sinif diizeyinde
karsilagmaktadirlar. Son yillarda okutulan yedinci sinif matematik ders kitaplarina
(Altintas ve Keskin, 2019, s. 40; Erenkus ve Eren Savaskan, 2018, s. 52; Keskin Ogan
ve Oztiirk, 2019, s. 62) ve lise diizeyindeki ders kitaplarina (Cetiner ve dig., 2001, s.
148; Giindogdu, 1999, s. 188; Mavis ve dig., 2019, s. 81; MEB, 2013, s. 135)
bakildiginda rasyonel sayilar1 tanimlamak i¢in T1’in kullanildig1 goriiliir.

Ulusal matematik egitimi kitaplarindan rasyonel say1 tanimint T1 olarak veren
kaynaklar olduk¢a azdir (Argiin ve dig., 2020; Baki, 2018; Baykul, 2009). Bu
kaynaklardan biri olan Baki (2018, s. 36), kitabimin “Ogretecegimiz Matematigi
Taniyor muyuz?” boliimiinde sayilarin insasina yer verilmis ve sonugta rasyonel
sayilart T1 seklinde tanimlamistir. Matematik egitiminde ¢ok iyi bilinen yazarlarin,
yaygin olarak kullanilan uluslararasi kitaplarinda da (Musser ve dig., 2008, s. 382;
Van de Walle ve dig., 2015, s. 626;) rasyonel say1 tanim1 yine T1 seklindedir. Diger
taraftan az sayida Temel/Genel Matematik kitaplarinda (Esin ve Agli, 1977; Kagar,
2006; Kogak, 1989; Sulak, 2007) ve ¢ok sayida ulusal ya da uluslararasi lisans
diizeyindeki Analiz (Calculus) kitaplarinda da T1’in verildigi goriiliir (Adams, 2003;
Celik ve Celik, 2010; Karacay, 2009; Silverman, 1985; Stewart, 1998; Thomas ve
dig., 2010).

Kitaplarin yanisira ulusal ve uluslararasi alanyazinda rasyonel sayilar1 konu alan
bir¢ok makale de bulunmaktadir. Bunlar i¢cinde bazi uluslararasi egitim makalelerinde
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de T1’in kullanildig1 gézlenmistir (Obersteiner ve dig., 2016; Omoruan ve Osadebe,
2020; Pinto ve Tall, 1996; Vamvakoussi, 2015). Ulusal diizeyde de rasyonel sayilar1
tanimlarken T1 kullanan makaleler vardir (Cetin, 2020).

Alanyazinda T2
T2: Q= {a/b: aveb tamsayi, b#0, a ve b aralarinda asal}

Ortaokul matematik ders kitaplarinda T2’ye rastlanmazken, bazi 9. sinif lise
matematik ders kitaplarinda (Aytar, 2018, s. 94; Ucak ve dig., 2019, s. 93.) T2 ye yer
verilmistir. Bazi ulusal matematik egitimi alanindaki kitaplarda da rasyonel say1
tanimi T2 seklindedir (Hidiroglu, 2019, s. 78; Olkun ve Yesildere, 2007, s. 64; Tuna
ve Biber, s. 141, 2019; Yamk, 2013, s. 95). Hidiroglu (2019) kaynaginda,
gerekeelerini agikladiktan sonra T2’yi kullanmistir. Tuna ve Biber (2019) bu tanim
Balct (1999), Kadioglu ve Kamali (2009) ve Moss (2000) kaynaklarindan
alintiladiklarini belirtmektedirler. Yanik’in (2013) ise Celik (2006) ve Bagkan ve dig.
(2006) kaynaklarindan alinti yaptigini belirterek T2’yi kullandigi goriilmektedir.
Alint1 yapilan yayin yazarlarmin diger Temel/Genel Matematik kitaplarinda da T2
kullanilmistir (Bizim ve dig., 2011; Celik, 2010). Alanyazinda T2’yi kullanan
herhangi bir uluslararasi makaleye rastlanmazken, ulusal diizeyde Aktas ve Cansiz
Aktas (2012) ile Cansiz Aktas ve dig. (2014)’ nin makalelerinde, Milli Egitim
Bakanligi’nin 2007 ve 2011 yillarinda yaymladigt 9. siif matematik ders kitaplari
referans verilerek T2 nin kullanildig1 gdzlenmistir.

Taranan kaynaklarin ve referanslarinin bilgilerine gore, T2 tanimiyla ilk olarak
1999 yilinda karsilagilmistir. Sonrasinda 6zellikle 2006-2007 yillarinda, sadece bir 9.
simif matematik ders kitabi ve genellikle Temel/Genel Matematik ders kitaplar
araciligiyla T2 kullanimi artmaya baslamis ve sonraki yillarda da yayginlagmistir.

Alanyazindaki Tanimlara ve Atiflara Yonelik Diger Saptamalar

Bu kisimda incelenen kitap ve makalelerde T1 ve(ya) T2’yi kullanmak diginda
gozlenen diger bazi durumlar aktarilacaktir.

Yanhs Atiflama

Tuna ve Biber’in (2019) kaynaginda yollama (atif) yapilan Moss (2000),
Kadioglu ve Kamali (2009) kaynaklari incelendiginde, s6z konusu kaynaklarda
rasyonel say1 taniminin T2 olarak degil, T1 seklinde verildigi goriilmektedir. Bu
nedenle Tuna ve Biber (2019) kaynaginda yapilan yanlis yollamanin (atifin) kosullu
bir kabul ile rasyonel say1 taniminin T2 seklinde yapildigi diisiiniilmektedir. Ancak
bu duruma (alintilanan kaynaklarin igeriginde farkli tanim verilmis gibi atiflanmast)
bilginin 6zgilinliigiiniin korunmamasi ve alanyazinda tanimla ilgili bilgi karmasasi
olusturabilecegi nedeniyle dikkatle yaklagilmalidir.

T1 ve T2 yi Birlikte iceren/icermeyen Cahsmalar

Tiirkce olarak yayimlanan rasyonel sayir kavramma yonelik makalelerin
cogunda, Ogrencilerin bilgi diizeyini belirlemek iizere secilen sorularin Ogrenci
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cevaplarina gore veri analizi yapilmis olup, rasyonel sayr kavramini irdeleyen
sorularin cevaplar1 ve benimsedikleri tanim yazarlarca verilmediginden hangi tanimi
referans aldiklar1 net bir sekilde anlagilamamaktadir (Birgin ve Giirbiiz, 2009;
Cevikbag ve Argiin; 2017; Ercire ve dig., 2016; Giirbiiz ve Birgin, 2008). Rasyonel
sayilar1 konu alan uluslararast alanyazinda da benimsenen tanimin net bir sekilde
paylasilmadigi makalelere rastlanmigtir (Behr ve dig., 1997; Hurst ve Cordes, 2018).
Matematiksel kavramlarin 6grenilmesi/dgretilmesine yonelik makalelerde yazarlarin
savunduklart tanimi paylagmalari, sunduklari ¢alismanin tam igerikli olmasi ve
dolayisiyla okurun bilgilenmesi ve verilerin neye gore yorumlandiginin
degerlendirilebilmesi agisindan olduk¢a 6nemlidir. Bunlardan farkli olarak Macit ve
Nacar (2019) ile Doruk (2020) alanyazinda gecen rasyonel say1 tanimini alintilayarak
makalelerinde hem TI1’e¢ hem de T2’ye yer vermislerdir. Ancak yine yapilan
uygulamadan elde ettikleri verileri hangi tanima gore degerlendirdiklerinden soz
etmemiglerdir.

Temel Matematik Kavramlar1 Kiinyesi (Argiin ve dig., 2020, s. 435) kitabinda
rasyonel say1 tanimi1 T1 seklinde yapilmistir. Daha sonra, 6gretmen olarak T1’in
farkinda olunmasinin ve rasyonel sayilarin bir “denklik sinifi” oldugunu bilmenin
O6nemi vurgulanarak, 6gretim diizeylerine gore, 6grencilerin bu kavrami zihinlerinde
daha acik ve net bir sekilde yapilandirmalarini saglamak ve rasyonel say1 kavramin
kesir kavramindan ayirmak igin rasyonel say1 taniminin sembolik olarak T2 seklinde
ifade edilebileceginden s6z edilmistir. Diger bir kaynakta da (Balci, 2006, s. 5) T1’in
verilmesine karsin tanimdaki tamsayilarin aralarinda asal olma kabuliiniin yapilmasi
gerektigini belirterek aslinda T2’ye isaret etmektedir.

Rasyonel Sayilar1 Tammlamak i¢in Kullamlan Tamimlar Arasindaki Fark

Alanyazinda yer alan rasyonel say1 tanimlarina bakildiginda, bazi lise, ulusal
matematik egitimi ve Temel/Genel matematik kitaplarinda rasyonel say1 tanimi T2
seklinde wverilirken, ulusal/uluslararas1 matematik analiz kitaplarinda T2’nin
kullanilmadigi goriilmektedir. Ayrica, rasyonel say1 tanimi yapilirken uluslararasi
yayinlarda tanimin yalnizca T1 seklinde olmasi ve T1-T2 karmasasinin gériilmemesi
de oldukga dikkat ¢ekicidir.

Giris kisminda s6z edilen tanim &lgiitlerinden birisi olan esdegerligi gozeterek,
matematiksel bir kavram olan rasyonel sayr tanimlari farkli ifade edilse dahi
tariflenen kiimenin ayni olmast gerektii ve yazarlara goére tamimlarin
degisemeyecegini vurgulamak yerinde olacaktir.

Dikkat edilirse tamimlar arasindaki fark, T2’deki ‘“aralarinda asal olma”
kosuludur. Bu kosul ile T1 ve T2’nin ifade ettigi kiimelerin ayn: kiime olamayacagi
aciktir. Dolayisiyla T1 ve T2 esdeger tamimlar degildir. Ornegin, 2/4 sayis1 T1’e gore
bir rasyonel say1 iken T2’ye gore degildir. Bu, {izerinde durulmas: gereken énemli
celigkilerden sadece biridir. Bu ve diger celiskilerin giderilmesi i¢in, oncelikle, bu
kosulun eklenmesine neden gereksinim duyuldugu ve bu kosulun gerekli olup
olmadig: tartistlmalidir.
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So6zii edilen kaynaklar incelendiginde, T2’deki ‘“aralarinda asal olma”
kosulunun esas olarak iki temel nedenden eklendigi anlasilmaktadir. Bu nedenlerden
ilkinin, baz1 matematiksel 6nermeleri ispatlamak, digerinin de kesir-rasyonel sayi
farkin1 agiklamak oldugu goriiliir. Bunlarin yanisira, Q kiimesinde birbirine esit
sonsuz ¢oklukta eleman bulunmasi, Q’nun sayilabilirligi, vb gibi “diger nedenler”den
dolay1 bu kosulun eklenmesine gereksinim duyuldugu anlasilmaktadir. Bu
gerekgelerin biitiinii bu bolimde sirasiyla incelenecek ve bir sonraki boliimde de
irdelenecektir.

Matematiksel Onermeleri Ispatlamak

T2’yi birbirlerinden alintilayarak paylasan yayinlardan (Baskan ve dig., 2006;
Bizim ve dig., 2011; Celik, 2006; Celik, 2010; Yanik, 2013) bazilar1 rasyonel sayilar
kiimesi tanimlanirken, “aralarinda asal olma” kosulunun gerekliliginin ¢ogu kaynakta
acikca belirtilmedigini ancak bu kosulun ispatlarda kullanildigini ve oldukg¢a 6nemli
oldugunu, aym ciimlelerle belirtmislerdir. Celik (2010, s. 31), bu gerekliligi
desteklemek igin 6rnek olarak V2 sayismin rasyonel olmadigmin ispatii T2’yi
kullanarak asagidaki gibi vermistir:

“Tersine V2 sayisiun rasyonel oldugunu varsayalim. Tamm geregi V2 = p/q
yazilabilecek sekilde p ve q (q#0) tamsayilari vardir. Buradan p = \2 q yazilarak iki
tarafin karesi alinirsa p2=2q"2 bulunur. O halde 2 ile bdliinebilen p*2 sayisi ¢ift bir
sayidir. Bu da ancak p nin ¢ift olmasi ile miimkiindiir. Bu yiizden m bir tam say1 olmak
iizere p = 2m seklinde belirtilebilir. Bu sonug son esitlikte yerine konuldugunda (2m)2
= 4m2 = 292 ve buradan 2m2 = q2 elde edilir. Bu da yukaridaki gibi q2’nin ve
dolayisiyla da q’un ¢ift oldugu anlamima gelir. Sonu¢ olarak aralarinda asal
olduklarin1 varsaydigimiz p ve q sayilarinin ikisinin de ¢ift olusu, varsayimimizla
¢elisir. Dolayisiyla V2 rasyonel bir say1 degildir ve tamm geregi irrasyoneldir”

Rasyonel Sayi-Kesir Farki

Alanyazina bakildiginda, T2 deki ek kosula gereksinim duyulmasinin diger bir
nedeninin de rasyonel say1 ile kesir arasindaki farki ortaya koyma gereksinimi oldugu
goriiliir. Kimi yazarlara gore ise boyle bir fark bulunmamaktadir. Rasyonel sayi-kesir
iligkisini incelemek bu makalenin amaglar1 arasinda degildir. Bu ¢alismanin amact T1
ve T2 arasindaki farki yaratan “aralarinda asal olma” kosulunun gerekligini
irdelemek ve rasyonel say1 kavrami i¢in hangi tanimin uygun oldugunu savunmakla
siirli tutulmustur.

Bizim ve dig. (2011), Celik (2006), Celik (2010) ve Yanik (2013) kaynaklarinda
aktarilan goriiglere gore “rasyonel sayilar kesirlerin en sade halidir”. Burada ek kosul
kullanilarak, kesir ve rasyonel say1 farkina vurgu yapilmis ve T1 kesir, T2 de rasyonel
sayl tanimi i¢in verilmistir. Bu tanimlara gore ...8/12=6/9=4/6=2/3 sayilarinin tiimi
ayni denklik sinifina ait kesirleri gostermekle birlikte bunlardan sadece 2/3’lin bir
rasyonel say1 oldugu belirtilmistir. Benzer olarak, Tuna ve Biber (2019) ile Hidiroglu
(2019) kaynaklarinda anlatim biitiinliigiine bakildiginda tanimda bulunan “aralarinda
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asal olma” kabuliine, rasyonel say1 ve kesir farkin1 ortaya koymak icin gereksinim
duyuldugu diistiniilmektedir.

Argiin ve digerleri (2020) rasyonel say1 tanimin1 T1 seklinde vermelerine
kargin, 6gretim diizeylerine gore 6grencilerin bu kavrami zihinlerinde daha agik ve
net bir sekilde yapilandirmalar1 gerekligini matematik egitiminde yapilan
aragtirmalarin ortaya koydugunu belirterek, egitimbilimsel (pedagojik) anlamda
rasyonel say1 kavramini kesir kavramindan ayirmak i¢in, rasyonel sayilar kiimesini
sembolik olarak T2 seklinde tanitilmasini dnermislerdir.

Diger Gerekeeler

Balcr (2006, s. 5) kaynaginda T1’i vermesine karsin igaret ettigi T2 igin “c
sifirdan farkli bir tamsay1 olmak {izere, a/b=ca/cb oldugundan yukaridaki say1 (a/b)
aralarinda asal kabul edilecektir” agiklamasindan sonra “Aksi takdirde Q kiimesinde
birbirine esit sonsuz ¢oklukta eleman bulunur” ifadesiyle, Q kiimesinin sonsuz
¢okluktaki denk kesirleri icerme durumunu hari¢ tutmak amaciyla “aralarinda asal
olma” kosuluna gereksinim duydugu anlasilmaktadir.

Hidiroglu (2019) kaynaginda, birbiri ile denk olan kesirlerin say1 dogrusunda
bir nokta ile temsili ve o noktanin da kesirlerin en sade bi¢imi ile gosterildigi
belirtilmektedir. Bu yaklagimin rasyonel sayilarin sonsuzlugu, sayilabilirligi gibi
birgok ispatta dnemli oldugunu, bunun da kesir ve rasyonel say1 arasindaki farki ve
iligkiyi gosteren bir drnek oldugunu belirtmesinin ardindan T2’yi vermistir. Burada
da yazarin, sonsuz ¢cokluktaki denk kesirlerin say1 dogrusunda temsili, rasyonel sayilar
kiimesinin sonsuzlugu (sonsuz ¢oklukta denk kesirleri icermesi) ve rasyonel sayilarin
sayilabilirliginin ispatina yo6nelik sorunlarin “aralarinda asal olmak” kosulu ile
iistesinden gelindigini diistindiigii s6ylenebilir.

Rasyonel Sayilar1 Tammlamak icin Kullamilan Tamimlarin Matematiksel
Analizi

Bu kisimda rasyonel say1 tanimi i¢in T1’in matematiksel anlamda dogru oldugu
savunulmaktadir.

Celik (2010) kaynagmnin T2’yi esas alarak, \2 sayisimn rasyonel olmadigimn
ispatina yukarida yer verilmisti. Oysa ki bu ispat “p ve q aralarinda asal” kosulu
olmadan da T1 esas alinarak yapilabilir:

2nin rasyonel oldugunu kabul edelim. O halde T1'e gbre a ve b (b#0) tamsay1
olmak iizere V2 = a/b seklinde yazilabilir. Obeb (a,b) = 1 ise a ve b aralarinda asal
demektir ve ispat yukaridaki gibi geliski elde edilerek tamamlanir. Obeb (a,b) =k, k
bir tamsay1 ve k # 1 durumunda (yani a ve b aralarinda asal degilken) ise Oyle p ve
q tamsayilar1 vardir ki a=kp ve b=kq seklinde yazilabilirler. Ayrica k sayis1 a ve b’nin
ortak bdlenlerinin en biiyiigii oldugundan obeb (p,q) =1 olur. Baska bir deyisle p ve
q aralarinda asaldir ve \2=ab= kp/kq =p/q, k # 0 elde edilir. Bundan sonrasinda
“Matematiksel Onermeleri Ispatlamak” boliimiinde yer alan ispattaki gibi a ve b
yerine p ve q kullanilarak yapilan ayni islemlerle p ve q nun birer ¢ift say1 oldugu
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goriiliir ve bu da p ve q’nun aralarinda asal olma gercegiyle ¢elisir. Sonug olarak, a ve
b aralarinda asal olsun ya da olmasn elde edilen geliski ile yapilan “V2’nin rasyonel
oldugu” kabuliiniin yanhs oldugu kamisma varilir. Yani 2 sayisi, a ve b (b#0)
tamsay1 olmak iizere, a/b seklinde yazilamadigindan V2 rasyonel bir say1 degildir.
Goriildigi iizere, Celik (2010) kaynaginda boliim yazarinin gerekge olarak gosterdigi
Onermeyi ispatlamak i¢in T1 yeterlidir ve “a,b aralarinda asal” kosulunu eklemenin
gerekli olmadigini burada vurgulamak yerinde olur.

“Rasyonel Sayi-Kesir Farki" ve “Diger Nedenler” boliimlerinde s6zii edilen
gerekgelere temel olusturan ‘“‘aralarinda asal olma” kosulunun neden gerekli
olmadiginin anlagilabilmesi i¢in okurun dncelikle Ek’te yer alan (kismen Karagay ve
Es (t.y.) kaynagindan derlenen) rasyonel sayilarin ingaasina iliskin 6zetlenmis bilgiyi
okumasi Onerilir.

Z* = Z\{0} olmak iizere, Q, ZxZ* iizerinde tanimh bir denklik bagntisinin
denklik smiflar kiimesidir. Diger bir deyisle, her bir denklik sinifindan segilen birer
temsilci ile olusturulan temsilciler sinifina rasyonel sayilar kiimesi denir. Ornegin,
{2/3, 4/6, 6/9, 8/12,...} kiimesi bir denklik sinifidir, yani bu kiime bir rasyonel sayidir.
Bu sinifi olusturan denk kesirlerden sadece biri bu rasyonel sayiy1 temsil eder ve
temsil i¢in yapilan se¢im keyfidir. Yani, {2/3, 4/6, 6/9, 8/12,...} = [2/3] ya da {2/3,
4/6, 6/9, 8/12,...} =[8/12] temsil se¢imlerini yapmak olanaklidir. Temsilci se¢imi igin
bir kural ya da bir zorunluluk yoktur. Diger yandan, matematigin estetigi sadeliktir,
dili de evrenseldir. Bu nedenle, temsilci segiminde herkesge kabul géren sadelik tercih
edilir. 2/3, 8/12’nin sade(lesmis) bicimi oldugu icin, {2/3, 4/6, 6/9, 8/12,...} denklik
siifinin temsilcisi olarak 2/3 tercih edilir. Bu tercih ile herhangi bir denklik sinifinin
temsilcisi olarak, a ve b aralarinda asal olacak sekilde, a/b kesrinin se¢imi oldukga
dogaldir. Burada vurgulanmasi gereken en dnemli seylerden bir digeri de iki farkli
tiirde olan kavramlarin karsilastirilmasidir. Kesir denklik sinifinin bir elemaniyken
rasyonel say1 denklik sinifi kiimesinin tamamudir.

Yukaridaki agiklamalardan sonra, “Rasyonel Sayi-Kesir Farki” bolimiinde
gecgen “rasyonel sayilar kesirlerin en sade halidir” ifadesinin, aslinda temsilciler igin
yapilan dogal se¢imin bir kural ya da zorunluluk gibi algilanmasindan kaynaklanmis
olabilecegi disiiniilmektedir. Bu alginin sonucunda rasyonel sayinin ve kesrin
birbirinden farkli tanimlar1 olmasi gerektigi diisiincesiyle, T1 kesir, T2 de rasyonel
say1 i¢in verilmis olabilir.

Denklik siniflar1 iizerinde tanimli bir islemin, denklik siiflarini temsil etmek
iizere segilecek dgelere bagli olup olmadigi uygulamada 6nem tasir. Denklik siniflart
iizerinde islem yaparken denklik siniflarindan hangi temsilcileri segersek segelim,
hep ayni sonuca ulagmaliyiz. Bu o6zellik islemin iyi tanimli (Denklik smiflari
kiimesinde tanimli bir islem, denklik sinifini temsil etmek iizere segilen temsilciye
bagli degilse, o islem iyi tanimlidir) oldugu anlamina gelir. Degilse, islem yapan
kisiler farkli temsilciler segebileceginden, islemin sonucu farkli ¢ikar. Boyle bir
durum istenmez.
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Rasyonel sayilarin farkli yazilislariyla (farkli temsilci se¢imiyle) islem yaparken
hep ayni sonuca ulasiriz. Ornegin, 1/2 ve 3/4 ya da 3/6 ve 12/16 ikilileri ile yapilan
toplama islemi

(E1)  1/2+3/4=5/4
(E2)  3/6+12/16=120/96

ayni sonucu verir (Karagay ve Es, t.y.). Bu ornekte {1/2, 2/4,3/6,...} denklik
smifini (rasyonel sayiy1) temsilen (E1)’de 1/2, (E2)’de de 3/6 ve benzer olarak {3/4,
6/8,9/12,12/16,...} denklik sinifin1 (rasyonel say1y1) temsilen (E1)’de 3/4, (E2)’de de
12/16 segimleri yapilmistir. Bu se¢imlerle elde edilen sonuglar 5/4 ve 120/96, {5/4,
10/8....,120/96,...} denklik sinifinin farkli temsilcileri olup, ayni rasyonel sayinin
farkli yaziliglaridir. Denklik simiflar1 kiimesi olan rasyonel sayilar {izerinde tanimli
toplama islemi iyi tanimlidir, yani rasyonel sayilar {izerinde toplama yaparken
denklik siniflarindan hangi temsilcileri secersek secelim, toplam hep ayni sonucu
verir. Bu nedenle (E1) ve (E2) islemleri sonucu olan 5/4 ve 120/96 ayn1 rasyonel
sayidirlar. Bu 6rnekler (toplama isleminde oldugu gibi) ¢ikarma, ¢arpma ve bdlme
islemleri i¢in de tiiretilebilirler.

Ek olarak, kiime iizerinde tanimli bir islemin iyi tanimli olmasi, aslinda o
kiimenin isleme gore kapali olmasi anlamina gelir. Rasyonel sayilar, dort isleme gore
kapalidir (isleme alinan iki rasyonel saymin sonucunun da rasyonel say1 olmasi).
Rasyonel say1 taniminin T2 seklinde oldugu kabul edilirse, bu tanima goére 1/8 ve 3/8
rasyonel sayidir. Toplama islemi sonucunda elde edilen say1 (1/8+3/8=4/8) T2’ye
gore rasyonel bir say1 degildir, ¢linkii 4 ve 8 aralarinda asal degildir. Diger yandan,
rasyonel sayilar toplama islemine gore kapalidir. Dolayisiyla toplamin, yani 4/8’in
de, rasyonel olmasi gerekirdi. Elde edilen bu ¢eliski ile tanim i¢in yapilan kabuliin
dogru olmadigi sonucuna varilir. Bahsi gecen ¢eliskinin T2’de yer alan “aralarinda
asal olma” kosulundan kaynaklandigi acgiktir. Rasyonel sayilar tanimi, bu kosulu
icermeyen T1 seklinde yapilsaydi bdyle bir geliski olusmayacakti. Sonug olarak,
rasyonel sayilarin T2 seklinde tanimlanamayacag goriiliir.

Bazi yayinlarda, rasyonel saymin ve kesrin birbirinden farkli tanimlari olmasi
gerekliligi  distiincesiyle, T1’in kesir, T2’nin de rasyonel sayt igin verilmis
olabileceginden soz edilmisti. Yazarlarin iddialarinin dogru oldugunu varsayarak T'1
ile tanimlanan kesirler kiimesi K, T2 ile tanimlanan rasyonel sayilar kiimesi Q ile
sembolize edilsin. “Her rasyonel say1 bir kesirdir ancak her kesir bir rasyonel say1
degildir” iddiastyla yapilmis bu tanimlardan su sonug ortaya c¢ikar; iddia edilen
rasyonel sayilar kiimesi Q, iddia edilen kesirler kiimesi K’nin bir altkiimesidir. Bu
dogru ise, gozetilmesi gereken iki durum vardir: Birincisi, Q € K oldugundan, kesirli
sayilar kiimesi K’de olup Q’da olmayan en az bir x eleman1 vardir. x & Q oldugundan,
yani rasyonel olmadigindan, x bir irrasyonel say1 olmalidir. x € K olmas1 da K
kiimesinin irrasyonel bir say1 icerdigi anlamina gelir. Dolayisiyla, irrasyonel bir say1
olan x’in, x € K oldugu icin, K kiimesinin tanimma uygun bir sekilde, yani iki
tamsaymin boliimi seklinde yazilabilmesi gerekirdi, ancak bilindigi iizere bu
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miimkiin degildir. Bu celiski, rasyonel sayilar kiimesi Q’nun taniminin T2 seklinde
yapilmast  ve dolayisiyla Tl ile Dbelirtilen kiimece kapsanmasindan
kaynaklanmaktadir. Kesir-rasyonel say1 farkini ortaya koymak igin yapilan
tanimlardan olusan bu celiskinin, rasyonel sayilar kiimesi Q’nun aslinda T1 seklinde
yapilmasiyla ortadan kalkacagi agiktir. Uzerinde durulmasi gereken ikinci durum ise
yine say1 kiimeleri arasinda altkiime olma iliskisine yoneliktir. Yapilan tanimlara gore
Q, kesirler kiimesi K’nin bir altkiimesi idi. Q’nun reel sayilar R’nin de bir altkiimesi
oldugu bilindigine gore, su soru sorulabilir: K ve R kiimeleri arasindaki altkiime
iliskisi nedir? Her iki kiime de Q kiimesini kapsadigindan, hangi iliski dogrudur;
QcKcR iligkisi mi yoksa QcRcK iligkisi mi? QcKcR durumunun KcR kismi
diistintildiigiinde, K kiimesinin tiim rasyonel sayilari igermesinin yanisira en azindan
Oyle bir x sayisi igerir ki bu say1 hem rasyonel degildir hem de reeldir (reel sayilar iki
ayrik kiime olan rasyonel ve irrasyonel sayilarin birlesim kiimesidir), yani x irrasyonel
bir sayidir. Diger bir deyigle, KcR kabulii ile, K kiimesi bazi1 irrasyonel sayilari igerir
bazilarini da icermez. Bu 6zellige sahip bir kiime ancak 6zel bir kiime olabilir, 6rnegin
K = Q U {XER+| x2 bir tamsay1}. Bu érnekte V2 € K olur ve yine iki tam sayin orani
seklinde yazilamaz. Ayrica bu kiime Q’yu igermesine ragmen, Q’nun sagladigi
cebirsel 6zellikleri kendi iginde saglayamaz. \2 ve 3 € K iken bu sayilarla yapilan
toplama, ¢ikarma veya bdlme islemlerinden herhangi birinin sonucu K’nin bir
elemant olmaz. QcRcK durumunda da benzer celiskiler elde edilir. Biitiin bu
celiskiler kesir-rasyonel sayr ayrimi gerekcesiyle yapilan iki farklt T1 ve T2
tanimlarindan kaynaklanmaktadir. Sonug olarak T1’in tanimladigi kiimenin, iddia
eden kaynaklara gore, K kesirler kiimesi oldugu varsayildiginda, K kiimesinin
siradizinsel (hiyerarsik) bir diizende yapilandiriimis N, Z, Q ve R say1 sistemleri gibi
bir say1 sistemi olmadig1 agiktir. Dolayisiyla “aralarinda asal” kosulunu igermeyen T1
ile tammlanan Q (rasyonel say1) kiimesi siradizinsel (hiyerarsik) yapiya uygun olan
bir say1 sistemidir.

Son olarak, “Diger Nedenler” olarak adlandirilan bolimdeki iddialara yanit
verilecektir. Balci’da (2006) “aralarinda asal olma” kosulunun, Q kiimesinin sonsuz
cokluktaki denk kesirleri icerme durumunu dislamak amaciyla eklenmis
olabileceginden s6z edilmisti. Oysa ki, Q’nun icerdigi birbirine denk sonsuz
cokluktaki kesirler kiimesinin herbiri bir rasyonel sayidir ve daha once de
vurgulandig iizere, bu say1 s6zii edilen denk kesirler kiimesinden segilen keyfi bir
kesir ile temsil edilir. Sifirdan farkli her ¢ tamsayisi igin, sonsuz ¢okluktaki ca/cb denk
kesirlerinin olusturdugu denklik siniflar1 kiimesi bir rasyonel sayidir. Herhangi bir ¢
degeri igin ca/cb kesrinin se¢imi, bu rasyonel sayiy1 temsil eder. Aralarinda asal a,b
ve c=1 ile yapilan keyfi se¢im, matematiksel yazimlarda (sadeligin tercih
edilmesinden otiirll) genellestirilmistir. Hidiroglu (2019) da birbiri ile denk olan
kesirlerin say1 dogrusunda bir nokta ile temsil edildigini ve o noktanin da kesirlerin
en sade hali ile gosterildigini belirtmektedir. Ancak yazar bu yaklasimin (sade temsilci
se¢iminin) rasyonel sayilarin sonsuzlugu (buradaki sonsuzluk ile, yine Q’nun sonsuz
coklukta birbirine esit elemanlar1 igermesi kastedildigi diisiiniilmekte), sayilabilirligi
gibi bircok ispatta 6nemli oldugunu, bunun da kesir ve rasyonel say1 arasindaki farki
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ve iligkiyi gosteren bir 6rnek oldugunu belirtmesinin ardindan T2 yi vermistir. Q’nun
sayilabilirliginde, sayilanlar genellikle denklik siniflaridir ve siniflar1 temsilen (a, b
aralarinda asal) en sade a/b se¢imleriyle N arasinda birebir eslemenin yapilabilmesiyle
sayma islemi gerceklesir. Ancak denklik siniflar1 gézetilmeden, T1 ile tanimlanan
Q’nun sayilabilirligini gosteren algoritmalar da vardir (Baki, 2018). Dolayisiyla,
“aralarinda asal olma” kosulu sayma iglemi i¢in de gerekli bir kosul degildir.

Rasyonel Sayilari Tammlamak icin Kullanilan Tanmimlarin Tanim Olma
Olgiitleri

Giris kisminda ayrintili olarak ele alinan tanim olma 6lgiitleri burada T1 ve T2
icin degerlendirilecektir. Siradizinsel (hiyerarsik) kavram yapisina uygun olma ve
tanimi yapilacak kavramin var olmasi Olgiitleri ek boliimde rasyonel sayilarin
yapilandirilmasina yonelik 6zel bilgi kapsaminda T1 igin saglanmaktadir. T2 ile
verilen kiimenin var edilmis olmasi kabul edilse dahi siradizinsel (hiyerarsik) kavram
yapisina uygun olmadigi iiclincii boliimde verilen agiklamalarda goriilmektedir.
Siradizinsel (hiyerarsik) yapi ile siniflandirilan sayi sistemi bir sonraki say1 kiimesinin
bir alt kiimesidir (Ornegin, NcZcQcR). T2 ile verilen kiimenin alt kiime
siralamasindaki yeri belli degildir. Tanimlar gerek ve yeter kosul anlaminda
incelenirse, a ve b’nin aralarinda asal olmasi a/b nin rasyonel olmasi i¢in hem T1 hem
de T2 igin yeterlidir. Diger yandan a/b’nin rasyonel olmasi, T2 de, a ve b’nin
aralarinda asal olmasi igin bir gereklilik kosulu iken T1 de bu gereklilik aranmaz. Yani
T1, a/b’nin rasyonel olmasi i¢in a ve b’nin aralarinda asal olmalarin1 gerektirmez.
Esdegerlik ilkesine gore ayni kavrami belirten iki farkli tanim varsa birinden elde
edilen mantiksal ¢ikarimlar sayesinde digerinin ispatlanmasi olanakli olmalidir. T1 ve
T2 ayn1 kiimeyi ifade etmedikleri i¢in esdeger olamazlar. Dolayisiyla rasyonel say1
kavrami i¢in tanimlardan sadece biri dogrudur. Tanim olma 6lgiitlerinden ekonomik
olma durumu birbirine esdeger tanimlar i¢in gegerli olup, T1 ve T2’yi bu dlgiite gore
yorumlamak anlamli degildir.

Tartisma, Sonu¢ ve Oneriler

Tanimlama ve smiflandirma, matematik alanindaki temel Ogelerdir.
Matematiksel siireclerde, dncelikle ilgilenilen matematiksel kavramlarin agik ve net
bir bicimde tanimlanmasi gerekir. Ancak bu sekilde ortak bilimsel sonuglara
ulasilabilir (Mariotti ve Fishbein, 1997). Ayrica, yapilan tanim sadece matematiksel
kavrami ortaya koymak i¢in degil; kavramin diger kavramlarla olan iligkisini ya da
farkini belirlemek, tanimin olusturdugu kiimenin elemanlarini diger elemanlardan
ayirarak dogru bir simiflama yapmak amaciyla da kullanilir (Poincare, 2003). Bir
kavramin dogru tanimlanmasi, matematiksel siiregler agisindan 6nemli oldugu kadar
dogru bir 6gretim yapabilmek agisindan da dnemlidir. Dogru tanimlar, 6grencilerin
matematiksel kavramlart dogru siniflandirmasina ve matematiksel yapilar1 dogru
kurmalarina olanak verir (Vinner, 1991). Bu calismada, matematiksel kavramlarin
dogru ve net olarak tanimlanmasi durumu rasyonel say1 kavrami 6zelinde alanyazinda
taranmig, incelenmis ve irdelenmistir.
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Ilgili ulusal ve uluslararasi alanyazin incelendiginde, rasyonel sayilari
tanimlamak i¢in kaynaklarda yer alan birbirinden farkl iki tanim su sekildedir:

Tanim 1: Q= {a/b: a ve b tamsay1, b#0}
Tanim 2: Q= {a/b : a ve b tamsay1, b#0, a ve b aralarinda asal}

T1 ve T2 arasindaki fark, T2’de yer alan “aralarinda asal olma” kosuludur. Bu
kosul ile T1 ve T2’nin ifade ettigi Q (rasyonel say1) kiimelerinin ayn1 olmamalar1
o6nemli bir geliski olusturur. Bu ve olusabilecek benzeri ¢eliskilerin giderilmesi i¢in
oncelikle bu kosulun T2 tanimina eklenmesine neden olusturabilecek gerekgeler,
alanyazindaki kaynaklarin ayrintili olarak incelenmesiyle saptanmistir. Bu gerekgeler
bazi matematiksel 6nermeleri ispatlamak, rasyonel sayi-kesir farki ve diger nedenler
seklinde smiflandirilmis olup bu katagorilerin gerekgelerinin  dogru kabul
edilemeyecegi “Aralarinda asal olma kosulu neden gerekli degildir?” baslhiginda
ayrintili bigimde agiklanmuistir.

Alanyazinda rasyonel sayilarin tanimi olarak T2’nin kullanilmasinda sunulan
gerekcelerden biri bazi matematiksel dnermelerin ispatinda kullanilmasi durumudur.
Kaynaklarda verilen 6rnek, T2 tamimu kullanilarak V2’nin rasyonel olmadigmin
ispatidir. Bulgular bsliimiiniin “Onermeleri ispatlamak” altbasliginda, T2 kullanilarak
bu ispatin “aralarinda asallik” kosuluna gereksinim duyulmaksizin T1 tanimiyla da
yapilabilecegi ve dolayisiyla T2 deki ek kosulun gerekli olmadigt vurgulanmustir.

T2’nin kullanilma gerekgelerinden bir digeri de tanimin igerdigi “aralarinda
asallik” kosulu sayesinde rasyonel sayi-kesir farkini vurgulamaktir. Matematik
egitimi alanyazininda bu farka yonelik bir¢cok caligma bulunmaktadir. Ancak bu
calismanin arastirmacilari, rasyonel sayi-kesir farkindan ¢ok, kavramlarin anlami
iizerine yogunlagarak bu farkin temellendirildigi, T2 de yer alan “aralarinda asallik”
kosulunun gerekli olup olmadigini matematik alan bilgisiyle sorgulamayi
amaglamiglardir. Ek boliimde derlenmis olan (rasyonel sayilarin tamsayilar lizerinde
denklik bagintisi ile yapilandirilmasina yonelik) 6zet bilgi sayesinde, her bir rasyonel
sayinin aslinda bir denklik sinifi (yani bir kiime) oldugu ve bu denklik sinifindaki her
elemanin da bir kesir oldugu goriilmektedir. Dolayisiyla karsilastirilmak istenen
kavramlardan biri kiime, digeri de bu kiimenin bir eleman: oldugundan, bu
karsilagtirmanin  dogru olmadigi {izerinde durulmustur. T2 tanimini savunan
yazarlarca belirtilen “rasyonel say1 kesirlerin en sade halidir” ifadesi T2 ye eklenen
“aralarinda asal olma” kosulu ile desteklenmistir. Oysa bir denklik sinifi olan
rasyonel sayiyt temsilen bu sinifin elemanlarindan (yani kesirlerden) herhangi biri
keyfi olarak secilebilecegi gercegiyle, T2 ye eklenen kosulun gerekli olmadigina
ayrintili bigimde yer verilmistir.

Ayrica, s6zii edilen keyfi se¢im sayesinde denklik siniflar1 arasinda yapilan bir
islemin iyi tanimli olmasi (bir kiimenin verilen isleme goére kapali olmasi)
vazgecilmez bir 6nem gosterir. Rasyonel sayilar kiimesinin bilinen dort isleme gore
kapal1 oldugu herkesge bilinen bir gergektir. Oysa, dort islemden herhangi birine gore,
T2’nin tanimladig1 kiimenin kapali olmadigini géstermek ¢ok kolaydir. Orneklerle
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aciklanan bu ¢eliskinin T2’deki ek kosul nedeniyle olustugu aciktir. Diger yandan,
rasyonel sayilar Q kiimesinin T2 ile tanimlandiginin kabul edilmesi ve T2 ile
tanimlanan kiimenin T1 kiimesinin altkiimesi olmasi nedeniyle de celigkili durumlar
elde edilmistir.

Ogretim agisindan egitimbilimsel (pedagojik) diizey anlaminda bakildiginda
belki de rasyonel say1 ve kesir kavramlarini birbirlerinden ayirt etme ¢abasi, grenme
stirecinin kolaylastirilmasi amacina yonelik olabilir. Ancak, oncelikle T1’i kesir,
T2’yi rasyonel say1 olarak tanitmak, daha sonraki yillarda 6grencileri, tanimlardan
yapilan ¢ikarimlarin bilinen dogrularla celismesi sonucuna gétiirebilir. Ogrenciler
sayilarin insaasi siirecinde karsilastiklart NCZcQcR altkiime iliskisi iginde kesirlere
yer aramak gibi bir diisiinceye yonelebilirler. Ogrencileri cesitli dgrenme giicliikleri
ve kavram yanilgilarina sevk edebilecek bu sakincali duruma agiklik getirecek
ayrintili caligmalarin yapilmasi alanyazina katki saglayacaktir.

T2’yi kullanan ¢aligmalarda gozlenen diger gerekgeler ile, rasyonel sayilarin
sayilabilirligi, rasyonel sayilar kiimesinde birbirine denk sonsuz ¢okluktaki kesirlerin
bulunmasi ve say1 dogrusunda bir nokta ile temsil edilisi vb. gibi konularin bazi
yazarlarca problem olarak goriildiigii ve istesinden gelebilmek igin T2 taniminin
kullanilmas1 gerektigi anlagilmaktadir. Varsayilan bu problemlere, sayilabilirlilikte
yapilan birebir eslemenin birden ¢ok yontemle yapilabildigi, birbirine denk sonsuz
cokluktaki kesirlerden olusan kiimenin aslinda bir tek rasyonel say1 (denklik sinifi)
oldugu ve denklik sinifin1 temsilen en sade kesrin keyfi secimi ile birbirine denk
sonsuz ¢okluktaki kesirlerin say1 dogrusunda bu temsil ile konumlandirildigini
belirterek cevap verilmigtir. Matematik alan bilgisiyle yapilan degerlendirme
sonucunda, varsayilan problemlerin aslinda problem olmadiklart ve dolayisiyla T2
kullaniminin gerekli olmadig1 vurgulanmistir.

T1 ve T2 tanimlari tanim olma olgiitleri anlaminda da degerlendirilmistir.
Esdeger olmayan bu iki farkli tanimin ayn1 kiimeyi temsil etmedigi, T2 ye eklenen
“aralarinda asallik” kosuluna gerek olmadigi ve dolayisiyla rasyonel sayilar
tanimlamak i¢in T1’in yeterli ve dogru bir tanim oldugu, T2 tanimu gibi ¢eliskiler
olusturmadigi ve tanim olma 6lgiitlerine uygun oldugu savunulmustur.

Bu aragtirma siirecinde gozlenen iki 6nemli durumun da altinin g¢izilmesi
gerekliligi hissedilmistir. Bunlardan ilki, rasyonel sayr tanimlarinin taranmasi
sirecinde karsilagilan yanlis yollamadir (atiflamadir). Ana kaynakta TI1
kullanilmasina karsin, aktaran kaynakta T2 verilmis gibi gosterilen ¢aligmalarla
kargilagilmistir. Alanyazinda bir kavram karmagasina neden olabilecegi gerekcesiyle
bu duruma dikkatle yaklasilmalidir. Alti gizilmesi gereken bir diger durum da,
arastirma alani rasyonel sayilar olmasina karsin, rasyonel say:r kavramina iligkin
herhangi bir tanim igermeyen akademik makalelerdir. Makale yazarlarinin, makale
metni igerisinde ¢alisilan kavrama iligkin anlayiglarini net bir sekilde ortaya
koymalar1, kavramla ilgili tanimi1 da iceren bir ¢ergeve ¢izmeleri, okur i¢in kavramin
dogru algilanmasi1 yoniinde yararh ve etkili olacaktir.
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Arastirma kapsaminda ulasilan calismalarin tarihleri incelendiginde, T2’nin
2006 yilindan itibaren kullaniminin artt1g1 goriilmiis ve giiniimiize kadar kullanilmaya
devam edilmistir. Rasyonel sayilar konusunda calisan arastirmacilar T2’nin
kullanildig1 kaynaklar1 referans gostererek rasyonel sayilar icin yapilan yanlis bir
tanimin yayginlagsmasina neden olmaktadirlar. Bu ¢aligmanin bir amact da son 15
yildir gelisen bu hatanin yaygimmlasmasimi dnlemektir. Caligmanin, alanyazina ve
dolayisiyla 6gretmen, 6gretmen aday1 ve arastirmacilara bu anlamda katki saglayacagi
diisiiniilmektedir.

Alanyazin taramasinda dikkat ¢eken bir diger sonug, rasyonel sayilara iligkin
kullanilan tanimlarin yer aldigi kaynaklarin tiirleri ve 6grenim diizeylerine gore
farklilagmasidir. Genelde ulusal/uluslararasi matematik alan (analiz kitaplari)
kitaplarinda ve uluslararasi matematik egitimi kitaplarinda T1’in kullanildigi
goriiliirken, tilkemizde kullanilan bazi temel/genel matematik ders kitaplarinda ve
bazi matematik egitimi kitaplarinda T2’nin kullanildig1 gériiliir. Oncelikle, uluslarasi
alanyazinda T2’yi kullanan bir kaynaga rastlanmamasi, T1 ve T2 gibi bir karmasanin
varolmamasi, bu durumun ulusal diizeyde bir sorun oldugunu diisiindiirmektedir.
T2’yi rasyonel say1 tanimi olarak igeren matematik ve matematik egitimi kitaplariin
ogretimde kullanilmasi, egitim fakiiltelerinden mezun 6gretmenler araciligi ile
ortaokul ve(ya) lise diizeylerindeki dgrencilerin kavrama yonelik 6grenme siirecine
olumsuz etki etmesi olasidir. Ulkemizde matematik 6gretim programimin sarmal bir
yapida olmast (MEB, 2018) her sinif diizeyinde bir dnceki sinif diizeyinde 6grenilen
konularin tekrar edilerek iizerine yeni bilgiler insa edilmesine olanak saglar.
Ogrenciler, rasyonel say1 kavramu ile ilk olarak ortaokul 7. sinifta, sonrasindada 9.
smifta “Sayr Kiimeleri” baglig1 altinda tekrar karsilasmaktadirlar. Ancak, 7. smuf
diizeyindeki matematik ders kitaplarina bakildiginda T1’in kullanildig1 goriiliirken 9.
smif diizeyinde T2’yi kullanan az sayida olan ders kitaplarina da rastlanmistir. 7. ve
9. sinifta dgretilen rasyonel say1 tanimlarmin ¢eligmesi, kavrama yonelik bilginin
yapilandirma siirecinde olan 6grencileri, O6grenme giiclikklerine ve gesitli kavram
yanilgilarina siiriikleyecek olumsuz bir durum olarak yorumlanabilir. Nitekim Tall
ve Vinner (1981), bir kavram taniminin ve bu tanimin sunulma bi¢iminin 6grencilerin
bilgiyi yapilandirmasinin 6nemli bir parcasi oldugunu savunarak, kavram
tanimlarinin 6grenenlerin diisiinme siirecini etkiledigini belirtmislerdir.

Matematik, yapist geregi iligkilerden olusan bir alan oldugu igin anlaml
dgrenmenin tek yolu kavramlar arasinda anlaml iliskiler kurulmasidir. Ogrencilerin
hangi diizeyde olurlarsa olsunlar kavramlari daha sonraki 6grenmelerine engel
olusturmayacak ve gerekli iliskileri kurmaya firsat tantyacak tanimlarla 6grenmeleri
gerekir (Hiebert ve Carpenter, 1992). Bu ¢alismanin odaginda olan rasyonel say1
kavrammnin dgretilmesinde de bu duruma dikkat edilmelidir. Ogrencilerin 6gretim
stirecinden sorumlu olan 6gretmenler, 6gretmen adaylar1 ve onlara kaynak saglamak
icin caligmalar yiiriiten arastirmacilar rasyonel say1 kavrami i¢in uygun olan tanimi
kullanmali, matematiksel olarak dogru olmayan ve Ogrencileri yanilgilara
stiriikleyecek farkli tanimlardan kaginmalidirlar.



Analysis of Different Rational Number Definitions Used in the Literature 913

References

Adams R. A. (2003). A Complete course: Calculus, 5th Edition. Addison-Wesley
Longman.

Aktas, D. Y. ve Cansiz Aktas, M. (2012). Ogrencilerin rasyonel sayilar kiimesinin
yogunlugunu anlamalar1 [Students' understanding of the density of the set of
rational numbers). Egitim ve Ogretim Arastirmalart Dergisi, 1(1), 103-110.
http://www.jret.org/FileUpload/ks281142/File/11c.aktas.pdf

Altintas, S. ve Keskin, C. (2019). Ortaokul ve imam hatip ortaokulu matematik 7 ders
kitabi [Secondary school and imam hatip secondary school mathematics 7
textbooks.]. Ekoyay Yayincilik.

Argiin, Z., Arikan, A., Bulut, S. ve Halicioglu, S. (2020). Temel matematik
kavramlarmn kiinyesi [Imprint of basic mathematical concepts]. Palme Yaymevi.

Aytar, H. (2018). Ortacgretim matematik 9 ders kitabi [Secondary school
mathematics textbook 9]. Eksen Yayncilik.

Pegem Akademi Yayincilik.
Balci, M. (1999). Matematik analiz [Mathematics calculus]. Balci1 Yaymlari.
Balci, M. (2006). Genel matematik [Basic mathematics] (3. baski). Balci Yaynlar.

Baskan, T., Bizim, O. ve Cangiil, I. N. (2006). Metrik uzaylar ve genel topolojiye
giris [Introduction to metric spaces and general topology]. Nobel Yayinevi.

Baykul, Y. (2009). Ortaokulda matematik &gretimi [Teaching mathematics in
secondary school]. Pegem Akademi Yayincilik.

Behr, M., Khoury, H., Harel, G. Post, T., & Lesh, R. (1997). Conceptual units analysis
of preservice elementary school teachers' strategies on a rational-number-as-
operator tasks. Journal for Research in Mathematics Education, 28(1), 48-69.
https://doi.org/10.2307/749663

Birgin, O. ve Giirbiiz, R. (2009). ilkdgretim I1. kademe &grencilerinin rasyonel sayilar
konusundaki iglemsel ve kavramsal bilgi diizeylerinin incelenmesi [Examining
the procedural and conceptual knowledge levels of secondary school students on
rational numbers]. Uludag Universitesi Egitim Fakiiltesi Dergisi, 22(2), 529-
550. https://dergipark.org.tr/tr/pub/uefad/issue/16690/173458

Bizim, O., Tekcan, A. ve Gezer, B. (2011). Genel matematik-I [Basic mathematics-1]
(3. baski). Dora Basim-Yayin Dagitim Ltd. Sti.

Bogdan, R. C., & Biklen, S. K. (2007). Qualitative research for education: An
introduction to theories and methods. Boston: Pearson.



914 Cigdem Alkas Ulusoy ve Yeter Sahiner

Cansiz Aktag, M., Apaydin, Z. ve Aktas, D. Y. (2014). 9. smif 6grencilerinin rasyonel
sayilar kiimesinin yogunlugunu anlama diizeyleri [9th Grade Students’
Understanding Levels of Density in the Set of Rational Numbers]. Egitim ve
Bilim, 39(171), 286-303.
http://egitimvebilim.ted.org.tr/index.php/EB/article/view/2338/641

Cakiroglu, E. (2013). Matematik kavramlarinin tanimlanmasi [Definition of
mathematical concepts] icinde I. O. Zembat, M. F. Ozmantar, E. Bingolbali, H.
Sandir & A. Delice (Ed.), Tamimlar: ve tarihsel gelisimleriyle matematiksel
kavramlar (pp. 1-13). Pegem Akademi.

Celik, B. (2006). Temel matematik [Fundamentals of mathematics]. Nobel Yaymevi.

Celik, B. (Ed). (2010). Temel matematik [Fundamentals of mathematics] (5% ed.).
Dora Yayinlari.

Celik, S. ve Celik, S. A. (2010). Matematik analiz 1[Mathematics calculus 1]. Birsen
Yayinevi

Cevikbag, M. ve Argiin, Z. (2017). Gelecegin matematik dgretmenlerinin rasyonel ve
irrasyonel say1 kavramlar1 konusundaki bilgileri [Future mathematics teachers'
knowledge of rational and irrational number concepts] Uludag Universitesi
Egitim Falkiiltesi Dergisi, 30(2), 551-581.
https://doi.org/10.19171/uefad.368968

Cetin, H. (2020). {lkdgretim matematik dgretmen adaylarimn kesir kavramina iliskin
tammlarimin incelenmesi [Investigation of the definitions of pre-service
elementary mathematics teachers on fraction concept]. Eurasian Journal of
Teacher Education, 1(3), 172-185. https://dergipark.org.tr/tr/download/article-
file/1292590

Cetiner Z., Kavcar M. ve Yildiz Y. (2001). Lise matematik 1 ders kitabi [High school
mathematics 1 textbook] (4. baski). Devlet Kitaplari.

Doruk, M. (2020). Matematik 0Ogretmenlerinin rasyonel sayilar konusunda
Ogrencilerin yasadiklar1 6grenme gligliklerine sunduklari Oneriler [The
suggestions of mathematics teachers regarding students’ learning difficulties in
rational numbers]. Manisa Celal Bayar Universitesi Sosyal Bilimler Dergisi,
18(3), 153-168. https://doi.org/10.18026/chayarsos.638607

Ercire, Y. E., Narli S. ve Aksoy, E. (2016). Irrasyonel say1 kiimesinin rasyonel ve
gercek say1 kiimeleriyle olan iliskisine yonelik d6grenme giicliikleri [Learning
difficulties about the relationship between irrational number set with rational or
real number sets]. Turkish Journal of Computer and Mathematics Education,
7(2), 417-439. http://doi.org/10.16949/turcomat.47225

Erenkus, M. A. ve Eren Savagkan, D. (2018). Ortaokul ve imamhatip ortaokulu
matematik 7. simif ders kitabit [Secondary school and imamhatip secondary
school mathematics 7th grade textbook]. Koza Yayincilik.



Alanyazinda Kullanilan Farkli Rasyonel Sayi Tanimlarinin Analizi 915

Forster, N. (1994). The analysis of company documentation. In C. Cassell & G.
Symon (Eds.), Qualitative methods in organizational research, a practical guide
(pp. 147-166). SAGE publication.

Esin, A. ve Agli, E. (1977). Genel matematik [Basic mathematics] Kalite Matbaasi.

Giindogdu, M. (1999). Matematik lise 1 ders kitabr [Mathematics high school 1
textbook]. Akdeniz Yaymncilik.

Giirbiiz, R. ve Birgin, O. (2008). Farkl1 6grenim seviyesindeki 6grencilerin rasyonel
sayilarin farkli gosterim sekilleriyle iglem yapma becerilerinin karsilastirilmast
[Comparison of the ability of students at different grade levels to perform
operations with different representations of rational numbers]. Pamukkale
Egitim Fakiiltesi Dergisi, 23, 85-95. https://dergipark.org.tr/tr/download/article-
file/114698

Hidiroglu, C. (2019). Sayilar ve iglemler: Dogal, tam ve rasyonel sayilar [Numbers
and operations: Natural numbers, integers and rational numbers]. In K. Tarim &
G. Haci6meroglu (Eds.), Matematik 6gretiminin temelleri ortaokul (s. 27-118).
Ani Yayincilik.

Hiebert, J., & Carpenter, T.P. (1992). Learning and teaching with understanding. In
D. A. Grouws (Ed.), Handbook of research on mathematics teaching and
learning (pp. 65-97). Macmillan.

Hurst, M., & Cordes, S. (2018). A systematic investigation of the link between rational
number processing and algebra ability. British Journal of Psychology, 109, 99-
117. https://doi.org/10.1111/bjop.12244

Kagar, A. (2006). Temel matematik I-11 [Fundamentals of mathematics I-11]. Pegem
Akademi.

Kadioglu, E. ve Kamali, M. (2009). Genel matematik [Basic mathematics] (4. baski).
Kiiltiir Egitim Vakfi Yaymevi.

Karagay T. (2009). Soyut matematige giris [Introduction to discrete mathematics] (2.
baski). Kuban Matbaacilik Yayincilik.

Karagay, T., ve Es, H. (t.y.). Calculus. Segkin Yayincilik. Retrieved, November 11,

2020 from
http://mail.baskent.edu.tr/~tkaracay/etudio/ders/math/calculus/kitap/02/02index
.html

Keskin Ogan, A. ve Oztiirk, S. (2019). Ortaokul ve imam hatip ortaokulu matematik
7 ders kitabi [Secondary school and imam hatip secondary school mathematics
7 textbooks]. Milli Egitim Bakanlig1 Yaynlar.

Kogak, S. (1989). Sayilar. In R. Kaya (Ed), Genel matematik 1[Basic mathematics]
(s. 13-27). Eskisehir: Anadolu Universitesi Yayinlari.



916 Cigdem Alkas Ulusoy ve Yeter Sahiner

rasyonel say1 ve kesir kavram imajlar1 [Concept images for rational number and
fraction of the students at the elementary mathematics education department].
Inénii  Universitesi  Egitim  Bilimleri Enstitiisii Dergisi, 6(11), 51-62.
https://doi.org/10.29129/inujgse.547277

Mariotti, M.A., & Fishbein, E. (1997). Defining in classroom activities. Educational
Studies in Mathematics, 34, 219-248. https://doi.org/10.1023/A:1002985109323

Mavis, M., Giil, G., Solaklioglu, H., Tarku, H., Bulut, F. ve Goksen, M. (2019).
Ortadgretim matematik 9 ders kitabi[Secondary Mathematics 9 Textbooks].
Milli Egitim Bakanlig1 Yaynlari.

Milli Egitim Bakanligi (MEB) (2007). Ortadgretim matematik 9. sinif ders kitabi
[Secondary Mathematics 9 Textbooks] (2. baski). Devlet Kitaplari.

Milli Egitim Bakanligi (MEB) (2013). Ortaégretim matematik 9. sinif ders kitabr 1.
Kitap. [Secondary Mathematics 9 Textbooks] Milli Egitim Bakanlig1 Yaynlari.

Milli Egitim Bakanligt (MEB) (2018). Matematik  dersi Ogretim programi
[Mathematics Curriculum for grades 1,2,3,4,5,6,7 and 8] (1, 2, 3, 4, 5, 6, 7 ve 8.
Siniflar) [Mathematics Curriculum for grades 1,2,3,4,5,6,7 and 8]. Retrieved
November 20, 2020 from
http://mufredat.meb.gov.tr/Dosyalar/201813017165445-
MATEMAT%C4%B0K%20%C3%96%C4%9ERET%C4%B0M%20PROGR
AMI1%202018v.pdf

Moss, J. (2000). Deepening children’s understanding of rational numbers: A
Developmental model and two experimental studies. [Doctoral Dissertation,
University of Toronto].
https://tspace.library.utoronto.ca/bitstream/1807/13802/1/NQ49900.pdf

Musser, G. L., Burger, W. F., & Peterson, B. E. (2008). Mathematics for elementary
teachers: A contemporary approach. Wiley.

Obersteiner, A., Van Hoof, J., Verschaffel, L., & Van Dooren, W. (2016). Who can
escape the natural number bias in rational number tasks? A study involving
students and experts. British Journal of Psychology, 107, 537-555.
https://doi.org/10.1111/bjop.12161

OlKkun, S. ve Yesildere, S. (2007). Temel matematik 1 [Fundamentals of mathematics
1]. Maya Akademi.

Omoruan, B. E., & Osadebe, B. U. (2020). Models connecting points on pupils’
achievement in rational numbers. Journal of Educational and Social Research,
10(4), 1-10. 10.36941/jesr-2020-0059

Pinto, M., & Tall, D. (1996). Student Teachers’ Conceptions of the Rational Numbers.
Published in Proceedings of PME 20 (Valencia), 4, 139-146.



Alanyazinda Kullanilan Farkli Rasyonel Sayi Tanimlarinin Analizi 917

https://homepages.warwick.ac.uk/staff/David. Tall/pdfs/dot1996h-pinto-
pme.pdf

Poincare, H. (2003). Science and method. Dover Publications, Inc.

Sak, R., Sahin Sak, 1. T., Oneren Sendil, C. ve Nas, E. (2021). Bir arastirma yontemi
olarak dokiiman analizi [Document analysis as a research method]. Kocaeli
Universitesi Egitim Dergisi, 4(1), 227-250.
https://dergipark.org.tr/tr/download/article-file/1456954

Silverman R.A. (1985). Calculus with analytic geometry. Prentice-Hall Publications.

Stewart, J. (1998). Calculus: Concepts and contexts (3™ ed.). Brooks/Cole Publishing
Company.

Sulak, H. (2007). Temel matematik [Fundamentals of mathematics]. Nobel Yayin
Dagitim.

Tall, D., & Vinner, S. (1981). Concept image and concept definition in mathematics-
With particular reference to limits and continuity. Educational Studies in
Mathematics, 12, 151-169. https://doi.org/10.1007/BF00305619

Thomas, G., Weir, M., & Hass, J. (2010). Thomas’ Calculus. Pearson Publications.

Tuna, A. ve Biber, A. C. (2019). Kesirlerin 6gretimi [ Teaching Fractions]. In K. Tarim
& G. Haciomeroglu (Eds.), Matematik ogretiminin temelleri (pp. 141-165). Am
Yaymcilik.

Tirk Dil Kurumu. (2011). Biyiik Tiirk¢e sozliigii [Turkish dictionary].
https://sozluk.gov.tr/

Ugak, A., Emir, E., Uckun Kelek, F., Kutlu, G., & Kahraman, S. (2019). Ortaégretim
fen lisesi matematik 9 ders kitab: [High school mathematics 9 textbook]. MEB
Yayinlart.

Vamvakoussi, X. (2015). The development of rational number knowledge: Old topic,
new insights. Learning and Instruction, 37, 50-55.
https://doi.org/10.1016/j.learninstruc.2015.01.002

Van de Walle, J. A, Karp, K. S., & Bay-Williams J. M. (2015). Elementary and
middle school mathematics: Teaching developmentally (9" ed.). Pearson.

Van Dormolen, J., & Zaslavsky, O. (2003). The many facets of a definition: The case
of periodicity. Journal of Mathematical Behavior, 22(1), 91-106.
10.1016/S0732-3123(03)00006-3

Vinner, S. (1991). The role of definitions in the teaching and learning of mathematics.
In D. Tall (Ed.), Advanced mathematical thinking (pp. 65-81). Kluwer Academic
Publishers.



918 Cigdem Alkas Ulusoy ve Yeter Sahiner

Wach, E. (2013). Learning about qualitative document analysis. IDS Practice Papers,
August-2013, 1-10.
https://www.researchgate.net/publication/259828893 Learning_about_Qualitat
ive_Document_Analysis#full TextFileContent

Winicki-Landman, G., & Leikin, R. (2000). On equivalent and nonequivalent
definitions: Part I. For the Learning of Mathematics, 20(1), 17-21. https://flm-
journal.org/Articles/2F441EA45617F5B5BCAB5SF0949C5D. pdf

Yanik, H. B. (2013). Rasyonel sayilar [Rational numbers]. In i. O Zembat, M. F.
Ozmantar, E. Bingdlbali, H. Sandir & A. Delice (Ed.), Tammlar: ve tarihsel
gelisimleriyle matematiksel kavramlar (pp. 95-110). Pegem Akademi.

Yildirim, A. ve Simsek, H. (2008). Sosyal bilimlerde nitel arastirma yéntemleri
[Qualitative research methods in the social sciences] (6. Ed.). Seckin
Yayincilik.



Alanyazinda Kullanilan Farkli Rasyonel Sayi Tanimlarinin Analizi 919

Ethical Declaration and Committee Approval

In this research, the principles of scientific research and publication ethics were
followed.

Since this study included document analysis and did not involve any
intervention, an ethics committee document was not needed.

Bu c¢alisma dokiiman analizini kapsadigindan ve herhangi bir miidahale
icermediginden etik kurul belgesine ihtiya¢ duyulmamustir.

Proportion of Author’s Contribution

All authors have sufficiently contributed to the study, and agreed with the
results and conclusions. The first author contributed 50% and the second author
contributed 50%.



920 Cigdem Alkas Ulusoy ve Yeter Sahiner

Appendices
Summary Information on the Construction of Rational Numbers
Equivalence Relation

The Cartesian product of non-empty sets A and B AxB={(a,b) | is the set acA
and beB }. Every subset of a cartesian product is a relation. The cartesian product of
a non-empty set A with itself is denoted by AxA. If BEAXA, [ is a relation on the set
A. If (X,y) € B, B is a rule that shows the relationship between x and y elements. An
equivalence relation is a type of binary relation that should be reflexive, symmetric
and transitive. B is an equivalence relation on the set A and (x,y)€p is said to be
equivalent according to the relation x and y B and is written as x=y. According to the
equivalence relation B, the set consisting of all elements that are equivalent to X is
called the equivalence class of the element x, and this class is denoted by the symbol
[X]. X]={y | (x,y) €B}. The following properties are valid for the equivalence classes
of set A:

1) Two equivalence classes are either equal or disjoint.
2) Each element of set A belongs to one and only one equivalence class.
3) The union of the equivalence classes is equal to the set A.

Binary Operations

For A#@ and A c B, a given binary operation * on A is a function defined by *
: AXA—B. So, the operation * is expressed as *: (x,y)— z= x*y, with each ordered
pair (x,y)EAXA matching a single element z in set B. For example, if the operation *
is taken as + (addition) operation and A=B=N is selected, then the + operation is a
binary operation on A=N. The result of the +:NxN—N operation becomes m+n€N
for (m,n) eNxN (closure property of the operation). However, subtraction is not a
binary operation on the set N because the result of the operation defined by - :
NxN—N, that is - :(m,n)—m-n becomes m-n & N when m<n. In other words, the set
N is not closed under the - operation.

Integers

The set of natural numbers N can be constructed by set theory or Peano axioms,
and since the set N is closed under addition + and multiplication *, an arithmetic on
N is developed using these two operations. However, for every a,b € N, in the case of
a<b, since the equation b+x=a has no solution in the set N, it is necessary to find a set
containing N, where this equation has a single solution. To configure the set of
integers Z on NxN, we can follow reasoning like; let the number a-b, which is the
solution of the equation, be represented by the ordered pair (a,b). So let's define a-
b=(a,b). For example, the equation -2=(3,5) means that the solution of equation 5+x=3
is the number -2. Only one point should be noted here, -2 is the solution not only of
equation 5+x=3, but also of many different equations such as 6+x=4, 7+x=5, so all
these solutions must be equal to each other. In this case, the ordered pairs (3,5), (4,6),
(5,7) are the solutions of the given equations and each of them is equal to the number
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-2 according to the definition made. However, ordered pairs (3,5), (4,6), (5,7) are not
equal to each other. To make this representation meaningful, we want the ordered
pairs (3,5), (4,6), (5,7) to be equivalent. To find the relation that will provide this
equivalence, first, it is necessary to know what the relationship between the pairs is.
Simply, if the relationship between the pairs (3,5) and (4,6) is considered, the sought
relationship is easily obtained from the equation 3-5=4-6. By generalizing, this
relation is expressed as (a,b) = (c,d)<a-b=c-d as (a,b) and (c,d) € N xN. However,
since the subtraction operation is not defined on the set N, this relation (expressing in
terms of the addition operation in which N provides the closure property) can be
rewritten in the form of

(a,b) = (c,d) ©a+d=c+b (Bz)

It is easily shown that this is an equivalence relation on N x N. Therefore,
ordered pairs (0,2), (1,3),(3,5), (4,6),...(n,n+2)... represented by -2 are equivalent.
Now, owing to the (Bz) equivalence relation, the structure required to define the set
of integers Z is formed.

The set of equivalence classes of the (Bz) relation is called the set of integers
and is denoted by Z.

That is, integers are a set of equivalence classes, established with the equivalence
relation (Bz) on NxN, and

[a, b] ={(x, y) € NxN: (a, b) = (x, y)} = {(x, y) ENxN: a+y=x+b} (D2)
The equality of equivalence classes for a,b,c,d € N is in the form of
[a,b]=[c,d] © (a,b) = (c,d) a+d=c+b. For example,

...=[4,6]=[3,5]=[2,4]=[1,3]=[0,2]={(x,y) € NxN: y=x+2}={(0,2), (1,3), (2,4),
(n,n+2),..}
) }...:[4,4]:[3,3]:[2,2]:[1,1]:[0,0]:{(x,y) eNxN: y=x}={(0,0), (1,1), (2,2), ...(n.
n,...
..=[6,4]1=[5,3]=[4,2]=[3,1]=[2,0]={(x,y) € NxN: y+2=x}={(2,0), (3,1), (4,2),
..(n+2,n),..}.
Considering the equations here, for example, each equivalence class [2,0], [3,1],
[4,2], ... are the same integer and represent the set {(2,0),(3.1), (4,2),...(n+2,n),...}.
Since (a,b) € [a,b], actually each element of the equivalence class {(2,0),(3,1), (4,2),.

. ....(n+2,n),. . ...} represents this (integer) set. Considering that the ordered pair (a,b)
was defined by the numbers a-b before, the above equations

-2=0-2=[0,2]={(0,2), (1,3), (2,4),...,(n,n+2),..}
0=0-0=[0,0]={(0,0), (1.1), (2.2),...(n. n),...}
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can be rewritten as 2=2-0=[2,0]={(2,0), (3.1), (4,2),...(n+2,n),...}. Here, even
though the element (2,0) is chosen to represent the set {(2,0), (3,1), (4,2),...(n+2,n),...},
the representatives (3,1) or (4,2) could be chosen.

With the equivalence relation (Bz) on NxN, the set Z is defined as Z={[a,b]:(a,b)
€ NxN} and the elements of Z are called integers.

DEFINITION: An operation defined in the set of equivalence classes is well-
defined if it does not depend on the representative chosen to represent the equivalence
class.

The addition and multiplication (binary) operations defined for Z are well
defined in Z. To explain this through the addition operation, for the integers a=[(a,b)],
a=[(a',b"], y=[(c,d)] and y'=[(c',d")], when o=a' and y =v', itis a + y =a' + y'. That is,
the result of the addition with representatives chosen from the classes is independent
of the representative choice, it does not change.

The presence and uniqueness of the inverse element is an important feature of
the addition on Z. For each a €Z, there is only one o' that satisfies the equation o + o'
=o'+ a=10,0]. Ifa = [c,d], then a' = [d,c]. Because of this property, the inverse of
the element a is written as - a and this element is called the additive inverse of a. So
the inverse of [c,d] is [d,c], and -[c,d] = [d,c]. Thus, subtraction in Z, [a,b] -[c,d] =
[a,b] + [d,c], is easily defined by addition and Z is closed under subtraction.

By matching each integer [a,b] equivalence class (with a suitable embedding
function) to the number a-b, we can set the set Z, which includes N, to the usual {.....,-
2,-1,0,1,2, ...} representation is obtained.

Rational Numbers

Integers can be added, subtracted and multiplied, but division cannot be
performed. Considering the integers and the properties of operations defined in
integers, we will define the set of rational numbers that are closed under division. Let's
define a/b, which is not in integers, as a, b € Z, for now (a, b). Then, since 2/3 = 4/6
it must be (2,3) = (4,6), which we know is not true. To make this representation
meaningful, we want the ordered pairs (2,3) and (4,6) to be equivalent. It is necessary
to find the relation that will provide this equivalence by considering the relationship
between the pairs. It is easy to see what the relation between the pairs (2,3) and (4,6)
can be from the equation 2.6 = 3.4. By generalizing, for Z*=2\{0} and (a,b) and (c,d)
€ ZxZ*, this relation can be expressed in the format,

(a,b)=(c,d)= a.d=b.c (BQ)

It is easily shown that this is an equivalence relation on ZxZ*. Therefore, ordered
pairs (2,3),(4,6), (6,9), ..., (2n,3n),... represented by 2/3 or 4/6, are equivalent.

Definition: The set of equivalence classes of the relation (BQ) is called the set
of rational numbers and this set is denoted by Q.
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That is, rational numbers are a set of equivalence classes constructed with the
equivalence relation (BQ) on ZxZ*, and represented by

[a, b] = {(x, y)€ Zx Z*: (a, b) = (X, y)}= {(X, y) € Zx Z*: a. y=b. x} (DQ)
Fora,c€ Zandb, d € Z* [a,b]=[c,d] « (a,b) =(c,d) & a. d=b.c
For example,

...[-6,-10]=[6,10]=[-3,-51=[3,5]={(x,y) = ZxZ*: 3y=5x} = {(3.5), (-3,-5),
(6,10),...,(3n,5n),...}

...[-10,-6]=[10,6]=[-5,-3]=[5,3]={(x,y) €ZxZ*: 5y=3x} = {(5,3), (-5,-3),
(10,6),...,(5n,3n),...}.

Reminding that (a,b) is defined with a/b, 3/5=[3,5] = {(3,5), (-3,-5), (6,10),...,(3n,
5n),...} can be written as a rational number. Here, for the representation of the set
{(3,5), (-3,-5), (6,10),...,(3n,5n),...}, it could be chosen the ordered pair (-6,-10)
instead of the ordered pair (3,5).

We define the equivalence relation (BQ) on ZxZ* as the set Q={[a,b]:(a,b) €
ZxZ*} and call the elements of R as rational numbers.

The addition, multiplication, and subtraction (binary) operations defined for Q
are well defined in Q. To explain this through multiplication, for the integers o =
[(a,b)], o' =[(a",bY)], y = [(c,d)] and ¥' = [(¢',d"), while . = &' and y =, it is o.y = a.'y.'
That is, the result of multiplication with the representatives chosen from the classes is
independent of the representative selection, it does not change.

The presence and unigqueness of the inverse element from the properties of the
multiplication on Q is an important feature. For each o € Q\[0,1], there is only one o'
that satisfies the equation o' = o' a.=[1,1]. If a = [c,d], then a'=[d,c]. Because of this
property, the inverse of a € Q is written as a-1 and this element is called the
multiplicative inverse of a. So the inverse of [c,d] is [d,c], and [c,d]-1 = [(d,c)]. Thus,
division in Q, [a,b]/[c,d]=[a,b].[c,d]-1=[a,b].[d,c], is easily defined by multiplication.
Except for the equivalence class [0,1], every rational number has a multiplicative
inverse.

By matching each rational number [a,b] with the number a. b-1=a/b (with the
help of a suitable embedding function) of the equivalence classes, the set Q={a/b:
a,b€ Z, b#0} containing the set Z is structured.
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Ek
Rasyonel Sayilarin Yapilandirilmasina Yénelik Ozet Bilgi
Denklik Bagintisi

Bos olmayan A ve B kiimelerinin kartezyen ¢carpimi AxB={(a,b) | a€A ve beB
-| } kiimesidir. Bir kartezyen ¢arpiminin her altkiimesi bir bagintidir. Bog olmayan bir
A kiimesinin kendisiyle kartezyen carpimi  AxA ile gosterilir. BEAXA ise, f A
kiimesi tizerinde bir bagintidir denir. (X,y) € B ise, p bagmtis1 x ile y elemanlar1
arasindaki iliskiyi gosteren bir kuraldir. Bir kiime iizerinde yansima, simetri ve
gecisme Ozelliklerine sahip bagintilara, denklik bagimntilari denir. B, A kiimesi
tizerinde bir denklik bagintisi ve (X,y)€P ise x ile y P bagintisina gore denktir
(esdegerdir) denir ve x=y seklinde yazilir. B denklik bagintisina gore, x’e denk olan
biitiin 6gelerden olusan kiimeye x &gesinin denklik sinifi denir ve bu smif [x]
simgesiyle gosterilir. [x]={y | (x,y) €B}. A kiimesinin denklik siniflar1 i¢in asagidaki
ozellikler gecerlidir:

D1) iki denklik siifi ya birbirine esittir ya da ayriktirlar.

D2) A kiimesinin her 6gesi bir ve yalnizca bir denklik sinifina aittir.

D3) Denklik siniflarinin birlesimi A kiimesine esittir.
ikili islemler

A#0 ve A c B igin, A {izerinde verilen bir * ikili islemi * : AXA—B ile verilen
tamml bir fonksiyondur. Oyleyse, * islemi, her (X,y)EAXA sirali ikilisinin B
kiimesindeki bir tek z elemant ile eslesmesi ile, *: (x,y)— z= x*y, bi¢iminde ifade
edilir. Ornegin * islemi + (toplama) islemi olarak almirsa ve A=B=N secilirse, +
islemi A=N {izerinde bir ikili islemdir. +:NxN—N islemi sonucu (m,n) ENxN igin
m+neN olur (islemin kapalilik 6zelligi). Diger taraftan ¢ikarma islemi N kiimesi
tizerinde bir ikili islem degildir ¢iinkii - : NxXN—N, yani - :(m,n)—m-n ile tanimli
olan iglem sonucu m<n iken m-n & N olur. Diger bir deyisle, N kiimesi — iglemine
gore kapali degildir.

Tam Sayilar

Dogalsayilar kiimesi N, kiimeler kurami ile ya da Peano aksiyomlariyla
yapilandirilarak kurulabilir ve N kiimesi toplama + ve carpma * iglemine gore kapal
oldugundan, bu iki iglem kullanilarak N iizerine bir aritmetik gelistirilir. Ancak her
a,b € N i¢in, a<b durumunda b+x=a denkleminin N kiimesinde bir ¢oziimii
olmadigindan, bu denklemin ¢6ziimiiniin var ve tek oldugu, N yi kapsayan, bir kiime
bulmaya gereksinim duyulur. NxN {izerinde tamsayilar kiimesi Z yi yapilandirmak
icin su sekilde akil yiirtitebiliriz; denklemin ¢6ziimii olan a-b sayist (a,b) sirali ikilisi
ile temsil edilsin. Yani a-b=(a,b) tanimmi yapalim. Ornegin -2=(3,5) esitliginin
anlami, 5+x=3 denkleminin ¢6ziimiiniin -2 sayisi oldugudur. Yalmz burada bir
noktaya dikkat etmek gerekir. -2 sadece 5+x=3 denkleminin degil, ayrica 6+x=4,
7+x=5 gibi farkl1 bir¢ok denklemin de ¢oziimiidiir, yani tiim bu ¢oézlimler birbirine
esit olmalidir. Bu durumda (3,5), (4,6), (5,7) sirali ikilileri, verilen denklemlerin
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¢coztimleridir ve yapilan tanima gore herbiri -2 sayisina esittir. Diger taraftan (3,5),
(4,6), (5,7) swrali ikilileri birbirine esit degildir. Bu temsili anlamli kilmak i¢in (3,5),
(4,6), (5,7) swali ikililerinin birbirine denk (esdeger) olmalarimi isteyecegiz. Bu
denkligi saglayacak bagmtiyr bulmak icin, oncelikle ikililer arasindaki iliskinin ne
oldugunu bilmek gerekir. Basitge (3,5) ve (4,6) ikilileri arasindaki iliski gozetilirse,
3-5=4-6 esitliginden aranan iliski (bagint1) kolayca elde edilir. Genelleme yapilarak
bu bagint1, (a,b) ve (c,d) € N xN olmak iizere, (a,b) = (c,d)=a-b=c-d bi¢iminde ifade
edilir. Ancak, N kiimesi lizerinde ¢ikarma iglemi tanimli olmadigindan, bu bagmnti (N
nin kapalilik 6zelligini sagladigi toplama islemi cinsinden ifade ederek)

(a,b) = (c,d) ©a+d=c+b (Bz)

bagintis1 bigiminde yeniden yazilabilir. Bunun N x N tzerinde bir denklik
bagintis1 oldugu kolayca gosterilir. Bu sebeple -2 ile temsil edilen (0,2),(1,3),(3,5),
(4,6),...(n,n+2)... siralt ikilileri birbirine denktirler. Artik (Bz) denklik bagintisi
sayesinde Z tamsayilar kiimesini tanimlamak i¢in gereken altyap1 olusmustur.

Tanim: (Bz) bagintisinin denklik siniflar1 kiimesine tamsayilar kiimesi denir ve
Z ile gosterilir.

Yani tamsayilar, NxN {izerinde (BZ) denklik bagintisi ile kurulan,
[a, b] = {(x,y) € NxN: (a, b) = (x, y)} = {(x, y) ENxN: aty=x+b}  (Dz)

ile tanimlanan denklik siiflarinin olusturdugu bir kiimedir. a,b,c,d € N igin
denklik siniflarinin esitligi

[a,b]=[c,d] & (a,b) = (c,d) ©a+d=c+b seklindedir. Ornegin,

...=[4,6]=[3,5]=[2,4]=[1,3]=[0,2]={(x,y) € NxN: y=x+2}={(0,2), (1,3), (2,4),
(n,n+2),..}

( .)..:[}4,4]:[3,3]:[2,2]:[1,1]:[0,0]:{(x,y) eNxN: y=x}={(0,0), (1,1), (2,2),
..(n.n),...

..=[6,4]=[5,3]=[4,2]=[3,1]=[2,0]={(x,y) € NxN: y+2=x}={(2,0), (3,1), (4,2),
..(n+2,n),..}.

Buradaki esitlikler gozetildiginde, 6rnegin birbirine esit olan [2,0], [3,1], [4,2],
... denklik siniflarinin her biri aym1 tamsayidir ve {(2,0),(3,1), (4,2),...(n+2,n),...}
kiimesini temsil ederler. (a,b) € [a,b] oldugundan ashnda {(2,0),(3,1),
(4,2),...(n+2,n),...} denklik sinifinin elemanlarindan her biri bu (tamsayi) kiimenin
birer temsilcileridir. Daha once (a,b) sirali ikilisinin a-b sayisiyla tanimlandigi
gozetilerek, yukaridaki esitlikler

-2=0-2=[0,2]={(0,2), (1,3), (2,4),...,(n,n+2),..}
0=0-0=[0,0]={(0,0), (1,1), (2,2),...(n.n),..}
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2=2-0=[2,0={(2,0), (3,1), (4,2),...(n+2,n),...} biciminde tekrar yazilabilir.
Burada 2 tam sayisi olan {(2,0), (3,1), (4,2),...(n+2,n),...} kiimesini temsilen (2,0)
elemant segilse de 2 tamsayisi icin (3,1) ya da (4,2) temsilci secimleri yapilabilir.

NxN iizerindeki (Bz) denklik bagntis1 ile Z kiimesi Z={[a,b]:(a,b) € NxN}
olarak tanimlanir ve Z nin elemanlarina tamsay1 ad1 verilir.

TANIM: Denklik siniflar1 kiimesinde tanimlt bir islem, denklik sinifini temsil
etmek iizere secilen temsilciye bagli degilse, o islem iyi tanimlidir.

Z i¢in tanimlanan toplama ve ¢arpma (ikili) islemleri Z i¢inde iyi tanimlanmustr.
Toplama islemi lizerinden agiklamak gerekirse, Z kiimesinden segilen a=[(a,b)],
a=[(a",b"], y=[(c,d)] ve y'=[(c',d")] tam sayilar1 i¢in a=a' ve y= 7' iken o + y = o'+ y'
olur. Yani, smiflardan secilen temsilcilerle yapilan (siniflar arasi) toplama isleminin
sonucu, temsilci segiminden bagimsizdir, degismez.

Z iizerindeki toplamanin &zelliklerinden ters elemanin varligt ve tekligi 6nemli
bir 6zelliktir. Her bir o €Z i¢in, o + o'= o '+ a = [0,0] esitligini saglayan bir tek o
vardir. a =[c,d] ise a'=[d,c] olur. Bu &zellikten dolayi, o elemaninin tersi - a olarak
yazilip bu elemana a nin toplamsal tersi ad1 verilir. Yani [c,d] elemaninin tersi [d,c]
dir ve -[c,d]=[d,c] olur. Béylece Z de ¢ikarma islemi, [a,b]-[c,d]=[a,b]+[d,c], toplama
islemi sayesinde kolaylikla tanimlanmis olur ve Z ¢ikarma islemine gore kapalidir.

Tam say1 olan her bir [a,b] denklik sinifinin (uygun bir gdmme fonksiyonu ile)
a-b sayisi ile eslestirilmesiyle, N kiimesini kapsayan Z kiimesinin alisik oldugumuz
{....,-2,-1,0,1,2,...} gosterimi elde edilir.

Rasyonel Sayilar

Tamsayilarda toplama,gikarma ve ¢carpma islemleri yapilabilir ama b6lme iglemi
yapilamaz. Tamsayilart ve tamsayilarda tanimlanmis islemlerin 6zelliklerini bilerek
bolme islemine gore kapali olan rasyonel sayilar kiimesini tanimlayacagiz.
Tamsayilarda olmayan a/b yi ab €Z olmak iizere simdilik (a,b) ikilisi olarak
tanimlayalim. O zaman 2/3=4/6 oldugundan (2,3)=(4,6) olmali, ki bu son esitligin
dogru olmadiginmi biliyoruz. Bu temsili anlamli kilmak i¢in (2,3) ve (4,6) siral
ikililerinin birbirine denk (esdeger) olmalarini isteyecegiz. Ikililer arasinda nasil bir
iligki oldugunu gozeterek bu denkligi saglayacak bagintiy1 bulmak gerekir. (2,3) ve
(4,6) ikilileri arasindaki bagintinin 2.6=3.4 esitliginden ne olabilecegi kolayca
goriiliir. Genelleme yapilarak, Z*=Z\{0} ve (a,b) ve (c,d) € ZxZ* olmak iizere, bu
bagint

(a,b)=(c,d)o a.d=b.c (BQ)

bi¢iminde ifade edilir. Bunun ZxZ* iizerinde bir denklik bagintis1 oldugu
kolayca gosterilir. Bu sebeple 2/3 ya da 4/6 ile temsil edilen (2,3),(4,6), (6,9), ...,
(2n,3n),... siral1 ikilileri birbirine denktirler.

Tanim: (BQ) bagintisinin denklik simniflar1 kiimesine rasyonel sayilar kiimesi
denir ve bu kiime Q ile gosterilir.
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Yani rasyonel sayilar, ZxZ* iizerinde (BQ) denklik bagintis1 ile kurulan,

[a, b] ={(x, y)€ Zx Z*: (a, b) = (x, y)}= {(X, y) € Zx Z*: a.y=b.x} (DQ)

ile gosterilen denklik siniflarinin olusturdugu bir kiimedir. a,c € Zve b,d € Z*
igin

[a,b]=[c,d] < (a,b) = (c,d) © a.d=b.c olur. Ornegin,

...[-6,-10]=[6,10]=[-3,-5]=[3.5]={(x,y)  ZxZ*: 3y=5x} = {(3,5), (-3,-5),
(6,10),...,(3n,5n),...}

...[-10,-6]=[10,6]=[-5,-3]=[5,3]={(x,y) €ZxZ*: 5y=3x}
(10,6),...,(5n,3n),...}.

(a,b) ikilisinin a/b ile tamimlandiginm1 hatirlatarak 3/5=[3,5]= {(3,5), (-3,-5),
(6,10),...,(3n,5n),...} rasyonel sayis1 olarak yazilabilir. Burada {(3,5), (-3,-5),
(6,10),...,(3n,5n),...} kiimesini temsilen (3,5) siral1 ikilisi yerine (-6,-10) sirali ikilisi
de secilebilirdi.

ZxZ* iizerindeki (BQ) denklik bagintist ile Q={[a,b]:(a,b) € ZxZ*} kiimesi
olarak tanimliyor ve R nin elemanlarina rasyonel say1 adim veriyoruz.

{(5’3)’ (_5!_3)!

Q i¢in tanimlanan toplama , ¢arpma ve ¢ikarma (ikili) islemleri Q iginde iyi
tanimlanmistir. Carpma iglemi lizerinden agiklamak gerekirse, a=[(a,b)], a'=[(a’,b")],
v=[(c,d)] ve y'=[(c',d")] rasyonel sayilar1 i¢in o=a' ve y=v' iken a.y = o'.y" olur. Yani,
smiflardan segilen temsilcilerle yapilan (siniflar arasi) ¢arpma isleminin sonucu,
temsilci segiminden bagimsizdir, degismez.

Q lizerindeki ¢arpmanin o6zelliklerinden ters elemanin varlig: ve tekligi dnemli
bir 6zelliktir. Her bir o €Q\[0,1] i¢in, a. o'= o' a.=[1,1] esitligini saglayan bir tek o
vardir. a =[c,d] ise a'=[d,c] olur. Bu 6zellikten dolay1, o € Q elemaninin tersi a-1
olarak yazilip bu elemana o nin ¢arpimsal tersi ad1 verilir. Yani [c,d] elemaninin tersi
[d,c] dir ve [c,d]-1=[(d,c)] olur. Béylece Q’da bolme islemi, [a,b]/[c,d]=[a,b].[c,d]-
1=[a,b].[d,c], carpma islemi sayesinde kolaylikla tanimlanmis olur. [0,1] denklik
smifi disinda her rasyonel sayinin ¢arpimsal tersi vardir.

Rasyonel sayi olan herbir [a,b] denklik siniflarinin (uygun bir gémme
fonksiyonu yardimiyla) a.b-1=a/b sayisiyla eslestirilmesiyle Z kiimesini kapsayan Q
kiimesinin alisik oldugumuz Q={a/b: a,b€ Z, b#0} gosterimi elde edilir.



