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The Number of Representations of Positive Integers
by Some Direct Sum Of Binary Quadratic Forms With

Discriminant-103

Baris KENDIRLI'

Abstract

A basis of a subspace of S, (F0(103)) has been found by means of generalized theta series

associated to the direct sums of the quadratic forms x? + x,x, + 26x3, 2x% + x,x, + 13xZ,

4x? + 3x,x, + 7x3 .
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1. Introduction

Let’s obtam a formula for the number of

representation

r(Q,n) = #{(x,y) € ZxZ:x* + y*> = n}
of a positive integer n by quadratic form
Q(x,vy) = x*+ y?. For this, we calculate the
theta series

0,(q) = Z q" Z qm

nez MEeZ (11)

— Z qn2+m2

nmez

=1+ Zr(Q,n)q",q = e?™7, Imt > 0.

nez
It is known that it is a modular form of weight
1 for the group

[, (4) with character y_,.
Here y_, is the Dirichlet character modulo 4
determined by

1-13->-1.

On the other hand, it is known that the space
of modular forms of weight 1 with character
X_4 1s one dimensional and generated by the
Eisenstein series

%L(O,)(_Q + 2 ZX_4 @ |q™

n=1 \ d|n
where the L-function

Loy = Y 2

n

n=1
defined for Res > 0 and can be analytically
continued to the whole plane as holomorphic

function.It can be shown that L(0,x_,) = %

Hence

®Q (@)
=4

+

-1
-z |q"
n=1 \d|n d is odd

11
2 2

a1
<Dz |q7,
n=1 din d is odd
consequently, we obtain the simple formula
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r(Q,n)
— 4 Z (_1)612—1 - (12
din d is odd
The immediate generalization to positive
definite binary quadratic form Q of this
formula is given by Dirichlet for discriminants
A with class number h(A) = 1 as follows:

=3

dn
6 for A= -3
= {4 for A = —4.
2for A< —4

The determination of (Q,n) can be obtained
by convolution products as in [1], [2] and
[3].But in this paper, we will obtain similar
simple formulas as extensions of the work [4],
[5] and [6] for direct sums of four positive
definite quadratic forms of discriminmant
—103.

Since the class number of Q(\/—103) s 5,
there exist 5 nequivalent classes of binary
quadratic forms of discriminant —103 whose
reduced forms, the ideals their norms and the
corresponding complex numbers in the
standard fundamental domain of SL(2,Z) can
be calculated easily as

F, = x? + x,x, + 26x2, [1,%]

1+ V103
l1+l =0

—-103”

iv103
2

1+iv103 -1
o

lz -1+ i\/103l
' 2

&, = 2x2 4+ x,x, + 13x73,

1+iv103
2,1 +T ,

980

1+ iv103 -1 iv103
Nl 121+ ———||=2, —+
2 4 4
-3+ iv103
W, =4xZ 4+ 3x,x, + 7x3, l4, Tl
1+iv103
_ [4,_2 +1_V],
2
1+ iv103 -3 iv103
Nl|42+——||=4 —+
2 8 8
3+iv103
W! = 4x? — 3x,x, + 7x2, l4, Tl
1+iv103
=41+ —/——2
2
1+iv103 3 w103
N(|41+—""|)=4 2+
2 8 8
Q) =M, =2x—x,x,
1+iv103
+13x2, [2—]
2
1+iv103 1 iv103
N{|2,————|]=2, -+ .
2 4 4

Here @] is the inverse of &,, and they
represent the same integers. Similarly, W] is
the mverse of W, and they represent the same
integers. Therefore, the theta series of @, and
®/ are the same with the theta series of ¥, and
W/ respectively. F, is the identity element.
The group of these quadratic forms is a group
of order 5 and can be described mn the
following way.

Consider
&, = 2x} +x,x,+ 13x2.
ged (2,1,2) =1,



so by Dirichlet composition formula, there
exists unique
bmod 222 =8
such that
b = 5mod4,b? = —103mod4.2.2 = 16.

103 + 52

Cc = T =8

So,

@(xq,x,) =2-2x2 4 5x,x, + 8x2
= 4x% + 5x,x, + 8x7
which is equivalent to
4x? — 3x,x, + 7x3.
So,
®? =Y and ®; = ¢, ¥/
= 8x% + 5x,x, + 4x7
which is equivalent to
4x2 — 5x,x, + 8x3
,lLe.,
P3 =y,

Therefore,

D, 02 =Y, P =Y, dt =P, 5 = F,.
Since 103 is prime, there is only one genus,
Le., principal genus.

Obviously, there are only two inequivalent
cusps ioo and 0 for [,(103). We have the
following important Theorem for the
Eisenstein part of theta series associated to
the quadratic form.

Theorem 1. Let Q be a positive definite form
of 2k variables,
k =446,8,...,

whose theta series ©, is in M, (L), p
prime, then the Eisenstein part of G)Q S

E@Q) =1+ ) (ag,_,(Wq"

n=1
+ fo,_,(M)q"™")

where
. :i_kpk/z _ ik 5 ipk_ l-kpk/z
pe pF—1 " T pr—1 Px
(k —1)!

= (—1)"/2W«k)-
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Proof. See [4].

We immediately

Corollary.

Corollary 2. Let Q be a positive definite form

of 8 variables whose theta series 0, is in
M,(T,(103)),

then the Eisenstein part of 0, i

F@Q =1+ ) (a0,(a"

fﬁlag (M)q”™)

obtain the following

where
3! 1
= — 4 = —_—
= 240 103" -1 _ 240~
=03 =1 V103241
_ 24
" 1061’
— 940 103* —103% _ 1032
b= 1034—1 1032+ 1
= 1032 24
N 1061
and
E(q:F,)=E(qF & o,)
=E(qF, ® d,)
=E(q:F, @ ®,)
=E(qo,)
=E(q:F, ®Y,) =E(q:F, ®VY,)
=E(q:F, ®W¥,)
=E(q:¥,)

—E(q0, Y)=E(q:P,HDY,)
—E(q®, Y, =
—E(q:F, @D, DV, =

24
— n 2 ,103n
1+1061 El(q +103%q ) o5(n)
n=

2 Y g
T T061L. VY1
n=1
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24 249, 2428
~ " TT061 171061 T T 1061 7
24-73 |, 24126

T 7061 7 T 1061
24252

1061

q5

6

q

24 - 344
1061

24-585

7+ +
T 7061 ¢
24-1134

1061
24 -1332

1061

24 - 757
1061

9

q

10

q

11

q

24-2044 242198

1061 7 T 1061
243096

* 1061
24 -3528

1061
24 - 4681

1061

14

q

15

q

16

q

24-4914 . 246813

1061 7 T 1061
24 - 6860

1061
24-9198

1061
24 -9632

1061

19

q

20

q

21

q

24-11988 . 24-12168

1061 7 T 1061
24 -16380

1061
24 -15751

1061

23

q

24

q

25

q

where g;(n) =
{ o;(n)ifn>1and 103 tn
o, (n) + 10320, (n/103) if 103|n’
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1. The Positive Definite Forms

Now we wil give some definitions, an
mportant Theorem and evaluation of our
quadratic forms.

Definition 1. Let Q:Z%* — Z be a positive
definite integer-valued form of 2k variables

2k
Q= Z b;j x;x;,b;; € Z
1<i<j<2k
and the matrix A is defined by
a; = 2by, a5 = a;; = by; for i <j.
Let D be the determinant of the quadratic form

2k
20Q = z a;jX;X;

ij=1
,i.e.the determmant of the matrix A. Let Aij
be the cofactors of a;; for 1<i,j <2k If

§=ged (4,4, for 1<i,j < 2k), then
N: =§ is the smallest positive integer, called
the level of Q, for which

NA™! is again an even integral matrix like

A = (—=1)*D is called the discriminant of the
form Q.

Theorem 1. Let Q:Z** — Z be a positive
definite integer-valued form of 2k variables of
level N and discriminant A. Then 1-the theta
function

0, (@) =

(nyny, Ny )ELXL XL
[o/0)

=1+ ) r(mQ)q"q
n=1

— ezmz
is @ modular form on I,(N) of weight k and
character  x,, ie., 0, € M, (T,(N), xa),

qQ(nl.nz.m,nk)

where
o).
€ (Z

A
/NZ)X,<E> is the Kronecker character.



2 —The homogeneous quadratic polynomials
in 2k variables

_ 4y
Pij _xix‘_ﬁFZQ, 1 (1.1)
<ij<2k
are spherical functions of second order with
respect to Q.
3-The generalized theta series
GQ'(pi]' (CI)
C (12)
= Z z @i 9"
n=1 \Q=n

is a cup form in S, ,(T,(N),xa)-
4-1ftwo quadratic forms Q,, Q, have the same
level N and the characters y,(d), x,(d)
respectively, then the direct sum Q, @ Q, of

the quadratic forms has the same level N and
the character y,(d) - x,(d) [4].

Let
E=F®F, o,=¢,® ¢, ¥,
=Y, 0¥, ,F, ©P,F
OV, P, DY,
be direct sums of the quadratic forms. In this
paper, we will obtain the generalized theta
series determined by the spherical functions
associated to these quadratic forms. Let
F, = F, + - +F, (k times), @,
=P, +
+ @, (k times), ¥,
=¥, + -+ W, (k times)
are k direct sums of the quadratic forms.

By Theorem 1, F,, &,, &,¥,, Wjare
quadratic forms whose theta series are in

M, <r0(1o3), (?))

Therefore, again by Theorem 1
E, o, ;D P|,P, D D, P,
@ o3, 0, ¥V, VY, DY, Y,
v,V o Vv,Y,,

Baris KENDIRLI

F, ®b,F, ® P, F, DD, F, Db,
GB(D;:FZ @ q)lz;Fl @(D3'F1
@q)z @(D,J

FFOD, D DY,F, D DLF, DY,F,
@lpg{le @lPZth @lpl
@l{_]l”Fz @l.IJZ”Fl@LIJS,

F,OY, DY, F,®OY, OV, F, DV, d,
Q¥,P, P, DY, P,
@ (I)IZ GBLP]_;

OL DY, D, DY, D, DD, DY, D,
@ CDIZ @ lp’, q)’3 @ lp]’JCDZ
QY,o,BY,

D, DY, D, DY, D, DD, DY, D,
GO, DY, DY, P, D P,
@LIJZIJ ch @ wl@ LIJ{)

O, OV, OV, VP, ¥, DY,
© o,V OV, D, V;
DD, ¥, DO, Y, DY]
@ P,

VDV, DD, or VD D,F, DD,
@lplr F2 @cD;@Lply F2
PP, DY, K, DD, DY,

FFOD, DY, FFODP, DY, F, D D,
@l{j” F1 @q),2®lpj{lF]_
P, QP DY,

FOP, PO, DY,F, PP, DY, F
DO, DV, F, D,
OV, FF P, DY,

FOP, QY OY ,FOP,OY, Y,

are quadratic forms whose theta series are in
M,(T,(103)).

In this paper, we will obtain the formulas of

r(n; Q) for these quadratic forms
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Now let’s look at the positive definite
quadratic  forms of discriminant -103:

1-For the quadratic form F, = x? +x,x,+
26x2,
2F, = 2x? + 2x,x, + 52x2

= (x,%,) (i 512) (2)

the determmant of the matrix and a cofactor
are
D =103,4,, = 2.
Soéd =1,N =D = 103 and the discriminant
is
A =(-1)??103 = —103.
The character of F| is the Kronecker symbol

—103

x@ = (=)

2-For the quadratic form @, = 2x7 + x,x, +
13x32,
20, = 4xF + 2x,x, + 26x3

= (x4,x,) (41} 216) (2)

the determmmant of the matrix and a cofactor
are
D =103,4,, = —1.
Soéd =1,N=D = 103 and the discriminant
is
A= (-1)¥%103 = —103.
The character of @, is the Kronecker symbol

—103

x@) = (=)

3-For the
3x,x, + 7x3,
2¥, = 8xf + 6x,x, + 14x3

= (x4,x,) (g 134) (2)

the determmant of the matrix and some
cofactors are
A
_3’i =7,

D =103,4, = -3,~

Sod =1,N =D = 103 and the discriminant
is

quadratic form W, = 4xZ +

A =(-1)%2103 = —103.

984

The character of W, is the Kronecker symbol

—103

x(d) = (T)’

Consequently, F,,®,, ®’,¥,, ¥ are quadratic
forms whose theta series are in

M, <r0(103),($)>,

hence by Theorem 1,
EE=F+F, &,=®,+9,, V¥,
=¥, +¥,F +9,F
+¥,o, +¥,
are quadratic forms whose theta series are in

M, (T,(103)).

1. Spherical Functions

Here we will find all spherical functions such
that the corresponding generalized theta series
span all the generalized theta series of the
form 2.4 induced by spherical functions of the
form 2.3.

1-For quadratic form

2F, = 2x? 4 2x,x, + 52x5 + 2x3 + 2x,x,

+ 52x2
2 1 0 0\ /%
Goxoxox)| L 52 0 0 )%
SovmEmeeailo 0 2 1\ xs )
0 0 1 52/ \x

the determinant and the matrix of cofactors are
D

5356 —103 0 0

_ 2 | =103 206 0 0
= 103% 0 0 5356 —103
0 0 —103 206

By putting, 2k =4,Q = F,, and appropriate
i,jin Theorem 1, we get

_, 15356 . 26
P11 = X1 — %1100332 E, =x] _Ws,le'

which will be a spherical function of second
order with respect to F,.



2-For quadratic form
20, = 4x7 + 2x,x, + 26x3 + 4xZ7 + 2x3x,

+ 26x2
4 1 X1
= (epxyxpx)| T 20 Y2 )
X2 X3, Xy 4 1 Xy
1 26 Xy

By putting 2k =4,Q = ®,, and appropriate
i,j m Theorem 1,we get

, 12678 5
P11 = X1 = 77032 2P2 = X1 — 3 P2
1 103
P12 = X1X, +ZW2‘D2
= X%, +ﬁ¢2,
, 1412 5
Pz = X3 _ZWZCDZ =X _mq)z:

which will be spherical functions of second
order with respect to @, .

3-For quadratic form
2(F, @ ®,) = 2x? + 2x,x, + 52x% + 4x?
+ 2x,x, + 26x7

2 1 X1

= (21, Xy X3 %,) 1 52 X2
e 4 1 X3 |

1 26/ \X4

the determinant and the matrix of cofactors are
D

5356 —103 0 0
_ , [ —103 206 0 0
=103% 0 0 2678 —103
0 0 —-103 412
By puttng 2k=4,Q=F & ®,, and

appropriate I,j in Theorem 1, we get

Baris KENDIRLI

152-103

P11 = X1~ o3z 2O D)
=xi- 103(F D @),
1103
P12 = X1X + 21032 —— 2(F @q)l)
=x,%X, + 206(F ® o),
Ppy = X5 — 112(;)3622(F D P,)
=i 103(F D P,
126-103
P33 :x3_ZW 2(F, @ @,)
=%:- 103(F D @),
10
P34 = X3X4t 21032 Z(F EBd>1)
= x3x, + 206(F D D,)
Pus = 32— =22, @ 0,

271032
=X 103(F®¢1)

which will be spherical functions of second
order with respect to F;, & &,.

4-For quadratic form

2¥, = 8x% + 6x,x, + 14x7 + 8x% + 6x3x,

+ 14x2
8 3 X1
= (X1,X,, X3,X,) 3 14 X2 ,
3 8 3 X3
3 14 Xy

the determmant and the matrix of cofactors are

INTERNATIONAL JOURNAL OF ELECTRONICS, MECHANICAL AND MECHATRONICS ENGINEERING Vol.5 Num.4 - 2015 (979-1007) 985



The Number of Representations of Positive Integers by Some Direct Sum Of Binary Quadratic Forms With Discriminant -103

D
1442 —-309 0 0
_ , [ =309 824 0 0
=103% 0 0 1442 —309
0 0 —309 824

By putting 2k =4, Q = ¥,, and appropriate
i,j m Theorem 1, we get

11442

(pll = xlz 41032 ZIPZ = x% _mqu’
13-103
P12 = XX+ 21032 2¥,
, 18-103 5
Prp = X3 — 2 1032 o7 2V, =x5 — mlpz

which will be spherical functions of second
order with respect to v,

5-For quadratic form
2(F, ®Y,) = 2x7 + 2x,x, + 52x7 + 8x3
+ 6x5x, + 14x2

2 1 X1

= (xlleJ x3rx4) 1 52 xz )
8 3 X3
3 14/ \X4

the determmant and the matrix of cofactors are
D

5356 —103 0 0
_ 2 [ =103 206 0 0
= 1035 0 0 1442 -309

0 0 —309 824
By puttng 2k=4,Q=F ©¥,, and
appropriate i, j in Theorem 1, we get
152- 103
P11 = X1 — 2 1032 — 5 2(F, ® ¥,)

26
== T3 O Y,

986

Z(F DdYv)

P12 = X1 X, + 2 1032

1
=x,X,+ 206(F DY),
, 12-103
P22 = X3 — 2 1032 —— 2(FF®&V¥,)

1
= F, Y.),
X3 — 103( dv,)

114 - 103
4 103%

7
= F, V¥,
x3 103( v,

——2(F, VY,

P33 = X3 —

103
4 1032

= Xx;x, + 206(F DY),

—2(F, Y,

P34 = X3Xy T+

18 103

=i~ 103(F O,

which will be spherical functions of second
order with respect to F;, ® ¥;.

6-For quadratic form
2(d, B Y,) =4x2+ 2x,x, + 26x% + 8x3
+ 6x5x, + 14x2

4 1 Xq

= (xllePxSIx4.) 1 26 x2
8 3 X3

3 14/ \*a

the determinant and the matrix of cofactors are
D

2678 —103 0 0
_ , | =103 412 0 0
= 103% 0 0 1442 =309
0 0 —-309 824
By putting, 2k=4,Q=®,PY¥,, and

appropriate I, ] in Theorem 1, we get



1 26 103

13
=x1_m(¢)1®qj1);
1 103
P12 = X1X, + 2 10322(CD oY)
, 126- 14
P22 = X3 — 2 1032 ——5 (>, B Y)
B 182 (0, @),
= %I =032
P23 = XpX3+ ) 1032 Z(CD oY)
=x,x; + 1032(‘13 S W),
, 114-103
P33 = X3 — 2 1032 27( o, DY)
:x3_1_03((b1®l‘p1):
1 10
P34 = X3Xyt 2 10322(CD o ¥,)
18-103
‘P44=x4_Z 1032 2(0, &%)

4
=Xf—m(q’1@q’1),

which will be spherical functions of second
order  with  respect to @, DY,

Now we will determine a basis of the subspace
of S,(T,(103)) spanned by the generalized
theta series of the form 2.4 induced by
spherical functions of the form 2.3. The
dimension of S,(T,(103))is 25[8]
Theorem 1. The following generalized 27
theta series

Baris KENDIRLI

GFZ'(pll (g)

= %32 Z (103x2  (L.1)

n=1F,=n

— 26F,)q™,

er P12 (g)

:ﬁz Z (206x,x, (12)

n=1 F=n

+F)q",

G)q)z:‘Pn (q)

=%z z (103x} (1.3)

n=1 d&,=n

—13®,)q"

G')‘1:’2"1’12 (CI) o

- ﬁi Z 2 o

n=1®,=n

G)CDZ P22 (:Z)

:1%32 Z(1o3x§ 0.2)

n=1 d®,=n

—2d,)q",

®F1€B¢'1:‘P11 (CI)

=%z Z (103x2  (0.3)

n=1F @©P,=n

— 26F, @ ®,)q",

G)Fl@d)y‘l’lz (q)

=%mz Z (2 0.4)

n=1F P, =n

INTERNATIONAL JOURNAL OF ELECTRONICS, MECHANICAL AND MECHATRONICS ENGINEERING Vol.5 Num.4 - 2015 (979-1007) 987



G)1‘"163‘:[:'1 P22 (CI)

1
- 103x2
1032 Z (103x;

n=1F ®P,;=n
- F1 @ q)l)qn'

®F1EBCD1"P33 (q)

1
— 2
- 1032 Z (103x;

n=1F ®d,=n

0F1®¢1:¢’34 (q)

[o¢]

NI

n=1F®®P,=n
- 103x3x, + F, @ ®,)q",

®F1€B‘D1"P44 (q)

1
- 103x2
1032 Z (103x;

n=1F, Od,=n
—2FL @ ®)q",

G)‘Pz P11 (q)

o]

1
- 1032
1032 2< X1

n=1%,=n

Gq"2 P12 (q)

- 2-11032 Z(z

n=1%,=n

-103x,x,+ 3¥,) q™,

G)q"z"l’zz (q)

[o0]

1
— 2
= 103§ E (103x?

n=1%¥,=n

0.5)

(0.6)

0.7)

(0.8)

(0.9)

(0.10)

0.11)

G)F1 OY¥1,9011 (CI)

1
- 103x2
1032 Z (103x;

n=1F ®¥,;=n
— 26F, ®¥,)q",

®F1 Sk SRP (q)

(0]

-7, X ¢

n=1F,®O¥,=n

®F1 5P SR P (CI)

1
- 1032
1032 Z (103x;

n=1F ®¥;=n
- F1 @ qjl) an

®F1 DV, ,%3 (Q)

_ Z Z ( 103x2
~ 103 *3

n=1F, ¥, =n

- 7(F1 D ‘Pl))q",

®F1 Sk SEN (q)

[oe]

-Tmy O (2

n=1F ®¥Y,=n

-103x,x, + (F, ®¥,))q™,

®F1 DOY1.944 (q)

_ ! > (1033
=103 Xa

n=1F, ¥, =n

—4(F, ® ¥))q",

®¢1 DY, 011 (q)

_ ! Z Z (103x2
103 &

n=1o, ¥, =n

- 13(®,® ¥,))q"
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(0.12)

(0.13)

(0.14)

(0.15)

(0.16)

(0.17)

(0.18)



ecbl O¥;1.9012 (q)

[ee]

=2-11032 Z (2 (0.19)

n=1¢o, ¥, =n
+ ( cbl @ lpl))qny

G)‘:I’1 D102, (CI)

1
=Tz, 2, (109 020

n=1®, ¥, =n

—182(®, ® ¥,))q",

G)CIJ'l DOV, 9,3 (q)

1 0.21
= 103%x,x, O
10322 Z (103%x,x, )

n=19o, ¥, =n

+28(P, D ¥,))q"

®¢‘1 DY, 933 (q)

=%Z 2 (103x2 (0.22)

n=1®, ¥, =n
- 7(®, ®Y¥))q"™,

G)‘1:'1 DOY;.934 (CI)

[o0]

:ﬁz Z (2 (0.23)

n=1o, ¥, =n
-103x3x,
+ (q)l @ lpl)) qn)

®¢'1 SR SR (q)

=%Z Z (103xF (0.24)

n=1®, ¥, =n
—4(2, D Lp1))qn
has rank 20 in S,(T;,(103))and the set

{er P11’ ®<I>2,<p11 ’G)‘bz P12’ ®F1 DD, ,941’
®F1 DP9’ ®F1 S L ®F163‘b1 P34’

Baris KENDIRLI

G)lyz P11’ G)q"z P12’ G)F1 OY¥1.911’ G)F1 OY1.912
’ G)""169‘}'1'4’33 ’ ®F1 OY, 9347 ®¢'1 OY,, 011’

®¢1 SR SWOIP ®¢1®‘P1KP22 ’ G)c13‘1 OY¥,.923
G)‘1’1 DY, ,¢33’ G)<I>1@q’1 P34’ ®¢'1 SP R SR

is a basis of the subspace of 54(1"0(103))
spanned by the generalized theta series of the

form 2.4 induced by spherical functions of the
form 2.3.

Proof. The series are cusp forms because of
Theoreml, 2).
F, = x¥+x.x, +26x5 + x5 +x3x,
+26x2 =n
has the following solutions for
n=1=x,=%1,x,=0,x;=0,x,

=0and x; =0,x, = 0,x,
=+1,x,=0,

n=2=x,=+x1,x,=0,x;=%1,x,=0,
n = 3 = it has no integral solutions,
n=4=x,=12,x,=0,x;=0,x,
=0and x; =0,x, = 0,x5
=+2,x,=0,
n=5=>x,=x1,x,=0,x; =%2,x,
=0and x; =+2,x, = 0,x5
=+1,x,=0,
n = 6 = it has no integral solutions,
n = 7 = it has no integral solutions,
n=8=x,=+2,x,=0,x;=12,x, =0,
n=9=x,=+3,x,=0,x;=0,x,

=0and x; =0,x, = 0,x5
=+3,x,=0,
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n=10=x,=+3,x,=0,x; =*1,x,
=0and x;, =+1,x, = 0,x,
=+3,x,=0,
n = 11 = it has no integral solutions,
n = 12 = it has no integral solutions,
n=13=x,=+2,x,=0,x; =%3,x,
=0and x;, =+3,x, = 0,x,
=+2,x,=0,
n = 14 = it has no integral solutions,
n = 15 = it has no integral solutions,
n=16=x,=+4,x,=0,x; =0,x,
=0and x; =0,x, = 0,x,
= i41 x4 = 0)
n=17=x,=+*1,x,=0,x; =%4,x,
=0and x; = +4,x, = 0,x;

=+1,x,=0,

n=18=x;, =+3,x,=0,x; =13,x,
=0,

n = 19 = it has no integral solutions,
n=20=x, =14,x,=0,x; =12,x,
=0, and x;, = £2,x,
=0,x3=14,x,=0,
n = 21 = it has no integral solutions,
n = 22 = it has no integral solutions,
n = 23 = it has no integral solutions,
n = 24 = it has no integral solutions,
n=25=x,=x5x,=0,x;=0,x,

=0and x; =0,x, = 0,x4
= iS;x4 =0,

990

x,=*4,x,=0,x;==23,x, =0 and x,
=43,x,=0,x3 = +4,x,
= 0.
So
®F2'<P11 (q)

_ % i Z (103x?  (0.25)

n=1F,=n

— 26F,)q"

1
= —((103-2-26-4
103(( ) q
+(103-4— 26-2-4) ¢°
+(103-4-2— 26-4
-4) q*

+(103-1-4+ 103-4-4— 26-5-8) ¢°
+(103-4-4— 26-8
-4) ¢®

+(103-9-2— 26-9-4) ¢°
+(103-9-4+ 103-1-4

— 26-10-8) g

+(103:-4-4+ 103-9-4— 26-13
'8)(113
+(103-16-2— 26-16
-4) q'°

+(103-1-4+ 103-16-4— 26-17
'8)6]17
+(103:-9-4—26-18
.4)q18

+(103-16-4+103 - 4-4 — 2620
+8) q*°

+(103-25-2+103-16-4+103-9-4
—26:25-12)q® + )

1
= ——(102q + 204q>+ 408¢* + 1020¢°

103
+816q°+ 918¢°
+ 2040q*°



+2652q"3 + 1632¢"® + 3468¢"7
+ 183648 + 4080¢2°

+ 7650075 -+,
and
G)FzKPu (g)
1
- mZ Z (206x,x,  (0.26)
n=1F,=n
+ FE,)q"
1
= E(Zq +4q?+8q* + 20q° + 164°

+ 18¢q° + 40q™ + 52¢™
+ 32q*®

+68q'7 +36q8 + 80g2° + 150q2° ---).
Similarly, by solving the equations
@, = 2x2 4 x,x, + 13x5 + 2x5 + x3x,

+13xZ=n
for
n=12..,25,
we get
®¢2:<P11 (CI)
_ 122 (103x2  (0.27
n=1o,=n
- 13<1>2)q”

1 2 4 8
= 55 (102q% + 2044 + 408
+1020q* — 676q"
—522q* —1148¢"S

—650q¢ — 130¢"® — 164q"° + 2040q%°
— 660g%! — 228¢%
—372q¢%
—436q* — 540q9%° + ),

GCDZ P12 (Q)

:2-110351 Z @ 029

n=1®,=n

Baris KENDIRLI

1
=303 (4q%+ 8q* + 16q° + 40q*°
+26q1 — 178q* + 60q*°

—78q% + 520q'8 — 374q* + 80q*°
— 656q%1 — 324¢%
+ 458q23

+508¢%* +924q% + ),

Gq’z"l’zz (q)

[ee]

:%Z Z (103x2  (0.29)

n=1®,=n

- 2d,)q",

1
= ——(—16q* —32q* - 64q® —160q*°

103
+102q™ +94q ™ +172q"
+ 106q*°

—20q*® + 549 —320q2° + 152¢*!
+60q% + 22¢% + 28¢%*
+12g%5 + ).

Similarly, by solving the equations

F, @ D, =x2+x.x, + 26x2 + 2x% + x3%,
+13xZ=n

for

we get
®F1®<D1,<p11 (q)

=%Z z (103x2 (0.30)

n=1F @G>, =n

— 26F, @ ®,) q"

1
—— (154q — 104¢? + 1003 + 6164*

~ 103
+1024q° — 416¢° + 862q°
+ 2564q™ + 400g**
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—676¢"% —1772q™ — 1148¢"° + 1632¢°
+ 464q"7 +3560q"8
— 2552q¢"

—2100g% + 7809 %2 — 624q2® + 2012q?*
+ 4958¢% + ---),

®F163‘D1 P12 (q)

[oe]

=ﬁz Z 2 (031)

n=1F@P,=n

1
=——(q+2q*+6q°+4q*+ 12¢°

103
+ 8%+ 27q° + 22q™
+ 24q1?

+13q*2 + 429 + 3095 + 32¢%°
+102q'” + 90q*8 + 57¢*°

+80g2° + 88¢g?% + 115¢% +96q%*
+75¢% + ),

®F1€B¢'1v(l’22 (q)

:%Z Z (103x2  (0.32)

n=1F, @P;=n

_F1 @ ¢1)qn

1
= ——(—2q —4q*—12q® — 8q* — 24q°

103
_ 16q8— 54q9_ 44q11
_48q12

—26q1 — 84q™ — 60q™° — 64q1°
— 204q'7 — 180q1°
— 114"

—160q?° — 176q% — 230q% — 192q**
—150¢% + ),

992

G)1‘"163‘3[’1 P33 (CI)

=%Z z (103x2 (0.33)

n=1F @P,;=n

—13F, @ d,)q"

1
= ——(—26q + 154q%+ 25693 — 104q*

103
+100g° + 616¢® + 9464°
— 160q'* + 1024¢*2

—338¢13 — 886¢™ — 368¢5 — 626¢1°
—592q'7 +338¢*'®
+3050q"°

—20g%° + 1420g%* — 106g* + 800g**
— 15382 + ),

®F1 BP9z, (q)

[ee]

=ﬁz Z @ o

n=1F, b, =n

1
——(q +2q*>+6q3+4q*+ 12q°

~ 103
+ 88+ 27q° + 22q"
+ 24q1?

+13¢™3 — 164q™ — 382¢"5 + 238¢6
+ 514q'7 — 322q"®
— 355q%

—332¢2° + 88¢%% — 709¢% +920q%*

+ 487q25 + ),
and

GFIGBCI)l ,(/%4 (Q)

:%Z Z (103x2 (0.2)

n=1F @b, =n

—2F @ ®,)q"



1
=103 (—4q — 8q*— 24q3— 16q* — 48q°
—32q®—108q° —88q'!
—96q"2 + 154¢™

+450q* + 292¢*° + 78q*® + 416"
+ 5218 — 22q*° + 504¢%°

+60q? +570q% + 28q** + 112¢%
+ ... )
Similarly, by solving the equations
W, = 4x? 4+ 3x,x, + 7x% + 4x% + 3x;3x,

+7xi=n
for
n=12..,25,
Proof. we get
G‘PzKPn (q)
1
= — 103x2 0.3
1032 Z (103x;  (03)
n=1%,=n

1
= m(‘%qij —196q7 + 170q® — 204q™*
+152¢'2 — 578q*

—428q"° + 340¢° + 348¢"7 — 184¢8

+940q2°
+120g%* — 408q2% + 36093 + 1020q2*
+660g% + ),
G.)lpz"l’u (CI)
_ 1 z Z (2 0.4
~2-103 ©04)
n=1%,=n

-103x,x, + 3¥,) q"

1
=103 (24q*+ 42q7 — 110q® + 132q**
—268q2 + 374q™

Baris KENDIRLI

—232q%5 — 220¢° — 310q"7 + 628¢8
+240q?2

+92g2 +264q?* + 276> — 660 *
—936g9%° + ),

elpz P22 (q)

[oe]

=1%32 Z(1o3x§ 0.5)

n=1%¥,=n

1
=703 (—64q* + 94q” — 50q® + 60q™*
+28q** + 170q™

344q% —100q*® — 6620q17 — 16448
— 640q

~108¢ % +120q% — 324q% — 3009 %*
+24q% + ).
Similarly, by solving the equations
FL®Y,=x%+x,x,+26x5+ 4x2
+3x3x, +7x2=n
for

we get
G)Fl DY, 014 (CI)

=ﬁz Z (10322 (0.6)

n=1F ®¥,;=n
— 26F, @¥Y,)q"

1
— (1549 + 408q* — 108q° — 3644’

~ 103
—20g®+862q° + 504!
+400q "

+2356q 1% — 728q* — 1148¢"5 + 3676q1°
—300q"7 — 1684q'®
+ 40802
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—536¢2! + 5516¢% + 4096¢2*
+ 495825 + ),

®F1 OY,.91, (q)

o]

=ﬁz Z (2 07

n=1 F,®¥Y,;=n

1
——(q+8g*+10g°+ 7q7 + 40q®

~ 103
+27q°+ 22q** + 24q*?
+26q*3

+14q* + 30" + 649 + 857 + 72q*8
+80q?° + 42 ¢** +92q¢*

+48¢** +75¢* + ),

G)1:1 SP) SR (q)

=1L032 Z (103x (0.8)

n=1F ®¥,=n

- (Fl @ lpl))

1
=——(— 2q—16q*—20q°— 149’

103
—80g® —54q° — 44q"
—48q1?

—52q*% —28q** — 605 — 128q*°
—170q'7 — 144q"®
— 160 g*°

—84 q?' — 184 q*® — 96 q** — 150q?°
+...),

G)Fl DYv, ,ggg?, (q)

=%Z Z (103x2  (0.9)

n=1F @Q¥,=n

- 7(F, ® %))

994

1
=——(— 14q+94q*+ 272q°— 98q’

103
+ 58¢® + 34q° — 308q"*
+ 76q**

+48q* +10q** — 8q*°> — 72q*°
+1694¢"7 + 1052418
+ 940 g*°

+1060 g?* — 876 q*° — 260 q** + 598q%°
+ ),

®F1 DOY1,934 (q)

[oe]

e

n=1F Q¥Y;=n
-103x,%, + (F, D ¥,))

1
——(q+8q*+ 10g°+ 7q7 — 166q°

~ 103
—385q° + 22q*'' — 388¢*?
+ 26q13

+220q™ + 4429 + 64q16 — 739q"
— 340q' + 80g?°

—782q* + 504q* — 364q** + 75¢%
+ ),
and

®F1 DOY1,944 (q)

Z%Z z (103x2 (0.11)

n=1F @¥,;=n

- 4(F1 @ l111))

1
= ——(—8qg —64q9* —80g° + 150q~

103
+298¢% + 1964° + 236q 1!
+220q'2 — 208q3

+94q™ + 172¢*> — 100q*® — 629"
+ 248q*® — 640q*°

+76q%! +88q23 + 28q%** — 600g%° + ).



Similarly, by solving the equations
O, DY, =2x7+x,x,+ 13x2 +4x2
+ 3x3x, + 7xZ =n
for

we get

G)‘Dl O, 014 (q)

=%Z Z (103x2 (0.12)

n=1F, @¥Y;=n

—13( P, DY) q"

1
= ——(154¢% — 104q* + 100q°® — 182q”

103
+ 408q®— 56¢9° — 108¢*°
+1024¢"

—338q* — 522q* + 868q*> — 230q1°
— 132647 +338q®
— 246" — 1668q%°

—1772 ¢** + 2336 q¢?* — 106q** — 436 2*
+2756q% + ),

®¢1 DOY1.912 (q)

[oe]

:2-11032 Z (2 (0.13)

n=1®,d ¥;=n
-103x,x,

+(o, D Lp1))qn

1
=——(2¢* +4q*+ 12q°+ 7q"7 + 164q°®

103
+18q° + 20q*° + 24q1?
+13g®

—178q + 30¢*® + 302q*® + 519"
— 322q'® — 355¢"
+ 49220

—328q?* —280g%* + 1159 +508¢**
+100g2° + ),

Baris KENDIRLI

G.)‘1)1 (SSR SO (CI)

1
=10322 D, (103 14

n=1%, o ¥,=n
—182(®, ® ¥))q"

(—728¢% — 14564* — 4368q°

—2548q7 — 582448
—6552q° — 7280q°
—8736q12

~ 1032

+16486¢'3 + 11026q* — 10920q
— 137264 + 23872q"7
+9676q'8 + 470¢"°

+55752q%° + 54296¢%! — 5612q%
+ 6423092 + 7492¢%*
— 36400¢% + ),

®¢1 SR SR (q)

1 (0.15
- 1032
1032 Z Z (103°x,x; )

n=1o,e¥,=n

+ 28(d, B W¥,))q"

(112¢2 + 224q* + 672q° + 392q”

+896¢8 + 1008g°
+1120¢° + 1344q*2
+728q13

~ 1032

+1568q™* + 1680¢"5 + 5376¢1°
+ 2856q17 + 5040418
+3192¢"° + 4480 2°

+4704q%" + 7392¢% + 6440¢%
+ 5376¢** +5600q% + ),

9‘1’1 DO W1,933 ()

Z%Z > (1033 (.16)

n=1%, o ¥,=n

-7(®, & LP1)) q"
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1
=——(—28q*+ 150q* + 244q°%— 98q”

103
— 18q® — 252¢° + 132¢™°
+ 76q'?

—182¢™ — 186q™ — 420¢*° + 30446
+522q*” +800q*®
+ 850q*°

—708q%*° — 764q*' — 612q** — 11982
+716q%* + 248¢% + ),

@¢1€Bq’1 P34 (q)

[oe]

=ﬁz Z (2 (.17

n=1o, ¥, =n
+103x3x,+ (&, DY) q"

1
=——(2q*+4q*+12q°%+ 7q” — 190q®

103
+ 18q° — 392q'° + 24¢*?
+ 13¢13

+234q™* + 30q° + 964q1° — 361q"7
+90g*® — 767q° + 80¢*°

—328¢*' +132q* + 115¢* — 316q*
—724q% + ),
and

G)‘D1 SR SR (q)

=%Z > (1035 (1)

n=1%, ¥, =n

— 4( o, D qJ1)) q"

1
= ——(—8¢%*—8q*— 16q° + 198q’

103
+190q® + 396¢° + 396q1°
— 16q*

—8¢™® + 190 + 396q*° + 776q1°
+182q'7 — 40q*® + 388¢"°
+380q%°

996

+792q% +776q%* + 372q%* + 380q**
+792q% + ---).
The rank of the matrix of these coefficients of
the theta series is 20 and the set of theta series
in the Theorem is a basis of the subspace of
S,(I,(103)) spanned by the generalized theta

series of the form 2.4 induced by spherical
functions of the form 2.3.

1. The solutions of Q=n and the
Generalized Theta Series associated to

the Quadratic forms
By solving the equations
F, = x%+x,x, +26x%=n,

&, =2x2+x,x,+13x2 =n,

and
W, =4xi+3x,x,+7x5 =n
for
n=12,..,25
we get
0r(q) =1+2q+2q*+2q° +2q"°
+2¢% + -,

0p, (@) =1+2q*+2q°+ 2q"° +2q™
+2q* +2q*® + 2q"
+2q% + -

Oy (@) =1+2q*+2q" +2q° +2q*
+2q" +2q"7 + -,

®F2 (@) = ®F1 (Q)G)Fl (@)
=1+4q +4q*+ 4q*+ 8q°
+4q°+ 4q° + 8¢ + 8¢ "

+4q1° +8q' + 4q*® +8q%° +129%* + -,

O, (q) = 0, ()0, (9)
=1+ 6q+ 12g%+8q3
+6q*+24q° + 24q°
+ 128+ 30q° + 24q*°
+ 24q1?



+8q'? + 24q*3 + 48q* + 6q'° + 48q'7
+36q18 + 249 +24q?°
+48q*' + 24q%* + 24q**
+30g% + -,

O, (@) = 05, (90, (9)
=1+ 8q + 24q* + 32¢3
+ 24q*+ 48q° + 96q°
+ 64q7 + 24q°®

104q° + 144q*° + 96q** + 96¢*2
+ 112¢* +192q™*
+192qS + 24q 6 + 144q "

+312q*® + 160q"° + 144q?° + 2569
+288¢2% + 1922 + 96 **
+248q% + -,

B0, (@) = O, ()0, ()
=1+ 4q9%+4q* +4q°
+ 8¢ +4q" + 4q™

+8q1° +16q° + 12q*® + 49 + 8¢*°
+ 16q%* +8q* + 4q*
+8¢g** +8q% + -,

0, (@) = 0L (90, (q)
=14 8q + 24q* + 32¢3
+ 24q* + 48q° + 96q°
+ 64q7 + 24q®

104q° + 144q*° +96q** + 96¢**
+ 112¢* +192¢™*
+192qS + 24q 6 + 144q "

+312q"8 +160q"° + 144q*° + 25692
+288q%* + 192¢* +96q**
+248¢g*° + -,

00, (@) = O, ()0, (@)
=1+ 4q9*+4q* +4q°
+8q'° +4q" + 4q™

Baris KENDIRLI

+8q° +16q° + 12q® + 4q*° +8q*
+16g*' +8q** + 49?3
+8q* +8q* + -,

00, () = 04,(9)04, ()
=1+6q%+ 12q* + 8q°
+ 6q®+ 24q*° + 2492
+ 6q*3

+6q™ + 24q™ + 42q*® + 24q'7 + 78q*®
+ 6% + 48q2° + 48q**
+ 48q%* +78q* + 80q**
+ 24¢% + -,

04, (@) = 04,(q)04,(q)
=1+ 8q%+ 24q** + 32¢°
+ 24q®+ 48q*° + 96q1*
+ 8q* +72q™*

+48q*° + 80q'® +96q'" + 248q*®
+72q*° +304q%° + 96q**
+208q% + 296¢%3
+3369% + 3047 + -,

Oy, (@) = Oy, (@)Oy, (9)
=14+ 4q*+4q’ +8¢q°®
+ 8¢ +8q**

+8¢'* +8q™> +8q'® + 4q' +8q"®
+8¢%° + 16q2' + 8q**
+8q% + 16q** + 8q* + -,
By, (@) = B4, ()04, (0)
=1+ 6q*+ 6q” +18q®
+ 2411 +32¢ 2 + 18¢ 1
+ 48q*°

+42q*° + 6q*" + 48¢*® + 48q*° + 48q*°
+ 56q% + 72q%* + 48q*
+ 80g** +96q% + -+,
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Oy, (9) = Oy, (9)0y, ()
=1+ 8q*+8q” +32q®
+ 48q'* +80q** +32q**
+ 144q*

+144q*% + 8¢ + 144q*8 + 256q"°
+208q?° + 128¢*
+3369% + 33697

+320g%** + 400¢% + -,

Or, go, (@) = 0 (q)04 (q)
=1+2q+2q*+ 4q3+ 2q*
+4q°+ 2g%+ 6q° + 49
+ 4q12

+2q13 + 6™ + 4q™° + 641 + 16q"7
+10g18 + 6q*° + 12¢g*°
+8q%* + 10> + 8q**
+10g% + -+,

Oree,(@) =05(q)04 (@)
=1+ 6q + 14q* + 2043
+ 30q*+ 40q° + 36q°

48q7 + 62q® + 42q° + 72q*° + 100q™
+68q1% +122q™ + 126q ™
+ 84q*°

+148qY" + 182q*® + 294¢* + 208g*°
+ 2562 + 328q**
+266q%* + 312¢q**
+322q¢% + -+,

Or, @0, (@) = O, (q)04,(q)
=1+ 4q+8q*+16q°
+24q* +24q° + 32q°

+32q7 +24q®% +52q° + 48q*° + 48q"?

+96q** + 60g*3 + 84q*
+ 1365 + 84q*°

998

+1684¢7 + 208¢® + 180¢° + 304¢2°
+272q2" + 232¢%
+ 3569 + 296¢**
+356¢% + -,

Or e, (@ = 05(q)04, (q)
=1+2q+ 6g*+12¢°3
+ 14q™ + 24q° + 20q°
+ 1697 + 30q®

+14q° + 40g*° + 60g ' + 36q'* + 78q*3
+66q™* + 52q*° + 146q1°

+132¢*7 + 150q*® + 258¢*° + 168q>°
+240q% + 328¢%
+198q% + 392¢%
+3669% + -,

O, ow, (@) = 0 (9)0y (q)
=1+42q+4q*+4q°>+2q’
+10q® + 6q° + 4q'* + 4q**

+6q " + 64 +4q™° +8q'° + 149"
+ 8q'8 + 6q' + 8q*°
+ 4% + 4q%* + 8¢*
+4q%* + 6% + -,

Or, ow, (@) = 0 (q)0y (q)
=1+ 6q+ 12g%+8q3
+8q*+36q° + 48q°
+18q7

+38q% + 114q° + 112q*° + 52¢q"*
+92¢"% + 180" + 146q ™
+ 84q'° +132q1
+234¢" + 276q + 176" + 176¢?°
+ 34892 + 312¢?*
+ 168q%* + 252¢**
+4269% + -,



O aw, (@) =0 (q)0y (q)
=1+4q +4q*+ 8q*
+24q° + 16q° + 4q”
+ 44q®

+84q° + 40q° + 24q** + 120q*?

+ 1521 + 72q** + 88¢*°
+220q + 236¢"7

+156q'8 + 1764 + 256q2° +320q**
+280q% + 248¢%
+ 400g* + 50092° + -+,

Or, aw, (@) = 0 (q)0y_(q)
=1+ 2q+8q*+12q°
+6q7 +42q® + 38q°
+ 36g11

+116q'? + 76q*% + 18q'* + 132¢q*°
+ 2164 +126q"

96q'® 4+ 240q'° + 288¢%° + 228¢?
+280g% + 336923
+404q%* + 454¢% + -,

00, gw, (@) = 04 (q)0y (q)
=1+2q%+2q*+ 4q°
+2q7 +4q%+ 4q° + 4q*°
+ 49 + 4q3 + 4q™*

+8q" +14q° + 6q7 + 10q*® + 6q*°
+12q%° + 12q** + 12¢*
+ 14923 + 12q** + 89%
+ e,

Oa, aw, (1) = 04, (@)0y (q)
=1+ 6q%+14q*+20q°
+2q7 +32q% +12q°
+52q1°

+24q™ + 60q*? +22q* + 72q** + 36q*°
+116q'° +86q'7 + 174q*®

Baris KENDIRLI

+114q* +232q%° + 144q** +292q*
+ 238¢% +368¢2*
+3369% + -,

0, 0w, (@) = 04, (q)0y (q)
=1+4q%*+ 8q*+ 16q°
+ 497 + 28q%+ 16q°
+ 40q1°

+24q" + 569" + 364" + 769" + 64q"°
+120q" 4+ 84q" + 164q™®

+116q* +192q*° + 160q** + 288q*
+ 252q¢* +376q*
+368¢% + -,

O, aw, (@) = 04 (q)0y, (q)
=1+42q*+ 6q*+ 12¢°
+6q7 + 20q%+ 12¢°
+ 36q1°

+24q™ + 44q*? + 509 + 84q™* + 60q*°
+116q + 114q"
+ 14641

+110q* 4+ 232q2° + 200¢g** + 252¢9*
+282¢% +392¢*
+328¢%° + -,

OF, oo, dw, (@) = OF, (q)- ®q>2,1 O, (@)
=1+4q+6q*+8q¢3
+ 14q* + 16q° + 20g°
+ 34q’

+40g® + 48q° + 68q° + 80q'* + 76q*?
+82¢% +108¢™ + 100qS
+ 120q'°

+182q"7 + 190q*® + 214q* + 240q*°
+ 2562 + 292¢*
+ 314923 + 3369%*
+380g% + -,
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Or, @0,0w, (1) = 00,(q) - 05, gu, (¢)

=1+42q +4q*+8q*+ 8q*

+12q° + 16q° + 18q”

+30g® + 38q° + 48q*° + 52¢g** + 60g*?
+ 64q™ + 62q** +92q*°
+ 104q*®

+130q"7 + 172q*® + 1964 + 208¢°
+ 2362 + 272q*
+292¢2% + 372q*
+398¢% + -,

®F1 b, BY, (q) = G)Lpz (q) ) ®F169¢1 (q)
=1+4+2q+2q*+4q%+ 6q*
+8q° + 12¢°

+20q7 +26q® +30q° + 48q*° + 52¢q**
+ 52q** + 749" + 94q™*
+100q™ + 116¢°
+ 16847

+162q*® + 158q*° + 2164q2° + 240q*
+264q% + 314¢%
+392q%% + 4147 + ---.

Remark 1.
It is known that
L@) Fy (5)

=2 z

a integral idealeAp,

N (a)~5, where

Ar =||1

1

is the ideal class corresponding to Fj,

24

L@ (5)

P1
— -s
- 2a integral idealeAq,lN(a) ’ where

1000

Ao,

1+ i\/103]
+—
2

L@\lﬁ (5)

=2 Z

a integral idealeAy,

1+iv103
T

N (a)~%, where

In general, if p, is a character of the class
group of Q(v—103), Le.,
p (@) = eZWME/S for m = 0,1,2,3,4, k
=0,1,2,3,4,

Remark 2. The Hecke L-functions for these
characters will be

L, () = Lo, (s)+py(Py)Lg, (5)
+ Pk(q)%)l'@ly, (s)

1
+ pk(CD?)L@wl (s)
+ pk(q);})lt@d), (s)
1

= L@F1 (s) + (pk ((Dl) + Pk ((D;L))L@q)l (s)
+ (pk(CDf)
+ Pk (q)i))L@Lpl (S)

L@Fl (s) + (Pk (CD1) + Pk (¢1)_1)L@¢1 (s)
+ (py (@)
+ P (be)_l)l,@wl (s)
which are the L-functions of weight 1 modular
forms

is the ideal class corresponding to &,

is the ideal class corresponding to W,.



1
foo @ =5 (05, @

+ (i (@) + pi (@1))0, (@)
+ (Pk (%)
+ pi (lp1))@lp1 (Q))

for k= 0,1,2,3,4.
Because of the unique factorization of the
ideals i Q(\/—lOS), these L functions has
Euler product, hence the modular forms f,

are Hecke eigenforms.In particular, the L
function of the Hecke eigenform of weight 1

o (@:= 5 (0, () + 204, (9) + 204, (@)

1
=5((1+2q + 2q* +2q9° + 2q'° + 29
+ )+

2(1+ 2q%+2q®+2q"3 + 2q™* +2q*°
+ 2% +2q' + 2¢q%°
+2q%3+ )

+2(1+ 2q*+2q7 +2q® + 2¢** + 2q*3
+2q'°+2q"7 + )

=g+q+4q2+5q4+4q7+8q8+8q13
+ 8q™ + 9q'® + 4q"
+ 4q*8 + .-
is exactly the Dedekind zeta function of
Q(m) which is equal to
{(SL(x, 9,
where y(d) = (%) is the natural Dirichlet

character associated with the quadratic field

Q(V—103)[7]Infact, f, is the Eisenstein
series of weight 1. From here, we simply
obtain the formula for the sum of the number
of representations of an integer n as
r(F,n) +r(®,n) +r(@,n) +r(¥,n)
+r(¥;,n)

Baris KENDIRLI

=r(F,n) +2r(®,n) +2r(¥,n)

= )
d|n
where (3) is the Kronecker symbol.

By [7], it is also known that for m = 0,1,2,3,4,
4

> e (@DL,, ()
k=0

2-5/y103\ s 1
=7r(7—>f@”m9505
iv103
+ > ,s)
PNACHINE
k=0
2-5/(y103\ s 1
=ir(7—>f@”m9EQz
iv103
+ 2 ,s)
> p (@)L, (5)
k=0
2-5/(v103\ s (3
=77(7—>f@”m9E@
iv103
+ 3 ,s)
> e @DL,, (5)
k=0
2-5/y103\ s 3
=77(7—>f@”ngQ§
iv103
+ 3 ,s)
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4
Z pi (@)L, ()
k=0 .
2-5(+103 s 1
=252 o —=E(;
2 r's) \4
N iv/103
4 ) S )
where
E(z,s)
1 y*
=—11° -z @
Zn (s) |mz + n|?s
(mn) eZx7Z\{(0,0)}
EH,seC
is the nonholomorphic eisenstein series.

L, (s) has analytic continuation to the whole
complex plane as anentire function except for

a simple pole at 1 for p, with
2w -5 5m

res._.,L, =res_._ = =
s=1"p,y S—1(K Zm \/—m
and its completion, ie.,
A, (s) = 2m) T (s)103*2L, (s)
is equal to

=<(2s)(pk(¢2>E<—3+i 103,5)

2 2

+ ,t)k(<131)E<—1

2
| iVI03
'

3 iv103
+ pk(CDf)E<§ + ,s)

8
3 V103
+pk(¢)$)E<—§+ 3 ,S>

1 iv103
OHE (-
#pu(oE (1+ 575 ))

and satisfies the functional equation
Ay, (s) = A, (1—5) forall s # 1.

1. Representation Numbers of n
Theorem 1. The difference between the
following theta series of the quadratic forms

1002

0, (q) = 0, (q)0g ()
=1+ 8q + 24q* + 32¢3
+ 24q* + 48q° + 96q°
+ 64q7 + 24q°®

104q° + 144q*° +96q** + 96¢*2
+ 112¢" +192q™*
+192qS + 24q 6 + 144q "

+312¢8 4+ 160q° + 14492 + 2562
+288¢%2 + 192¢% + 96¢%*

+248q% + -,

04, (@) = 04, ()04, ()
=1+ 8q%+ 24q** + 32¢°
+ 24q®+ 48q*° +96q**
+8¢™ +72¢™

+48q*° + 80q*® + 96" + 248q*®
+72q*° +3049%° + 96q*!
+2089% + 29643
+336q2%* + 30495 + -+,

Oy, (q) = 0y, (¢)0y, (q)
=1+ 8¢q*+8q” +32q®
+ 48q' +80q*? +32q™
+ 1444¢%°

+144q'® + 87 + 144q*8 + 256q"°
+208q2%° + 128¢**
+336¢% + 336¢%
+320g2* + 400g%° + ---,
Oree,(q) =05 (q)04, (@)
=1+ 6q + 14q* + 2043
+ 30q*+ 40q° + 36q°

48q7 + 62q® + 42q° + 72q*° + 100q™*
+68¢™% +122¢™ + 1269 ™
+168¢



+148qY + 182¢*8 + 294¢*° + 208¢%°
+ 25692t + 328¢q*?
+266q% + 312¢**
+322¢% 4 -,

O, oo, (1) = 05, (9)04, (q)
=1+ 4qg+ 8q*+16q°
+24q* + 24q° + 32q°

+32q7 + 24q® + 52q° + 48q'° + 48q ™!
+96q'? + 60q*3 + 84
+ 136q*° + 84q*°

+168q"7 + 208¢8 + 180q° + 304¢%°
+272q% + 232¢%2
+ 35692 + 2964¢%*
+3569% + -,

Or g, (@ =0 (q)04, (q)
=1+ 2q+ 6g%+12q3
+ 14q* + 24q° + 20q°
+ 16q” + 30q®

+14q9° + 40g*° + 60q* + 36g** + 78q13
+66q™* + 52q5 + 140¢*°

+132q'" + 15098 + 258q* + 168q*°
+ 24092 + 328¢?*
+198¢% + 392q%
+3669%5 + -,

Or, aw, (@) = O (q)0y, (q)
=1+ 6q+ 12g%+8q3
+8q*+36q° + 48q°
+18q7
+38q% +114q° + 112q*° + 52¢q**
+ 92q** +180q ™ + 146q™*
+ 84q'> +132q1

+234¢"7 + 2768 + 176q%° + 176q %
+348g% + 312¢22
+168¢%3 + 252¢%
+426q%5 + -,

INTERNATIONAL JOURNAL OF ELECTRONICS, MECHANICAL AND MECHATRONICS ENGINEERING Vol.5 Num.4 - 2015 (979-1007)

Baris KENDIRLI

Orew, (@) =05 ()04 (q)
=1+4q +4q*+ 8q*
+ 24q5 + 16q° + 4q7
+ 44q8

+84q° + 40q™° + 249" +120g "
+ 1521 + 72q** + 88¢*°
+220q1 + 236¢"7

+156q*8 + 176q* + 256q*° + 320q**
+280q% + 248q%
+ 400q%* +500q%° + -,

Or, aw, (@) = 0, (q)0y_(q)
=1+ 2q+8q*+12q¢°
+6q” +42q® + 38q°
+ 36q1t

+116q'? + 76q*2 + 18q'* + 132¢q*°
+ 2164 + 126q"

96q'® + 240q'° + 288q2° + 228¢*!
+280g% + 336923
+ 404q** + 454¢% + -,

Ou, v, () = 04, ()0 (q)
=1+ 6q%+14q*+20q°
+2q7 +32q% +12q°
+52q1°

+24q + 60q*2 +22q*3 + 72q** + 36q*°
+ 11649 +86q'7 + 174q*®

+114q* +232q%° + 144q** +292q*
+ 238¢*% +368¢2*
+336¢% + -,

0o, 0w, (@) = 04, (q)0y, ()
=1+44q*+ 8q*+ 16q°
+ 4q7 + 28q®%+ 16q°
+ 40q*°

1003
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+24q"™ + 569" + 364" + 769" + 64q"°
+120q'° 4+ 84q" + 164q™®

+116q* +192q*° + 160q** + 288q*
+ 252¢* +376q*
+368¢% + -,

O, g, (@) =04 (q)0y, (q)
=1+42q*+ 6q*+ 12¢°
+6q7 + 20q%+ 12¢°
+ 36q1°

+24q" + 449" + 509" + 84¢™* + 60q"°
+116q'° + 114q"
+ 1464

+110q* 4+ 232q2° + 200¢g?* + 252¢9*
+282¢% +392¢%*
+328¢*° + -,

Or, @0, v, (1) =0, (q) - 0g gy, (q)
=1+4q+ 6q*+8q¢3
+ 14q* + 16q° + 20g°
+ 34q’

+40g® + 48q° + 68q*° + 80q** + 76q*?
+82¢% +108¢™ + 100q*S
+ 120q*°

+182¢q"7 + 190q*® + 214q* + 240¢q?°
+ 2562 + 292q¢**
+ 314923 + 3369%*
+380g% + -,

®F1 b, O, (q) = Oq’z (q) ) G)F1 DY, (q)
=1+2q+4q*+ 8q°+ 8q*
+12q° + 16q° + 18q

+30g8 + 38q° + 48q*° + 52¢q1* + 60g*?

+ 64q2 + 62q™* +92q*°
+ 10441

1004

+130g"7 + 172¢® + 196q*° + 208¢ %
+236q%1 + 272¢?2
+292¢% 4 372¢%
+398¢% + -,

O, @0, 0w, (1) = Oy, (@) - Of, o, ()
=1+42q+2q*+4q*+ 6q*
+8q° + 12q°

+20q7 + 26q® +30q° + 48q*° + 52¢q**
+ 52q'? +74q*3 + 94q™*
+100q + 1164
+168q"7

+162q*8 + 158¢*° 4+ 216q%° + 240g**
+ 264 + 314¢%
+392¢%* + 4149 + -,

and the Eisenstein series
24 24 -9

=1 2
1061 1T 1061 ¢

24 -28 24-73

3
T 061 T T 1061 71

24 -252
1061

24 - 126
1061

q5

6

q

o 247757
T 7061 7

24 - 344
1061

24 - 585

1061
24-1134

1061
24 - 1332

1061

7

q’ +

10

q

11

q

24-2044 ., 242198

1061 7 T 1061
243096

* 1061
24 - 3528

1061
24 - 4681

1061

14

q

15

q

16

q



24-4914 24 -6813

1061 7 T 1061
24 - 6860

* 1061
24-9198

1061
24 -9632

1061

18

q

19

q

20

q

21

q

24-11988 . 24-12168 .

1061 7 T 1061 ¢
24 - 16380

1061
24 - 15751

1061 1
are linear combinations of the 20 generalized
theta series mentioned in Theorem [1]. The
coefficients are given in
TABLE_of COEFFICIENTS103 in[9].
Proof. Let’s see the situation i the case:

O, (@) — E(q:F,)
= C1®F2,(p11 (q)
+ CZ@‘DZ"PH (q)
+ 6304, 4, (@) +

24

q

25

C4®F1®¢'1'<P11 (CI) + C5®F1@¢'1v¢’12 (q)
+ C‘6(-)1:'1 DD, ¢33 (q)
+ C7®F1 DDy .P34 (CI)

+C8®lp2 P11 (CI) + ngq’z"l’u (q)
+ C1o®1~"1e|9l111,<,011 (q)
+ 119w, 0, (4

+612®F1$‘p1r‘ﬂ33 (Q) T C13®F1@ly1"l’34 (q)
t iy G)‘1:’1 OW¥1,011 (q)
+¢1500, @w, ,, (@)

t 16 G)CI)1 DOW1, 92, (CI)

+C17®®1@W1r‘l’23 (CI) T C18®‘b1 OY1,933 (Q)
+¢1990, 0w, ., (1)
+ 2000, 0w, 0., (q).
By equating the coefficients of g™ in both
sides for n =1,2,3,:--,25, we see that there
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exist solutions of the equations in
coeflicients.We repeat the same procedure for
the other cases. At the end, by solving 25
lmear equations in 20 variables we get all the
coefficients. We also observe that c,, is
always zero.

Conclusion
The representation numbers for the quadratic
forms
H=F,®, o, O o|,P, D P;, D,
o 3,0, ¥V, ¥V, OV, Y,
v,V o Vv,Yy,

F, ®®,F, ®D,F, Db, F, Db,
@(D,;Fz @ q)llF]_ @ (D37F1
@q)z @(D,r

FFOD, B D),F, D DLE OV, F,
DV, F, DY, F, DY,
OVY.F, Y, F, © Y,

FOY,DY, FFOY, @Y, F, ®Y; P,
@ Lpqu)z 69 q); @ Lpliq)l
S, QY

DL DAY, D, DY, D, DD, DY, D,
P, B, ;0 VY, P,
@ LIJZJq),Z @IPZJ

P, DV, P, DY, P, D P DY, Py
Do, OY, DV, P, B Py
Y, P, ¥, O Y,
POV, OV, Y DD, P, DY
Do, ¥, OV, DDy, Ws
DO, Y, DD, W, DV
@D @3,
YOV, DD, VD DLF, DD,

@lplr F2®(D,1®Lp11 F2
P, QY F, OO, DY,

1005
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FFOD, Y, FFRH P, DY, F, D D,
QY FL &P, BYLF
Do, DI DY,

FFOD, DO, BY,F DD, DY, F,
DO, DY, F, DD,
OY, FF P, DY,

FFOD, OV, QY. FOD, DY, DY,

are
24
- H) = *
r(n; H) 061 ai(n)
1
= Z (103x2 — 26n)
F,=n
C
+ﬁ Z (103x2 — 13n)
d,=n
C3
S RTT z (2- 103x,x, + n)
o, =n
4 2
103
METE Z (103x;
FOP,=n
— 26n)
Cs
+ 77103 Z (2- 103x,x,+ n)
F, &P, =n
6 2
103
* 703 Z (103x
FOP,=n
— 13n)
¢y
F—te Z (2- 103x,x, + 1)
FE@®P,=n
4 Z (103x% — 7n)
103 !
Y,=n
49 z (2-103 +n)
. X X n
2-103 172
Y,=n
05 D, (10
++703 ( 103x?
F, ®¥,=n
— 26n)

1006

Cc
+— Z (2-103x,x,+n)

2-103
F, ®¥;=n
C12 2
+ 103
103 (103x3
F,®&¥,=n
—7n)
+ e Z (206x,x,+ n)
206 374
F, ®¥,=n
o5 ), (103
103
T 703 (103x;
o, bW, =n
— 13n)

C15
- 1103 Z (2-103x,x,+ n)

O, DY, =n
C16
+ 1032 Z (10323622
P, P Y, =n
—182n)

C
+ 5 2 ( 103%x,x, + 28n)

P, b V¥, =n
C18 2
+ 103
103 Z (103x3
o, DY, =n
—7n)

Cc
+2‘11903 Z (2-103x,x, + 1)

o, bW, =n



SIS I IR IR IR
0 N o oA WN
I I | I I O (B |

the coeflicients |Cqp corresponding to the

(€19 =
quadratic form H are gven in the
TABLE of COEFFICIENTS103 in [9]
Proof. It folows from the preceding
Theorem.

Conclusion

S 4 (' 0 (103))’s basis of a subspace has
been found via generalized theta series
associated to the direct sums of the quadratic
forms  x7+x,x,+ 26x5, 2x¥ +x,;x,+
13x2, 4xf £+ 3x,x,+ 7x3 .

REFERENCES

[11B. Kendith, "Evaluation of Some
Convolution Sums by Quasimodular Forms",
European Journal of Pure and Applied
Mathematics ISSN 13075543 Vol.8., No. 1,
Jan. 2015, pp. 81-110.

[2]B. Kendith, "Evaluation of Some
Convolution Sums and  Representation
Numbers of Quadratic Forms of Discriminant
135", British Journal of Mathematics and
Computer Science, Vol6/6, Jan. 2015, pp.
494-531.

Baris KENDIRLI

[3]B. Kendirl, Evaluation of Some
Convolution Sums and the Representation
numbers, ArsCombinatorica Volume CXVI,

July, pp 65-91.

[4]B. Kenditli, Cusp Forms in S,(T,(79))
and the number of representations of positive
integers by some direct sum of binary
quadratic forms with discriminant —79,
Bulletin of the Korean Mathematical Society
Vol 49/3 2012.

[5]B. Kendirli, Cusp Forms in S4(F0(47))
and the number of representations of positive
integers by some direct sum of binary
quadratic ~ forms  with discriminant
—47 Hindawi , International Journal of

Mathematics and Mathematical Sciences Vol
2012, 303492 10 pages.

[6]B. Kendirli, The Bases of
M L(T7D)M ((T,(71))  and  the
Number of Representations of Integers,
Hindawi, Mathematical Problems in
Engmeering Vol 2013, 695265, 34 pages.

[7]lvaniec H., Kowalski,E,Analytic Number
Theory, American Mathematical Society
Colloquium publications volume 53, 2000.

[8]T.Miyake,
Verlag 1989.

Modular Forms  Springer-

[9]http//www.bariskendirli.com. tr

INTERNATIONAL JOURNAL OF ELECTRONICS, MECHANICAL AND MECHATRONICS ENGINEERING Vol.5 Num.4 - 2015 (979-1007) 1007



