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Abstract

We give closed-form evaluation formulas for the real and imaginary parts of the series
e27-ri(mac7ny)

> mm=1 P (metn)T0 € € N, in terms of certain zeta values. Particular choices of x and y
lead to evaluation formulas for some Tornheim-type > /5, 4 m and Euler-type

=1 m double series and their alternating analogues.
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1. Introduction

The Tornheim function is defined by
(o)
1

T (r,s,t) = Z

m,n=1 m'n? (m + n)t 7

where r,s,t € C, Re(r+t) > 1, Re(s+t) > 1 and Re(r+s+t¢) > 2. The values
T(r,s,t) for r, s,t € N were investigated by Tornheim [31] and some explicit formulas were
obtained. Moreover, when 7 + s+t is odd, it was proved that T'(r, s, t) is a polynomial in
¢(2),...,¢(r + s+ t) with rational coefficients without giving the polynomial, where ( (s)
denotes the usual Riemann zeta function. In 1958, Mordell [20] showed that T'(2r, 2r, 2r) =
79" k,., where k, is a rational number, » € N, and posed the problem of evaluating T'(2r +
1,2r+1,2r+1). Afterwards, Subbarao and Sitaramachandrarao, in [30, Theorem 4.1] for
r,s,t € N, gave a functional relation for T (2r, 2s, 2t), which implies an evaluation formula
for T'(2r,2r,2r). Later, Huard et al. [15, Theorem 2] gave the following explicit formula
for T(r,s, N —r —s) when r,s, N € N N >3isodd, 1 <r+s<N-1,r< N —2and
s< N —2:

T(r,s,N —r—3s) :EN(T,S)+EN(S,T)7 (1.1)
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where

EN(r,s) = (*1)7‘ Z r—1

(N—r—s—1)/2 (N — 99—
1=0

B 1)<<2z'><<N —2i)

2 N—2i—s—1>
1) 20)C(N — 27).
4 >§5(N_r_8_1 2N - 20)

Here and in the sequel we use Z for Z 0 < a € R, where |« stands for the largest
7=0 7=0

integer < a. Afterwards, Tsumura [36, Theorem 4.5] and Nakamura [21, Theorem 1.2]

gave functional relations for the Tornheim double series with different expressions, which

is shown in [19] that these two expressions are the same. In [22], Nakamura showed that

the function
o0 627ri(m33+ny+(m+n)z)

T(31732753; $,y,Z) = < msips2 (m+n)53
m,n=1
can be meromorphically continued to C3 and gave an integral representation. Moreover,
Nakamura gave two functional relations [22, Theorem 3.2] and [23, Theorem 3.1] which
lead to evaluation formulas for some Tornheim double series.
In the study of evaluations of special values of certain zeta values, Okamoto [27] intro-

duced

o0 T
Car,br (81, ceey 8r+2) = Z m511n32 H (Cljm + bjn)*SjJrz ’
m,n=1 Jj=
where a, = (a1,...,a,) € N", b, = (b1,...,b.) € N'. The author showed that for positive
integers s;, the values (a, b, (51, .., Sr42) are reduced to the values
> 1
Ca,b (’l“, u, U) = Z

v
oy VY (am + bn)

(cf. [27, Theorem 2.3]) and gave an evaluation formula for (4 (r,u,v) (cf. [27, Theo-
rem 4.5]). Recently, in [16, Theorem 1.1], Kadota, Okamoto and Tasaka showed that
the value 4 (r,u,v) can be expressed as Q-linear combinations of 7*"Cj,_s, (d/K) and
7Sy _on—1(d/K) for odd p =r+u+v and 0 < n < (p—3) /2. Here K = lem (a,b),
deZ/KZ,Cy(d/K)=ReL (p;d/K), S, (d/K)=ImL (p;d/K) and

o 2mima

L(s;z) = > 6m5 , x € R.

m=1

The authors also mentioned that from their related results an explicit formula for (, 5, (7, u, v)
could be deduced, however, they admitted that this formula might be much complicated.
The Tornheim double series T (r,0,v) for r,v € N

[e) oo n—1

T(r,0,0)= Y => >

i H(T)
m,n=1 n=1m=1 n=1
is called the Euler double series or Euler sum. Here H,(f) is the nth generalized harmonic
number defined by H, g’ =1+ 1/2" +1/3" +---+1/n", n,r € N, with H(gT) = 0. The
famous Euler’s 1dent1ty for the sum 7'(1,0,v) is [26]

mr m + n mrnv

%) (1) v—1
2T (1,0,0) =23 L —uC o+ 1) - Y Clwt1-)CG), veN {1}, (12)
n=1 =2

There is a very comprehensive literature on the Tornheim double series (see, for example
[3,6,13,17-24,32-38,41]), and on the Euler double series and their extensions (see, for
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example [1,4,5,7,9-12,14,25,28,39,40]). Most of these studies are on the evaluation of
the Tornheim and Euler (type) double series in terms of the zeta values as in (1.1) and
(1.2).

The aim of this study is to give closed-form evaluation formulas for the Tornheim-type
double series

Z cos (2m (mz — nx)), Z sin (27 (mz — nx)) (1.3)

mrnt (mec+n)’ mrnt (mec +n)’

m,n=1 m,n=1
and the Euler-type double series
i cos (2 (mx + ny)) , i sin (2 (mx + ny)) (1.4)
< mP(nc+m)? < mP(nc+m)d
m,n=1 m,n=1

in terms of certain zeta values. For this purpose, inspired by [22,27], we consider the
following Tornheim-type double series
o) 627Ti(mz+ny+(mc+n)z)

T (s1,82,83;%,y, 25¢) = (1.5)

et T (e 4 1)
It is clear that T'(s1,s2,s3;2,y,2;1) = T(s1,S2,$3;2,y,2) is Nakamura’s function and
T (s1,52,53;0,0,0;¢) = (1 (1, 52,53) is Okamoto’s function. Then we deduce two func-
tional equations for the series T'(s1, s2, s3; z,y, z; ¢). These equations lead explicit calcula-
tion formulas for the series given in (1.3) and (1.4) (see Theorem 3.3 and Corollary 3.8).
The formulas given in these theorems give rise to the closed-form evaluation formulas for
the Tornheim and Euler-type double series, some of which are listed in Table 1 and Table
2.

In particular, when x = z = 0, (3.8) of Theorem 3.3 reduces to the evaluation formula
for T'(r,u,v;0,0,0;¢) = (.1 (, u,v) which is considerably simpler than Okamoto’s formula
[27, Theorem 4.5] (cf. Remark 3.4). Moreover, for ¢ = 1, equation (3.8) of Theorem 3.3
reduces to (for odd r +u +v)

2 —
QmZn:l COZ"LT;L mz+ nrgx)) = (-1D)"Clu,v,r;2,2) + (-1)"C(r,v, u; 7, 2) (1.6)

and equation (3.12) of Corollary 3.8 reduces to (for odd p + ¢q)
= L(p;x — 2) {L(q; 2) + (—=1)"L(q; —2)}

—L(p+q¢z) — (-1)C(p, q,0; 2, —2). (1.7)

5 Z cos (2m (mz + nz))

1 mP(n +m)4

v—1 1/ (2mi)?

—Z u+v_j_1>(—1)ij(u+v+r—j T+ z),

C(u,v,r;x,z):_z<u+v_‘7_1>Bj(:U)L(u+U+T_j’ 2)

1/(2mi)7

where B,,(z) is the nth Bernoulli function (see p. 930). It is worthwhile to mention that
not only the formulas (3.8) and (3.12) but also (1.6) and (1.7) cover many of the evaluation
formulas previously-obtained: All the formulas on page 197 of [3], Theorem 2 of [15] (or
(1.1)), Propositions 2.4 and 2.6 of [19], formulas on page 262 of [21], Corollary 4.3 of [22],
Proposition 3.3 of [23], formulas in Section 4 of [18], Corollary 3 of [32], Theorem 3.6
of [33], Theorem 3.4 of [35], Theorem 4.1 of [37], and formulas on page 2695 of [41] are
consequences of (1.6). All the formulas on page 278 of [4], formulas on page 395 of [5],
Theorem 7.2 of [14], Theorem 1 of [15], Proposition 4.4 of [22], Proposition 3 of [25] are
consequences of (1.7).
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The organization of the paper is as follows: In Section 2 we prove a decomposition
formula for products of two Bernoulli functions. Section 3 is devoted to obtain functional
equations and evaluation formulas for the Tornheim-type series. The final section is on
the Euler-type series.

Remark 1.1. We list some Tornheim and Euler-type double series for which we obtain
closed-form evaluation formulas in the following tables.

Table 1. Some Tornheim series for which Theorem 3.3 yields evaluation formula

() if r + u+ v is odd

2. 3 > 2.

mrn® (mec+ n) m™n® (me+n)"’ m™n® (me+ n)’

m,n=1 m,n=1 m,n=1
[ee] (_1)m+n [ee) (_1)n 00 (_1)m+n
m,znjlmrnu (me +n)™” m,%:lmr (2n)" (mi-i- 2n)"’ m,zn:l m” (2n)" (me + 2n)"
3 (=)™ > (—1)mtn
m,zn:l (2m)" n¥ (2mc ++n)v ’ m,zn:l (2m)" n* (2mec +n)"’ .
% (_1)m n (_1)m n
m§:1 { (2m)" (2n)" (2mc + 2n)" + Cm—-1)"2n—-1)"(2m—1)c+ (2n —1))" }
(b) if r + u+ v is even
> 1" S ()"
m%lmf (2n—1)" (mc+2n—1)"’ mzn: 2m —1)"n*((2m —1)c+n)"’
00 (_1)m+n 00 (_1)m+n
m,zn:l 7‘(2'rL— 1)“ (mc+2n— 1)”’ Z 2m_ 1) ((2m— 1)C+n)v

00 ( 1)m+n ( 1)m+n
2 { (2m)" (2n —1)" (2mc+2n —1)" + (2m —1)"(2n)" ((2m — 1) c + 2n)" }

Table 2. Some Euler series for which Corollary 3.8 yields evaluation formula

(a) if p+qis odd

m,i:zl”w’ éméﬁcfw milmzm mi:zl (2m)p((_nlc)—m|- 2
éﬁm’ m?M’ milm m? <2m>(p_ (2: r;m)q
mi:;l { (2m)z(o (zlzjinzm)q T @ I (;nlﬂz o — }

(b) if p+ ¢ is even

m,i:‘;l m”((%(— 11)nc +m)d i { (nlzml;z Fom)i T (2m— 1)1(7 (27{::12771 — 1) }
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2. Lemmas

The nth Bernoulli polynomial By, (x) is defined by the generating function (see [29])

_ZB , |t < 2m,

and the case x = 0, i.e., B, = B,(0) is called the nth Bernoulli number. We note that
BO = 1, Bl = —1/2, B2 = 1/6 and Bgn+1 = Bgn_l (1/2) = 0, n Z 1.
The nth Bernoulli periodic function B, (z), with period 1, is defined by
By (x) =By (x—|z]), v €R,

and has the following Fourier series representation:

627rznz

p!

(2mi)P r

By(z) = — (2.1)

o0
Herez e Rifp>1,z e R\Zifp=1and Y = Y . The function B, (z) satisfies the

n#0 n=-—0o
7 n#0

following multiplication formula:

Pt ZX_:ZBP (x + li) =B, (cx). (2.2)

While deriving functional equations for the series T (s1, s2,83; =,y, 2;¢), we need the
following decomposition formulas for B, (X +Y') B, (Y). The first one is due to Can [8].

Lemma 2.1. ([8, Theorem 2.1]) For X,Y € R and p,q > 1, we have

=3 (1) s OO
'Bp (X + Y) Bq (Y) - jz_;] (]) meJrq j (Y) 'BJ (X) —+ (pquq) Bp+q (X)
Z()p—i—q—J( 1)j3p+qu(X+Y)Bj(X)- (2.3)

The second is as follows:

Lemma 2.2. Let X,Y € R, 4, = —p!/ (2mi)? and f(z) = e*™* + (—1)PT9e~2™=  For
p,q > 2, we have
By(X £ Y)B(Y) _ (~1)7

X
A A Ap+q p+q( )
ZZ( mX+nY)+f((m+n)X+nY)+f(mX+(m+n)Y)> (2.4)
== )P(m +n)? (—m)(m + n)P mpPnd ' '
Proof. 1t is seen from (2.1) that
'Bp(X —I—Y)'Bq(Y) B z z e2mi[nX+(m+n)Y]
ApAy 70 0 nPmd
2mi[nX+(m+n)Y] 2mi[nX+(m+n)Y]
n,m=#0 nPmd n,m7#0 nPmi
n+m=0 n+m#0

It is clear that
erri[nX+(m+n)Y] - 2minX (_1)(]
— (_1\4 —
nPmd - ( 1) § : np+a - Aerq Berq (X) :

n,m#0 n#0
n+m=0 n=-—oo
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Now we consider the series with condition n +m # 0 in (2.5). We make the substitution
n =1 —m and find that

eZWi[(r—m)X—i—rY] e27ri[(r+m)X+rY]

= (-1
r,m#0 (T o m)pmq r,m#0
r—m=#0 r+m#£0

(r +m)Pm4

SICVERIDDIED DI D DEE S DI D DI S

rm>0  r>0m<0 r>0m<0 rm<0 r<0m>0 r<0,m>0
r>—m r<—m —r>m —r<m

e27ri[('r+m)X+rY]

(r +m)Pm4d
:T1+T2—|-T3—|—T4—|-T5+T6.

Here, the series T; can be written as

e27ri[('r+m)X+TY] 627ri[kX+(m+k)Y]
ni=(0° (r+m)Pma 2= krm4 ’
r,m>0 m,k>0
627ri(—kX—|—7‘Y) 6—27ri[(r+m)X+rY}
Ty=(D" ), = Ty= (=1 ;
r,k>0 k‘p(T + k)q r,m>0 (T + m)pmq
—2milk X +(m+k)Y] 2mi(kX—rY)
€ €
Ty = (-1t Y RIS i i
miso e S0 K+ k)
Therefore, we deduce that
e2mi[nX+(m+n)Y] e2mi[(n+tm) X +nY] + (_1)p+q627ri[—(n+m)X—nY}
S/ nPmd B a0 (=1)4ma(n + m)P
n+m%#0
N (_1)]0 Z 627ri(—mX+nY) + (_1)p+q62m'(mX—nY)
mP(n +m)4
n,m>0
e2mi[mX+(n+m)Y] + (_1)p+q627ri[—mX—(n+m)Y]
n,m>0 mPnd
This completes the proof. O

3. Tornheim-type double series

In this section we first obtain two functional equations for the Tornheim-type double

series via (2.3) and (2.4). Then, using these equations we give closed-form evaluation
formulas.

The first functional equation is as follows:

Theorem 3.1. For all p,q,c € N and s € C, except singular points, we have

T(p,q,s;xc,0,2;1) + (=1)PT(s,p,q; 2, —x,0;¢) + (—1)T(s, q, p; 2,0, x; ¢)

oo oo c—1 2m[(mc+]) +(n+m)z]
+> D) Z
7j=1

m=0n=1

cpbta

=¢ RS 3.1
mC—I—j j)Q(n+m)s (p;Q,S,iL‘,z,c), ( )
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p+q—3j—1\Bj(x)Lp+q+s—j;2)
Aij+q_j

q . .
p+q—j—1 Bi(x)L(p+q+s—jicx+ 2)
2 R @2

and A, = —rl/(2mi)".

Proof. We first assume that p,qg > 2 and Re(s) > 1. Set X =z, Y = (u+y) /c in (2.3)
and (2.4). Then summing over = 0,1,...,¢ — 1, with the use of (2.2), we see that

) (_1)P627ri(—mx+%) + (_1>q62ﬂi(mz—%) ce—1

>

Z 627rin%
e mP(n + m)9 =
N f: (_1)q627ri[(m+n)x+n—cy}_‘_(_1)p€27ri[—(m+n)x—n—cy} CZ_:I -
e c
el md(n + m)P =
N i e27ri[mz+(m+n)%]+(_1)p+q€2m’[—m$—(m+n)%} c—1 IS
< mPnd — c
m,n=1 n=0
_ @mpre & (p ¢ Bj(@)Bpig—i(y)
pl¢d = \d)pt+a—j eIl
L @rPt S (0 p(=1) By(@)Bpag—y(cx +y) (3.3)
plgt S\ pta— crta=i=l ' '

From the basic identity
c—1 .
Z p2mint { ¢, ifcln,
= 0, ifcfn,
the left-hand side of (3.3) becomes

. i (—1)pe2mil—matny) 4 (_1)ee2mi(ma—ny)
mP(nc+ m)d

m,n=1
9 (_l)qe27ri[(m+nc)x+ny] + (_1)p627ri[7(m+nc)xfny]
te Z md(nc+ m)P

m,n=1

0o oo 627ri[ma:+(m+n)%] + (_1)p+q627ri[fm:tf(m+n)%}
+c Zl zjl p——

c%,c’[n_m

c|(m+n)

X, e2milmet(min)E] 4 (_1)ptae2mil-me—(min){]

+cz Z "

m=1n=1
c|n,clm

We make the substitutions m — mc+j and n — nc—j, 1 < j < ¢ —1 for the series
with conditions ¢t n, ¢t m and ¢| (m +n), and m — mc and n — nc for the series with
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conditions ¢|n and ¢|m, respectively. We then find that

i (_1)p627ri(—mz+ny) + (_1)q627ri(ma:—ny)
mP(nc+ m)9

m,n=1

o0 (_1)qe27ri[(m+nc)m+ny} + (_1)pe—27ri[(m+nc)x+ny]

—l—cz

m,n=1

md(nc+ m)P
> X0, el grmil(metiat(mtn)y] 4 (_1)pHag-2mil(meti)et(mtn)y]

EPIPHI (me -+ )7 (ne — )

m=0n=1j=1

0o oo e2m’[mcm+(m+n)y]+(_1)p+q672ﬂ'i[mcm+(m+n)y}

+ sz::o nz::l R —— (3.4)
We use (2.1) to write the right-hand side of (3.3) as
zp: (p +q—j- 1) B, (x) i (—Lpta-iem2miby 4 o2miky (3.5)
= g—1 Cp+qu*1Aj — kp+a—j
N i p+qg—j—1 (_1)ij (SL’) i (_1)p+q—je—27rik(cac+y) + e27rik(c:c+y)
p—1 cPta—i—1A, kpta—j ’
7=0 J k=1

We now multiply (3.4) and (3.5) with

o
ZeQﬂ’zl z— y)l s
=1
and then integrate from 0 to 1 with respect to y. Then the resulting equations become

53

m,n=1

)pe27rz( mx+nz) (_l)qe27ri[(m+nc)a:+nz} €2ﬂi[mcz+(n+m)z]

mp (nc +m)in? md(nc+ m)Pn? * PrampPni(n 4+ m)s

>

n=1j=

c—1 e2mi[(metj)z+(n+m)z]

1 (me+j)P(ne—j)i(n +m)*

= C( D432, =T, 07 C) + C(_l)qT(Sv q,p; =, Oa x; C) + 7T(p7 q,S;xC, Oa 2 1)

(s +a
>

m=0n=1j=1

+c
c—1 27r2[(mc+])m+(n+m)z}
C

+

2.
m=0
—1)PT
>

0

(me+ j)P(ne—5)4(n +m)s

zzﬂ:(10+q_j_1)Bj(gc)L(ijqus—j;Z)

cPTa—i—1A,;

=cC(p,q,s;,2;¢),

+zq: p+tq—j7—1 (_1)j3j(x)L(p+q+s—j;c:n—l—z)
‘ p—1 cPta—i—1A;
J

respectively. These give (3.1) for p,q > 2 and Re (s) > 1. For the remainder cases we need
the analogues of [15, Eq. (1.5)]

T(rit—1,s+1)+T(r—1,t,s+1)=T(rt,s).
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These are

T(p,q—1,s+1;z,2,y5¢)+cT'(p—1,q,s +1;z,2,y;¢) = T(p,q, 85 2,2, y; ¢),
T(p,q+1,s—1Liz,z,y5¢) —cT(p— 1,9+ 1,s8;2,2,y;¢) = T(p,q, 5 2, ,y; ¢),
Tip+1,q,s—Lz,x,y;¢) = T(p+1,q—1,82,2,y;¢) = cT(p, q, 55 2, T, y; ¢),
T*(p,q—1,s+1;2,0,2;¢) + T"(p — 1,¢4,5 + 1;2,0,2;¢) = T*(p, q, 5; 2,0, z; ¢),
where
oo oo c—1 2m[(mc+j) +(n+m)z]
T*(p7q7s;x707zc ZZZ

o ow e (me+ j)P(nc — j)4(n+m)s’

Using these identities in (3.1) for p = 2 and ¢ > 2 we deduce that

cC(2,q,s;x,2;¢) = C%qT(l,q,s + 1;2¢,0,2;1) + (=D T (s +1,1,¢; 2, —2,0; ¢)
+(-1)T(s+1,q,1;2,0,z;¢) + T*(1,q,s + 15,0, z; ¢)
+C(2,q—1,s+ L;z,2;¢).
It can be seen from (3.2) that
cC(2,q,8,x,2;¢) =C(2,q—1,s+ 1;z,2z;¢) + C(l,q,s + 152, 25 ¢),

hence (3.1) is obtained for p = 1 and ¢ > 2. The proof of (3.1) for the cases p > 2, ¢ =1
and p = ¢ = 1 are similar, so we omit them. From [22, Theorem 2.1] T'(p, q, s; 2, x, y; ¢)
can be meromorphically continued to C3. Thus, by analytic continuation (3.1) is valid for
p,q € N and s € C, except singular points. ]

In the next result we state the second functional equation. Its proof is similar to the
that of Theorem 3.1, except with the substitutions X = (u+2)/c and Y =y in (2.3) and
(2.4), so we omit it.

Theorem 3.2. For all p,q,c € N and s € C, except singular points, we have

(=1

csta

T(s,q,p;cx,0,2;1) + (=1)PT(p, s,q; —2,2,0;¢) + T(p, q, 5; 2,0, 2, ¢)

c—1 e2mil(netj)a+(n+m)z]

= D(p,q,s;x,z;c), 3.6

+q—j—1\cPI .
D(p,q,S;w,Z;C)=Z<p ] -Bj(z)L(p+q+s—j;z)

= qg—1 A;
_ tg—j-1)\(-1)) & - ot
+cP IZ b= ( ) ZBJ<H>L<ZD+(]+S—];H+Z‘>
s p—1 A; = c c
(3.7)

and A, = —r!/(2mi)".

Using the functional equations given in Theorems 3.1 and 3.2 we may deduce the fol-
lowing closed-form evaluation formulas.

Theorem 3.3. Let r,u,v € N. If r +u+ v is odd, then

cos (27 (mz — nx))
2 =
Z mrn* (me+n)’ (

_l)uC(u7 v, T, 2 C) + (_I)TD(/F? U, U; 2, T C) (38)

m,n=1
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and if T +u + v is even, then

2 —
Y mznjlsl;llrn: ZZJFZ;C)) = (=1)*Clw, 0,152, 2;¢) = (=1)" D(r,v,u; 2,250), - (3.9)

where C(u,v, 2, z;¢) and D(r,v,u; z,z;¢) are given by (3.2) and (3.7), respectively.
Proof. We take (p,q,s) = (u,v,r) in (3.1) and (p,q,s) — (r,v,u) in (3.6). Then multi-
plying by (—1)* and (—1)“*?, respectively, and substracting the resulting equations give

T(r,u,v;z,—z,0;¢) — (=1)" T (r, u,v; —2z,2,0; c)

= (-1D)"C(u,v,r;2,2;¢) — (=1)"TD(r,v,u; 2, 7; ¢). (3.10)
This yields the desired results. O
It should be mentioned that the formula (3.8) leads to the closed-form evaluation for-
mulas for the series given in Table 1la) for the pairs (z,z) € {(0,0), (0,1/2), (1/2,0),
(1/2,1/2), (0,1/4), (1/4,0), (1/2,1/4), (1/4,1/2), (1/4,1/4)}. Closed-form evaluation for-
mulas for the series given in Table 1b) follow from (3.9) for the pairs (z,z) € {(0,—1/4),

(1/4,0), (1/2,-1/4), (1/4,—-1/2), (1/4,—1/4)}. Furthermore, from (3.8) and (3.9) we
have the following results: If r is odd, then

(r=1)/2 .
2 r_oi\ [(2r—25—1 . .
T(r,r,7;0,0,0;¢) = — > (szj +c 2]) ( o )g(zj)g(s,r — 2)

7=0

rl(’"l c—1
2r—25—1 1)/ ,,u)
E B —75=).
=0 ( -1 ) A4, ]( ) (3r e

J

If r +u + v is even, then
C(u,v,m2,2;¢) = (=1)"D(r,v,u; z,x; ¢)
for the pairs (z,z) € {(0,0), (0,1/2), (1/2,0), (1/2,1/2)}.
Remark 3.4. When = = z = 0 (3.8) reduces to
T(r,u,v;0,0,0;¢) = (1 (r,u,v)

max(u/2,v/2) . . . .
y tu—2j—1 tu—2j—1\\ ¢C2j) Clutv+r—2
B> ((u P ) (u umt )) - (:qui%r .

o v—1 u—1

r/2 .
N ( oA 1>c”f<<2j>c<r + o4 u—2))

= v—1
SR 2 ) o
Cv—i—u s r—1 J r v u J
_1\r v s c—1 )
+ 2 ( A 1) S+t 1/e) (S50 + (1YL= 1)
Jj= —
. r or— +v—-2 -
+ mi(—1)"¢c 1<Trﬁ1 );Bl<ﬁ)L<r+v+u—l;ﬁ>

which is considerably simpler than Okamoto’s formula [27, Theorem 4.5].

While considering special cases we need the following lemma.
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Lemma 3.5. Let ¢ > 1, r > 2 be integers and x,z € R with z ¢ Z if g = 1. Then

CA”ZlB (7)1 )

{L(q; =2) + (=1)7L(g; 2)} L(r; cx + 2)

cq”
c—1

1 Tz milx
+ ;{L(q;l/c;—z)—l—(—l)qL(q;l—l/c;z)eQ }L(r;l/c;cx+z)e2 e (3.11)

where A, = —r!/(2mi)" and

00 .
62mm:c

L(s;z;2) = Z my

m=0

provided that the series converges.

Proof. It can be seen from (2.1) and definition of L(p,x) that

o L2mi(j+h)Z 2mijx o 00 2mi(j+h)Z 2mijx
AZB (M—l-,z)L( pt+z +) Zze J ce J +Zze J ce 9.

7 1=0 70 j=1 hajr h0 j=1 hajr
cfh,ctj clh, clj
c|(3+h)

We take j = mc+1land h = nc—1,1 <1 < ¢ —1 for the first series and j = mc and
h = nc for the second. Then the right-hand side becomes

c—1 eQTmnz 2mim(cz+z) 27rzn262mm(cx+z)

>y 2 RS > ;
720 m=0 = ( (me +1) n#0m=1 ne)i(me)

i i 02*21 e2minz  2mim(cr+z) 2 . i i Czjl e—2minz G2mim(cz+2) oril
_ milz e2milz

=i (ne=Di(me+ 1) == (ne+ Di(me+ )"

e2minz 27rzm(cz+z) 0 6—27rm2627rzm(cr+z)
v + (o ,
n; . )4(mc)" n; ) (nc)d(mce)"
from which the proof follows. ]

Remark 3.6. We give several examples as demonstrations of the evaluation formula (3.8)

(with the use of (3.11)). We first recall the Hurwitz zeta ( (s, z) and the generalized eta
(or alternating Hurwitz zeta) 7 (s, z) functions:

C(s,2) = i# Re(s) > 1, and n(s,z) = ii

) (m _"_ Z)S ) ) ) (m + Z)S I’

m=0 m=0

Re(s) >0,

where z € R with z # 0,—1,—2,... (for more details, see for instance [29]). For partic-
ular choices of z and x we use the facts £(s;1;2) = e 2@ L(s;2), L(s;2;0) = ( (s, 2),
L(s:251/2) = 1(s,2), C(s) = C(s5,1) = L(s;0) and n(s) = n(s,1) = —L(s;1/2), the
Dirichlet eta function (or alternating Riemann zeta function). The even values of the
Riemann zeta and the Dirichlet eta functions are given by

(2mi)*"

2n
C(2n)=—2(2)32nandn( n) = (22871)!32”<;),n20.

Now, we list some examples: For r =1, u=v =2, 2z=x =0 and c = 3,

s 1 481 20972 T 2
2 mn?(3m + n)? =162 ) " 15 ¢ ) - 3Cl4(3)’

m,n=1
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where Cly, (x) is the Clausen function

Clar (z Z n27" , T €N.

Forr=u=v=1,2=2=0and c=3,

i 1 _ §C (3) — g(]lQ (27/3).

e~ mn(Bm+mn) 3

Forr=1Tu=v=3,2z=z=0and c= 3,

i 1 1097 341 o
2 i Gm 213 ) T Tags” ¢ ) - *Clﬁ ( 3 )

m,n=1

~ T (C3,1/3) — CB,2/3)} {04, 1/3) — C(4,2/3))

forr=u=v=1,2=1/2,x =0and c =2,

3 M =((3) - %77(3) ~ in(l 1/2)n(1,1/2),
m,n=1

forr=u=3,v=1,2=1/2, 2 =0and ¢ = 2,

S CU" e = Tam s Ees) + o) — (6, 1/2)n(1,1/2)
el m3n3(2m +n) 32" 6 2477 16" e ’
forr=4,u=2,v=12=1/2, x =0and c= 3,

00 _1\m 7'['2 m

> =S + o - () - o) - e

o (0(6,1/3) +0(6,2/3)} [n(1,1/3) +n(1,2/3)}

forr=u=v=1z=2=1/2and ¢ =2,

00 _1\ym+tn
5 W = @)+ 0 (21/2)n(1,1/2),
m,n=1

forr=2,u=1,v=2z=2=1/2and ¢ = 3,

i (—1)mtn 727 8 2

ZnBm T nE —*C( )+ ) - ﬁﬂ2é(3) +15106)

m,n=1
b= {C(4,2/3) — C(,1/3)} {n(1,2/3) + n(1,1/3))

To present evaluation formulas for the Euler-type sums we need the following lemma
which is an analogue of the so called the reflection or harmonic product formula [2, p.
972].

Lemma 3.7. Let p,q,c € N. For p,q > 2, we have
T(0,p,q;y,x,0;¢) + T(0,q,p; cx — y, x,0; ¢)

- cp+q Zﬁ (p;j/c;cx —y)L(g; j/e;y)e”™* — L(p + g; ).
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In particular,

7(0,p,4;0,0,0;¢) + T(0,4,p; 0,0,0;¢) = p+qZCp.7/c ¢(g,3/¢) =< +9),

n(p,j/c)n(g, j/c)
7(0,p,¢;1/2,0,0;¢) + T(0,4,p; 1/2,0,0; c) Z —Te — ¢ +a).
Proof. We set nc+m = k' and m = I’ in the series

o . .
627rmy62mmac

T(0 ; 0;¢) = _—.
Opgy.2,00= 3 o -
m,n=1
Since 0 < nc = k' — I’ we deduce that ¥ = kc+jand ' = lc+j, 1 < j < ¢, and
0<n=k—1. Thus
e2mil(cz— y) 2miky

T(OaP,Q;y,UC,O c ZZZ : e2mijz.
j=1 k>1>0 (le+ j)P(ke + )9

Now, we set m = k' and nc +m = I’ in the series

o) e27rin(cw7y)€27rimx
T(07 q,p;¢r — Y, T, 07 C) = Z

m,n=1

md(nc+ m)P

Since 0 < nc=10"—k we infer ¥’ =kc+jand ' =lc+j,1<j<c,and n=1—k. Then
we find that

T(Ovpa q:Y, x70’ C) + T(Oa q,p; CT — y7$70; C)

e2mil(cz—y) 2miky B 2mil(cx—y) ,2miky B
— Z Z Z eQmjx + Z Z € i € : e?m]z
(le+j)P(ke+ 7)1 (le+ j)P(ke+ 4)9

k>1>0 I>k>0
_ Z {Z Z e2mil(cx—y) S2miky 627rij:1: B i e2miz(ke+j) }
1\p+
2mky 0 827ril(cx—y) 0 eZﬂ'ixm
— 2mijx
= ; - e — —_—,
Cp+q le kZO k+ ]/C)q g (l + j/C)p 7nZ:1 mpta
which is the desired result. O

Previously we have proved (3.6) for p € N (cf. Theorem 3.2). However, we infer from
Lemmas 3.5 and 3.7 that (3.6) is also valid for p = 0. This shows that the closed-form
evaluation formulas given in Theorem 3.3 are also valid for » = 0.

The next corollary, a consequence of Theorem 3.3, presents closed-form evaluation for-
mulas for the Euler double series.

Corollary 3.8. Let c € N and p,q € N\ {1}. If p+ q is odd, then

5 Z cos (27 (my + nx))
n? (me+n)?

= D(0,q,p; —y,x;¢) — (=1)1C(p, q,0; 7, —y; c), (3.12)

m,n=1

and if p+ q is even, then

(2
2 Z Sll'l i my+nx)) = D(O’q,p, —y,x;C) - (_1)(]C(p7 Q70;x7 —Y; C), (313)

nP (me+ n)?
m,n=1

where C(p,q,0;z,y;c) and D(0,q,p;y,x;c) are given by (3.2) and (3.7), respectively.
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It is obvious that the closed-form evaluation formulas for the Euler sums given in Table
2a) are consequences of (3.12) for the pairs (z,y) € {(0,0), (0,1/2), (1/2,0), (1/2,1/2),
(0,1/4),(1/4,0),(1/2,1/4),(1/4,1/2), (1/4,1/4)}, and the formulas for the series given in
Table 2b) follow from (3.13) for the pairs (z,y) € {(0,1/4), (1/4,0), (1/2,1/4),(1/4,1/2),
(1/4,1/4)}.

Remark 3.9. We list several examples deduced from (3.12). We have, for p = 2, ¢ = 5,
r=y=0and c=2,

s 1 149 572 7t
- =D+ =)+ —((3
m;ﬂ m2(2n +m)> 256“ )+ 192“ )+360C( ),

forp=3,¢g=2,x =y =0and c=3,

b 1 233 13
= 2 (B) (3
mznil miEn+m)e? 1860 P o™ ¢ B)

forp=4,g=3,x =y =0 and c =4,

> 1 16419 52 w4
2 mA(4n +m)3 ~32768° (V) + 30726 ) F 57600 @)

1
forp=3,q=4,2=0,y=1/2 and ¢ =5,

> " 1 7 2 16697
2 i mt — 20 7 31950"7) * 1575705+ 750000

m,n=1

m,n=1

3)

+

156250 {n(3,4/5) —n(3,1/5)} {n(4,4/5) —n(4,1/5)}
1

2/5) — 4,2/5) — (4
Trgono \1(3:2/5) =1 (3,3/5)} {n (4,2/5) —n (4,3/5)},
forp:3,q:2,x:1/2’y:()’ andC:g,

- =™ 2 79 w2 7372

m,znzl m3(3n +m)? 513° () T 165710) + 1556 B) = G757

+

(3);

forp=5,g=4,z=y=1/2and ¢ =3,
X (=)™t 35 19627 52 52
- 9) + —=Ln(9 7) - 7
2 miGnm)t ~ 19683° Y T 3936670 T 57as¢ (7 ~ Gmer (V)

m,n=1
3200 4
~ 561" (5)n(4) — 724377(4)?7(5)-
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