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Abstract

The main purpose of the this paper is to investigate the spectrum, the fine spectrum, the approximate point spectrum, the defect spectrum,
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1. Introduction

The history of g-mathematics, which has many applications in mathematics and engineering, is so old that it goes back to the time of Euler.
With g # 1, the g-analogue of the integer n is given by the following expression;

1—-4"
[n}ti = 1 .

If lim a% (q) = au (), amatrix A%(q) = (a2 (g)) is called an o-generalization of the matrix A(q) = (a (¢)). Also, if ql_i)nl{ ank (q) = anks

oa—1-
amatrix A%(g) = (a% (¢)) is called an g-generalization of the matrix A = (a).
For 0 < a,g < 1, the genaralized otg-Cesaro matrix C,‘]X is defines, as follows;

(ag)"™*
{ ThgtTg 0Sk<n (1.1)

l+q++q"
,n<k.

In this case, o¢ — 1~ in this matrix,

,0<k<n

7t
cne(q) =1 THar+a
nk (q) { 0 n<k.

g-Cesaro matrix is obtained.
If ¢ — 17 is written in the g-Cesaro matrix,

1

0<k<n

—J w1 o USKS

Cnk {o ,n<k. (1.2

the well-known (1.2) Cesaro matrix of order one, C; is obtained. The spectrum and spectral decomposition of this matrix over various
spaces are discussed in [24], [29] and [51] studies. More information about the g-Cesaro matrix can be found in [29, 48]. Spectra and
spectral decompositions of Cesaro operators over various spaces have been discussed by many authors with different techniques (See [2]-[6],
[13]-[16], [40]-[44], [49], [50D).

This paper is about the spectrum and spectral decompositions of the ag-Cesaro operator on Banach space cy. Here ¢y is the space of complex
sequences converging to zero, which is considered with the supremum norm.

We will make a brief reminder that the reader has a basic knowledge of the spectrum of a bounded linear operator 7" on an infinite dimensional
Banach space X.
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Let Ny :={0,1,2,...} and C denote the set of complex numbers.
If there is an inverse operator (T — AI)~! for A € C, then R(A;T) := T[l := (T — A1)~ is called the resolvent operator of 7' and thus the
spectrum and the usual discrete spectrum of the operator 7 can be summarized with the following Table:

1 2 3
R(A;T) exists R(A;T) exists R(A;T)
and is bounded | and is unbounded | does not exists

I | RT—AD=X | Aep(T,X) - A€o, (T,X)
I | RT-A)=X | Acp(T.X) A € 0. (T,X) A€o, (T,X)
Ul | RT—A#X | Aeo (T.X) A €0, (T,X) A €0, (T,X)

Table 1. Goldberg’s and fine decomposition of the spectrum

If R(A;T) exists, R(A;T) is bounded and R (A;7) is defined on a dense set in X, we write A € p (T,X) and p (T,X) is called the resolvent
set of 7. It corresponds to /; U/ in this Table. From the Closed Graph Theorem it is always I, = 0. ¢ (T,X) = C\p (T,X) is the spectrum
of T and from the Table the set o (T, X) consists of the union of sets I, I, II3, I11}, III,, III5. The set Is UII3 UIII; is called the point
spectrum of 7' and is denoted by o, (T,X). Essentially, o, (T, X) is the set of eigenvalues of T'. The set I1I; UIII, is called the residual
spectrum of T and is denoted by o, (T). As read from the Table 1, o, (7, X) is the set of A’s such that "R (A;T) exists as bounded or
unbounded, R (A;T) is not defined on a dense in X”. The set I is called the continouous spectrum of 7 and is denoted by o, (T'). The set
0. (T) can also be interpreted from the Table 1. The spectrum is a union of point spectrum, continuous spectrum, and residual spectrum, and
the sets that make up the union are disjoint two-by-two. If X is a Banach space then 6(7T*,X*) = o(7T,X). (A more detailed review for these
can be found in [37]. ) A fine separation of the spectrum is also done. This is called the Goldberg classification of the spectrum. Since
B, 1L, 113, 1111, 111, 1113 are subsets of the spectrum, these are replaced by the notations 136 (7,X), 30 (T,X), I[I0 (T,X), ILo (T,X),
116 (T,X), IlI0 (T,X). Of course, since their union forms the spectrum, the point spectrum is finer than the residual spectrum and
continuous spectrum decomposition. Therefore, I3, I, 113, 111, 111, I113 are called fine decomposition of the spectrum. (A more detailed
review for these can be found in [32].)

The fine spectrum of some bounded linear operators over various spaces has been specified by many authors (See, [1], [19], [25], [27], [28],
[30], [311, [33]-[36], [39], [45], [46], [47], [52]-[56]).

Let X be Banach space on a field Kand T € B(X). If (x,) C X is a sequence such that || Tx, || — 0 while n — oo and ||x|| = 1, then (x,) is
called a Weyl sequence for T'. The set

Oup (T,X) :={A € K: there is a Weyl sequence for A] — T}

is called the approximate point spectrum of 7. The set

05 (T,X):={A € K: AI—T is not onto},

which is a subset of the spectrum, is called the defect spectrum of 7. The set
Geo (T, X) 1= {QL eK: m¢x}

is called the compression spectrum of 7. These three sets make up the non-discrete spectrum of the spectrum. In order to obtain this
non-discrete decomposition for a finite linear operator 7', the following Table created in the articles [9]-[11], [17] and [18] is used, considering
the proposition and Theorems in [8].

(1) (2) 3)
R(A;T) exists R(A;T) exists R(A;T)
and is bounded | and is unbounded | does not exists

() | RAI-T)=X | Aep(TX) - A € 64 (T,X)

i) | RAI-T)=X | Aep(T.X) | Acoup(T.X) | Acou(T.X)
/le(ig(T,X) /16(75(7‘.‘)()

(1) | RAI=-T)#X | A€o5(T.X) | A€0uy(T,X) | A€ ou(T.X)
Aeos(T.X) | Acos(T.X)

)LEGCO(TJ() 2'Edco(’nx) AEGCO(T,X)
Table 2. Non-discrete decomposition of the spectrum

Using Table 2, the non-discrete spectrum of some bounded linear operators on various spaces is determined (See, [7], [12], [20]-[23] ).
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2. Boundedness and Spectra of Cg‘

Our purpose in this section is to first show that Cg‘ is a bounded linear operator on ¢y, and then determines its spectrum.
The following Lemma gives the constraint condition on the sequence space ¢y of an operator given by an infinite matrix.

Lemma 2.1. [38, p.163] A= (ay) € B(co) if and only if ||A|| = sup, Y« |ank| < oo and for each k, lgn ane =0.
n—oo
Lemma 2.2. Let0< g <1,0<a <1 ThenCJ € B(co) and ||C|| = 1.

Proof. For each k,

o n—k a n—k
lim oy = lim — Dy @70
n—oo n—eo | 4+q+---+q" n—soo IT‘I"
—q
Since o < 1,
- b B o ((xq)"ik
HCgH = Supnkgo‘cnk‘ = SuPnkE.OW <1 2.1)

So, it is obtained that Cf* € B(cy). Also, we have

ez ). | Gror 20t g )
gl = Sig I*Tle, 0 = si[; lIxllc, ’
X X
X:>eo 1 og azqz (22)
e <7m7l+q+q27"'> c
_ ag ¢ ) _
7Sup(171+q71+q+q27 )7]
From 2.1 and 2.2, we get HCg‘ H = 1. Thus, the conditions of Lemma 2.1 are met, that is, we obtain Cg‘ € B(cp). O
If0<g<1land0 < a < 1, there is always m € Ny such that o < ¢™. It should be noted that o < ¢° = 1.
m
Now let’s determine the point spectrum. For brevity, we will take A, :== Y, qk, Cy = Ai form=0,1,2,... and
't n
E, IZ{CI,Cz,...,CmZ (X<qm}.
Theorem 2.3. Let0 < g<1and0 < o < 1. Then, if a < ¢ then
Op (Cg,co) =E,
and if & = 1 then 6, (C,co) = 0.
Proof. Let Cg‘x = Ax. Thus, the following equations can be written;
X0 = AJC()
11 (oegxo +x1) = Ax
qk
k=0
3 ((OW)zxo + agx +x2> = Axn
Y g
k=0 2.3)
2 (@t (@0 b bogm ta) = A
q
k=0

If xp # 0, then since (1 — A)xg = 0 in the 1st row of equation (2.3), we get A = 1. Again, we find x| = axg, xp = aZxy,. .., x, = o"xo from
the 2nd row, the 3rd row and the (n+1)th row of the equation (2.3), respectively. Hence, x,, = a"'x is obtained for every n. Thus, since
0 < a < 1, the eigenvector corresponding to A = 1 is x = (a*) € ¢o.

Similarly, let x;, be the first nonzero term of the sequence (x;,). Thus, from the mth row of the equation (2.3)

1
Y ¢

k=0

Xm =0

is found. Hence, we have
1
A=, 2.4)
Y ¢
k=0
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since x,, # 0. Since x; =xp = x3 = -+ = x,,—1 = 0, from the (m+1)th, (m+2)th and (m+n)th rows of the equation (2.4) with this A,
— aq
Xm+4-1 - m+1 (Z q > - qm+lAm-xm
2.2
Xm+2 = mAmAm+1xm
Xm+3 eq AmAm1Am12%m

@ () (1)

G Ayt Ain
Xm+n = ~ zlq,,zfl>le,,,Ajj]Lxm

are obtained. Hence, we have

o
amn’

a 1—qg™
lim —tn zlim—{l+qn a ]:
q

n—=%° Xmtn—1 n—eo g 1- qt

If o < g™, then Y~ , |Xm-+n| series converges from the ratio test. So, for a < ¢", we have limy_yeX+n = 0,. that is, the eigenvector
corresponding to A = Gy, for o < ¢™ is x = (0,0,...,0, %, Xut15- - -y Xmtn, - - -) € co. Continuing in this way, the proof of the theorem is
completed. O

Remark 24. [f0<g<1land0< a <1, thensincea<q’=1,Cy=1¢€ o, (Cg,co).

Remark 2.5. The eigenvector corresponding to A = 1 in Theorem 2.3 is x = (") € ¢ provided that 0 < o < 1. Obviously, if o = 1 then
this vector is not an eigenvector. Therefore, if & = 1 is taken, it does not contradict [51, Theorem 2.3]. If o« = 1 is taken, [51, Theorem 2.3]
is still valid.

Remark 2.6. [57, p.266] If T : ¢y — cq is a bounded linear operator with matrix A, then it is known that the adjoint operator T* : {1 — {;
is defined by the transpose of the matrix A. It is well-known that the dual space c;; of the space c is isomorphic to the space (.

Let’s define 3 := > and D:={A € C: |1 — B| < Bog} for simplicity.

1—- a2
Theorem 2.7. Let0 < g<1and0< o < 1. Then
o, ([C]"(co)* ~ £1) = DUE,.

Proof. Letx # 0 and C} (¢) x = Ax. Then, we conclude that;

7 I 7 N ) TS Yo
Y ¢ )Zq Zq"
k=0 k=0 k=0
2
%)q—l—@xz—l—(?iq))q-ﬁ-“' = Ax

%xz—k(f‘iq)/w—k“- = lxz
Y 4 Y 4
k=0 =
Thus,
X1 = ﬁ(lfl)xo
= L A-1Dar--
" CT A I
k=0
_ 1 1 _ 1
wo o= La-D(A-) (2 2 |
k=0

1
A——— |, x0#0,n=1,2,....
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|1 1 1
» 1 y 2 ey TH
Ydt Y4 Zq

= k=0

If A = 1 = Cy, then C (¢)x = x for x = (xo,0, O ..) # 6. That is, we have obtained that Cy = 1 is at 6, (C} (¢) ,¢1).

In this case, if L = ﬁq = Cy, then Cj (q) x for x = (x9,—%2.,0,0,...) # 6. So we have obtained that C; € 6, (C; (¢),/1).

—L _xforx= <x0, (Hq)xo, 2xo,O,O,...> # 6. Sowe get C; € 6, (Ci (q),01).

Using the assumption that one obtains A €

X = l+q

If we choose A = ——-— = (5, then C} (g)x =

1
1+ +q l+g+q

Using a similar technique, it can be easily seen for other A values;

{Culzi € 0p (€T (a),(co)" = 1)

Let A ¢ { TH2 + 7T +ql pntl } If we apply the ratio test to the series Y x,;

Xntl — 1 __1
,}E}}o X ,}E}‘}o ogh A iqv
=0
(2.5)
_ 1 1—q
= Nim |57 (’1_ 1—61”*‘)’
|1 (a_ 1—g )’
 logA lim,, e (1—¢"*1)
procedured which implies
‘aq (1—))’<1©’1—%’<aq
A=ut
I [2+v2u+M2+v2vz < ogq
(1-q) \*, (1-¢’ 22 (2.6)
<:>(]_u2+v2u> +(2+2) vV <a q
(1-q) (1-q)aq
< ”1* M- | < T-aq
(2.6) shows us, if ‘)L - ﬁ) < %, then (x,) € ¢,. Thus, o, ([Cl‘;‘]* 1) is as follows;
1—¢q (I1—q)og 1 1
o, ([C¥]" . ¢)=AeC:|A— Ugl,—,————, ... 5.
» ([C7]750) { € ' —2Z| S T—a’g T+qg T+q+3’
Since Cyy41, Cyt2, ... € Dfor oo > g™, m=0,1,2,...,
op ([CF]".01) =DUEy,
is obtained. O

Since ¢ is a Banach space, o ( [C}ﬂ ) =0 (C¥,co) and o, (CF,c0) C O (Cg,co). Let’s determine the spectrum of C¢' using these.
It was also shown in [29] that the lower triangular double band matrix A, can be the inverse of the C; (¢) g-Cesaro matrix. Using the
spectrum of the inverse matrix, he determined the spectrum of Cj (¢) on the sequence space £, with the help of the spectral transformation
theorem. We will use this idea in the following Theorem. First, let’s define the lower triangular double band matrix. An infinite matrix

defined as

a 0 0 0
bp ap 0 O
Aa,b — 0 bl ay 0

0 0 by a3

is called a lower triangular double band matrix with a variable sequence, where (a;) and (by) are two nonzero sequences of real numbers
with

lim a, =aand lim b, =b #0. 2.7)
n—oo n—oo

This matrix defines a Aa_’b : co — cp operator with

Dapx = Dgp(r) = (arX +br_1%—1 )jo Withx_; =b_1 =0 (2.8)

It has been shown by El-Shabrawy in [27] that this operator is a bounded linear operator on cg and its spectrum is determined.
The generalized otg-Cesaro matrix Cg for 0 < a, g < 1is also given by

1 0 0 0
o 1
Ct=| ¢ ag | o |- 2.9)

I+q+q*  1+q+¢*  14+g+q°



318 Konuralp Journal of Mathematics

. . -1 .. s
The matrix C,‘;‘ 1 co — ¢o has an inverse [Cg‘] and this inverse matrix is given by

A O 0 0

By A, 0 0

-1 0 B A 0
=] 0 B A

0 0 A A

where
Ap = 1+q+q2+~~+q” and B,, = —aqa, for all n € Ny. (2.10)

Therefore,

1

limA, =lim(1+g+¢*+-+¢")= lim 1;2(] =L =4,

frmresy fraces) ) noe q (2.11)
. S ny —

is obtained from (2.10). It is clearly seen that the operators [Cg‘ ] ~!and Cg are bijective. It has also been shown in [27] that A, , = [Cg} !
is bounded on the sequence space cp and 0 & 6(Ag p, o).

Theorem 2.8. Let0 < g<1and0 < o < 1. Then

0 (CY,co) =DUEy.

Proof. From Theorem 2.7, we get

1 1 al* 1\ _ o (0
DU{I,m,m,}CG([Cq] ,Z)—G(Cq,co).

Since

DU{L g g} ={A€C:IA—p|<Pag)

1 1
u{l,m, 1+q+q27,..}u{1—q}

{Cn+1,Cny2,--.} € Dand 1 —q € D, we have
{AeC:|A—B|<Bag}UE, C o (C,co).

Also, since
ICn—Bl<Bagia=qg" < l-qg _ _1-¢q (1-q)aq
m = pag; q T~ T2 | > Toag?
o=g" 1 1 (1-q)aq
(1-q) ‘ T—ag ~ T-o?f | = T-a?q
I+og 1 a
< ) —2g ~ T=a?q < —a’q
aq ag
=1z o2q? = 1—o2q?

if & = ¢™ for am € N, it should be noted that A = C,,, is the point at the right end of the circle and on the x-axis.
From the explanation the above theorem [Cﬂ ~!is invertible and bounded on co. In [27], It is known that & (Aa‘b, CO) =0 ([Cﬂ ! ,co) =

FUG,where F ={A €C:|A—a| <|b|} and G = {ay : k € N,|a,, —a| > |b|}. Since a = l%q andb:—laqu from (2.11), we have
A —al < |b|©‘l——‘ ST

and

|am —al > [b]

@"—> 0“’ <:>q’”+‘>aq
<:>a<q
From the spectral maping Theorem, it must be as follows;
o (C¥,co) :{%ECZAGG([Cg]il,C())}
{%e@:|l—a\<\b\}u #:mEN,\am—a\>\b\}.
DA - % Slaqu U{i:meN,(x<qm}.
DA - T < L P UEM.



Konuralp Journal of Mathematics

319

Letu = % Since

! x+iye A ! ! ol i +iv
= — = = — = = — =u A
) Y Lo ox+iy  x24y? x24y?

we have

_ 1 aq 1_ 1
"1 lfqlglfq Aad T

((xq) (u +v2)
u < (0g)? (u* +v?)

_ lfq (1-q)
~ )“ “(aq) Saqli(a@z

& |u—pBl < ogp.

q

1 & = (1-q)| < ag|u|
2

q)

As aresult, we get

o (C¥,co) :{AEC:‘A—i

lf(aq) ﬁaq}UEm

1
(aq)

Remark 2.9. In Theorem 2.8, since E,, C {/l eC: ‘/l — %’ < %} as o — 17, we get

AeC:|A— ’;z gll;zzq}UEm

reC:i- | <4}

o (C1(q);co)

This shows that [51, Theorem 2.6] is still valid when as o« — 1.

3. Various Spectral Decompositions

First of all, let’s decompose the spectrum into the continuous spectrum, point spectrum and residual spectrum.

3.1. Classical decomposition of the spectrum
From Theorem 2.3, if & < ¢" then we know that
oy (Cf;c0) = {1,C1,...,Cn}

1

f0r0<q<1and0<a<lwhereCm—— [EmE—r

Theorem 3.1. Let0 < g<1and0< o < 1. Then
0, (Cf,c0) ={A €C: A - B| < Pag}

where 3 = W
Proof. Since oy (Cg‘,co) =0, (C; (9),01)\op (C,‘;‘,co), it is clear that
o (Cg‘,co) ={AeC:|A-B|<Bag}

from Theorem 2.3 and Theorem 2.7.

Theorem 3.2. Let0<g<land0< a < 1. Ifa=q", then

oc (Cg o) ={A € C:|A — B[ = Bag}\{Cu}

and if & # g™, then

o (Cf]x,co) ={1eC:|A-B|=Bag}

where § = W
Proof. Since

o (CF,co) = 0 (Ci(q),c0)\ {0, (Ci(q),c0) U, (CF <o)}

the result is clear from Theorem 2.3, Theorem 2.8, Theorem 3.1 and Table 1.
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3.2. Goldberg’s Classification of Spectrum

Now let’s give the Goldberg classification of the spectrum for the Cg operator.

Let us give the following Lemma to be used in calculation of .¥ . .G (Cg‘ , co).

Lemma 3.3. [32, p.60]A linear operator T has a bounded inverse if and only if T* is onto.

Theorem 3.4. Let0<g<1land0< o < 1. Then
I IIH0 (Cg,co) ={Cns1,Cns2s---}

- and o < ¢".

_ 1 _ 1
where C, = A, = TrgT—7q

Proof. Since Cyyy1,Cpi2,... € {A €C: M —B| < Bag} for o < ¢, {Cpt1,Ct2,--.+ C O (Ca 0) is obtained from Theorem 3.1.

Hence, {Cp11,Cna2,- }Eﬂffld( co)Uﬂﬂﬂgo(C co) is valid. Let us now show that {Cp1.1,Cpi,...} € I I I20 ( q,co).
For this we will use Lemma 3.3.
For every y € ¢y, is there x € {1 such that (Cg‘ 711)*x=y?

Let (C¥ —AI)"x = y. In this case, the equations

(1-2)x0 = o

(l_l)xl"‘] x2+1< 9’ X4+ = )1

(aq)’
g+ 3 + I+q+¢*+¢°

(aq) (aq)’ -
(m 77L>x2+ R + 1+q+q2+q3x4+‘“ = n

are valid. Let’s consider these equations sequentially, two by two. If we subtract multiple og of the lower equation from the upper equation
and subtract x;,, then we get

n—1
_ Y _C
= (ocql (agA)™ T H A-C)+ (2qo)™ T ,'1:11 (-6 3.1
+ Z AA )n 7 H‘rl(lfcv)f%YnJrl-

where A; =Y} _q* and C, = A A €{Cut1,Cntas---,Cu}, then x, = —%yn with x € £. Hence, we get (v,) € £ because (y,) € £!. As

a result, the operator (Cg Al ) is surjective. So, from Lemma 3.3, the operator Cf — A1 for A € {C41,Cinr2, ..} has bounded inverse
and , so we have

{Cm+17 m+2s- }C‘ﬂijG( qaco)

{Cun+1,Cp2,- ..} inclusion.
Now let A ¢ {Cpy+1,Cpnt2,-- -+ In Table 1, since Cy, Cy, ... , Cy ¢ .7 .7, we can assume that A # C, for every n € N. In this case,
considering that y € ¢; from (3.1), sequence of (x;) is convergent if and only if the product

ﬁ 1

v
v=0 Z qk
k=0

is convergent. If the infinity product is convergent, the limit of the general term is 1, so it must be

. 1—¢
Jfim, SimAs T =AU =1

Y ¢
k=0

thatis, L =2 —q. If 1 # 2 — g, then the infinite product becomes divergent. Hence, if A # 2 — g, then x ¢ ¢;. That is, if

A ¢ {Cm+17Cer27"‘}U{2_q}7

the operator (C{' — o) " is not onto. So from Lemma 3.3, Cg — al has not bounded inverse for A & {Cy+-1,Ci+2,.-.} U{2 — q}. Therefore,
we have

{Cm+l7Cm+27“'} gfjsz( CO) - {Cm+l7 m+25 - }U{Z q}
Let’s assume that A =2 — q. From (3.1), the first component of sequence (x;,) which is the first component
n—1

0 __TIx-c)

(ag(2—q))" -5
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go to zero even if the infinite product bounded, m — oo is necessary. However, we know that 0 < o,g < 1,500 < ag(2—¢q) < 1 is

valid. From here, since (ag (2 —g¢))" — 0 for A =2 — ¢, x ¢ ¢ and thus x ¢ ¢! are obtained. This means that the operator (Cg‘ — Al )* is not
surjective for A = 2. Hence, with Lemma 3.3, the operator Cg‘ — AT has no bounded inverse for A =2 — g. Thus

I I 996 (CF,c0) = {Cns1,Cns2s- -}
is obtained. O
Corollary 3.5. Let0 <g<1and0< o < 1. Then
III16(CF,c0) = D\{Cns1,Cny2;s---}
1

_ 1 1 m
where C,, = A, = TFgT—Fq and @ < q

Proof. We know from Table 1 that 6,(Cy',cp) = 7.7 716 (CYf ,c0) U.I I #26 (CF,co). Now, if we consider Theorem 3.1 and Theorem
3.4, itis seen that .7 .7 16 (CF,c0) = D\ {Cny1,Cni2;---}- O
Corollary 3.6. Let0<g<land0< a<1. Ifo=q", then

S50 (C%,c0) = {2 € C: A — B| = Bag}\ {C}

and if a # g™, then

S IH0 (Cg,co) ={1eC:|A-B|=Bag}

1—
where B = quz'
Proof. The proof is clear from Theorem 3.2. O

Let us give the following Lemma to be used in calculation of .# .7 %56 (C¥,¢o).

Lemma 3.7. [32, Theorem II 3.7]A linear operator T has a dense range if and only if the adjoint operator T* is one-to-one.
Theorem 3.8. Let0 < g<1and0< o < 1. Then

I II36(C,c0) ={C1,Ca;- -, Cun}

- and o < g™

-1 _ 1
where C,, = A, = TTgt1q

Proof. We know from Table 1 and Theorem 2.3 that

Op (Cg,co) = f3G(Cg,Co) UﬂJ3G(Cg,Co) Ufff36(cg,co)
={C,Cy,...,Cn}

for ¢ < ¢". Let (C,‘j‘ —I)*x: 6 and xg = 1. Thus, we get

Moo= (-1

q
_ 1 1
2 = g A=) (- )
: o .
Xm = Wkgo( —Cy).
From the expressions
A=Ci=m; = (C¢-1)'x"=0
where x! = (1,%(@ — 1),0,...) #6
A=C=1nm = (CF-1)"2=0
where

2o (e ! _ __
X<1,an2(C2 D e @ (@ 1+q),o,..)?&e

l:Cm:m (Cgfl)*xm:O

where

e G (G )G ) (-0, ) £
"Cnag " (Cnog)? L+q"" 7 (Cuag)® i=0 o ’

there is 8 £ x € ¢! such that (C(‘;‘ —AI)"x=0 for A € {C,Cy,...,Cp}. Thus (cs —AI)" is not 1:1 for A € {C},Cs,...,Cyp}. From
Lemma 1, the operator Cg‘ — Al does not have a dense image for A € {C,C5,...,C,}. Consequently, we have .¥.7 .30 (Cg,co) =
{C]7C27"'7Cm}' D

Corollary 3.9. Let0 < g <1land0< o <1. %06 (CY,co) =.7536 (CY,co) = 0.

Proof. Since o), (Cg,co) = 90 (Cg7c0) U.Z.730 (Cg,co) U~ .950 (Cg,co) from Table 1, the required result is obtained from
Theorems 2.3 and 3.8. O
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3.3. Non-discrete Spectrum of the spectrum (defect spectrum, approximate point spectrum, compression spectrum)

Now, let’s determine the defect spectrum, the approximate point spectrum, the compression spectrum of the operator Cg‘ using Table 2.

Theorem 3.10. Let 0 < g < 1and 0 < a < 1. The following expressions yield;
((l) Ga[? (C:IX7C0) :{AGC ‘A'_ - <11 g;an}U{Cm+17Cm+27 } lfa<qm:

2

a’q
(b) o5 (Cg ) {AGC ‘li a2q2 < (11 2 }U{CQ,C], m} fa<q”,
(¢) Oco (Cq )€ ) {l eC: ’l - az 2 (1] ;Zazq}u{cmcl Cm} ifa< qm'

Proof. (a) We know that the following expression exists from Table 2;
Oup (Cg,c’o) =0 (Cg,c‘o) \S IS0 (Cg,CQ) . 3.2)

The desired result is obtained by using the above expression (3.2), Theorem 2.8 and Corollary 3.5.
(b) We know that the following expression exists, from Theorem 3.4 and Table 2;

(oF (Cg,co) =0 (Cg,co) \ 410 (Cg,co) . 3.3)

The desired result is obtained by using the above expression (3.3), Theorem 2.8 and Corollary 3.9.
(c) We know that the following expression exists from Table 2;

Oco (Cg,c‘()) = O (Cg,c‘0> USg I I50 (Cg,CO) 3.4)
The desired result is obtained by using the above expression (3.4), Theorem 3.1 and Theorem 3.8. O

Corollary 3.11. Let0<g<land0< o < 1.
(@) oup ([C]" 1) = {reC:[a— ot
(b)

w}u{c(hch“wcm} l:fa<qm’

= 1—a2

o5 (€3 (a),01) ={reC: |- ioh| = =0}

) {Cm-H 7Cm+27 .. } ) lfa < qm'
Proof. We know from [8] that

oup([CF]" 1) = 05(Cg'sc0)

and
65( [Cg]* ,Z]) = Gap(cg,CQ).
By using Theorem 3.10, we conclude the proof. O

4. Applications

In the examples below, we will assign values for 0 < ¢ < 1 and 0 < o¢ < 1. We will try to show the spectrum and spectral decompositions of
Cl‘;‘ corresponding to these values with the figure.

Example 4.1. G, (cg 3‘1’,c0> ={l}.o (cg 3‘1’,c0) = {4 €C:|A—0,99900097| < 0,000989} U{1},

asseon2
Teqeosn Y

0,99

5. (Coar-co) = IT20, (C7°° (0,01) ,00) TIT0, (Coptsco)

o501z

¥

IHW,, (0001 @) 9 (Com,eo) = IITso, (Com, co)
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Example 4.2. 6, (C22,co) = {1,0.66}, 6 (€2, co) = {2 € C: |A —0,99900097| < 0,000989} U {1},
P 0,5 0,5

—qe05

P ™
g 'y
X v
e o
0. (Co3, c0) = ITao, (C7°(0,5) ) III0,(Cos )
8
T In
A g g
_____ L - .
IITs0, (Cg3, o) oy (3. ea) = TTTza, (Cya,ca)

Example43 a=¢q

/
i/
4 .
\ ',"
N v
“ p
- Py
0.32768 *
([Cuu } ,(co) )
b d
o ;
7. (Co57% . o0) = TTao, (G777 (0,8) ) TTTio, (6332 )

C:=0,271

) Ja g g 3

Izzzﬂp (CE.’S“S; ) oy (Co5, a) = TTT;0, (C05 a)

5. Discussion and Conclusion

The spectra of Cesaro operators and generalizations of this operator with different techniques have been discussed by various authors. Their

properties, characterization and examination of several sequence spaces has an extensive literature (See [2]-[6], [13]-[16],[40]-[44], [49],
[50D).

For example, in the following theorems, spectral decompositions of the generalized g—Cesaro operator in various sequence spaces are
investigated.

Theorem 5.1. [24]Let 0 < g <1 and0 < a < 1. Then Cy : ¢ — c is a bounded operator with HCqHC =1and
1.0 (Cpe) ={reC:|n- k| < 1%}

2. 6, (Cq,c) ={1}.

3.0, (Cpre) = {h eC:|a— k| < 5 utny.
4.6, (Cpre) = {/1 eC: "l—m = %}\{1}

Theorem 5.2. [51]Let0 < g <1and0 < a < 1. Then Cy : ¢ — c is a bounded operator with HC(,HC(J = 1and
1.0 (Cpeo) ={reC:|a- 1| < 4}

2. 0p (Cq,co) =0.

T+q



324 Konuralp Journal of Mathematics

3.0, (Cper) = {AeC: |- | < %5 }-

4.6, (Cgrc0) = {x eC: (xfﬁ‘ - %q}\{u.
Theorem 5.3. [29]Let0 < g <1and0 < a < 1. Then Cq: Ly, — £}, is a bounded operator and

1.o(Cptp)={rec:|n-| <}
2.6, (Cyrly) = 0.

3.0, (Coty) = {AeC: | g | < 14 fui

4. 6, (Cyprt) :{;L eC: )z—ﬁq‘ zﬁqq}\{l}.

The theorems mentioned above have been a source of motivation for this study. The purpose of this article is to examine various spectral

decompositions of Cg = (cfl‘k (q)) such as the spectrum, the fine spectrum, the approximate point spectrum, the defect spectrum, and the

compression spectrum on the sequence space cg. The results are original and may inspire various studies on this subject.
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