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ON TANGENT BUNDLES WITH RESPECT TO TWO
DIFFERENT METRICS
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Department of Mathematics, Erzincan Binali Yildirim University, Erzincan, TURKIYE

ABSTRACT. Let (M,g) be a Riemannian manifold and TM be its tangent
bundle. The purpose of this paper is to study statistical structures on T'M
with respect to the metrics G{ = g+ Y(fg) and Gg = °gr + hg, where f
is a smooth function on M, €g is the complete lift of g, Y(fg) is the vertical
lift of fg, °g is a metric obtained by rescaling the Sasaki metric by a smooth
function f and g is the horizontal lift of g. Moreover, we give some results
about Killing vector fields on T'M with respect to these metrics.

1. INTRODUCTION

Let (M,g) be a Riemannian manifold and TM be its tangent bundle. In [1],
Abbassi and Sarih defined a general ” g—natural” metric on 7M. Some well-known
examples of the g—natural metric are the Sasaki metric ( [6], |[14]), the Cheeger-
Gromoll metric ( [13], [15]), Cheeger-Gromoll type metrics ( [4], [7]) and the Kaluza-
Klein metric [2]. However, some other metrics can be defined on the tangent bundle
which are not subclasses of this g—natural metric. As first example, in [9], Gezer
and Ozkan defined a metric G{ = g+ Y(fg), where ¢g is the complete lift of the
metric and Y(fg) is the vertical lift of fg and f is a smooth function on M. As
second example, in [8], Gezer et al. introduced a metric Gg = °gr+ hg, where ey
is a metric which is obtained by rescaling the Sasaki metric with a smooth function
f on M and "¢ is the horizontal lift of g. These lifts will be explained later and we
will deal with these two metrics in this paper.
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Statistical manifolds were introduced by Amari [3] in view of information geom-
etry, and they were applied by Lauritzen |[10]. These manifolds have a crucial role
in statistics as the statistical model often forms a geometrical manifold.

Although curvature related properties of tangent bundles are widely studied,
investigating statistical structures on tangent bundles is a relatively new topic.
These structures were examined with respect to various Riemannian metrics such
as the Sasaki metric [5], the Cheeger-Gromoll metric and a g—natural metric which
consists of three classic lifts of the metric g [12], the twisted Sasaki metric and the
gradient Sasaki metric [11].

In this paper, we study the statistical and Codazzi structures on T'M using the
horizontal and complete lifts of a linear connection on M when TM is endowed
with the metrics G{ and G%c, respectively. We also investigate the Killing vector
fields on T'M with respect to such metrics.

2. PRELIMINARIES

Let M be an n—dimensional Riemannian manifold and V be a linear connection
on M. The tangent bundle T'M of the manifold M is a 2n—dimensional smooth
manifold and it is defined by the disjoint union of the tangent spaces at each point
of M. If {U, z'} is a local coordinate system in M, then {7~ 1(U), 2%, u’,i =1,...,n}
is a local coordinate system in TM, where 7 is the natural projection defined by
7:TM — M and (u') is the local coordinate system in each tangent space in U
with respect to the basis {%} We have a direct sum decomposition

TTM =VTM® HTM

for the tangent bundle of T'M, where the vertical subspace VI'M is spanned by
{5 = (a?ﬁ- )"} and the horizontal subspace HTM is spanned by (L= (=) =
2 —umT -2} Here I, denote the Christoffel symbols of V. The vertical, hori-
zontal and the complete lifts of a vector field X = X*
9 x ) .
X=X T X = X
out’ ari YT Gym ot
where we used Einstein the summation.
The Lie brackets of the vertical lift and the horizontal lift of vector fields satisfy

the following relations:

[th Yh} = [Xv Y]h_(R(Xv Y)u)vv [Xh’ Yﬂ] = (VXY)U_(T(X’ Y))v’ [va YU] =0,
where R is the curvature tensor field and T is the torsion tensor field of the linear
connection V, [16].

For a Riemannian metric g on a smooth manifold M, the complete lift “g, the
vertical lift Vg and the horizontal lift "¢ of g are given by

g(X"Y") = (X", Y") =0, g(X" YY) = g(X°,Y") = g(X,Y),
vg(Xh,Yh) — Q(X, Y), vg(XU,YU) _ Ug(Xh,YU) _ Ug(XU,Yh) —0.

a?:i are defined by, respectively
0 L0X1 0

Xv:Xi +y oxs aui’
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"g(XMY") =0, Pg(XY, YY) =0, Mg(XP YY) = Pg(X? V") = g(X,Y).
h c
The horizontal lift connection V and the complete lift connection V are respec-

tively given by, [16]
h N Wb h ho b ]
VY = (VxY)" VxnY? = (VxY)?, Vxo V" =Vx Y =0,
VirY" = (VxY)' 4+ (R(u, X)Y)", VxoY" = Vxu YV =0,
VxrY? = (VxY)", VxY°=(VxY)’ Vx V' =Vx. Y= (VxY)".
Remark 1. The connection V is a flat and torsionless linear connection if and
h c
only if V(V) is a torsionless linear connection, [16].
In the sequel, we shall denote %, % and a?ﬂ as 0;, 0; and 0O;, for shortness.
The metric G{ on T'M is defined by
GI(x" yh) = fg(X,Y), GI(X", ") =Gl (x?,v") = g(X,Y), GI(x?,v") =0,

(1)
where f is a strictly positive function on M, [9].
From Theorem 3.1 in [9], we can easily rewrite the Levi-Civita connection of the

metric G{ in invariant form.

Lemma 1. Let (M, g) be a Riemannian manifold on (T M, G{) be its tangent bundle
with the metric G{ defined by . The Levi-Civita connection V{ of the metric G{
satisfies the following relations

VI Y" = (VxY)" + (R(u, X)Y + Ap(X,Y))",
VI Y' = (VxY)', Vi Y =vi.Y" =0,

where X, Y are vector fields on M, V is the Levi-Civita connection of g, R is the
Riemannian curvature of V and Ap(X,Y) = 2(X (/)Y +Y ()X —g(X,Y) o (df)*).

The metric Gg on T'M is defined by

GH(XM,YM) = fg(X,Y), GL(X", YY) = GLH(X?, V") = g(X,Y),GS(X", V") = g(X,Y),
(2)
where f is a strictly positive function on M, [g].
From [9], we rewrite the Levi-Civita connection of the metric Gg in invariant
form as follows.

Lemma 2. Let (M, g) be a Riemannian manifold on (T M, Gg) be its tangent bundle
with the metric Gg defined by (@ The Levi-Clivita connection Vg of the metric G;
satisfies the following relations

v/

oYt = (VxY + (R(u, X)Y + R(u,Y)X) + f%Af(X, Y))"

b
2(f=1)
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_(f%Af(X, V) + %R(X, Y)u + 2(1,7171)(3(% X)Y + R(u, Y)X))",
VY = (ﬁR(u,Y)X)h +(VxY — ﬁR(MX)Y)”,
V] Yt = (ﬁR(u, X)Y)h - (2(%_1)3(% X)Y)",
Vi Y'Y = 0,

where X, Y are vector fields on M, V is the Levi-Civita connection of g, R is the
Riemannian curvature of V and Ap(X,Y) = 2(X (/)Y +Y ()X —g(X,Y) o (df)*).

Definition 1. Let (M, g) be a Riemannian manifold and let V be a linear connec-
tion on M. The pair (g,V) is called a Codazzi couple if the Codazzi equation are
valid:

(Vxg)(Y,Z) = (Vz9)(X,Y),
for all vector fields X,Y,Z on M. The triplet (M,qg,V) is said to be a Codazzi
manifold and V is called a Codazzi connection. Moreover, when V is torsionless,
(M, g,V) is a statistical manifold.

3. KILLING VECTOR FIELDS AND STATISTICAL STRUCTURES ON (T'M, G{)

Definition 2. Let (M, g) be a Riemannian manifold and V be a linear connection
on M. A wvector field X is called conformal (respectively, Killing) if Lxg = 2pg
(respectively, Lxg = 0), where p is a smooth function on M.

Using this definition, we have

LxGi(yv,z") = o,

LxG{(Y", 2") = o,

Lx.G{(Y" 2" = g(VyX,2)+g(Y,VzX) = g(T(Y, X),Z) - g(T(Z,X),Y)
and

LnGI(Y?, 2%y = o,

LxnG{(Y",2") = g(VyX,2)+g(T(X,Y),Z) + g(Y,T(X, Z)),
Lo GI(Y", 2" = X(Ng(Y.2) + f(Lxg)(Y, Z) + g(R(X,Y)u, Z) + g(R(X, Z)u,Y).
So, we have the following proposition.

Proposition 1. Let (T M, G{) be the tangent bundle of a Riemannian manifold
(M, g). Then the following statements are true:

(i) If V is a torsionless linear connection on M, then the vector field XV is
Killing if and only if X is a parallel vector field on (M, g).

(i4) If V is a torsionless linear connection on M, then the vector field X" is
Killing if and only if X is a V—parallel vector field, X is a conformal vector field
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such that (Lxg)(Y,Z) = —@g(l’, Z) and R(X,Y)Z = 0 for all the vector fields
Y,Z on M.

(iii) If V is a torsionless linear connection, [ is a constant function and X is
a parallel vector field on M, then the vector field X" is Killing if and only if the
vector field X is Killing on (M,g) and R(X,Y)Z =0 for all the vector fields Y, Z
on M.

(iv) If V is a flat connection, X is a V—parallel vector field and f is a constant
function on (M, g), then the vector field X" is Killing if and only if the vector field
X is Killing on (M, g).

Proof. The truthfulness of the assertions are clear from the definition of the Killing
vector fields. 0

h
Now, we obtain the components of VG{ . We have

(Ve.GD)3500) = 0(Pasw + F(Vo,9)(0;.0), (3)
(Vs,GD60.8) = 0,(Fgri + F(Vor 9)(Or. 0y),

(V. G)01.6,) = 0u(f)gss + F(Vor0)(0:.0).

- - L af L ol
(vaiGl)(ajaaﬁ) =0, (V(%Gl)(ajv(sk) = (vagGl)((;kvaT) = (vtskGl)(aivaj) =0,
h h h
(V5.G1)(05,0%) = (V,9)(9;,0%), (Vs,G1)(05,0:) = (Vo,9) (O, ), (VakG{)(&(» 5)]') =0.
4
So, we can express the following theorem.

Theorem 1. Let (T'M, G{) be the tangent bundle of a Riemannian manifold (M, g)
and V be a linear connection. Then the following statements are true:

h
(i) If (T M, G{,V) is a Codazzi manifold, then f is a constant function on M
and V s a metric connection.

h
(is) If (T M, G{, V) is a statistical manifold, then V is flat, f is a constant func-
tion on M and V is the Levi-Civita connection of g. In this case, the connections

h
V and V{ coincide.
(iti) If V is the Levi-Civita connection of g and f is a constant function on

h
M, then V is compatible with the metric G{. In particular, if V is flat, then the
h
connections V and V{ coincide.

h
Proof. (i) From 1) and 1' we see that if (T'M, G{, V) is a Codazzi manifold, then
f is a constant function on M and V is a metric connection.
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h h
(ii) If (T'M, G{, V) is a statistical manifold, then V is torsionless. From Remark
h
we see that V is flat. It follows from (i) and the definition of the connections V

and V1.
(iii) It is clear from the definition of the Levi-Civita connection and the connec-

h
tions V and V{.
O

C
Now, we repeat this process for (T'M, G{ , V). By direct calculations we have

(Vs.GD)(65,60) = 0(F)ajn + F(V,9)(Dy, k) — u* Ry gkt — w Ry gt ()

(66,- G0k, 0:) = 0i(Fari + F(Vo,9)(Ok, 0;) — u* RLjgir — u* RLj g0k,

(V. GD)(6:,65) = k()i + F(V0,9)(D5,05) — u* Rlyigse — u® Ry 9ty
(Vo,G1)(05.05) = 0, (Vo,G])(05.00) = (Vo,G])(60,80) = (V5,GY)(8r.05) =0,

(V5.G1)(6;.05) = (V2,9)(0;,00), (V5,G])(05.6:) = (Vo,9)(0k, B1), (Va,G] )(62-(, 6;)=0.
6)

Thus, we give the following theorem.

Theorem 2. Let (T'M, G{) be the tangent bundle of a Riemannian manifold (M, g)

and let V be a torsionless linear connection. Then the following statements are true:

i) If (TM,GY V) is a Codazzi (respectively statistical) manifold, then V is flat,
f is a constant function on M. Furthermore, V is a metric connection (respectively,
V becomes the Levi-Civita connection of G{)

i) If (TM, G{, V) is a statistical manifold and f is a constant function on M,
then V is the Levi-Civita connection of g and V becomes the Levi-Civita connection
of GI.

(iii) If V is the Levi-Civita connection of g, f is a constant function on M and

c
V is a flat connection, then the connections V and V{ coincide.

C
Proof. (i) If (TM, G{7 V) is a Codazzi manifold, then from (EI) we obtain that V
is a metric connection. Differentiating 1 with respect to u™ gives us Rfm-j it +
ani;.?gjt = 0. Similarly, by differentiating 2 and 3 with respec‘F to u™, we
obtain anjkgit + anjigtk = 0 and ankigjt + ankjgti = 0, respectively. So, V

C
is a flat connection. We also occur that f is a constant function on M. If V is
torsionless, it becomes the Levi-Civita connection of G{ .
(ii) We get immediately from Remark |1} the definition of the Levi-Civita con-
C

nection and the complete lift connection V.
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C
(iii) Definitions of the connections V and V{ give the results. O
Now, we assume that (T'M, Gy, V1) is a statistical manifold. The metric G, is
called the Sasaki metric and it is defined by
Go(X"Y") = g(X,Y), Go(X",Y") = Go(X",Y") =0, Go(X",Y") = g(X,Y),
for all vector fields X,Y, Z on M. Using Lemma [I] we get

(V15,G)(85,0K) = (Vi5,Go)(0n,0:) = (V]5,G5)(85,65) =0, (7)
(V]0,G)(05:08) = 0. (V]5,G0)05,01) = (V{5 Gs) (0, 05) = (V]5,Gs)(95,05) = 0,
1 m m m
(V{&GS)(%,(“);;) = _USRZ;jgmk"‘igmk(fiéj + £507" — gi; ™),
5 1 m m m
(V]5,G) (0,60 =~ RTgun + 590 ([0 + [i5]" = g5l ™),

(V15,G2)(3:,8;) = 0,
where, f; = 0;f and f™=g"™" f. So, we have the following theorem.

Theorem 3. Let (TM,GY) be the tangent bundle of a Riemannian manifold (M, g)
and let V{ is the Levi-Civita connection of the metric G1. If (TM, G4, V) is a
statistical manifold, then V is flat and f is a constant function on M.

Proof. 1t (TM, G, V1) is a statistical manifold, by differentiating (7)5 and (7)4 with
respect to u’, we occur Ry} gk = Ri};gmr = 0. Moreover, we see that f is a constant
function on M. ([l

4. KILLING VECTOR FIELDS AND STATISTICAL STRUCTURES ON (T'M, Gg)

In this final section, we follow the same line in the previous section for the metric
Gg . The proofs of the results will be similar.
From Definition [2], we have

LxsGi(Yv, 2y = o,
LxoGL(Y", 2%) = g(VyX,Z)-g(T(Y,X),2),
LxoGJ(Y", 2" = g(VyX,2) - g(T(Y,X),2) + g(VzX,Y) - g(T(Z,X),Y)

and

L GE(Y", 2% = (Vxg)(V,Z) + g(T(X,Y), Z) + g(Y, T(X, Z)),

L GE(Y", 2%) = g(VyX,Z)+g(R(X,Y)u, Z) + g(T(X,Y), Z) + g(Y, T(X, Z)),
LxnG{(Y", Z") = X(f)g(Y,Z) + f(Lxg)(Y,Z) + g(R(X,Y )u, Z) + g(R(X, Z)u,Y).

It is clear that if V is a torsionless linear connection, then the vector field X" is
Killing if and only if VX = 0. On the other hand, if V is the Levi-Civita connection
of g, then X" is a Killing vector field if and only if X is V—parallel, X is Killing,
the function f is constant and V is flat. More precisely, we have
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Proposition 2. Let (TM, Gg) be the tangent bundle of a Riemannian manifold
(M, g). Then the following statements are true:

(i) If V is a torsionless linear connection on M, then the vector field XV is
Killing if and only if X is a parallel vector field.

(i) If V is a torsionless linear connection, f is a constant function and X is
a V—parallel vector field on M, then the vector field X" is Killing if and only
if X is Killing vector field on M, V is the Levi-Civita connection of (M,g) and
R(X,Y)Z =0 for all the vector fields Y,Z on M.

(1ii) If V is the flat Levi-Civita connection, X is a V—parallel vector field and
f is a constant function on (M, g), then the vector field X" is Killing if and only
if the vector field X is Killing on (M, g).

h
Here, we compute the components of VGg. We obtain
h
(V5,G)(8;:01) = 0:(f)gsn + [(Vo,9)(D, ),
h
(V5,G9)(01,0) = 0;(Ngri + [(Va,9)(0k. 05).

(V. G1)00.6,) = 0u(f)gss + F(Vor0)(0:.0).

L Af - At
(Va,G3)(95,9%) 0, (V,G3)(05,0k) = (Vo;G3)(6k, 0%) = 0,

(Vo G0 05) = (Voug)(0:n0).

(%éiGﬁc)(fsj’a/}) = (V5,9)(95,0k), (%Eng)(al_w(Si) = (Va,9)(0k, 0:),

LR
(Vo G3)(0i,05) = 0.

h
From the above equations, we deduce that if (7'M, Gg ,V) is a Codazzi manifold,
then f is a constant function on M and V is a metric connection. So, we can write
the following theorem.

Theorem 4. Let (T M, Gg) be the tangent bundle of a Riemannian manifold (M, g)
and V be a linear connection. Then the following statements are true:

h
(1) If (TM, Gg ,V) is a Codazzi manifold, then f is a constant function on M
and V is a metric connection.

h
(i) If (T M, Gg , V) is a statistical manifold, then V is flat, f is a constant func-
tion on M and V is the Levi-Civita connection of g. In this case, the connections

2 !
V and V3 coincide.
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(iti) If V is the Levi-Civita connection of g and f is a constant function on
h
M, then V is compatible with the metric Gg. In particular, if V is flat, then the

h
connections V and V; coincide.

Now, we follow this process for (T'M, Gg 7%) By direct calculations we have

(V&Gg)(é]?ék) - ai(f)gjk + f(Vaig)(aj, 816) - usRiijgkt - USRzikgjtv (8)
(V(;j Gg)(ék, §i) = aj (f)gri + f(v<9_79)(aka 0;) — UsRiijit - ustjigtkv
(V5,GD)(0:,6;) = 0k(f)gij + F(Va,9)(0i,0;) — u” Rlyigje — u” Rl g0,
(Vo,G3)(95,05) = 0, (Vo,GL)(95,01) = (Vo,G]) (0, 01) = (V5,G]) (85, 0;) =0,
(V5,GD6;,05) = (Vo,9)(8;,0%) +u® Ry gue, 9)
(%53' Gg)(al_w 61) = (Vajg)(akv az) + ’U/Sszigkt,

(Vo, G)(61,65) = (V,9)(95, ;).

C
If (TM, Gg ,V) is a Codazzi manifold, then from (@) we obtain that V is a flat
metric connection. We also deduce that from 1 f is a constant function on M.
Thus, we have the following theorem.

Theorem 5. Let (TM,G1) be the tangent bundle of a Riemannian manifold (M, g)
and let V be a torsionless linear connection. Then the following statements are true:

i) If (T M, Gg, 6) is a Codazzi (respectively statistical) manifold, then V is flat,
f is a constant function on M. Furthermore, % is a metric connection (respectively,
V becomes the Levi-Civita connection of G%c)

i) If (T M, Gg, %) is a statistical manifold and f is a constant function on M,

C
then V is the Levi-Civita connection of g and V becomes the Levi-Civita connection
of GJ.
(#ii) If V is the Levi-Civita connection of g, f is a constant function on M and

C
V is a flat connection, then the connections V and Vg coincide.

Now, we assume that (T'M, G, Vg ) is a statistical manifold. Using Lemma
1

(Vé}iGs)(éj,ék) = —W(USR% +u R + [0 + 507" — £ gij) Gmi
1 m m m
*W(USR% +u R + fidy + f16 — £ Gik) gmj

(vgaiGs)(aj>aE) = 0, (10)
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1
f . _ S m
(vgaiGs)(ajaék) = mu R 9m;
]' S m S m
(vgékGS)(aﬂaﬁ) = 2(f . 1) (U Rskigmj +u Rskjgmi)7
1 S m S m m m m
(V&}%X%Jh)::[ajjjﬂURmy+Uqu+ﬁ% + [0 — " 9i5)
LR g — = wRTLg,
2U VL 9km 2(f — 1)“’ skidjm>
1 S m S T
(vga,; GS)((S“ 5J) - 2(f _ 1) (ubRskigmj +u Rskjgmi)7

where f; = 8;f and fm=g™f,. If (I'M,G,,V}) is a statistical manifold, by
differentiating 3 with respect to u’ we occur R}, gm; = 0 (other equations
which have curvature components of V is similar). Moreover, we see that f is a
constant function on M. So, we have the theorem below.

Theorem 6. Let (T'M, Gg) be the tangent bundle of a Riemannian manifold (M, g)
and let V% is the Levi-Civita connection of the metric Gg. If (TM, Gs,Vg) s a
statistical manifold, then V is flat and f is a constant function on M.
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