oMANIVE £ OKU Fen Bilimleri Enstitiisii Dergisi OKU Journal of The Institute of Science and

2, 6(2): 1285-1295, 2023 Technology, 6(2): 1285-1295, 2023
k)
ld‘» L . . . - - -
§- Osmaniye Korkut Ata Universitesi | Osmaniye Korkut Ata University
& Fen Bilimleri Enstitiisii Journal of The Institute of Science IR .
& Dergisi and Technology

P 1> camarsyn o

A Note on a Special Metric Space with Triple Fixed Points

Ozen OZERY

! Department of Mathematics, Faculty of Science and Arts, Kirklareli University, 39100, Kirklareli, Tiirkiye

*https://orcid.org/0000-0001-6476-0664
*Corresponding Author: ozenozer39@gmail.com

Research Article ABSTRACT

Article History: A number satisfying the equation a = h(a) is called a fixed point of the

Received: 18.08.2022 functi h i it d y h licati £

Accepted: 20.12.2022 nctlon_ since 1t doesn’t change ) upor_l app 1cz;t10n of a map as

Published online: 05.07.2023 geometrically. As an example, the function given by a“ = h(a) for all a has
the two fixed points 0 and 1. Specifically, an element (a,b,c) is called a triple

fixed point of h. H satisfies some conditions such as h(a,b,c) = a, h(b,a,b) =

Efﬂyvl‘g%[)?:: b, and h(c,b,a) = c. In this paper, we introduce a tripled fixed point theory in
Triple fixed point C*-algebra valued metric space and provide several results. We demonstrate
Contraction mapping existence and uniqueness of triple fixed point in a such space. In addition, we

Complete metric space
Fixed point theory
Cauchy sequence

provide some examples to illustrate our results.

Uclii Sabit Noktah Ozel Bir Metrik Uzay Uzerine Bir Not

Arastirma Makalesi 0z

Makale Tarihgesi: a = h(a) denklemini saglayan a sayisina h fonksiyonunun sabit noktasi denir,
Ezgﬁlt?;mé%ggzzgzzzz ciinkii geometrik olarak bir déniisiimiin uygulanmasiyla degismez. Ornek
Online Yayl.nla.nm.a: 05.07.2023 olarak,. t1:1m a degerleri igin igin a’ = h(a) ile verilen fonkslyon, 0 ve 1 olmak

iizere iki sabit noktaya sahiptir. Spesifik olarak, h fonksiyonu, h(a,b,c) = a,
h(b,a,b) = b ve h(c,b,a) = c gibi baz1 kosullar1 sagliyorsa, bir (a,b,c) elemanina
h fonksiyonunun {i¢lii sabit noktast denir. Bu makalede, C* cebir degerli metrik

Anahtar Kelimeler:

C*-cebir . s oo g

Uclii sabit nokta uzgyda ticlii sabit nokta teorisini tanittyoruz ve bunun igin bir ka¢ sonug eldg
Biiziilme déniisiimii ediyoruz. Boyle bir uzayda tglii sabit noktanin varligimi ve tekligini
Tam metrik uzay: gosteriyoruz. Ek olarak, sonuglarimizi géstermek i¢in bazi érnekler sunuyoruz.
Sabit nokta teorisi

Cauchy dizisi
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1.Introduction

After working on concepts of cone or C*-algebra valued metric space, lots of consequences on the
theory of fixed point have been considered/proved in such space as some references contained therein.
“Fixed point Theory and Application” (by Agarwal et al, 2001) is a fundamental book for fixed point

theory in the literature. In this book, basic and useful results such as Banach’s contraction theorem,
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different types of contraction mappings, applications of them in analysis, topology or applied
mathematics are given along with plenty of examples.

Borcout (2012) worked on the problem as a triple coincidence of mappings and tripled common fixed
points in the partially ordered metric space and established useful resultants in 2012.

Berinde and Borcout (2011) also extended some results on coupled fixed theorems by considering
notations of tripled fixed points considering non-linear mappings in non-totally ordered complete
metric spaces.

Ciric (1981) considered Edelstein’s contractive mapping theorem and took steps in the direction to
make a sweeping statement in the other way on complete and compact metric spaces.

Cosentine (2014) with his colleagues introduced a common fixed point on ordered or normal cone
metric space and provided some examples for the theory of integral equations. Also, they gave
numerical examples of integral equation theory in other works too.

Jha (2002) prepared the survey works on some applications of Banach contraction Principle such as
the theory of the differentiable, the system of linear algebraic equations or O.D.E, theory of integral
equations in 2002. His important discoveries about the connection between differential equations and
fixed point theory led him to solve some initial value problems by using the Banach contraction
mapping principle.

Lin (2001) prepared a book on the theory C*-algebras related to systems of dynamics, quantum
mechanics, representation of operator theory, etc strongly... Lopez (2017) explained some basic
notations on metric spaces, the Banach contraction mapping and fixed point theory in his lecture notes.
Gholamian and his colleagues (2017) demonstrated a new type of improved metric spaces considering
the concept of b, and C*-algebra valued metric spaces. They also obtained entity and unicity solutions
for a kind of integral equations. Harandi (2013) also proved several important statements on the
coupled fixed points using quasi-contraction type mapping for s metric space.

The book by Murphy (1990) has made a contribution worthy of note insights related to the fields of
fundamental theorems of the theory for operators, Kaplanski’s theorem of density, K-theory, a product
of tensors, theory of representation with C*-algebras.

Whnag and Guo (2011) introduced c-distance on a cone metric space and also, obtained new results on
common fixed point theorems.

The main idea of Srinuvasa et al. (2019) was to initiate bipolar metric space and found out
the existence and uniqueness of tripled fixed point results for covariant mapping with some numerical
examples in 20109.

Ma, Jiang and Sun (2014) studied the mappings related to C*-valued metric spaces and introduced
many theorems on fixed points for such spaces. They laid out a new kind of metric space and proved
several theorems for fixed points with self-maps of contractive or expansive conditions on such

spaces.
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Later on, many other authors also studied the entity of fixed points for self-mappings with contractive-
type conditions. Ozer and Omran (2016- 2019) studied C*-algebra valued metric spaces and presented
several kinds of fixed point theorems in varieties of metric spaces.

Tomar et al. (2021) presented three different results on fixed point theory with different scapes in
2021. In their first result, they established common fixed point results of two maps holdings Hardy-
Roger type contraction in complete partial metric space with some conditions. Also, they considered
solving a Cantilever Beam problem using their results. Their second result was prepared on the results
of C* Algebra valued matric spaces to show why such metric space results cannot be brought into
existence from generalized results in other spaces with illustrates. In their third paper (published in
2021) they introduced C*-algebra valued partial metric space with contractiveness and expansiveness
to elicit the fixed point results in the most generalized environment and they generalized many
existing results to solve integral or operator equations.

For a survey of tripled fixed point theorems and related topics, we refer the readers to all references.

In this work, the general concept of C*-Algebra valued metric space is presented. Using the results
from the preliminaries section, a function is defined and proved that it has unique triple fixed points in
such space. A new general example is prepared to support our main theorem. Also, some special
outcomes are obtained from these results and extra two numerical examples (one satisfies our results

but another doesn't) are given to discuss the obtained results in this work.
2.Preliminaries, Materials and Method

Definition 2.1. (Ozer and Omran, 2016) Let V be a C*-algebra. It is defined that V is a Banach
algebra over the set of complex numbers withamap a — a* (a € V) if it holds the followings:

1. a™ = a, Va € V (Involution property )

2. (a+pB)=a"+p" and (aB) = a*B* forall a, B in V.

3. For every complex number A and every « inV, we have (la)* = Aa”.

4

For all « in V, we have ||aa™||=||a||||a"]|-

Also, V is defined as v*- algebra if the above first three identities are satisfied and the last identity is
equivalent to ||aa*|| = ||a||?> named as the C*-identity.
Definition 2.2. (Ozer and Omran, 2017) Let V and W be C*-algebras. Then, the operator H : V —» W

is a C*-homomorphism if conditions are performed as follows:

i. H(a") = (H(a))"
ii. H(af) = H(a)H(pB) forall a, B in V.
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C*-homomorphism is called as C*-identity if any homomorphism (defined from C*-algebra to C*-
algebra) is bounded with the norm < 1.

From the literature, we can give following basic and simple examples too:
Example 2.3.

(1) If W, (C) is considered as the set of all square matrices s X s over the set of the complex numbers
with the involution conjugate transpose, then W (C) is determined as a C*-algebra.

(2) Let R be a Hilbert space. If y* is the dual of the operator, then ¥ : R = R becomes also a C*-
algebra for the set of all bounded operators B(R).

Definition 2.4. (Ozer and Omran, 2016) Let V be a C*-algebra and a be self-adjoint element
(a* = a) for a in V. Thus, a is named as a positive element if o(a) (spectrum of «) is a positive real

number.

Additionally, if « is a positive element, then it is denoted as @ > 0 and it is supposed that V, = {a €

V : a = 0} is named as a positive set of V.
Lemma 2.5. (Ozer and Omran, 2019) Let V be a C*- Algebra. Then, the followings are correct;

1. Leta €V be normal. Then, aa™ > 0.

2. Leta €V beaselfadjoint and ||a|| < 1. Then,a =0
3. Leta,BEV,. Then,a+ B €V,.

4. V,isclosedin V.

Remark: Let a, 8 € V, then, it can be defined @ < B for « — f > 0 and obtained that (V,, <) is a
partially ordered relation. If we consider that V is a C*-algebra with a unit element, then we get
lla]l < |IBII under the restriction 0 < a < g for all a, 8 € V. Besides, the positive element in a C*-

algebra is called as normal.

C*-algebra valued metric space started to be considered by Ma who also worked on the self-mapping
theorem of fixed points. In this part, after introducing several other notifications, the C*-algebra

valued metric space is discussed. Moreover, the triple fixed point theory is presented.

Definition 2.6. (Ma et al. 2014) Let X be a set (X # @), V be a C*- algebra and d be a function
defined from X x X to V.. If the following given circumstances are provided, then triple (X,V,d) is

named as C*- algebra valued metric space.

2. d(al, az) = d(az,al).

3. d(ay,ap) <d(aq,a3) + d(asz, ay), forany a,, a,, az in X.
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Definition 2.7. (Ma et al. 2014) Let (X,V,d) be a C*-algebra valued metric space and also «,, be a
sequence in X. a,, is converged to a in X for delivered & > 0, if there exists a natural number I] in

the set of natural numbers such that ||d(a,, @)|| < €, Vn,m > 1.

Definition 2.8. (Ma et al. 2014) Let (X,V,d) be a C*-algebra valued metric space and «, be a
sequence in X. a,, is a called as Cauchy sequence in space X for given € > 0 ,if there is an existence
I] in IN, suchthat ||d(a,, an)|| < € Yn,m >1).

Definition 2.9. (Ma et al. 2014) The tripled C*-algebra valued metric space (X,V,d) is completed if
every Cauchy sequence converges in X.

Example 2.10. Let X be a Banach space. The triple C*-algebra valued metric space (X,V,d) will be
completed with metric d defined as d(a4, a;) = ||@; — a3 ||k, forall ¢y, @, inX and hinV,.

Definition 2.11. (Ma et al. 2014) Let (X,V,d) be a C*-algebra valued metric space. The operator
6:X — X is called to be contractive on X if there comes into being « € V, ||a|| < 1 and holds the

following inequality:
d(6(uy), 6(up)) < a*d(uy,pz)e, forall py,pyinX.

Example 2.12. Let X = [-1,1] and V = R® be given with [[(91,92,D3)ll = (1911, D2l, 1Ds]).

Putting an order on V as follows:

(@1;@2; %3) < (zll (:IZ’(’-I3)
if and only if
91 <%, 9, <T; and Y3 < T3

We have that (V,,<) is partially order relation since V, =V =R3 (since V is finite dimensional
space). Now assume d: X x X — V, isdefined as: d(9,9,) = (191 — 91,0,0).

Thus, (X,V,d) is obtained as C*- algebra valued metric space.
3. Results and Discussion

Theorem 3.1. Assume that (X, V,d) is a C*-algebra valued metric space and the mapping & is defined
fromX X X X X up to X and satisfying (1) as follows:
d(8wn,$),86,$,5)) < ad(w,0)a* +Bdn, $)B* +yd(,s)y” (1)

forall u,n,{,0,¢,s €X and «,B,y € V, such that

<1 <1 <1
lal < 5,181 < 5. IVl < 5
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Then, § has a unicity triple fixed point.

Proof. Choose u,, 1,, {, € X as follows:

H1 = 8 (UosM0:$0)s M = 8 (M0, G0r o) $1 = & (S0, HosMo)- (2)
Ha = 8W,M1,61), M2 = S M1, C i), $2 = 8 (e, e, M) (3)
tm = 8 (m—1, Mm-1, m-1), M = 8 (Mm-1, Gm-1, hm-1), {m = 8 ({m-1, -1, Nm-1)
(4)
Hm+1 = 8 WMo Cm)s - a1 = 8 O Sty Smwr = 8 (G Mo 1) (5)

From (1) and above equations, we have

d(tm+1, Hm) = d(S(Mm'nm'{m)'S(.um—l' Mm-1, (m—l))
< ad(pm tm-1)@" + BAdWm, Nm-1)B" + vd($m, Cm-1)7"

In the same way, these equations are given as follows:
d(nm+1: nm) = d( 5 (nm' Cmo .um): 5 ( Nm-1, $m-1 .um—l))
< ad(Mm NMm-1)a” + Bd(Cm, Cm-1)B" + vd (tm, bim-1)V"

and

d(Cm+1,Gm) = d( 8 ($oms s M )s S (Cm—1, -1, nm—l))

< ad((m, Gm—1)a” + Bd(Um, tm-1)B" + vd (M Mm-1)V"

Hence, following inequality is obtained.

Admm < ad(Um, hm-1)@" + LAy Mm-1)B" + YA ($ny =Y + ad (M, -1 @”
+ .Bd((mJ qm—l)ﬁ* + )/d(‘um, :um—l)y)k + ad((m' Zm—l)a* + .Bd(:um' um—l).B*
+ ¥Yd(Mm Mm-1)Y"

where dpm = d(Um+1, #m) + dMmt1,Mm) + d(Cmi1, $m) forallm = 0.
In general, we get

dmm < (a + .8 + y)d(m—l)(m—l)(‘J—'>’= + .8* + V*)

< (a+ B+ V) dm-2)m-2(@ + B +v)?

< ...

S (@+B+y)"doo(a” + 7 +y)"

where dy, = d(uq, o) + d(M1,m0) + d(y,{p) = H.

If we put © = (a + B + y) in the upper inequality, then we obtain following result,
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1 1 1 1 *
4, < GMH(S)™ = GMH 2H 2(S)™ = (em}[ z) (}[ z(eﬂl))
For m+1 > n, we also obtain

dmn = d(ﬂm+1:ﬂn) + d(nm+1v77n) + d((m+1'(n)
< d(tm+1Hn) + At tn) + AWms1, M) + A M) + A1, &) + d(Goni §n)

1 1 * 1 1 * 1 1 *
s(em}ﬁ) <}[7(6m)> +(em—1}ﬁ)(}ﬁ(em—1)) b 4 (GMH D) (7—[5(6”)>

2

i 1
- Y.
k=n

Hence, we have

1,2 1
ldmnll < || B, [SF702| || < SR, IS <) 190 212

1 1 2n
= = sl
= (17 211 e, 1812 = 113 212 5L

(by Geometry series)

So, the following equivalents are satisfied.

O e T
and
L =]
IHZ||> —= =10
1-lel

since ||G|| < 1.

These imply that w,,,nm, ¢y are Cauchy sequences in X with respect to V. Since (X, V,d) is

completed, then following equations are hold;

lim uy, = p, limny, =, lim &y =74,
m-oo m-oo m-—o
where i, n,{ € X.
Now, by using inequality (1), we get
d(S§wn, ), < d(Sn, 9, tn+1) + d(Ume1, 1)
=d(8 w98 (s Mms $m)) + d(me1, 1)
< ad(p, )™ + B, nm)B" +vd((, Gn)y™ + d(m+1, 1)
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Therefore,

lim d(u,py) =0, lim dn,n,) =0 and lim d({,{y,) =0
m—oo m—oo m—oo

It refers that
Lim (8w n, ), =0.
In the same way,

im0 d(S(m, )M =0 and  Lim d(S(wn),¢)=0.
Thus, (u,n, ¢) is tripled fixed point for §.

Now, let (¢',n’,{") be another tripled fixed point of §. Then some of the equalities will be given as
follows:

d,w) =d(8 W, n",¢"),8wn,{) < ad(, wa* + Bdm',mMB* +yd(', Oy’
d(¢',¢) < ad((',a” + pd(',wB™ +ydm',my”
d',n) < ad(’,ma” + Bd({", B +ydW', wy”
Hence, it is:
d@,w) +dm',n) +d({',{) =
(@a+p+Mld@, W +dm',m+d Olla+p+y)" =
Sld', W) +dm',m +d({’, OIS

Therefore, we obtain following equality by using ||S|| < 1;

ldw', ) +d®',n) +d, DIl =
ISld@, W) +d@m',n) +d", OIS <
ld(u', ) +d@',n) +d, DS

This implies a contradiction. Hence we obtain following equation,

d(‘Ll.,, ,Ll) + d(nl; 77) + d(€,' () = OH
Also, it is obtained;

d',w) =dm',m) =d’,{)=0
since d(u’, 1), d(n’,n),d({’, ) are positive numbers. So, it can be easily observed that

p'=p n'=n and {'=d.

Therefore, § has a oneness tripled Fixed Point.
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Corollary 3.2. Suppose that (X,V,d) is a C*- algebra valued metric space and the mapping & is
defined from X x X x X up to X and satisfying;

d(8(wn,$).8(8,¢,5)) < Rldw, 6) +d®, ¢) +d(G, I

forall u,n,{,0,¢,s € Xand X € V, such that ||R]| < é Then § has an individuality tripled fixed

point.

Example 3.3. Assume that X is Banach space and d: X X X — V is defined by d(x,y) = |[x — y||.h

where h is self adjoint and positive operator in V. Now, it is defined that

d(S(u, 7,0,5 (6,0, S)) < II#;GII I+ IITI:I)II I+ II(;SIIII *)

for all u,n,{,6,¢,s €X wherelisunitin V and a,B,y € V,. This condition satisfies the
1

Theorem 3.1 with a = B =y = =

ﬂ

Following examples are given too.

Example 3.4. Let X = [—1,1] and V = R3 are given with [|(21,25,23)|l = (1241, 122], 123]). If we
put order on V as follows;

(21,22,23) < (M1,m2,m3) ifandonlyif 2, <n;, 2, <71y, 13 <713

then it is obtained that (V,,<) is partially order relation since V, = V = R3 (since V is finite
dimensional space).

Now, assume that d: X X X — V is defined as d(2,,3,) = (]2; — 2,],0,0) and §is given as

1 , 2 0

Then, § has two triple fixed points. Furthermore, these triple fixed points are just defined as (1,1,1)
and (0,0,0). Thus, the condition in Theorem 3.1 is not satisfied.

Example 3.5. Considering that X = [0,1] and V = W, (C) are determined by ||D|| = Max; |d;|. If
we put order on V as follows;

D<T ifandonlyif d; <f;
foralli . Then it is obtained that (V,, <) is a partial order relation since V, = V = W,(C) (i.e.

since V is a finite dimensional space and W, (C) is defined in (1) of the Example 2.3 for s=2).

Now, assume d: X X X — V is defined as d(&,;,&,) = [Max {g” 3,83 8] and § is also given as

§(&n,¢) = Max {&,8,7}.
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Then, § has a unique triple fixed point since Theorem 3.1 is satisfying.

4.Conclusions

The fixed point theory is a significant tool in nonlinear analysis (optimization, dynamic systems, ODE
and PDE, game theory, mathematical modeling, etc.) to solve some problems with entity and unicity.
That is why a kind of fixed points (triple fixed points) in C*-algebra valued metric spaces are
constructed in this work. Also, numerical examples are given to support the results. It is hoped that our

work can be useful for readers and take a place in the literature.
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