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1. Introduction

L, »(R™) Morrey spaces, proposed by Morrey in 1938, were used in the study of the local behavior
of the solutions of elliptic partial differential equations. Morrey spaces are quite used for problems in
the analysis of variations theory. In addition, Navier-Stokes and Schrédinger’s equations have many
applications in the potential theory of elliptic problems with discontinuous coefficients. Over the years,
many researchers have done various studies on Morrey spaces (For more details, see [1-5]).

In recent years, there has been an increasing interest in various spaces on Carleson curves, such as
Lebesgue spaces, Morrey spaces. We only mention [3,6-9]. There are many applications for Maximal
operators, which have a capital place in real and fractional analysis. These nonlinear operators,
which are informative in differentiation theory, have inspired the studies of classical operators of
harmonic analysis in various spaces. Moreover, they are also featured in many valuable studies (see,
for example, [7,10-12]). Samko [5] studied the boundedness of the M maximal operator in Morrey
spaces defined on quasi-metric measure spaces, especially in Ly, »(I') Morrey spaces defined on Carleson
curves.

The commutator operation and properties of maximal integrals have been extensively studied in
various spaces, and there are many important consequences associated with them (see, for example
[13—22]). The maximal commutator M, is of great importance in studying the commutators of the
BMO symbol and singular integral operators. There are important studies on the properties and
boundedness of M; (For more details, see [13,14,18,19]). The commutator of maximal operator [M, b]
was studied by many authors (For more details, see [13-15,18]). This operator is the product of two
functions from BMO and H' Hardy space. It emerged when it was wanted to give meaning (Let us
note that the product of these two functions may not be locally integrable).
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The fact that the operator M, is a positive linear operator, unlike the [M,b] operator, indicates
that these operators are quite different from each other. However, b is bound to the operator M,
manage the operator [M, b, with some additional conditions.

This study consists of three sections. Section 2 presents preliminaries of the commutator of the
maximal operator and maximal commutator on Carleson curves. Section 3 investigates the bounded-
ness of these operators on Ly, 5 (I').

2. Preliminaries

In this section, before giving the basic definitions and theorems, let us briefly talk about Carleson
curves, which are the focus of the paper. For every ¢t € I' and r > 0, if a locally rectifiable Jordan
curve " satisfies the following condition;

vI'(t,r) < cor

it is called the Carleson curve (regular curve), where I'(t,r) := I' N B(t,r), t € ', r > 0. Let
I': vy (t)=z(t)+iy(t), a <t <b. Length of a regular curve is given with:

b
VF:E(v):L\dz]:/\/x’ (£ + (8)2dt

Let I', equipped with Lebesgue length measure, be a locally rectifiable compound arc. The measure
of a measurable subset v C I is displayed with v C T". In particular, |T" (¢,r)| is the sum of the lengths
of the countably many arcs that make up I' (¢,7). Let I" be a locally rectifiable composite curve and
I'y,..., 'y be a finite number of arcs combined such that I' = I'yU. .. Ul'y. Since

Lj(t,e) CcT(t,e) Ty (t,e)U...U'N (t,¢)
and
T (t,e)| < T (te)| < Ti(t,e) + ...+ [Tn (E€)]
from the above expression

I' is a Carleson curve < Each I'; is a Carleson curve

is obtained. In order to indicate the dependence on t, we shall denote this family by {I'; ;}. For almost
every £ ¢ Ty is f (£) <t. Now, we need to give below the necessary definitions for the case of spaces
on Carleson curves.

Definition 2.1. [5] L, z(I") Morrey spaces with 0 <A <1, 1 <p <ooand f € Lfv"c(F) is the space

of functions such that

_a
= sup 7 »
1f1lz, \r) o £l 2, ey

1/p
= sup <7‘)‘/ |f (7)|P dv (7')) < 00
r>0, tel’ L (t,r)

When A < 0 or A > 1, L, x(I') = 6 where 0 denotes the set of functions on I' that is equivalent to 0.
If A\=0, then L,o(I') = L,(I") is obtained.

Definition 2.2. [8] The space of functions with bounded mean oscillation BMO (I") is defined as
the set of locally integrable functions f with a finite norm

£ laarom = s L) [ (F(0) = frn|do () < o
r>0,tel’ L(t,r)
here fr(;,) is displayed with;

frery = (T ()" / £ (7) dv ()

L(¢,r)
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Definition 2.3. [8] Let 1 < p < oo and I' be a Carleson curve. Then,
1
Lo (D) = suwp 175 |l m)
tel',r>0

and ) y
< sup r »p < /P
11l Loy p Iz, < Il

The application of the Lebesgue Differentiation Theorem on Carleson curves is as follows:
Let f € Lﬁoc (T"), then the following statement applies

lim (vT'(t, 7))~ /F ., ) = 10 (1)

r—0

Note that in expression (1) supremum instead of limit and |f| instead of function f is taken, the
maximal function is defined.
The definition of the maximal operator on Carleson curves is as follows;

Definition 2.4. [5] Let I' be a simple Carleson curve and f € L!°°(T') . The maximal operator M on
I' defined by

M (£) = sup (T (t,7)) ! / LTI

>0
The boundedness of the maximal function on Ly, (I') has been studied by Guliyev in [3].

Theorem 2.5. [3] Let I" be a Carleson curve, 1 < p < oo and ¢y € I'. Then, for p > 1 and any r > 0
in I, the inequality

1 _1
IM I, 0o,y =77 8w T 2 [Ifll L, 0.

T>2r

holds for all f € Ll¢ ().

The definitions of the maximal commutator and commutator of maximal operator on Carleson
curves are as follows, respectively.

Definition 2.6. [9] Given a locally integrable function b, the maximal commutator is defined by

MO = sup e [ O U (), Sor all T

Definition 2.7. [9] Given a locally integrable function b, the commutator of the maximal operator
is defined by

[M,b] f(t) :== M(f)(t) —bt)Mf(t) forallt e’
Tiirkay and Mursaleen proved the following statement in [9].

Theorem 2.8. [9] Let b€ BMO (I') and 0 < ¢ < 1. In this case, there is a positive constant C' = Cj
where the following inequalities holds for all f € L{¢ (T');

i))Ms (M (f)) () < C bl prrory M2f (), s €T

i) My (f) (<) < ClIbll, M?f (<), c €T

Lemma 2.9. [9] Let b be any non-negative locally integrable function on I". Then for all f € L{¢(T),
the following inequalities are provided;

[[M,B] f(0)] < My(f)(t),t €T (2)

and
[[M, 0] f(0)] < My(f)(E) +207 ()M f(t), t €T 3)

Theorem 2.10. [9] Let b € BMO (I') such that b~ € L (I') . Then, there exists a positive constant
C such that
M0 F() < C(J|oF]], + ||o7]|.) MPf (¢) for all f e Lic“(T)
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3. Some New Estimates

This section studies the L, ) (I') —boundedness of the operator M}, and the operator [M,b]. Since it is
easier to examine the boundedness of the operator M}, than the operator [M, b], we will first investigate
the boundedness of the operator M;. Before the main results are given, the auxiliary theorems that
will help in the proof will be reminded. Tiirkay and Murselen examined the boundedness of the M,
operator in L, (I') in [9].

Theorem 3.1. [9] Let 1 < p < co. The operator M, is bounded on Ly, (I") if and only if b € BMO (T').
Inspired by Theorem 3.1, we establish the following theorem.

Theorem 3.2. Let 1 <p<o0,0<A<1. be BMO () if and only if The operator M}, is bounded
on Ly (T).

PROOF. (=) Let I' (tg, 79) be a constant Carleson curve. Suppose that b € BMO (I'). By Theorem 77?
and Theorem 2.5 the following inequality holds for f € L, (I'):

IMo()lL, Ay~ sup <|F(1M")IA_1 [ My(f) (T)dv(7)>p

L(t,r) T'(¢,r)

A=1 P
= [T (to,0)| » sup ( I My(f) (T)dv(f))
['(t,r)CT(to,m0) \I'(t,r)
A=1
< T (to, 7o)l 7 (1Bl f 1l 2,y ()

<) Let the operator M be bounded on L, » (I'), that is, for ever € L, » (T') there is such a positive
p p, y D p
constant ¢ that the following inequality is obtained;

My (), a) < ellflln, @

Obviously,

D=

A—1
£, = sup [ @0 [ 1P ()
(tr) r(tr)
Let f = Xr(to,r) such that I'(tg,r9) is a constant Carleson curve. In this case, the following
expression is easily written;

»
Ixr(toro) |2, () = SUD (!F(tﬂ“wl o) (7) dv (T))
(t,r) T(t,r) )

= sup (IF () AT (o) [P (. ))” n

1
= s (PEalr e
F(t,T)CF(tQ,TQ)
A
= [ (to, 70)|”
In addition, since
1

IT (to,70)] / |6(T) = brtg,r)| dv (1), for all t € T (to, 7o)

F(to,T’o)

My (Xr(to,r0)) (8) 2

then

3=

HMb (XF(to,To)) HLp A(D) ~ sup (’F (t, T)V\_l f |Mb (XF(tO,ro)) (T)‘p dv (7')>
’ I(t,r) I(t,r)

A
20t m0)l” mreyr S 10(7) = brigg | dv (7)

N to,’ro)
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Since by assumption
15 Cxreo.ro)) HLM(F) S HXF(tomo)HLm(r)
and by (4) and (5), we get that

1

IT (to.70) | - <
’F (to, 7o) | T'(to.ro) 1b(7) bF(t07TO)|d’U (1) <c (6)
Thus, the desired result is obtained. -

Milman and Schonbek obtained the L, (R™)-boundedness of the operator [M, b] with real interpo-
lation techniques in [20]. Inspired by this study, Tiirkay and Murselen examined the boundedness of
the operator [M,b] in L, (T') in [9].

Theorem 3.3. [9] Let 1 < p < co. The operator [M,b] is bounded on L, (I') if and only if b €
BMO(T) and b~ € Log (T).

Applying Theorem 3.3, the below theorem is obtained.

Theorem 3.4. Let 1 <p < o0, 0 <A <1. be BMO (T) such that b~ € L (') if and only if the
operator [M,b] is bounded on L, » (T') .

PROOF. (=) Suppose that b € BMO (') such that b= € Lo (I'). Thus, the following inequality is
obtained from Theorem 2.10;

[M,0] F()] < C(J|oF]], + [|o7]|.) MPS (¢) for all f e Li(T)

Moreover, from Theorem 3.3, the operator [M,b] is bounded on L, (I'), with 1 < p < oo, so the
following inequality is satisfied for all f € L, (T');

1Ml .,y 1
sup <|F(tﬂ“)\A1 I IM 0] ()P dw (T)>
INCED) T'(t,r)

3 =

<[C(to,ro)l 7 sup <F(f |[M 0] £(7)[” dv (T))

I(t,r)CT(to,r0) t,r)

A-1
< C (to,ro0)| (”bJrHBMO(F) + ”biuLw(I‘)) M?f(t)
<Cr

Hence,

M) fllz, ) < Cllfllz, ) @)

The inequality (7) gives the desired result easily.
(<) Assume that [M,b] is bounded on Ly, 5 (I') . Let I" (to,70) be a fixed Carleson curve.
Denote by M, the local maximal function of f:

My roy fx) = sup / fy)ldv(r), (teTl
F(t07 O) ( ) tGF(tJ‘) tT CF to,’r’o |F t T Ft ‘ ’ ( )
Since
M (bXT(t9,70)) XT(t0,r0) = Mr(to,r0) (D)
and

M (XF(tOJ’O)) XF(to,To) = XF(t(),T’())
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then, we get the following inequality

‘Mf(to,ro)(b) - bXF(to,T())’ = ‘M(bXF(to,To))XF(to,To) - bM (Xr(to,’l‘o)) XF(to,T’o)}
‘M(bxr(toﬂ‘o)) - bM (Xr(to,ro))‘
= ‘ [M7 b] Xr(to,ro) |

IN

Hence,
HMF(tQ,TQ) (b) - bXF(tQ,TQ) HL;D,A(F) S H [M) b] XF(to,T‘o) HLp,)\(F) (8)

Thus, from Equation (8), we get

Tl tf )\(b—Mmo,ro) (®) (N)]dv(r) < (F(tolo) tf )|(b_MF(to,ro) (b)) (T)!pdv(7)>
0,70 0,70
_1 1=
< |F (t07T0)| v |F (taT)| v HbXF(to,ro)_MF(to,To)(b)HLp_)\(F)
_1 1= '
< |F(t07ro)| plF(t,T)l P H[M7b:|XF(tO’TO)Hpr)\(F)
_1 1-x
< C|F(t07’r0)| p|F(t7T)| v HXF(tOJ'O)HLp,A(F)
_1 1-2 1 A-1
~ c|l(to,ro)| 7 [T (¢, 7)) 7 [T (to,ro)|[* [T (¢,7)| ™
= c
Since
— [ b(7) = brgg,re)dv (1), b(t) < brgg,r) and t € T (to, 7o)
_ _ T'(to,0)
/ [ (b= brog,ro)) (7)ldv (7) I br) = by reydv (1), b(t) > brgre and t € T (t,r0) )
T'(to,r0) I'(to,r0)

for the following sets

[1 = {t el (to,?”()) : b(t) < bF(toﬂ"o)}
and

Io := {t € T (to,70) : b(t) > br(ze.r) }

are valid. Thus, the expression

— [ 1) = brm] 0 (1) = [ [o7) = o] o (7)
I

Ip)

can be written. In view of the inequality

b(z) < br( < Mr(t,r0)(0), 2 € E

to,70)

we get that
m f | (b - bF(toyro)) (7) |dv (1)

t0,70)

= waeron J1 [(0 = br(te ) (7)] dv (7)
= m i, [(b = Mty 10y (0)) (7)] dv (7)

=<c

~

Consequently, b € BMO (T).
Besides, the following expression is valid

0<b™ = b = b < M) (B) = b* + b = M) (B) = b (10)
where My, ,,)(b) > [b]. From our assumption, [M,b] is bounded on Ly (T'), thus the following
inequality is valid;

1,8l ) < € (15% D maroy + 16 ey 161z, oo

< Cp
Moreover, we obtained b € BMO (I') before, with these data we obtain b~ € L (I'). O
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4. Conclusion

In recent years, studies on Morrey spaces defined in R"™ metric space and their reinterpretation with
Carleson curves have presented a different field of study to scientists working on Morrey spaces. In this
article, we have given new estimates about the boundedness of the maximal commutator operator M,
and the commutator of the maximal function [M, b] in Morrey spaces defined on Carleson curves. By
making some generalizations on Morrey spaces defined on Carleson curves of this study, it is thought
that it will inspire the obtaining of new inequalities boundedness of the maximal commutator operator
M, and the commutator of the maximal function [M, b].
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