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Abstract — Algebra is generally considered as manipulating symbols, while algebraic thinking is about
generalization. Patterns can be used for generalization to develop early graders’ algebraic thinking. In the
generalization of pattern context, the purpose of this study is to investigate middle school students’ reasoning
and strategies at different grades when their algebraic thinking begins to develop. First, 6 open-ended linear
growth pattern problems as numeric, pictorial, and tabular representations were asked to 154 middle grade
students. Next, two students from each grade (6™, 7", and 8" grade) were interviewed to investigate how they
interpret the relationship in different represented patterns, and which strategies they use. The findings of this
study showed that students tended to use algebraic symbolism as their grade level was increased. However, the

students’ conceptions about ‘variable’ were troublesome.
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Introduction

Algebra is essential for understanding high school mathematics and therefore students’
learning of fundamental concepts of algebra is critical (Rakes, Valentine, McGatha & Ronau,
2010). The Rand Mathematics Study Panel Report (2003) indicates that algebra in elementary
curriculum is a gatekeeper for K-12 schooling. Thus, it is important to focus on algebraic

thinking in early grades by connecting it with students’ arithmetic knowledge (Carraher &
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Schliemann, 2007; Kaput, 1999; National Council of Teachers of Mathematics (NCTM),
2000). According to Carraher and Schliemann (2007), early algebra is defined as “compass
algebraic reasoning and algebra-related instruction among young learners-from approximately
6 to 12 years of age” (p. 670). In this regard, it is indicated in Principles and Standards
(NCTM, 2000) that teachers can help students in middle grades and high school students by
providing them experience about algebra in early grades. Thus, this study focuses on middle
school students’ conceptions about algebra when their algebraic thinking has begun to

develop.

Patterns and Generalization

Piaget (1952) developed the theory of schema for reasoning and the schema is about
conceptions in individual’s mind. He proposed the terms of assimilation and accommaodation.
While the assimilation is the process that when a new knowledge fits with existing schemas
and the schema is expanded with new knowledge; accommodation is the process when a new
knowledge does not fit the existing schema and the schema is reconstructed. Tall (1991)
related these concepts with generalization. He identified assimilation as expansive
generalization, and accommodation as reconstructive generalization. Generalization
arithmetic is one of the components of algebra (Katz, 1997; Usiskin, 1988). Lee (1996)
indicated that “algebra, indeed all of mathematics is about generalizing patterns” (p.103).
Generalization is important for developing the schemas about algebraic thinking. Constructing

patterns shows that students have meaningful schemas (Steele & Johanning, 2004).

Hargreaves, Threlfall, Frobisher and Shorrocks-Taylor (1999) emphasize the
importance of generalization of patterns in mathematics. In a detailed approach, Steele and
Johanning (2004) examined 7th graders’ schemas for solving algebraic problems. The
researchers also applied teaching experiment to develop students’ schemas. The students were
asked to solve eight generalizing problems and discuss the solutions in their groups. Each
student was interviewed in the process of experiment. The researchers revised the next lesson
based on the lesson they observed. According to the findings of this study, students who had
well-connected schemas could generalize symbolically. Kieran (1989) states that algebraic
symbolization is an essential component of algebraic thinking. Although students used similar
strategies (e.g. drawing tables, using smaller problems) for solving problems, successful
students in verbal and symbolic generalization used more tables with diagrams. Students with
well-connected schemas also checked particular cases when they reached generalization. In

contrast to them, students with partial formed schemas had difficulty with generalizations, and
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formed unclosed symbolic generalization. Another important finding was that using diagram
rather than numbers in tables provided students to interpret relationships in pattern. Warren
(1996) also indicates that the students who transform numbers to table merely have difficulty
in generalization. Thus, in this study, the patterns with tabular representation were used to

understand how students interpret the relationship in the table and which strategies they use.

Presenting situations that requires analyzing relationship in contexts and pictures to
elementary and middle school students is important to develop their algebraic thinking.
Patterns as a context can provide these features for making generalizations since patterns ease
students to transit from arithmetic to algebra by making generalization (English & Warren,
1998). Since algebra is considered as a way of expressing generality, generalization of
patterns is one of the approach for introducing algebra to children in some countries (e.g.,
British, England, and Singapore) (Kendal & Stacey, 2004). To reveal students’ algebraic
thinking, the questions about generalization of patterns are used in this study. Particularly,
presenting pictorial or figural growth patterns in elementary and middle school students is
important for exploring generalization and developing algebraic thinking (Walkowiak, 2014).
In pictorial growth patterns, figures change from one figure to the next one in an order and
with a relationship to each other (Billings, 2008). Pictorial linear growth patterns were also

used for investigating students’ conceptions in this study.

Walkowiak (2014) conducted a study with different grade levels to explore how
students analyzed pictorial growth patterns and observed the reasoning strategies they used
such as figural and numerical. The participants were 3 students from 2", 5" and 8" grade.
The researcher conducted task-based interviews. The tasks formed with two pictorial growth
patterns, which require describing the next picture and some later pictures, and then
generalizing the pattern. The findings showed that students used both figural and numerical
reasoning for generalization; however younger students used more figural reasoning.
Additionally, students used words and notations to make generalization. The notations
students used could change regarding their age and knowledge. Generally, when younger
students used their invented notation (e.g. using a circle for representing start), older students
who had algebra course used formal notation. Only eighth graders used symbolic notation to
generalize the pattern in the study. This study’s findings were also supported with Moss,
Beatty, McNab, and Einsband’s (2006) study. They designed lessons that included figural and
numerical patterns, and transition between these two types of patterns. The researchers

concluded that students who participated in these lessons were better on making
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generalization. Similarly, Rivera and Becker (2005) studied with prospective elementary and
middle school teachers, and the researchers concluded that participants who used more figural
reasoning than numerical reasoning could explain the formula more explicitly. These studies
suggest the use of figural and numerical patterns for developing generalization strategies.
Warren and Cooper (2008a) also suggest that students should experience visual growth
patterns besides repeating patterns in elementary school. Warren and Cooper (2008a)
conducted a teaching experiment to investigate teaching actions that can assist developing
elementary students’ algebraic thinking. The researchers designed two lessons with 45
students aged about 8 years and a teacher. The task in the first lesson was about extending the
pattern that was given first three steps. In the second lesson, the task was formed the pattern
with the missing steps to require exploring the relationship between the position number and
term. The pre-test and post-test that had growing pattern questions were applied students. The
results showed that students’ understandings were developed with the experiment. Barbosa
and Vale (2015) obtained similar result that finding relationship in the context of visual
patterns could develop students’ reasoning for generalization. Thus, figural patterns,
numerical and tabular patterns were also used in this study to give students opportunity to
express their opinions for different representations and to explain their reasoning strategies in

a broader perspective.

However, there are several studies that show high level students have difficulty with
generalization of patterns. Becker and Rivera (2005) examined 9" graders analysis of patterns
and functions. They used pictorial growth patterns, and found that most students could extend
the patterns, but few of them could generalize it with algebraic formula. Similarly, Cayir and
Akyiiz (2015) found that 9" graders had difficulty in finding the generalization rule
algebraically. In generalization process, older students have difficulty because they could not
relate the position number and the term (MacGregor & Stacey, 1996). Harel (2001) also stated
that students have difficulty in making generalization if they consider only the output values
of patterns, not the relationship in the elements of the entry pattern. Jurdak and EI Mouhayar
(2014) emphasized the effectiveness of functional reasoning for finding a rule in pattern
generalization. The researchers studied with students from 4" to 11™ grade to investigate their
reasoning related with the grade level, tasks, and strategy they used. Their study showed that
students’ level was developed across grade, far generalization task type which asks n" term
was difficult for students, and students strategies were different in the same grade. Rivera

(2010) also stated that middle school students had difficulty with generalizing algebraically

Necatibey Egitim Fakiiltesi Elektronik Fen ve Matematik Egitimi Dergisi
Necatibey Faculty of Education, Electronic Journal of Science and Mathematics Education



247 FARKLI SINIF SEVIYELERINDEKI ORTAOKUL...
ALGEBRAIC THINKING IN MIDDLE SCHOOL STUDENTS ...

that indicates functional relationship in far generalization type of questions. Ferrara and
Sinclair (2016) proposed an approach to develop early grade students’ functional reasoning
related with the concept of variable between the input and output values. This approach is
about a discourse related with pattern generalization based on theoretical frameworks. The
researchers concluded that this approach helped students to recognize the functional

relationship between variables.

Considering the difficulties students have in generalizing patterns, this study aims to
investigate middle school students’ generalization strategies and give suggestions for

instruction to prevent students’ difficulties in higher grades.

Methodology

Steele and Johanning (2004) suggested ‘schema theory’ oriented instruction to develop
students’ algebraic thinking schemas. To do this, in particular, problems with the context of
size-shape, and growth-change can help students to develop algebraic thinking. Forming and
generalizing patterns within these contexts can be used for introducing algebra to students.
Thus, the purpose of this study is to investigate middle school students’ conceptions at
different grades when their algebraic thinking has begun to develop. As Walkowiak (2014)
indicated the lack of research in the range of different ages about algebraic thinking; 6", 71,
and 8" graders’ conceptions about generalizing patterns are examined in this study. In this
context, the following research question is framed: “how do middle school students at
different grades generalize patterns?” To this end, a qualitative research design is used to get

detailed information about students’ reasoning and strategies.

Instrument

In this study, a pattern test was prepared and it had 6 open-ended questions that were
adapted from the literature (Blanton & Kaput, 2003; Lannin, Barker & Townsend, 2006;
Magiera, van den Kieboom & Moyer, 2013; Moss, Beatty, Barkin, & Shillolo, 2008; Stacey
& MacGregor, 2001; Warren & Cooper, 2008b). While preparing this test, the researchers
considered different types of pattern for the purpose of the study: patterns with numerical,
pictorial, and tabular representations. The time for solving the questions was set based on the
level of the students. Finally, the instrument was tested before the actual study to ensure the

usability and validity issues.

The questions in the test consisted of numerical, pictorial, and tabular representations of

linear growth patterns, since the aim of the study was to investigate students’ interpretations
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and strategies for generalization of different types of patterns. At the beginning, the test
included more than 10 questions. Then, the test was revised and only 6 questions were
included as students spent long time in each question. The questions were open-ended and
students were asked to explain their solutions by writing on the paper. One class hour was
given to students to solve problems. Each question was implemented and tested in the context
of the studies about teaching generalization of patterns to the students. To ensure the validity
of questions, the opinions of an experts in mathematics education were taken about the test.
The rationale of the selection of questions is explained in the following, and the test is

included in the appendix.

In the test, the first and fourth questions are pictorial patterns. The first pattern is “the
lunchroom table problem” that is explained by Blanton and Kaput (2003). The aim of the
problem is to explore the relationship between the independent and dependent variable. The
researchers asserted that many students had difficulty while solving this problem (Moss et al.,
2008). Thus, they used this problem in their instructional design to develop students’
functional thinking. The fourth question belongs to Magiera et al.’s (2013) study. They
proposed that the task could provide students to use algebraic thinking features such as

describing and justifying the rule based on Driscoll’s (2001) description.

The second and fifth questions are tabular representations of patterns. The second
question type is suggested by Stacey and MacGregor (2001) as a task to investigate students’
use of algebraic rules rather than express the relationship between the terms. The researchers
stated that students should be encouraged to use algebraic thinking to develop the rules
(Lannin et al., 2006). This task was adapted by changing the numbers in the cost columns to
challenge the students. In the presented task, the numbers were continuing as 9, 15, 27 ... as
three times of the number of t-shirt. These numbers were changed as 10, 16, 28 ... . On the
other hand, the fifth question was suggested by Magiera et al. (2013) to develop algebraic
thinking as in the fourth question. This question was adapted by changing the number of
people that came in each time (2 was replaced with 3). It was essay type of problem, and the
researchers changed it for this study by adding a table that consists of the number of bell and

the number of coming people in columns.

The third and sixth questions are numerical patterns. These patterns were exemplified as
growing pattern represented with numbers by Warren and Cooper (2008b). They assert that
the constant difference between the terms is important to develop elementary students’

understanding in order to see the relationship between input and output values. The pattern in
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the sixth question was selected with the numbers that are decreasing by 5 from one term to the
next term instead of increasing in order to make it unusual for students. The aim was to

examine how students generalize this pattern.

Data Collection

The participants were 6", 7" and 8" grade students who were taught pattern
generalization. The students were selected from a middle socio-economic level school based
on its availability to the researcher. The questions were asked to 154 students in total (48 sixth
grade students, 59 seventh grade students, and 47 eighth grade students) to determine
students’ generalization strategies of patterns. Then, the students who had different and
detailed solution strategies from other students’ solutions were interviewed since deep and
detailed information was needed to investigate students’ reasoning strategies in generalization
process. Thus, six volunteered students, including two students from each grade, were
selected for task-based interviews according to their solutions. These students were selected
by considering their detailed solutions, their volunteering, and the opinions of their
mathematics teacher. Their mathematics teacher stated that based on students’ performance in
mathematics classes these students could explain their opinions and solutions explicitly. The
researcher conducted task-based interviews with these students. Task-based interviews
present mathematical problems and require participants to explain and justify their solutions.
Task-based interviews give opportunities to understand participants’ knowledge,
understanding, and strategies (Goldin, 2000). In this study, the questions were designed as
tasks with sub questions to require explanation and justification, and they were used in the
interviews. The interviews lasted about 15-20 minutes. In the findings part, 6" grade students
are named as Al and A2, 7" grade students are named as B1 and B2, and 8'" grade students

are named as C1 and C2.

Data Analysis

Creswell (2007) describes the data analysis process as “consists of preparing and
organizing the data for analysis, then reducing the data into themes through a process of
coding and condensing the codes, and finally representing the data in figures, tables, or a
discussion” in a qualitative research (p. 148). In this study, the data included sources from
students’ answers for open-ended questions and interviews. In data analysis process, first, the
students’ solutions for six questions were categorized regarding their similarities and
differences based on the generalization strategies that Walkowiak (2014) proposed in the

framework. After forming the categories as themes that were using descriptive words, and
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using notation; sub-categories were deducted based on the data. These sub-categories were
writing verbal statement, assuming the next term as n'" term, and stating the growth of the
figures under the heading of descriptive words/statements strategy; and writing algebraic
expressions under the heading of formal notation strategy. For these categories and sub-
categories, frequencies were also found in order to give the whole picture regarding the
frequency of students’ using of the generalization strategies (see Table 1). After getting
general overview about students’ strategies for generalization of patterns, interviews were
examined to understand why and how students think for generalization in order to reveal their
reasoning. The recorded interviews were transcribed and read by the researchers. The
revealed reasoning strategies for generalization of patterns in the interviews were analyzed by
using Walkowiak’s (2014) conceptual framework. The data from interviews were examined

based on two reasoning strategies, numerical and figural reasoning.

Numerical reasoning Using Notation

e

Figural reasoning Using Descriptive Words

Generalization

Figure 1 Conceptual Framework for Analyzing Students’ Generalization Strategies

Walkowiak (2014) explained the conceptual framework within two themes based on the
findings of the study. These themes are “an intersection between reasoning figural and
numerical, and making generalizations using symbols and/or words “ (p. 67). The first theme
indicates that students use both numerical and figural reasoning to get a generalization. The
researcher also explains that students could understand generalization of patterns by using
these two types of reasoning strategies in a better way. The second theme states that students
use notation or/and descriptive words for describing generalizations The notations used by
students can be both invented and written algebraically. The themes used in this study based

on the framework are shown in Figure 1.

Trustworthiness

In qualitative research, trustworthiness as a term is used to explain validity and
reliability issues (Lincoln & Guba,1985). Merriam (2009) states that ensuring validity and
reliability is necessary in data collection, analysis process, and interpretation of the findings.
While validity can be described as “the extent to which research findings are credible”,

reliability can be described as “the extent to which there is consistency in the findings”
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(Merriam, 2009, p. 234). Inorder to provide the trustworthiness of the study, several methods
(e.g. triangulation, member checking, peer examination, and cross-checking) can be used. To
provide the trustworthiness of this study, triangulation in collecting data for validity, and
cross-checking method for reliability were used. “Triangulation is the process of
corroborating evidence from different individuals (e.g., a principal and a student), types of
data (e.g., observational field notes and interviews), or methods of data collection (e.g.,
documents and interviews) in descriptions and themes in qualitative research” (Creswell,
2012, p. 259). In this study, data were collected from the solutions of the open-ended
questions as well as interviews with the students. On the other hand, cross checking is the
agreement on the codes for the same data (Creswell, 2009). In this study, both an expert in
mathematics education, and a researcher were asked to code the data. The researcher and the

expert discussed the codes of sub-themes and agreed on them during the process.

Findings

In this section, the students’ solution strategiecs are examined by using Walkowiak’s
(2014) framework and the table below represents the frequencies of 154 students’ strategies.
The strategies are categorized in two groups based on the framework, and the subcategories

are extracted from the data.
The Frequencies of Students’ Used Strategies (Categories)

Table 1 The Frequencies (%) of Students” Used Strategies

Strategy (Categories) Descriptive words/statements Formal notation

Sub-Categories Writing Assuming the next Stating the growth of the Writing algebraic

verbal term as n'" term figures expressions
Grade statement
6" grade 17 47 14 7
7" grade 26 10 4 42
8" grade 26 13 5 39

According to Table 1, descriptive words/statements strategy is examined in three
categories, and formal notation strategy is examined in one category. It can be said that, as
grade level is increased, students prefer to use algebraic expressions as formal notation for
generalizations. 6" graders generally express generalization verbally using descriptive words
and statements. Especially, 6 graders have the conception is that n'™ figure/number is the

next term after given terms in the pattern. This tendency is less seen in 7" and 8" graders
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solutions. 6'" graders also state the growth of the figures as general rule in pictorial patterns.

This category is also not seen frequently in higher grades. The percentages of 7" and 8"

graders’ using descriptive words/statements and formal notation’ categories are about similar.
In the next part, these categories are explained with examples in detail regarding to each

grade. Additionally, students’ reasoning strategies arec analyzed based on the dialogues from

interviews.

Sixth Grade Students’ Generalization and Reasoning Strategies
Table 2 shows sixth grade students’ solution strategies with categories. Additionally, the

examples from students’ answers are given for different categories.

Table 2 The Categories of 6" Grade Students’ Solutions

Students’ solution Sub-categories Representative students’ writings
strategies (Categories)

Chairs increase by 3, tables increase by 1
It increases as 3times and plus 1
The numbers in both columns increase
Writing verbal statements  Increases by 4
Increases by 3, the difference between the
number of bell and people increases by 2
Decreases by 5
Assuming n™ termas next  There are 4 tables and 14 chairs (there are 3

Descriptive words term after existing figures in the question)
figures/numbers (and Decreases by 5and 7" number is 30
finding corresponding Increases by 4 and forn=7, it is 27
number regarding pattern Decreases by 5and forn=8, it is 25
rule) Finding n based on the row number
Stating the growth of the Increases by 2 like “v” letter
figures
n.3,3n+2,n.4+2
3n+1,n.3
Formal Notation Writing alge*braic 4n-1,n+4
expressions n+2, 2n-1, n.2+1
n+3, 3n-2, n.16
n-5
No solution
Other Having difficulty with Since it is n, it is indefinite

variable concept

*Italics are correct answer.

Students’ solutions were analyzed within three strategies (descriptive words, formal
notation, other) based on Walkowiak’s framework. According to the findings, these strategies
were categorized with the examples from students’ answers in Table 2. Especially, the first
strategy was examined within three categories. Students mostly used the first category, and

they wrote verbal statements such as chairs “increase by 3, tables increase by 1, increases by
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4, decreases by 5™ etc. Then, in the second category, they assumed n™ figure/number as next
figure/number after existing terms and found corresponding figure/number regarding pattern
rule. For example, if there are 3 figures in the pictorial pattern, students wrote there were 4
tables and 14 chairs in the 4'" picture as n'" picture. Another example is finding the number as
n" term considering the last given number in the question. If the pattern has 5 terms like this
“3, 7, 11, 15, 19...” students assumed that dotted place was 6" term and then answered 7'
term for " term (e.g. increases by 4 and for n=7, it is 27). Few of the students used formal
notation and wrote algebraic expressions as in the second strategy such as n.3, n.4+2, 4n-1,
n+2, etc. for generalization. There were students who had no solution for some questions.
Interestingly, one student of 6'" graders had difficulty with variable concept and so this

student had the idea of unknown was indefinite.

In terms of pattern types, students had different ways to find the general rule of the
pattern. In the 1% and 4'™" question (pictorial patterns), students wrote verbal statements by
stating the growth of the figures in the pattern. For example; some students stated the growth
of the figures such as increasing by 2 like v letter. They also assumed n'" figure as next figure
after the existing figures. If there were 3 figures as in the first question, students considered
4" figure as n figure. In number patterns (3™ and 6 question), students wrote verbal
statements (e.g. increases by 4, decreases by 5) and most of them gave a number for n
assuming the next number such as for n=8, it was 25. For particularly tabular patterns (2" and
5™ question), students generally found row numbers to n given in the table. In general for each
type of patterns, there were only few students who wrote algebraic expressions for

generalizations.

Most of the sixth graders expressed generalization of patterns verbally indicating the
difference between consecutive terms in the pattern. For example, in the first question which
included a pictorial pattern with tables and chairs, the students generalized as ‘chairs increase
by 3, or tables increase by 1°. In number and tabular patterns, they used similar statements.
An example is 3, 7, 11, 15, 19... pattern and they stated “increases by 4”, or they express
“decreases by 5” for 60, 55, 50, 45... pattern. The following excerpt shows how sixth graders
generally explained their reasoning:

R (researcher): How do you explain your solution for the first question?

Al: For the first table, there are 1, 2, 3, 4, 5 (Al is counting chairs). 3 chairs increase for the
second table. 6 chairs increase for the third table. Because, 3 chairs are put each time, first time 3

and then add 3 more for the second time, 6 chairs increase. 3 chairs are put for each table.

R: What is the relation between the numbers of chairs and tables?
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Al: When the number of tables increases by 1, the number of chairs increases by 3. So, the

difference is 2.

R: How do you write an expression for this relation?

Al:Tcan write (A1 is writing ‘when a table is put, 3 chairs are put’)

In the generalization process, the students first tried to understand how the picture was.
They investigated what they were and how the relationship was between different units (e.g.
chair and table) in the pictures. They considered how the picture grew as in different steps.
Thus, they used figural reasoning. Then, the students generally stated generalizations verbally
using descriptive words or statements. They focused on the difference between consecutive
terms and indicated the generalization rule as increment or decrement. Few of the 6" grade
students could write symbolic generalization using ‘n’ (e.g nt3, 3n, nt4), but very few of
them could reach correct algebraic generalization. Other students tried to find a number for n.
For example, if a number pattern was given to the 5" term, students found the 6" term and
explained the 7" term as n'" term. If the pattern had four pictures, they had tendency to draw
the 5" picture as the n'" picture in pictorial patterns. In tabular patterns, they first found the
blank rows and then determined a number for ‘n’ regarding the previous position number (See
Figure 2). Al explained her strategy to find the n'" term as in the following:

Al: When the bell rings once, 1 person comes. The bell rings the second time, 4 people come. So,

it increases by 3. When the bell rings for the sixth time, the

number of the coming people is 16.
R: How do you find 16? Zil sayis1 | Gelen kisi sayist
' ' 1 L)y
Al: It increases by 3. The fifth number is 13. And then the § ' ‘7‘\;,
sixth 4 10~
15 e
number is 16. b b
nx 7 A%
R: How many people come when the n' bell rings?
Al: Forn, anumber is determined and the other column Figure 2 A1’s Solution

(in table) is increased.
R: While increasing, where do you stop?
Al: Forexample, | can continue how many people there are in the class.

If there are 30 people, we can count up to 30.
This excerpt suggests that she did not have the variable concept conceptually. She could

not consider finding a rule using ‘n’. Instead of this, she tried to give a number for n. Thus,

she did not consider any invented or formal notation for generalization. In the generalization
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process of the number and tabular patterns, she used numerical reasoning to explore a

relationship between the numbers in the process.

Based on the Walkowiak’s (2014) framework, it was observed that the sixth graders used
mostly numerical reasoning and descriptive word strategy for different type of pattern
questions. Only in pictorial patterns, they preferred to use figural reasoning more than

numerical reasoning.

Seventh Grade Students’ Generalization and Reasoning Strategies
Table 3 shows seventh grade students’ solution strategies with categories. Additionally,

the examples from students’ answers are given for different categories.

Table 3 The Categories of 7" Grade Students’ Solutions

Students’ solution
strategies (Categories)

Sub-Categories Representative students’ writings

Chairs increase by 3, tables increase by 1

It increases as 3times and plus 1

The numbers in both columns increase
Increases by 4

Increases by 2

Increases by 3, the difference between the
number of bell and people increases by 2
Decreases by 5

There are 4 tables and 14 chairs (there are 3

Writing verbal statements

Descriptive words

Assuming n'" termas next
term after existing
figures/numbers and
finding corresponding
number regarding pattern
rule

fi%ures in the question)
6" number as 23

Increases by 4 and for n=7, it is 27
Decreases by 5and forn=8, it is 25
Decreases by 5and 7" number is 30
Increases by 3and forn=7, it is 19
Finding n based on the row number

Stating the growth of the

Increases by 2 like “v” letter

figures

3n+2,n+3,n+1l
6n-8,n.2-1
4n-1,n+4, 3n+1

Formal Notation Writing alge*bra ic

expressions n+2, 2n-1, 2n+1
n+3, 3n-2,2n+1,n+2,n.2+2
n-5, 5n+55
Other No solution

*Italics are correct answer.

Students’ solutions were analyzed within two (descriptive words and formal notation)
strategies based on Walkowiak’s (2014) framework. According to the findings, these
strategies were categorized based on students’ answers as in Table 3. Especially, the first
strategy was examined within three categories. Slightly more than half of the students used

the first strategy. Similar to 6™ graders, most of them were in the first category and they used
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descriptive words for generalization. These students wrote verbal statements such as “chairs
increase by 3, tables increase by 1, increases by 4, decreases by 5” etc. When compared to 6"
graders in the second category, there were less students in 7'" graders as they assumed n'" term
as next figure after existing terms and found corresponding number regarding pattern rule. For
example, if the pattern has 6 terms such as “60, 55, 50, 45, 40, 35 ...” students assumed 7th
term for dotted place and then answered 8'" term for ' term (e.g. decreases by 5 and for n=8,
it is 25). In 7™ graders, there were more students who used formal notation as a second
strategy. They wrote algebraic expressions such as 3n+2, 6n-8, 4n-1, n-5 for generalization.
There were also students who had no solution for some questions. Unlike 6'" graders, there

were not any students who had difficulty with variable concept.

In terms of pattern types, 7" grade students had different ways to find the general rule of
the pattern. In the 1% and 4™ question (pictorial patterns), students wrote verbal statements by
stating the growth of the figures in the pattern. For example; some students stated the growth
of the figures such as increasing by 2 like v letter. Different from 6'" graders, more students
used formal notation for pictorial pattern generalizations. In number patterns (3" and 6™
question), different from 6" graders, about half of the students wrote verbal statements (e.g.
increases by 4, decreases by 5) . They gave a number for nassuming the next number such as
for n=8, it was 25. The other students preferred to express the general rule algebraically (e.g.
4n-1, n+4, 3n+1, n-5, 5n+55). Particularly for tabular patterns (2" and 5" question), students
generally had difficulty to find a rule. Most of them had no solution for this type of patterns.
The students who did this question preferred to write the rule algebraically. In general for
each type of patterns, there were more students who wrote algebraic expressions for

generalizations than 6" graders.

Algebraic expressions were seen more in 7" graders’ generalizations. However, 7"
graders could not reach correct expressions since they did not take into consideration the
position number of the terms in the pattern. For example, B2 directly wrote ‘n-5’ by
considering the difference between the consecutive terms for the sixth question. Students who
considered the position number could write correct algebraic expressions. However, they
explained their strategies by trial and error. The following dialogue shows how B1 explained
her strategy for generalization (see Figure 3):

R: Let’s look at the second question.

B1: ... Again I can do this way, n times 3 and plus 1, 1 times 3 and I add 1, 4. But it is 10. Starting
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with 1does not work. | multiply 3 by 3,9,add 1, 10. | multiply 3 by 5, 15, add 1, 16. | multiply 9

by 3, 27,add 1, 28.
F-shiels}  TL | Aresndals ikski
R: You put the number of t-shirts instead of n and you % 10 2.%+1 = 4o
. Chin s L 254 { - b
multiply 3 and add 1. Am | right* o 2% 3 %4l 2%
B1: Yes. The number of t-shirts and n are the same o4 bl 2 -91+1 = bl
thing.

R: If I want to buy 100 t-shirts, how much will | pay? Figure 3 B1’s Solution
B1: Again, I multiply 100 by 3, and add 1, 301.

R: How do you find this relation?

B1: Itried.

R: What do you try? What comes first to your mind?

B1: First, I think what I can do with 3to find 10. I could try multiplying by 2. 1 did not remember.
Maybe 3. Because generally we multiply something and add something. Then, I tried for other

terms in the term. 1 think, if it works for others, it is right.

This student reached the correct algebraic generalization. She first started with position
number as 1. When she realized 1 did not work, then she started with 3 as the number of t-
shirts. Then she tried multiplying by 3 and added 1 to get 10 as the first term. She indicated
that she could try multiplying by 2 before 3. Similar to B1, most students tried to reach an
algebraic generalization. They used formal symbols in their solutions. The students who did
not use algebraic expressions used verbal statements similar to 6'" graders. However, 7" grade
students differed from 6™ graders for pictorial patterns. In the generalization process, 7" grade
students counted the number of units in pictures in pictorial patterns and they looked for the
relationship in these numbers. They did not consider how the picture grew in different steps.
Thus, they drew the picture asked for the next step by considering how many units there
would be. They thought the shape of picture such as the shape of ‘v’ letter as figural
reasoning. They already considered numbers in number patterns and tabular patterns that had

numbers as terms in patterns. Thus, they used numerical reasoning.

The reasoning of seventh grade students was different regarding representations of
patterns. In general, based on Walkowiak’s (2014) framework, for number and tabular
patterns, they used numerical reasoning. They used numerical reasoning mostly in pictorial
patterns and sometimes figural reasoning. Students generally preferred to generalize by using
formal notations and descriptive words. Particularly number patterns, similar to 6™ graders,

they mostly used descriptive words for generalizations.
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Eighth Grade Students’ Generalization and Reasoning Strategies

Table 4 shows eighth grade students’ solution strategies with categories and the
examples from students’ answers for different categories.

Students’ solutions were analyzed within two (descriptive words and formal notation)
strategies based on Walkowiak’s (2014) framework. According to the findings, these

strategies were categorized with representative students’ writings in Table 4. About half of the

students were in the first category and they used descriptive words for generalization.

Table 4 The Categories of 8" Grade Students’ Solutions

Students’ solution Sub-Categories

strategies (Categories

Representative students’ writings

Chairs increase by 3, tables increase by 1
It increases as 3times and plus 1
Increases by 4

Increases by 2

Increases by 3, the difference between the
number of bell and people increases by 2
Increases by 3and for n=7, it is 19
Decreases by 5

Writing verbal
statements

Descriptive words

Assuming n™ term as
next term after existing
figures/numbers (and
finding corresponding
number regarding pattern
rule)

There are 4 tables and 14 chairs (there are 3
figures in the question)

6th number as 23

Increases by 4 and for n=7, it is 27
Decreases by 5and for n=8, it is 25
Decreases by 5and 7" number is 30

Stating the growth of the
figures

Increases by 2 like “v” letter

Formal Notation

Writing algebraic
expressions*

3n+2,n+3, 3n
3n+1, 8n+1, 2n+1
4n-1,n+4

n+2, 2n-1, n+3
n-5, 5n, -5n+65
n+3, 3n-2, n+2

Other

No solution

*Italics are correct answers.

There were also students who assumed n™ term as next term after existing figures.
Similar to 7™ graders, 8" graders also used formal notation and wrote the general rule
algebraically. Additionally, their generalizations were more correct than 7™ graders’
generalizations. They wrote algebraic expressions such as 3n+2, 3n+1, 4n-1, 3n-2. There were

also students who had no solution for some questions.

In terms of pattern types, 8'" grade students had different ways to find the general rule of

the pattern. In the 1% and 4™ question (pictorial patterns), students wrote verbal statements by
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stating the growth of the figures in the pattern. Different from 6™ graders, more students used
formal notation for figural pattern generalizations. In number patterns (3" and 6" question),
similar to 7" graders, about half of the students wrote verbal statements (e.g. increases by 4,
decreases by 5) and gave a number for n assuming the next number such as for n=8, it would
be 25. Other half of the students preferred to express the general rule algebraically (e.g. 4n-1,
nt+4, 3n+1, n-5, 5n+55). For particularly tabular patterns (2" and 5" question), although there
were students who had no solution for these questions, there were more answers than 7"
graders’ answers. About half of the students who did this question wrote the rule algebraically
and others used the descriptive statements. In general for each type of patterns, the students
who wrote algebraic expressions for generalizations are about same percentage of 7™ graders.

However, 8" graders’ generalizations were more correct.

Almost all eight graders tried to generalize algebraically; but the students who could not
do algebraic generalization used verbal statements similar to the seventh graders. They
reached more correct algebraic expressions (e.g. for the pattern 3, 7, 11, 15, 19... 4n-1), since
eight grade students considered the position number of terms in the pattern while
generalizing. Students generally found the difference between the consecutive terms. They
used this difference as the coefficient for n. Then, to find the constant number in the
expression, they applied trial and error strategy. In the following excerpt, C1 indicated this
strategy:

C1: The number of chairs increases by 3 for each table. For this increment, it is 3n.

R: Do you write ‘3’ in 3n considering the difference?

C1: Yes. Then l apply for the second picture to check.

When the student (C1) was asked to further explain this strategy, he indicated that his
mathematics teacher taught it with this way. He focused on numbers in this pictorial pattern
and used numerical reasoning considering which number he could multiply and then he could
add. The other interviewed student (C2) generally did not reach the correct generalization.

This student tried to find a different rule for each term (Figure 4):

=0
C2: When the bell rings once, only 1 person comes. Then, when the bell CERAT™
rings for the second time, the number of people is 2 times the number of ;—‘;(‘\\:%—
bells. When the third bell rings, 2 times and plus 1. When the fourth bell Zn ey

rings, 2 times and plus 2. When the fifth bell rings, 2 times and plus 2, so

\
\
'

12 people come. Then when the sixth bell rings, 6 times and plus 2,

Figure 4 C2’s Solution
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14 people ...2 | did wrong. It is 4 more than 12, 16. 2 times and plus 1, 2 times and plus 2, 2 times
and plus 3 ... goes like this.

This student tried to generalize algebraically by using ‘n’ as formal notation. However,
this student’s understanding about generalization was troublesome because she found a

different rule for each term in the pattern.

In general, based on Walkowiak’s (2014) framework, the reasoning of eighth grade
students was numerical in different representations of patterns. Figural reasoning was not seen
generally in their solutions. Students generally preferred to generalize by using formal
notations. In tabular patterns, when they could not use formal notations, they used descriptive

words.

Discussion and Conclusion

It has been observed that students tend to use algebraic symbolism as their grade level is
increased. This finding is supported with Walkowiak’s (2014) study. 6" graders generally use
verbal statements to explain the relationship in the pattern. Healy and Hoyles (1999) define
this strategy as a recursive rule that students can explain the relationship focusing on the
difference among consecutive output values in the pattern. 6 grade students do not consider
using algebra for generalizations. In contrast, 7" and 8" graders use algebra more often. This
strategy is related to using explicit rules in which students find a rule relating input and output
values in the pattern (Healy & Hoyles, 1999; Lannin et al., 2006). Particularly, when 7"
graders do not generalize algebraically, they explain the relationship verbally. 8" graders use

both symbolic notations and verbal representations for generalizations.

In general, most of the students who use algebraic symbols do not reach correct
generalization. As MacGregor and Stacey (1996) indicate that students do not consider the
position number in the pattern, they focus on the difference between the consecutive terms.
Students who generalize algebraically and correctly explain their method as follows: first, find
the difference between the consecutive terms and use this difference as the coefficient for n;
then, to find the constant number in the expression, add or subtract different numbers to get
the first term. Additionally, they check for the second and third terms and sometimes other
terms. Several studies also explore this strategy and it is called as chunking. It is about
multiplying by the common difference and adding number to find the first term (Lannin et.al,
2006; Yeap & Kaur, 2008). To illustrate; for 5, 9,13,17,.. pattern, the difference is 4, and
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students multiply nby 4 and get4n. Then, they substitute 1 for n, and theyadd 1to get5asa
first term. Students focus on finding a rule rather than understanding the generalization
approach (Harel, 2001). In the interviews, students stated that they learnt this method from

their mathematics teacher.

The conceptions about ‘n’ as a variable is troublesome. Students have a tendency to
give a specific number for n. In tabular patterns, they fill blank rows and then they give the
number as one more than the last number. This strategy is observed other pattern types as
well. In number patterns, they extend the pattern one more into the blank space, and then they
consider the next term as the n'" term. They also think similar in pictorial patterns. They draw
a picture for blank space after the given pictures and they call the next picture as n'" picture.
This strategy is seen more in 6" graders and sometimes in 7" graders. Particularly, the sixth
grade student (Al) extends the decreasing pattern to zero and state n is zero. It can be
explained with early graders not understanding variable as a varying quantity conceptually
(Asquith, Stephens, Knuth & Alibali, 2007; Kiichemann, 1978; MacGroger & Stacey, 1997).
Particularly early grade students have difficulty to understand the variable concept. Beginning
patterns for teaching algebra can be useful to give the idea of variable (Kendal & Stacey,
2004). Thus, the teacher can give more time to students to work on patterns, as studies
indicate more experience with patterns develops students’ algebraic thinking (Lannin et al.,
2006; Warren & Cooper, 2008a).

In this study, it was asked to generalize a decreasing pattern (60, 55, 50...) in the last
question. Students indicate that they are not familiar with this type of pattern, so that they
have difficulty with it. They say that they get used to multiply something and add something
for getting a rule since they think patterns have increasing numbers. Thus, different types of

patterns can be presented to students to develop students’ generalization strategies.

In the generalization process, 6 graders use figural reasoning in pictorial patterns by
extending the pattern. 7" and 8" graders use numerical reasoning to explore how many units
there are in given pictures. This finding is consistent with one of the findings of El Mouhayar
and Jurdak’s (2016) study. Similar to their results, we found that the numerical reasoning was
more dominant in students’ generalizations while using recursive strategy . Healy and Hoyles
(1999) indicate relating numerical reasoning to pictures can develop students’ generalization
abilities. Since students have different reasoning for generalization, teachers can use different

types and representations of patterns. While 6" graders can be encouraged to use symbolism,
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7™ and 8™ graders can be provided to understand the meaning of generalization rather than

finding a rule.

Based on our study’s results, we can suggest that teachers should give more emphasis
on exploring the relationship between the position number and the term instead of focusing on
only algebraic rule. Students should be given different opportunities to explore the
relationship between pattern and variable. To do this, students might be given more time by
guiding them such as asking how the 50", 100" or 1000 term could be found; and exposed
with the tasks that include questions to support them reach a general rule. Teachers also need
to use different patterns that include different representations such as pictorial, tabular and
numerical. Different representations regarding pattern questions can also be included in
textbooks for supporting teachers to use them in their lessons. Teachers can also use the
pattern test in this study or adapt the questions based on their students’ levels while teaching
generalization of patterns. They can also give this pattern test to the students as homework.
The findings including representative examples of students’ solutions, misconceptions, errors
and difficulties in generalizing patterns can help the teachers to develop their lesson designs
by considering students’ thinking. Additionally, the findings of this study can be used in

method courses to improve pre-service teachers’ pedagogical content knowled ge.

To enrich the findings, the test given in this study can be used to understand teachers’
reasoning of the students’ solutions. In the future studies, researchers might develop the test to
use in quantitative studies and this might allow to get more general conclusions with applying

larger samples.
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Appendix: Pattern test

ORUNTU TESTI

1.
[ I 00 00 © 00
I wa i waw,
1.sekil 2.sekil 3.sekil n.sekil

Yukaridaki yamuk seklindeki masalara sekildeki gibi sandalyeler yerlestirilecektir. Her sekil, dnceki sekle bir
yamuk masa daha eklenerek devam etmektedir. Bu 6riintiide 1.,2., ve 3., sekiller, 6riintiiniin ilk ti¢ seklidir.

Oriintiideki n.sekil ile gevresine yerlestirilebilecek sandalye sayis1 arasmda nas1l bir iliski vard ir?

Coziimiiniizi aciklayniz:

2. Asagidaki tablo belli sayidaki t-shirtin ne kadar oldugunu gostermektedir.

t-shirt sayis1 TL
3 10
5 16
9 28
21 64
n ?

Yukarida verilen tabloya gore t-shirt sayisiile degeri arasinda bir iliski vardir. Bu iligkiye gore, n tane t-shirt i¢in
ka¢ TL 6denmelidir?

Coziimiiniizi aciklayniz:

1.say1 2.sayl 3.say1 4.say1 Ssayt | ... n.sayl
3 7 11 15 19 | ... ?

Yukaridaki driintiide yer alan sayilar bir kuralla o lusturulmustur. Oriintiideki sayilarm olusum kuralmni bulunuz.

Coziimiiniizii agiklay miz:

NEF-EFMED Cilt 10, Say1 2, Aralik 2016/ NFE-EJMSE Vol. 10, No. 2, December 2016



GIRIT, D. & AKYUZ, D. 268

1.sekil 2.sekil 3.sekil 4.sekil n.sekil
Yukaridaki driintiide “V” harfinin degisik boyutlar1 kiigiik kareler kullanarak olusturulmustur. Oriintiideki
herhangi bir “V” harfi ile kiigiik kare sayilar1 arasmda nasil bir iliski vard ?

Coziimiiniizi aciklayniz:

5. Zeynep’in dogum giinii partisinde, zil ilk kez ¢aldiginda bir arkadas1 gelmistir. Bundan sonra ¢alan her zilde,
gelen gruptaki kisi sayisi, bir 6nceki gelen gruptan 3 kisi fazladir. Asagidaki tabloda gelen kisi sayis1
gosterilmistir. Herhangi bir zil ¢aliginin kabul edersek, gelen kisi sayisini bulmak i¢in kullanilacak genel ifade

ne olmalidir?

Zil sayis1 Gelen kisisayis1 Cozi miiniizii aciklay miz:
1 1
2 4
3 7
4 10
n 7
6.
1.say1 2.say1 3.say1 4.say1 S.say1 6.say1 n.sayl
60 55 50 45 40 35 ?

Yukaridaki 6riintiide yer alan sayilar bir kuralla o lusturulmustur. Oriintiideki sayilarm olusum kuraln1 bulunuz.

Coziimiiniizi aciklayniz:
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Farkli Sinif Seviyelerindeki Ortaokul Ogrencilerinde
Cebirsel Diisiinme: Orintiilerde Genelleme Hakkindaki
Algilan

Dilek GIRIT!" ve Didem AKYUZ2

Trakya Universitesi, Edirne, Tirkiye; 2Orta Dogu Teknik Universitesi,
Ankara, Tarkiye

Makale Gonderme Tarihi: 25.06.2015 Makale Kabul Tarihi: 29.06.2016

Ozet - Cebir, genel olarak sembolleri manipiile etmek olarak goriiliirken, cebirsel diisiinmenin genelleme ile ilgili
oldugu kabul edilir. Oriintiiler, erken yaslardaki ¢ocuklarm cebirsel diisiinmelerini gelistirmek i¢in genelleme ile
kullanilabilir. Oriintiileri genelleme baglammda, bu ¢alismanm amaci cebirsel diisiinmenin gelistigi ortaokul
yillarmdaki farkli smif seviyelerindeki 6grencilerin akil yiiriitme ve ¢dzim stratejilerini arastrmaktir. Oncelikle,
154 ortaokul 6grencisine sayi, sekil ve tablo seklinde temsil edilen farkh tipte Oriintii sorulart sorulmustur.
Sonra, her bir smif seviyesinden (6., 7. ve 8.smif) iki 6grenci ile, 6grencilerin farkli temsillerle gosterilen
oriintiilerdeki iligkiyi nasil yorumladiklar1 ve hangi stratejileri kullandiklarini incelemek i¢cin goriismeler
yapilmigtir. Caligmanmn bulgulari, smif seviyeleri arttikga, 6grencilerin cebirsel sembolleri kullanmaya daha
egilimli oldugunu géstermektedir. Bununla birlikte, 6grencilerin degisken kavramu ile ilgili algilarinda sikmntilar

oldugu goriilmiistiir.

Anahtar Kelimeler: cebirsel diisiinme, erken cebir, driintiilerde genelleme

Genisletilmis Ozet
Cebir, lise matematik anlayismi gelistirmek icin bir temeldir ve 6grencilerin cebirin
temel kavramlarini 6grenmesi dnemlidir. Bu yiizden, ilkogretim miifredatindaki cebirin,
ortad gretim matematik egitimi i¢in bir geg¢is sagladig belirtilir. Dolayisiyla, erken yaslarda
ogrencilerin cebirsel diigiinmelerini gelistirmek icin aritmetik ile iliskilendirme yapmak
onemlidir. Erken cebir, yaklasik 6 ila 12 yas grubundaki 6 grencilerin cebirsel akil yiirtitmesi
ve bu ogrencilere cebirle iligkili 6gretim olarak tanimlanir. Bu caliymada da cebirsel

diistinmenin gelistigi ortaokul seviyesindeki 6 grencilerin cebirle ilgili algilar1 incelenmistir.

t Iletisim: Dilek GIRIT, Arastirma Gorevlisi Dr., Egitim Fakiiltesi, Ilkdgretim Boliimii, Orta Dogu Teknik
Universitesi, Ankara, TURKIYE.

E-mail: dilekgirit@gmail.com

Not: Bu ¢aligmanmn ilk agsamas1 X.LUFBMEK 2014 ’te bildiri olarak sunulmustur.
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Ikokul ve ortaokul &grencilerinin cebirsel diisiinmelerini gelistirmek icin onlara bir
konu ve sekil baglammnda iligkileri analiz etmeyi gerektiren problem durumlarinin
sunulmasmin 6nemli oldugu belirtilir. Oriintiiler bir durum olarak sunuldugunda genelleme
yapmak i¢cin bu 6zellikleri saglayabilir. Ayrica, driintiilerde genelleme yapmak aritmetikten
cebire gecisi kolaylastirir. Ozellikle, genellemeyi kesfettirmek ve bdylece cebirsel diisiinmeyi
gelistirmek icin ilkokul ve ortaokul dgrencilerine sekil ya da geometrik Oriintiiler sunmak
onemlidir. Sekil oriintiilerinde, sekiller bir iliski ve bir diizen i¢cinde sonraki sekilde degisir.
Bu baglamda, sekil Oriintiileri 6grencilerin algilarin1 arastrmak i¢in bu calismada
kullanilmigtir. Ayrica bu ¢alismada, 6grencilerin farkli temsil bigimlerinde diisiincelerini
aciklamalarmi saglamak i¢in sekil Oriintiilerinin yaninda, sayisal ve tablo olarak sunulmus
ortintiiler de kullanilmustir. Boylece, bu ¢aligmada farkli temsil bicimlerinde 6 grencilerin akil

yiirlitme stratejilerini daha genis cercevede anlamak da amaglanmstir.

Yontem

Genellestirme, 6grencilerin cebirsel diisiinme semalarmi gelistirmek i¢cin Onemlidir.
Ogrencilerin oriintiilerdeki genellemeleri yapilandirmalari, onlarin anlaml semalara sahip
oldugunu gostermektedir. O grencilerin cebirsel diisiinme semalarmi gelistirmek igin dnceki
bilgilerini gelistirebilecek ya da yenibilgilerle yeni olusturulacak sema odakli 6 gretime vurgu
yapilir. Bunun i¢in, dgrencilerin cebirsel diisiinmelerini gelistirmeye yardimci olabilecek,
ozellikle, boyut-sekil ve biiylime-degisim baglaminda problemler ve bu baglamlarda
ortintiilerin olusturulmasinin  ve genellestirilmesinin  6grencilere cebiri tanitmak icin
kullanilabilecegi vurgulanmaktadir. Dolayisiyla, bu caliymada da Ogrencilerden verilen
ortintlileri genellemeleri istenmektedir ve boylece cebirsel diiglinme algilar1 aragtirilmaktadir.

Bu calismanin amacy, farkli sinif seviyelerindeki ortaokul dgrencilerinin driintiilerde
genelleme yaparken kullandiklar1 stratejileri arastirmaktir. Calismanin katilimeilari, 6riintiiler
konusunu gérmiis, bir okuldaki 6., 7. ve 8.smif dgrencileridir. Bu kapsamda, toplamda 154
olmak {izere, 48 tane 6.smif 6grencisi, 59 tane 7.smif dgrencisi ve 47 tane 8.smif dgrencisine
6 sorudan olusan bir Oriintli testi uygulanmistir. Bu sorular, alan yazindan adapte edilmis
olup; say1, sekil ve tablo seklinde sunulan sabit degisen Oriintiilerden olusmaktadir. Daha
sonra her smif seviyesinden secilen iki 6grenciyle etkinlik temelli gortismeler yapilmistir.
Etkinlik temelli gorismeler, katilimcilarin ¢6ziimlerini agiklamalar1 ve gerekcelendirmelerini
gerektiren problem durumlarmin sunuldugu gortismelerdir. Bu goriismeler, aragtrmacinin,

katilimcinin bilgisini ve stratejisini anlamasina olanak saglar. Bu ¢aliymada, Oriintii testinde
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kullanilan sorular alt sorularla birlikte etkinlik seklinde diizenlenerek gorlismelerde
kullanilmigtir.

(Calismada, toplanan veriler Walkowiak’in (2014) calismasindan elde ettigi bulgulara
gore olusturdugu kavramsal cercevede analiz edilmistir. Bu kavramsal cerceveye gore,
ogrenciler genellikle saysal ve sekilsel olmak tizere iki tip akil yiirlitme stratejisi kullanarak
genellemeye ulagsmaya ¢alismaktadir. O grenciler genelleme asamasinda ise kendi kesfettikleri

ya da bildikleri sembolik gbsterim ve durumu agiklayan tanimlayici kelimeler kullanmaktadir.

Bulgular

Calismadan elde edilen bulgulara gore, 6.smif dgrencileri Oriintliniin genel ifadesini,
terimler arasindaki farki dikkate alarak sdzel ciimlelerle agiklamaktadirlar. Ornegin,
3,7,11,15,19,.. orintisiinde “sayilar 4’er artmustir” seklinde genelleme yapmaktadirlar.
Ogrencilerin ¢ok azi cebirsel olarak n’yi kullanarak (6rn. nt+4 gibi) genelleme yapmaktadir.
Fakat bu genellemeyi yaparken, Ogrenciler genellikle terim swasmi dikkate almadan,
oriintiideki terimler arasindaki farka odaklanmaktadir. 7.smif 6grencilerinin genellemelerinde
cebirsel ifadeler daha ¢ok goriilmektedir. 7.smif Ogrencileri de genellikle terim sirasini
dikkate almadan genelleme yaptiklarindan cogu dogru ifadeye ulasamamaktadir. Genellemede
cebirsel ifade kullanmayan ¢ grenciler 6.smif 6grencileri gibi s6zel climleler kullanmaktadir.
8.smif Ogrencilerinin ¢cogu cebirsel ifadelerle genelleme yapmaya caligmaktadir; ancak
cebirsel gosterim olarak ifade etmeyen Ogrenciler ise sdzel climlelerle genellemeyi ifade
etmektedir. 8.sinif 6grencileri cebirsel olarak ifade ettikleri genellemeleri, terim sirasma gore
yaptiklarindan (6rnegin 3,7,11,15,19,.. Oriintlisii i¢in 4n-1 gibi) dogru ifadeler daha ¢ok
goriilmektedir. Ogrencilerin seviyesi arttik¢a daha c¢ok cebirsel sembol kullanmalarina
ragmen, 0grencilerin ¢ogunun degisken kavrami ile ilgili sikkmnt1 yasadiklar:1 gdriilmiistiir.
Ogrenciler, oriintiilerde verilen terimlerden sonra gelen terimi yazarak genellikle bir sonraki
terimi de n.terim olarak kabul etmekte ve bu terime karsilik gelen sayiy1 bulmaktadirlar.

Oriintiide iliski soran sorular1bu sekilde cevaplamaktadirlar.
Sonu¢ ve Tartis ma

Bu caligmada farkli gosterimlerle ifade edilen (sayi, sekil, ve tablo olarak gosterilen)
orlintiiler kullanilmistir. Bu kapsamda, 0zellikle tablo seklindeki oriintiilerde 6grencilerin
cogunda n yerine bir say1 koyarak kargilik gelen sonucu bulma egilimi oldugu goriilmektedir.
Bu oriintiilerde n’den onceki bos brakilan satira bir say1 gelecegini diisiinerek, n yerine

konulacak sayiya karar vermektedirler. Say1 Oriintiilerinde de verilen terimlerden sonra
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gelmesi gereken terimi de bularak bir sonraki terimi n.terim olarak kabul etmekte ve bu terime
karsiik gelen sayiyi, Oriintliniin kurali olarak diisiinmektedirler. Sekil oOriintiilerinde ise
ogrenciler, genellikle sekle odaklanarak, Oriintiiniin ilerleyen adimlarinda sekli biiylitme
egilimde olmaktadirlar ve cebirsel ifade olarak genellemeyi tercih etmemektedirler. Bununla
birlikte, aragtirmalar ise genellleme stratejilerini gelistirmek i¢in say1 ve sekil driintiilerini
kullanmay1 Onermektedirler. Bu c¢alisma i¢in Ogrencilerin sekil oOrilintiilerindense say1
orlintiilerinde cebirsel genelleme yaptiklar1 gbzlemlenmistir. Sayr Oriintiilerinde ise,
ogrencilerin Oriintiideki terimin sirasim1 dikkate almadan, sadece terimlere odaklanarak
genelleme yapma egiliminde olduklar1 fark edilmistir. Arastirmanm sonuglarma gore,
Ogretmenlere Sgrencileri cebirsel diisiinmeye alistrmak i¢in degisken kavrami algilarmni

gelistirmeleri ve bunun i¢in farkl temsillerle sunulan driintiiler kullanmalar1 6nerilmektedir.
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