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Abstract In this study, we calculated all reduced primitive bmary quadratic forms which are
F =xf+xx, +82F &, =2xf+xx +4xf, &) =2xf —xx +4x3 We find the theta series Bg,

Eisenstein part of @4 and the generalized theta series which are cusp forms by computing some spherical functions
of second order with respect to Q . We obtain a basis of the subspace of S,;[l"nnijail“l] Explicit formulas are

obtained for the number of representations of posmve integers by all direct sum of three quadratic forms
= .rl + xyx, + Ei.r- , Py = 2x +xa; + -4.r- By =230 —xa, + 4.r-
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1.INTRODUCTION

Modular forms have played an significant role
in the mathematics of the 19th and 20th
centuries, mostly in the theory of elliptic
functions and quadratic forms. Quadratic forms
occupy a central place in number theory, linear
algebra, group theory, differential geometry,
differential topology, Lie theory, coding theory
and cryptology.

In this study, we focus on how to find a
formula which solve problem of representation
numbers of quadratic forms with discriminant
—31. AIl calculations have been done by
Maple.

Here, we will follow the method described in
[1.2.6] to determine the number of
representations of some direct sum of quadratic
forms of discriminant —31.

Let & be a negative integer such that

ﬂ_r}d if d=2,3mod4
“ldif d=1mod4

where d is square-free integer. It is called
fundamental discriminant. Let »{n; Q) denote

the number of representations of n by Q.

Let #{m;@)} denote the number of
representations of n by Q. It is known that
there exists a ont-to-one correspondence
between SL(2,Z) equivalence classes of
positive definite binary quadratic forms

Q= ax’ + bxy + .:'}-':

with integral coefficients of fundamental
discriminant & and ideal classes of imaginary

quadratic field @(+/d). In this correspondence,

the number +{n: @} of representations of
integer n by Q

g=mn

is equal to the number w of roots of 1 in
Q(+/d) times the number of ideals in the

corresponding ideal class of norm n. Let

=

Oglq) = Z q@xa? =Z rin: @) g"

(x.yeZ=xD n=0

be the theta function associated to positive
definite quadratic form Q.

In this formulas <, can be replaced by its
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It is known that it is a modular form of weight
1 with Dirichlet character

-0

expressed by Kronecker symbol. In fact it is
Legendre symbol if a is an odd prime.

There exist 3 inequivalent classes of binary
quadratic forms of discriminant —31 whose

reduced primitive binary quadratic forms are
k= .rf +xyxp + E.r§

&, = 2x1 + xx, + 4al

& =2x] — xyx, + 4xd

Here, F is the identity element. @ is the
inverse of &,.

Since —31 is prime number then there is only
one genus, i.e., the principal genus.

F,, %, denote the k direct sum of F.%;
respectively for k& = 1. These binary quadratic
forms form a group whose order is 3 such that

e, 2f=9 ¢l =F
In this paper, formulas for r{n: @} are derived
for any positive integer associated tot he

following quadratic forms

Q=F. %, F8%;, &P, F; &Py,

1. The theta function

inverse &;.
2.POSITIVE DEFINITE FORMS

Let @ = ax®+ bxy + ey?. A binary
quadratic form is primitive if the integer a, b
and c are relatively prime. Moreover, if
A=k —4dac = 0anda = 0 then Qx.v) is
positive definite. My (I (N). ¥,) denotes the
space of modular forms on I (V') of weight k,
with character ¥s. Si.2(T(ND, v4) denotes

the space of all cusp forms of weight k, with
character y4. Definition 1 Let Q be a positive

definite quadratic form of 2k variables

IH
Q = Z EJ[J'I[IJ'JEJU =
1sisj52k

and the matrix A defined by

ﬂ-[[ = 2&[[_. ﬂ-_i'[ = ﬂ-l_l = bl:_i- fﬂ'?" i ::_J
Let D be the determinant of the matrix A and
A;; the cofactors of A for 1 =<ij= 2k If

§ = ged {ﬂ,.-fj[j- forl=ij= Ek), then

N ==§ is the smallest positive integer, called

the level of Q, for which N4~ is again an
even integral matrix like A. A = (—1)*D is
called the discriminant of the form Q.

Theorem 1 Let @:Z* —= I be a positive
definite integer valued form of 2k variables of
level N and discriminant 4. Then

05(q) = Tinnyngiezeznnnz @0 =1 + T2 rln: Q) q°. g = 2™ (%)
is a modular form on I;(N) of weight k and character x,, i.e., 8, & M;(I(N), x,), where

xa0d) = (3) d € (Z/NT)*, E:I is the Kronecker character.

. . . . Agj
2. The homogeneous quadratic polynomials in 2k variables ;; = x;x; — i?’ 20,1 =ij =2k

are spherical functions of second order with respect to Q. (**)

3. The theta series @, (g) = ELL{EQ:F_ cpl-j-}q“ isacusp formin S, (VD) xad. (***)

4. If two quadratic forms @,.Q; have the same level N and the characters y,(dJ.y,(d)
respectively, then the direct sum @@, of the quadratic forms has the same level N and the

character y,(d). y,(d).
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Now, let’s look at the positive definite
quadratic forms of discriminant —31.

1- For the guadratic form
F =xf+x,x +8x3,

5 ,. 2 1 X
2F, = 2x2 + 2x,%, + 16x2 = (.r,_,x::l{l 16)(){;)
the determinant of the matrix and cofactors are
D = 31;;’411 = lﬁ‘_..n'qi: :H:l = _l_u.n'q:: = 2.
So & = 1. = D = 31 and the discriminant is
A =(—1)*%31 = —31. The character of £ is
the Kronecker Symbol y(d) = (_n).

g
2. For the quadratic form

$, =2x] + xyx0 + 423,

29, = 4x? + 2,00, 4 823 = (e xy) (f é) {ii.)

the determinant of the matrix and cofactors are
D=31,4,, =84, =4, = —-14,, =4,

So & = 1.N = D = 31 and the discriminant is
A =(-1)%?31=-31. The character of

®, is the Kronecker Symbol y{d) = (_:1)'

Consequently, F;.&, are quadratic forms

whose theta series are in M, (rD (311(—;1)}

Hence F;. %, . F &%, are quadratic forms
whose theta series are in M, (L,(31)).
Obviously there are only two inequivalent
cusps ice and 0 for I (31),

Theorem 2 Let Q be a positive definite form of
2k variables, k& = 4.6,8, ..., whose theta series

By is in M (T, (p)), p prime, then the
Eisenstein part of @ is
Elg: Q) =1+ 27 laoy_,(n) g™ + Bop_, (n) g¥")

Where
I pI-C_':_I:I-C
T e P
_ 1 pk_ikph
B = s

kiz (k-1
g = (=1)% mf{k:]

Corollary 1 Let Q be a positive definite
quadratic form of 8 variables whose theta

series @ is in M, (I, (31) ), then the Eisenstein

part of EﬂQis
Elg: ) =1+ %7, (aa(n) g™ + fo(n)g®™)

Where
3l 1
P =l @ =1
1f-1 120
o = 240 —
-1 481
3 = 240 ar*-zf  uisaze
T ey T oam

3.SELECTION OF SPHERICAL
FUNCTIONS

In order to find the generalized theta series
corresponding to spherical functions, we will
determine the sphericalfunctions of second
order with respect to Q, see[3.9].

1.For the quadratic form
2F, = 2xf +2xyx, + 16x3 + 223 + Zugxy + 163

2 1
1 16
= {-r]_.lx:.l-r!.lxd_:]( ':I U
o 0

[ L= =]
= Lo T
ml—l

e

the determinant 0 = 317, 4,, = 16.31.
Wy S XXy — :}_EF" =x; ——F

which will be spherical function of second
order with respect to F;.

2.For the quadratic form

2, =4xl + 2y w0, + Gxd +4xl + 2a,x, + Bxl

4 1 0 0
_ 1 8 00
= {_rl,.r:.--rg.--ri:]( 0 0 4 1):

o 0 1 8

the determinant
D =312, 4, =831, 4,, = -31
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1"411. a 1 ==

Pu=HM Ty T e O _Z Z 31x] — 4,

1‘41: 1 24044 31 i\ &

Pyg = Xyx3 — 7 5 24, —xlx:+E¢': 1=1 4 Fp=n

which will be spherical functions of second 1 i Z
= — 2 N -
order with respect to #;. Q2042 624 | 2 62x 3, + @,

n=1 \ Fy=n

3.For the quadratic form

L&
20F, @ &,) = 2x7 + 2x,x, + 16xF + 4xF + 2x,x, + 8x3 Birme oy = EZ

2 1
:(_rl,x:,xg,x;t:](jh 1
0

Birme, i, = Z ( Z 62x,x; +(F, @ @)

= o O
Ll ol = =
=l
'\"-\.‘_‘_:_-_'_,.F"

the determinant L
D= 31 An = 16.31, Al" = 3L, A!! =83l @':FiEéif'.i‘Jzz ZEZ (Z 31x§ - ‘}(FL & q:']_:]
. n= f-'::i’!

14 ., 8
pu=xir - 2R @) =xl - (R @)
Proof. The series are cusp forms because of
Theorem 1.
Therefore, the generalized theta series
associated to spherical functions can be

14, 1
Pz = X% —;FE{FL @ &) =xx; +6_7(Fi. @ 2y

Paz = X% _%%Q{FL @ e,) =2l %{pi @ &) calculated as follows:
which will be spherical functions of second 1w i
order with respect to (F, & &, ). Orpy, = HZ Z 31x; - BF,
Now, we will construct a basis of a subspace n=L A Fp=n
54{1",_,{31]} of dimension 6. The general
information about the modular forms 1 i
M (L,(ND. ¥) of weight k of the group T (V) = HGUQ +60g° + 120g* + 300g° + )
with Dirichlet character ¥ and the cusp forms
Se(L (V). x) of weight k of the group T (N) _
ith Diri iven i - 1
YVIth Dirichlet character ¥ are given in details B, 0., = Z Z 312 — 46,
in [5.3,4.8]. ®314d =,

Theorem 3 The set of the following

generalized 6 generalized theta series is a .

basis of the subpace of 5,(T,(31) ) spanned by = 57 (30¢% — 4g* — 189 — 68° ~ 26¢7 + )
all generalized theta series of the form (**)

induced by spherical functions of the form

(***)_ 1 =
E'%':.i‘h: = G2 Z Z ﬁ'?-ri-r" + ¢"‘
= n=1
1 .
Eaf-‘:.i‘-"n :ﬁ (Z 313’{— EE.)
n=1 Y\ F=n

Fa=n
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1 3 -
=37 4" +169° - 52¢° + 24¢° - 20¢7 + )

1 .
B me)0, = HZ ( Z xi-8(F @ C]J,_])
m=1 | F=n

1 A .
= a(‘l-ﬁq —32¢% +28g% + 120¢* — 116 g% + 2364° — 11297 + )

1 =
@':;1E¢'13.$1: =Ez <Z 52-"1-’5: +{'Fi. & ¢'Lj)
n=1\ Fa=n

1 \ o -
=ﬁ(q +2g% + 6% + 8g% + 159% + 24° + 7" + )

n=1\ F;=n

1% ,
Bir, @, ZEZ ( Z Nxi-4(F B ‘:]31.])

1 . .
= i(—ﬂq +46g% + 76q° — 64q* — 58¢° + 56¢° + 67 + )

4.CONCLUSION

According to (*) we can obtain
Or =14+2q+2g% + and
Os, =1+29% +2¢° +2¢° + 2¢7 + -,
Then we can obtain theta series of quadratic
fOI’mS 'Ei--' ¢4.-F1$¢'EJE @¢:;F2 @'C]:'l by
direct sum of @z and ©s,. By subtracting
any one of these theta series by Eisenstein
series, we get a linear combination of the
generalized theta series.

r(n; Q) = B,y(g) — E(g; Q) =

ITlE‘f":_‘.‘i':u{r'?:l + I:':a‘f':_i‘i'ii{ql:] + I:'Ea‘f':_i‘i'i:{q':] +c,0

By equating the coefficients of g™ in both
sides for n = 1,2,3.4,5,6,7 , we can find out
£y.C7,Cq. Cg. CaCg.

From these identities, we get the formulas for
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‘f'i_‘.‘i':u{r']':| + ':'5@?15*'1_?31:':#:' + Cﬁa?ﬁ*i_‘ﬂzz{qj

rim Blrin @) rin E@d ) rin E@d, ). rin R@e, )

(See [6])
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