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Abstract: This paper presents some important classes of the continuous functions defined from the set of
real numbers to the space of complex intervals. These function spaces have an algebraic structure named
as a quasilinear space which is suggested by Aseev in 1986. In this work, we analysis the quasilinear
structure on the classes of the continuous and complex interval-valued functions. Further, we show that

these spaces are the normed ()-spaces. Finally, we examine the dimension of these function spaces.
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1. Introduction

As is known the Fourier transform is the main building block of many application areas, especially
in the electrical engineering. This transform that is used for analyzing the signals in the frekans
domain has a wide range of applications in the digital signal processing.

Many real world problems may contain uncertainties due to environmental factors, especially
in signal processing [7-9, 14]. Such problems are modelled with intervals. For this reason there has
been increasing interest in interval-valued functions [1, 2, 4]. We need the space of the continuous
functions defined from R to the set of complex intervals to analyzes the signals with inexact data.

An interval z is the compact-convex subset of real numbers and x is denoted by = = [z, T]
where z and T are the left and right endpoints of x, respectively [13]. Further, if z = Z, then
we say that x is a degenerate interval and it can be shown by {z} or [z,z]. The set of all real
intervals is denoted by Iy.

To get a comprehensive and healthy interval-valued signal processing we need the notion of

the complex interval. Therefore, we defined the space I¢ which is the set of all complex intervals
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n [11]. A complex interval is defined by
u= [ur, T] + i [us, 7]

where [&, 1TT] and [%, szs] are real intervals and ¢ = y/—1 is the complex unit. [%, 1TT] and

[us, Us] are called real and imaginary part of u, respectively. Unfortunately, both Ig and I¢ have
an algebraic structure which is not linear space which is called as a “quasilinear space”by Aseev
in 1986 (for details, see [3]). The most popular examples are Q(FE) and Q¢ (E) which are defined
as the sets of all nonempty closed bounded and nonempty convex closed bounded subsets of any
normed linear space E, respectively. Both are a quasilinear space with the inclusion relation “C”,

the algebraic sum operation

A+B={a+b:a€ A, be B},
where the closure is taken on the norm topology of E. The real-scalar multiplication

M ={Xa:a€ A}.

Especially, Irg is a quasilinear space with the Minkowski sum and scalar multiplication

operations are defined by
r4+y=[z,7]+ [y.7] =z +y,T+7

and

z,y € Ig and A € R, respectively.

The Minkowski sum and scalar multiplication on ¢ are defined by

utv = [ur, 0] +i [us, T + [or, 7] +1 [vs, 53]
= [ty + 00, Uy + 0] + i [us + v, Us + 5]

={a+ib:a€ [u+v, U +7], b€ [us+ v, + 05 }

and
A=\ g, ]+ (N [ug, T5))

= {/\a—l—i)\b ta € [&,Uj] , be @,uﬁ]}
on I, where ¢ = v/—1 and A € C. Further, the relation

w20l [up, ] C [or,T7] and [us, @] € [vs, 5]
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is a partial order relation on I¢. Thus, I¢ is a quasilinear space.

This article is organized as follows: In Section 2, we present some definitions and theorems
with respect to the normed quasilinear spaces. In Section 3, we introduce some the classes of the
continuous complex interval-valued functions defined from R to I¢. Further, we prove that these

function spaces are the consolidate spaces and we investigate the dimensions of these spaces.

2. Preliminaries

We will start by giving some main definitions and notions.

Suppose that X is a quasilinear space and Y C X. Then Y is called a subspace of X
whenever Y is a quasilinear space with the same partial order and the restriction to Y of the
operations on X. Y is subspace of a quasilinear space X if and only if for every z,y € Y and
a, B €K, ar+ By € Y. Proof of this theorem is quite similar to its classical linear space analogue.
Let Y be a subspace of a quasilinear space X and suppose each element = in Y has an inverse in
Y. Then the partial order on Y is determined by the equality. In this case, Y is a linear subspace
of X [16].

An element x in a quasilinear space X is said to be symmetric if —x = x and Xy, denotes
the set of all symmetric elements. Also, X, stands for the set of all regular elements of X while
X, stands for the sets of all singular elements and zero in X . Further, it can be easily shown that
Xr, Xsym and X, are subspaces of X. They are called regular, symmetric and singular subspaces
of X, respectively. Furthermore, it isn’t hard to prove that summation of a regular element with
a singular element is a singular element and the regular subspace of X is a linear space while the
singular one is nonlinear at all. Further, I¢ is a closed subspace of Q(C) [6].

A real-valued function .|| on the quasilinear space X is called a norm if the following

conditions hold;

lz]| > 0if 2 #£ 0, (1)

lz+yll < ll=ll + llyll, (2)

ozl = lal =], (3)

if # <y, then =[] <y, (4)

if for any € > 0 there exists an element z. € X such that (5)

x 2 y+az.and |z:| <e, then x <y,

here z,y,x. are arbitrary element in X and « is any scalar. A quasilinear space X with a norm

defined on it, is called normed quasilinear space [3].
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For a normed linear space E, a norm on (FE) is defined by
[Allg = sup llal|g -
acA

Hence Q¢ (F) and Q(E) are normed quasilinear spaces. A norm on I is defined by

[l = Iz, 7]l = sup [t

€lz,T]

Moreover, I¢ is a normed quasilinear space with the norm

X[y, = sup {lz| : z € X}

sup{la+ib| : a € [x,,T7] b € [24, T4}

for X = [@, 7] +i [2s,75] [15],

Now we will give the notion of consolidate quasilinear space defined in [15]. Thanks to this
definition, we were able to give a representation to every element in a quasilinear space and we

were able to define an inner-product quasilinear space.

Definition 2.1 [15] Let X be a quasilinear space and y € X. The floor of y is the set of
all regular elements y of X such that © =< y. It is denoted by FyX and FyX C X. Hence

Ff={zeX,:x=y}

For example, [3,7] is an element of (Ir), and hence of Iz since (Ir), C Ig. The floor of

(3,7] in (Ig), is empty set, that is,
In),
Fior ={ze(r),), 2 CB3 7} ={re{0}:aC 3,7} =0
since ((Ir),), = {0} . But, the floor of [3,7] in Iy is
F[]gﬁﬂ ={ze(r),: 2 C[3,7]} =[3,7]
since (Ig), =R.
Definition 2.2 [15] A quasilinear space X is called consolidate or Solid-Floored whenever

sup{z € X, :x Sy} = supF?;X
= =

exists and

y=sup{z € X, : z <y}
=

for each y € X. Otherwise, X is called a nonconsolidate QLS, or briefly, a nc-QLS.
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From above example immediately we can see that Ir is consolidate while (Ir), is not.

Analogous results are also true for the spaces I¢ and (Ic), .

3. Main Results

In this section, we present some important class of the continuous functions defined from R to I¢

and we show that these sets are the normed quasilinear spaces.

Definition 3.1 The support of the set-valued function F : R — lc is the smallest closed set

outside which the function is equal to zero:

suppF = {x € R: F(x) # {0}}.

If suppF is a bounded set, then we say that F' has compact support.

Definition 3.2 (Classes of Continuous Set-Valued Functions) Consider a set-valued function

F:R— I[([j.
(i) The set C.(R,I¢) consists of all continuous set-valued functions having compact support:

C.(R,Ig) ={F :R = 1I¢ | F is continuous and has compact support }.

(ii) The set Co(R,I¢) consists of all continuous set-valued functions that F(x) — {0} with respect

to Hausdorff metric on I¢ as v — +o0:

Co(R,Ic) ={F :R = I¢ | F is continuous and F(z) — {0} as x — too}.
Example 3.3 Consider the complex interval-valued functions F,G : R — I¢ given by

F(t)—{ {i} , forte]0,1];

{0} otherwise
and
co={ 5
respectively. Since F and G are continuous and suppF = [0,1], suppG = [—1,1] we say that

F,G € C.(R,I¢). In fact, F is a regular element of C.(R,Ic) while G is a singular element of
C.(R,1¢).

Theorem 3.4 Cy(R,I¢) is a quasilinear space with the operations of algebraic sum, multiplication

by complexr numbers and partial order relation are defined as follows;

(I + F2)(z) = Fi(z) + Fa(x),
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(aF) = aF ()

and

F g Fy & Fi(x) C Fy(x) for any x € R.

Proof Verification of first five axioms to be a quasilinear space is to straighforward. Further,
the function F = {0} is the identity element of the addition. Obviously, 1.F' = F and 0.F =0,
for 1,0 € C and F € Cy(R,I¢), easily see that a(BF) = (af)F and o(F + G) = oF + oG for
a,f €C and F,G € Cp(R,1¢). For any = € R,

((a+ B)F)(z) = (a+ B)F(z) C aF(z) + BF(z) = (aF)(z) + (BF)(z)

and so (a+ B)F g aF + fF. If Fy < F5 and F3 < Fy, then Fi(x) < Fy(x) and Fs(z) < Fy(x)
for any x € R. Since Fi(z), Fa(z), F3(x), Fy(x) € Ic, we write Fy(z) + F5(z) < Fa(z) + Fy(x).
This means F; + F3 < F» + Fy. Suppose that Fy < F». Then aF(z) < aFy(z) for any x € R,

a € C since I¢ is a quasilinear space. Thus, we have aF) < aFs. O

Lemma 3.5 C.(R,I¢) is a subspace of the quasilinear space Co(R,I¢).

Proof It is not hard to see that C.(R,Ic) C Cop(R,Ic). Suppose that A, Ay € C and
F,G € C.(R,I¢). Let us take an arbitrary y € A = {z € R : \M{F(z) + \2G(x) # 0}. Then
we say that A\ F(y) + A2G(y) # 0. In this case it is either \{F(y) # 0 or A\oG(y) # 0. If
MF(y) #0, then y € B={z € R: F(z) # 0}. This means A C B. Thus,

A = supp(M F + X\2G) C B = suppF.

Further, there exists at least an interval [a,b] such that suppF C [a,b] since F € C.(R,I¢).
Consequently, we say that supp (A1 F+X2G) C [a,b] and so M F+XG € C.(R,1¢). If A2G(y) #0,
then the proof is similar. Now suppose that both A1 F(y) # 0 and A2G(y) # 0 are satisfied. Then

we have that
{zeR: MF(2)+ XG(x)£A0} C{zeR: F(z) A0} N{z eR: G(z) # 0}

since y € {& € R : A\ F(z) + \aG(x) # 0}. This implies A C B. Because of the fact that
A C B we write A =supp (M F + X\oG) C B =suppF. Thus, supp (A F + X\2G) is bounded and
MF + G € C.(R,Ig). O

Theorem 3.6 The expression

1F] oo = max || ()l

defines a norm on Co(R,I¢) and this space is a normed quasilinear space.
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Proof It is obvious that the above equality is well-defined. It can be shown similarly to the
classical analysis that the first three conditions of norm are satisfied. Let us only verify the last
two conditions. Let F; and F5 be arbitrary elements of Cy(R,I¢). If Fy < Fy, then Fi(z) =% Fy(x)

for every z € R. This implies [[Fi(2)ll;. < [[F2(2)[l,. and so [Fi]l, = maD%(HFl(x)HH” <

max [ F2(@)[l, = |I#2]|, - For the last condition of the norm, let € > 0 be arbitrary and there

rEe

exists an element F. € Co(R,Ic) such that F < G + F. and ||F.| = maﬂgHFE(aB)HHC <e. By
e

the assumption, we write that F(r) < G(z) + F.(z) and |[F.(2)[;, <e. By the last condition of

norm on I¢ we say that F(z) < G(z) for every z € R. Thus, we obtain that F' < G. O

Now we will show that C.(R,I¢) and Cy(R,I¢) are consolidate spaces. Thus, we can give

a representation to every element in these spaces.

Lemma 3.7 C.(R,I¢) and Co(R,I¢c) are the consolidate quasilinear spaces.

Proof We will give only the proof for the space C.(R,I¢) since a similar proof can be made for
Co(R,I¢). Let us take an arbitrary g € C.(R,I¢). Because of the fact that I¢ is consolidate, we

write for t € R

sgp{x € (Ig)r:x=xG(t)} = sgp Fé?(t) = G(t) = [Gr(t), Gr(t)] + i[Gs(t), Gs(t)]-

Now let us choose an element {x¢g, )} +i{zq, @)} € Ic for each ¢ € R such that let be

{za.)} +i{za,m} 2 [Gr(t), G ()] +i[Gs(1), G (1)) (6)

Consider the function h: R — (I¢), given by

h(t) = {za, )} +H{ra, v} (7)

where {z¢g, 1)} +i{zc, (1)} is the regular element of I¢ that satisfies the condition (6). Now we

will prove that sup FgC(R’HC) =G, ie.,

sup{h € C.(R,I¢c), : h(t) < G(t),Vt € R}.

First we have h < G since h(t) = {vq, @} + i{rq, )} = G(t). This means Fgc(R’HC) #+ 7.

Further, the set FgC(R’HC) is the upper bounded since h < G for h € FgC(R’HC). Suppose that
the function F' is another upper bound of the set FgC(R’HC). Now let us assume that G £ F.

Then there exists an element ¢y € R such that G(tg) A F(to). This implies that it is either
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(G (t0), Gr(to)] € [Fr(to), Fr(to)] or [Gs(to), Gs(to)] € [Fslto), Fis(to)]. If [Gr(to), Gr(to)] €

2
3
—~

o~
(=)
—

[Fy-(to), F;-(to)], then there exists the singleton {z¢, ()} such that {zq, )} € [Gr(to)

while {z¢, 1,)} € [Fr(to), Fr(to)]. Further, we have that {r¢ )} + i{zc. )} = G(to) and

{zc, )} + i{zc. o)} £ F(to). Thus, we write that h(tg) = G(to) while h(tg) £ F(to) for the

function h defined in (7). Therefore, h £ F. This is a contradiction. If [G,(to), Gs(to)] &

[Fs(to), Fs(to)], then the proof is given in a similar way. Consequently, the proof is complete. O

Now we will examine the dimension of the quasilinear spaces C.(R,I¢) and Cy(R,I¢). For
this purpose, firstly let us give some algebraic definitions in a quasilinear space (for details, see
[5]). Let X be a quasilinear space and {x;}}_, be a subset of X, where n is a positive integer.

A (linear) combination of the set {z)}7_; is an element z of X in the form
a1 + @y + ... + apT, = 2,

where the coefficients aq, as, ..., o, are real scalars. On the other hand, a quasilinear combination

of the set {xy}7_, is an element z € X such that
a1x1 + s + ... +apx, X2

for some real scalars a1, as, ..., a, . Hence,the quasilinear combination, briefly gl-combination, is
defined by the partial order relation on X. Further, for any nonempty subset A of a quasilinear

space X, span of A is given by following known definition

n
SpA = {Z QTR T1,T2, .., Ty € A, a1,02,...,an, € R, n € N}
k=1

However, QspA, the quasispan (g-span, for short) of A, is defined by the set of all possible

quasilinear combinations of A, that is,

n
QspA={zx e X: Zakxk 2T, T1,T2, ..., Ty € A, a1,0Q3,...,a, € R, n €N}
k=1

A given set A = {x1,x2,...,2,} in a quasilinear space X is called quasilinear independent

(ql-independent, briefly) whenever the inequality
0 < A\x1+ Xoxo + ... + Ap2n (8)

holds if and only if Ay = Ag = ... = A\, = 0. Otherwise, A is called quasilinear dependent (ql-
dependent, briefly ). A gl-independent subset A of a quasilinear space X which g-spans X is called

a basis (or Hamel basis) for X .
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Let S be a gl-independent subset of a quasilinear space X. S is called mazimal gl-

independent subset of X whenever S is gl-independent, but any superset of S is ql-dependent.

Definition 3.8 [5] Regular (Singular) dimension of any quasilinear space X is the cardinality of
any mazimal gl-independent subsets of X, (Xs). If this number is finite then X is said to be finite
regular (singular)-dimensional, otherwise; is said to be infinite reqular (singular)-dimensional.
Regular dimension is denoted by r-dim X and singular dimension is denoted by s-dim X . If

r-dimX =a and s-dim X = b, then we say that X is an (a,,bs)-dimensional quasilinear space.

Using these information we can give the following theorem.

Theorem 3.9 The quasilinear spaces C.(R,I¢) and Co(R,Igc) are the (oo, 00s)-dimensional
spaces.

Proof Consider the functions x,, : R — I¢ given by

xn(t){ {t} , forte[-1,1];

{0} , otherwise

for n = 0,1,... and the set M = {xp,z1,...}. It is obvious that M is a subset of the regular
subspace of C.(R,I¢). Now we will prove that M is ql-independent. Let us take an arbitrary and

finite subset {xy,,zk,,..., Tk, } of M. Suppose that
Chy Thy + ClyThy + ... + Tk, =0

for ¢k, Ciyy .- Ck,, € C. Then we write

e {tF Y+ ep, {72} + 4o, {tP ) = {0}

and so cg, tF* + ¢, t*2 + ... + g, tF» = 0. This implies that ¢, = ¢, = ... = ¢, = 0. Thus, we
say that r-dim C.(R,I¢) = co. Further, s-dim C.(R,I¢) = oo since C.(R,I¢) is a consolidate
quasilinear space. Furthermore, we can say that r-dim Cy(R,I¢) = s — dim Cp(R, I¢) = 0 since

Co(R,I¢) is a subspace of C.(R,I¢). ]
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