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1. Introduction

The aim of this paper is twofold: to investigate trigonometric approximations of Bessel functions via Bessel-Neumann series
whose sums are finite trigonometric sums, and use the same series to provide new sums of powers of sines with cosines.
Bessel functions are among the most useful and studied special functions. Analytic expansions exist for different regimes [1],
and numerical algorithms for their precise evaluation [2]-[5]. Their simplest approximations are polynomials [6]-[8] and finite
trigonometric sums, that can be advantageous in applications [9].

Let’s consider Jy. Several trigonometric sums appeared in the decades, sometimes being rediscovered. These very simple ones

Jo(x) ~ %[1+cosx+2005(§x)] (1.1)
Jo(x) ~ ¢ 1+cosx+200s(%x)+20c)s(§x)} (1.2)
have errors € = Jo — Jg™™"*" with power series (the marvel of Mathematica)
8 2 12 2
€(¥) = — 30160 (1 — 36 T++); €(*) = —3a3gs00s00 (| ~ 52 T

In practice, an error less than 0.001 is achieved for x < 3 or x < 5.9. These approximations were obtained by Fettis with the
Poisson formula [10]. Rehwald [11] and later Waldron [12], Blachman and Mousavinezhad [13] and [14] used the strategy of
truncating to the first term Neumann-Bessel series like this one

Jo(x) +2J5(x) +2J16(x) + ... = % cos[1 +cosx + 2008(@)6)},

that can be obtained from the Bessel generating function. The examples (1.1), (1.2) correspond to n = 4,6 of eq.19 in [15]:

oo 1 n—
JO(X) + 2Zk:1 (_1)knj2kn(x) = ;ZE:& COS(XCOS %6) (1.3)
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where only Jj is kept, and the errors reflect the behaviour J,, (x) ~ )E/ 2) of the first neglected term. The truncation yields Jy

as a sum of cosines that corresponds to the evaluation of the Bessel integral Jo(x) = [{ % cos(xcos 0) with the trapezoidal

rule with # nodes [16]-[18]. Increasing n increases accuracy: n = 15 is a formula by Fett1s [10] with 8 cosines (instead of 15,
symmetries of the roots of unity reduce the number of terms):

Jo(x) 2 {5 cosx + %ZZ:I cos(xcos 4%). (1.4)

The error now is order x** x 10~%2 and less than 10~° for x < 15.

I reconsider the approximations for Jy in the light of new Neumann-Bessel trigonometric series in [19]. They extend the series
(1.3) by including an angular parameter, that is chosen to kill the term with J5,, so that the truncation involves the next-to-next
term Jy, of the series. This is presented in Section 2. The same strategy is then used in Section 3 to approximate Bessel
functions J,, of low order by appropriate series. The quality of the approximations is the same as earlier ones with same number
of terms, but the terms are different and the source of error is more clear.

In Section 4, I show that the same Neumann series give in very simple way some parametric sums of powers of sines and
cosines. Some are found in the recent literature [20], while the following ones, to my knowledge, are new:

LA sin
Yosin? (S22 {01 @2 (pg=0,1,.).
(=0

Many other trigonometric sums are available in the literature. For example, sums like Zk | sin qu” cot* *= k” and variants are
studied in [21, 22]. Ratios of powers of sines and cosines are evaluated in [23], and many results are glven 1n the remarkable
paper [24].

2. The Bessel function J,

Consider the Neumann trigonometric series eq.11 in [19]:

n—1

(= 1)¥ Tt (x) cos (2kn6) = Z cos[xcos(6 + Z7)]. 2.1

s

Jo(x)+2

k=1

The approximations (1.1), (1.2) and (1.4) are obtained with 0 =0, n =4, 6, 15, and neglecting functions Jg, J12, J30 and higher
orders. However they are not optimal. The advantage of eq.(2.1) is the possibility to choose the angle 8 = 7/4n to kill all
terms Jy,, Je,, etc. Then:

Jo(x) = 2J45 () + 208, (x) — . - Z cos(zcos 114/ ).

An expansion for Jy results, again, by neglecting the other terms.
Some examples:
e n=2.Itis Jo(x) = 3[cos(xcos &) +cos(xsin Z )] + & (x). If we neglect the error, the first zero occurs at 71/2 — /2 = 2.4045

(jo,1 = 2.4048).
e n = 3. The approximation has three cosines:

Jox) = Llcos(xd5) + cos(x [f ) + cos(x [}1 )] + &3(x) 2.2)
x12 4
&(x) = m[l—§+m—m+-~~ :

Remarkably, the first powers of the error are opposite of those for the expansion eq.(1.2), that would involve 6 terms if not for
the degeneracy of the roots of unity. The half-sum of (1.2) and (2.2),

Jo(x) 2 &5 [1+cosx+2cos(% )+Zcos(£x)+2cos(x\}§)+2cos( )+2cos( ‘2[\}' )] (2.3)
has error £(x) = 52047 x 107301 — 755 + ﬁzloo -]
e 1 = 6 gives a precision similar to the sum (2.3):
Jo(z) = ¢ [cos(xcos &) + cos(xcos 3Z) + cos(xcos 3F ) + cos(xsin ) + cos(xsin 37 ) + cos(xsin 37 )] + & (x). (2.4)

The error has power expansion & (x) = 55557 2047 x 10730[1 — W +....
e n = 8 is a sum of 8 cosines and compares with the formula (1.4) by Fettis. The two approximations are different but with the
same number of terms (because 8 = 0 produces degenerate terms) and similar precision.
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Figure 2.1: The Bessel function J; (thick) and the trigonometric expansion (2.4). The difference increases with x; it is less than 10~ for
x < 8and 1073 forx < 15.

3. Bessel functions J,,.

e J; is evaluated via J; = —J). Eq. (2.3) gives:
Ji(x) = & [sinx +sin(3x) + \/§s1n( x)+ \/ism(x\lf) (B2 sin(x B2 ) 4 (VB gin (x B3 )]

2 V2 2V2 V2 2v2
with error &(x) = (x/20)% x 3.87 x [1 — 353> +...].
e J»,J4 can be evaluated with the following identity (the real part of eq.(5) in [19]):
x)—i—Z::l[Jknﬂ,(x)+(—1)k”+”Jk,,,,,( )] cos(knf) = IZ/ Ocos[xsm(6+ 2”2) p(0+27”4)]. 3.1
Because of the term J,_,, we take 2p < n. With y = 7:
Jp(x) = (=1)Phop_p(x)+... = 125 Ocos[xsm(l*‘w )+ pE2n].

If only J), is kept, the approximation depends on the parity of p:

sm(plg‘lw ) X ’1122 ésm[xsm(l;rj/n)] p odd

cos(ptm) x Lyu— S cos[xsin(H# )] peven
Ip(x) ~

p =2, n=06, give the short formula

‘ [

J2(x) ~ == [cos(xsin 75) — cos(xcos 75)]

2

x/lO)’lO[l - % +...]. The first zero is evaluated 277v/6 ~ 5.1302 (jo,1 = 5.13562). A better

S

with error €(x) = 2.69114 x
approximationisn =8,y =

—

ox"“

J2(x) >~ 4 cos(g) [cos(xsin %) — cos(xcos )] + § sin(Z) [cos(xcos 3Z) — cos(xsin % )]

with error €(x) = 7.00119 x 10~ 10x!4[1 — % +..]; €(5) =3 x 107°, (8) = 0.0010.
For Jy we select p=4,n=8,0 = %. Now the lowest neglected term is Jy:

Ja(x) ~ % [ cos(xsin &) +cos(xcos &) — cos(xsin 3% ) — cos(xcos 2% )].

The error is less that 1073 at x < 6.3.
e J3.Js5. A useful sum for odd-order Bessel functions is eq.(17) in [19]:

> 21 sin[xcos( 2% )]
} n+k 2n+1
k:o(_l) " J(2n+l)(2k+1)(x) COS[(2k+ 1)9] = ZZZOZ(T‘FS. (3.2)

The angle 6 = % cancels Jg,+3, J14,47 €tc. and gives the approximation

(—1)" 2 sin[xcos {12 7]

V3 5 2n+1
that neglects Jy¢,+5 etc. With n =1 and n = 2 we obtain:

Jons1(x)

J3(x) =~ —ﬁ[sin(xcos Z) —sin(xsin 2%) — sin(xsin Z)]

V3

Js(x) ~ [sin(xcos %) + sin(xsin &) — sin(*x) — sin(xsin 3% ) + sin(xcos 322 )].

sf
The expansion for J3 has error € = 2.33373 x 10~ 7x!3[1 — ’6‘—2 +...]. The second one has error € = 1.92134x% x 1073 x [1 —
.sz

20

104
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Figure 3.1: The Bessel function J3 (thick) and the approximation (3.3). The difference is £(6) = 6 x 107, £(8) = .0003, £(10) = .0045.

4. Trigonometric identities

The Neumann-Bessel series here used provide sums of powers of sines and cosines. They arise by expanding in powers of x
the Bessel functions in the series,

= (x/2)"+2
W) = XD

and the trigonometric functions in the sum of the series.

o Consider the series eq.(2.1). At threshold powers x>, x*

enter a term in the sum of cosines.

etc. new Bessel functions (—1)"2Jy, cos(2n6), 2J4, cos(4n) etc.

() 0<k<n
1 6+£7r 4Lk (zkk) +2(k2fn) COS(ZG)] n<k<2n
Z [ ] ) 1|2k 2k 2k

7 | GO +2(%,) cos(26) +2(,.%5,) cos(4e>} m<k<3n

By replacing 6 with 0 + n we obtain:

#(7) 0<k<n
lZ"* [sm 6+€7r] _ 4% (zkk) + (71)n2(k27kn) 005(29)} n<k<2n .
"= L1+ (—1)m2( ) cos(20) +2(, %) cos(49)} 2 <k<3n

Examples:

1y8  [sin 421 4{ [(30) =2(7) cos(26)] .
nLicg [cos(Hem
%mg@wwmﬁ=ﬁm»4}

For 6 =0 and 6 = 7 these identities are eqgs. 4.4.2 in [25], 2.1 and 2.2 (together with several other non-parametric sums) in

[26]. The series had also been studied in [27]. Parametric averages on the full circle were recently evaluated by Jelitto [20],
with a different method.

e With the Neumann series (3.2) we obtain:

o

1<2k+1<2n+1
1 cos 0 2n+1<2%k+1<3(2n+1)

1 2n
|G ) cos04 (401 cos(30)| 3(2n+1) <2k+1<52n+1)]

2n+1 il =0

9+27rl] 2k+1

[CO Intl

4k

The sums of even powers of cosines are obtained from the series eq.16 in [19]:

o 21 cos|xcos 2L
Jo(x) +2 Y (= 1) T gnspi(x) cos(2k0) = Y n+ inH

k=1 =0
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(%) 0<k<2n+1
_Lyon feos S22 | (0) 20 200) 5(29)} 2ntlsk<dnt2
0L LLCH+2( %) cos(20)+2(, % ) cos(49)] 4n+2<k<6bn+3

Example: (cos 912+ (cos &£7)12 4 (cos 9422)12 = 3[(12) +-2('7) cos(20) +2cos(46)].

46

The formulae with sines are obtained by shifting the parameter .

e Now let’s consider the sum eq.(3.1) with p <n — p.
The equations are new and are easier to state if we distinguish the parity of n and of p.

Case n =2m and p = 2q. Eq.(3.1) now is:

1 2m—1

0+7l
2m Lt =0 )]

c08[2q HEE] = 1y (x) + [Jam-24 (%) + Jam 424 (x)] c0s(26)
[J4m*2q (x) +Jam+2q (x)] cos(46) +

cos|xsin( ==

Separation of even and odd parts in x, and expansion in x give:

ﬁ j:;l[sineJrTn(]zkHSln(2q9+nZ)_07 k=0,1,2,...

This result is obvious as the sum from 0 to m — 1 is opposite of the rest of the sum. The symmetry is used also in the other
result:

Zm l[sm 6+7r€] COS(ZqGJ;:w):

0 k< q
(szq g<k<m—q

= EROL () + (=1 (, ) cos(26) m—q<k<m+tq
() + 0" (i) + ()| cos(20) mg <k <2m—g

Case n =2m, p = 2q + 1. Eq.(3.1) becomes:
— 5Ly 2m L sin[xsin( )] sin[(2g + 1) &2 = Jogiq (x) +
21 () + S 2011 (5)] €08(260) + Va1 (x) + Jam 2441 (x)] cos(48) +
The non trivial result is:

%Z/ 0 [sm 6+7r(/]2k+1 sm[(2q+ 1) 9+né]

k<gq
(2k+ql) g<k<m—qg—1
(22237 (2k+1) -1) (kiﬁiq) cos(26) m—qg—1<k<m+gq
(2k+1) —qym [(ki",j_lq) + (ki’;*_lq)] c0s(20) m+q<k<2m—g—1
Bxample 41 sin® (%)sin(E) =~ [(£) - () - ()] =~

Casen=2m+1 and p = 2q:

s X7 cos[xsin( G2 )| cos (2g G2 ) = g (x) + [Jam2—29 () + Jams2424(x)] cos(20) +

WZZ:O sin[xsin( 92;%?1/ )] sin(2g 92;1”1[) = [Lam+1-2¢(%) — Joms1424(x)] cOs 0 + ...

2m+1):/2 "lsin 62;?1/] cos(2q 2;??1()
0 k<gq
(sz‘q) g<k<2m+1—gq
= (—4}()" (k_kq) — (k+q_2]1‘_2m) cos(20) 2m+1—qg<k<2m+1+4gq
(szq) - [(quz]ffzm) + (quleltzm)} cos(20) 2m+14+q<k<4m+2—q
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k<m—gq
2k+1 _
1 2m [si 9+2né]2k+1 sin(2q 9+27rl) _ (=npatmtt (kfm+q) cos 6 m—q<k<mitq
I+ L= Im+1 2 = o 2k+1 2k+1
m+1 Ll =0 m+ m+1 2 [(k7$+q)— (ki’;q)]cose m+q<k<3m+1-—g

Casen=2m+1and p=2q—+1:

1 2m
2m+1 (=0

2 o .
— 410 sin[xsin %;i”f] sin[(2¢+1) 92;1”1[} = Jog41(x) + [=Jam—2g+1(x) + Jami24+3(x)] cos(26) +

coslxsin 2% cos[(2g + 1) G2 ] = [Jan—2q(x) + Jams2g42(x)] cOS O + ...

04270 0421t
2m+lzf My sin[ E2 [*cos[(2g+1) | =

0 k<m—gq
_ (e (k—i]z(-ﬁ—q) cos 6 m—q<k<m+q+1
¢ {(kjﬁq) - (k7m27kq,1):| cos® m+g+1<k<3m+qg+2

2m+1 ZZ Osm[6+27cé]2k+1 Sin[(Zqu 1) 9+27ré] _

Zm+1 eS|
0 k<gq
(%‘qul qg<k<2m—gq
- (251(12? (2kqu1) - (kfﬁfim) cos(26) 2m—q<k<2m+qg+1
zkqul) - [(kf’;fém) + (k,quﬂzm)} cos(20) 2m+q+1<k<4m—qg+1

Examples:

13 Y12 sin? (£52 ) sin(5 94220 ) = %(g) = 135 forall @,

13 Xi2osin®! (84320 sin(5 9437 ) = i {(%) - ((351) + 1) 005(26)} :
Conclusion

Bessel functions of the first kind may be well approximated on an interval containing the origin, by the trapezoidal rule applied
the Bessel integral. The result is a finite trigonometric sum. Here I show that comparable accuracy is obtained by exploiting
some exact results for Neumann series of Bessel functions and cosines, as finite trigonometric sums. At appropriate angles,
the second term of the Neumann series cancels and, by the rapid decay of third and next terms, the trigonometric sum well
represents the first Bessel term in the Neumann series.

The same Neumann series allow for the evaluation of new trigonometric sums of powers of sine and cosine functions. They
extend recent results by Jelitto [20], and are not included in the extensive paper by Al Jarrah et al. [15].
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