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1. Introduction

The Sasaki metric [1] and the Cheeger-Gromoll metric [2] are the well-known metrics on the tangent
bundles of Riemannian manifolds. Moreover, many metrics on tangent bundles have been introduced
by deforming these two metrics. The rescaled Sasaki metric [3], the twisted Sasaki metric [4], the Mus-
Sasaki metric [5], the rescaled Cheeger-Gromoll metric [6], the generalized Cheeger-Gromoll metric [7],
and the Cheeger-Gromoll type metric [8] are examples of these deformations. Moreover, Latti and
Djaa [9] introduced a new deformation of the Cheeger-Gromoll metric g, called the Mus-Cheeger-
Gromoll metric. They computed the Levi-Civita connection and studied the curvature properties of
a tangent bundle with respect to this metric. This paper will deal with a special case of this metric.

A classical problem on a Riemannian manifold M is to find infinitesimal conformal transformations
(conformal vector fields) on M. The vector field U on M is an infinitesimal conformal transformation if
and only if there is a function p on M satisfying Lyg = 2pg where Ly is the Lie derivative with respect
to U. If p is a nonzero constant (resp. zero), then U is referred to as an infinitesimal homothetic
transformation (resp. Killing vector field). Infinitesimal conformal transformations are studied on

tangent bundles by many authors [10-14].

Statistical manifolds were studied first by Amari [15] in view of information geometry, and Lauritzen
gave applications in [16]. These manifolds have a crucial role in statistics as the statistical model
often fashions a geometrical manifold. The geometry of statistical structures on tangent bundles is
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an actual topic. These structures were examined with respect to various Riemannian metrics such as
the Sasaki metric [17], the Cheeger-Gromoll metric, and a g—natural metric which consists of three
classic lifts of the metric ¢ [18], the twisted Sasaki metric, and the gradient Sasaki metric [19].

In this paper, we prove that the complete lift U¢ to T'M of a vector field U on M is an infinitesimal fiber-
preserving conformal transformation (IFPCT) on T'M if and only if U is an infinitesimal homothetic

h
transformation (IHT) of (M, g). We also investigate conditions under which (V, g) is a Codazzi pair

h
on TM when (V,g) is a Codazzi pair on M, where V is the horizontal lift of a linear connection V
on M.

2. Preliminary

Let M be an n—dimensional (n > 1) Riemannian manifold and V be a linear connection on M. The
tangent bundle T'M of the manifold M is a 2n—dimensional differentiable manifold, and it is defined
by disjoint tangent spaces at distinct points on M. If {N, 2%} is a local coordinate system in M, then
{7=YN),z", 2" = u',7=n+1,..,2n} is a local coordinate system in TM where 7 is the projection
defined by 7 : TM — M. We have a decomposition

TTM =VITM®& HTM

for the tangent bundle of T'M where the vertical subspace VI'M is spanned by { 8?” = ( a‘zi)v} and

h . .
the horizontal subspace HT M is spanned by { o .= ( 0 ) 0 _ ymyt 0 } Here, I/ . are the

oxt ox? = 92t mi Jud
Christoffel symbols of V. The vertical, horizontal, and the complete lift of a vector field U = U* a(Zi
are defined by, respectively,
(]
U = Uia‘zi, Ut = Uiaii - usr;f;Uiazn, and U‘= Ui@ii + usggs aii (1)
where we used Einstein’s summation. In the sequel, for brevity, we denote %, %, and a?ﬂ by 0;, d;,

and 0y, respectively.

If V is a torsionless linear connection, then the Lie brackets of the vertical lift and the horizontal lift

of vector fields fulfill the following relations:
Uh Vv = [0Vt = (RO, VW, (UM V] = (VoY) and (U7, V] =0 (2)
where R is the curvature of V [20].
The frame {E)} = {E;, E;} adapted to the torsionless linear connection V is given by
E; =6"0p —u’l'l05 and FE;=96"0n

Moreover, {d:ch, Sul = duh + uCFdeafd} is the dual frame of {E)}. We can rewrite Lie Brackets 2

according to the adapted frame as follows:

|Ei, E;] = u$RE E;, [Eian} = I‘%Ek, and [E{, E;} =0

1jS

where RE

Jis are the components of R. Vector Fields 1 are expressed as, according to the adapted frame,

U'=U'E,U"=U'E; and U°=U'E; +u'V,U'E; (3)
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We have the following Lie derivatives with respect to U = v*Ej, + v’;E,; [13]

LgEy = =0 B+ {ut’Rf,, — v'T%, — Ex(v°)} Ee

LgEyp, = {v'Tg, — E;(v°)} Ee

LUd:z:k = OpvFda™

Lgéuk = - {uavabea — vaf‘ﬁn - En(vf“)} dz™ — {var’;n — Eﬁ(UE)} oum

h
The horizontal lift connection V of a linear connection V is given by
h h h h h h h
VUhV = (VUV) 5 thVv = (VUV)U, and VUUV = VUvVU =0
h
Remark that V is a flat and torsionless linear connection if and only if V is a torsionless linear

connection [20].
The Mus-Cheeger-Gromoll metric G, on T'M is defined by

Gime (Uh7 Vh) = g(Ua V)

Gme (UM V") = 0

Gme (U, VY) = f(2)w(r?)(9(U, V) + a(r?)g(U, u)g(V, u))
for every vector fields U and V on M where f: M — R4 and w,« : R — R, are three functions and
r? = g(u,u) [9].
Particular cases of the metric G,,. are listed below:

. Iff=1Lw= H%’ and a = 1, then Gy, is the Cheeger-Gromoll metric [2].

. lff=1w= (ﬁ)p, a = cons., then Gy, is the generalized Cheeger-Gromoll metric [7].

. If w = (ﬁ)p and o = cons., then G, is the rescaled vertically generalized Cheeger-Gromoll
metric [21].

1

In this paper, we consider a Mus-Cheeger-Gromoll type metric § by assuming w(r?) = -

Definition 2.1. Let (M, g) be a Riemannian manifold and V be a linear connection on M. The

couple (g,V) is called a Codazzi pair if the following Codazzi equations are valid:
(Vug)(V,W) = (Vvg)(W,U) = (Vwg)(U,V)

for all vector fields U, V', and W on M. In this case, (M, g, V) is referred to as a Codazzi manifold
and V is called a Codazzi connection. Moreover, if V is torsionless, then (M, g, V) is a statistical

connection.
3. Main Results

Let g = gij dz'dx? is the Riemannian metric g on M. Then, the local expression of the Mus-Cheeger-
Gromoll type metric g is
g= gijdxidxj + hijéa:iéa:j
where h;; = H%(gij + agim@inu™u™). If G1 = g;;dz'da? and Go = h;j6z 527, then
g=G1+Gs
Besides, recall that a vector field U with components (vh, vﬁ) on T'M is a fibre preserving (FP) if and

only if v has components (wh)
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The following lemma states the Lie derivatives of G1 and Go.
Lemma 3.1. The Lie derivatives of G; and G4 with respect to a FP vector field U are
LyGi = (Lygij)dx‘da?
LGy = —2hm{ubvC Ry — o' — Ey(v™)}da'duw! + {Lyhij — 2hm; Vo™ + 2hp; Bs(v™)

ich

+ 1_:,,2 Umus(_zgmshij + QfO/gisgjtgmnutun + fa(gjsgim + gjmgis)}fsui(suj
where Lygi; is the components of Lyyg and V;v™ is the components of V.

Proor.
The proof is similar to the proof of Proposition 2.3 in [13]. O

The first main result of the paper is as follows:

Theorem 3.2. If TM is the tangent bundle of (M, g) equipped with the Mus-Cheeger-Gromoll type
metric g, then the complete lift U¢ of a vector field U is an IFPCT of (T'M, g) if and only if U is an
IHT of (M, g).

Proor.
If U is an IFPCT of (T'M, §), then there exists a smooth function € satisfying

Lyg =2Qg
From Lemma 3.1,

20g;;dz'dx? + 2Qh;j02'6x7 = (Ly gij)daida? — 2R, ; {ubv° R, — UBFZZ — E;(v™)}dxiou?

ich

+{LUhij - thmvivm =+ 2hm]EZ(UH)

120U (= 2gmshij + 2f 0 gisgjtgmnutu™ + f(gjsGim + GimGis) }ou'Sul

It follows that

Lygi; = 2Qg;; (4)
ubchﬁb - ’UEF?} - Ez(vm) =0
_ 1
Lyhij—2hmViv"™ 4 2hy; E-(v™) + mvmus(_QQmshzj +2£0 Gis Gt Gmnt'u"™ + f(GjsGim + GimGis)) = 2Qh;

From Equation 3, we can write the complete lift a vector field U = v*9y, as U¢ = v*E}, + u® stk’EE.
Thus,
Ly gij = 2Qgi;

and
uP(v°R™, — V;Vyu™) = 0 (5)

Therefore, Equation 5 gives
VNbvj = UCRicbj

Using algebraic properties of the Riemannian curvature tensor,

ViVyv; +V;Vjvp = 0 (6)
Since Ly g;; = V;vj + Vjv;, from Equation 4,

Vivj + Vv = 20g;;
Taking the covariant derivative on both hand sides of the above equation,

Vi(Vivj) + Vi(Vjvi) = 2(Vi)gij (7)
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Equations 6 and 7 show that V2 = 0. Hence, € is constant. The proof of converse is clear. [

In this part of this section, we deal with Codazzi pairs on M and TM. Let (M, g) be an n—dimensional

h
(n > 1) Riemannian manifold and (V, g) be a Codazzi pair on T'M. Taking into account Definition
2.1, by direct calculation,

(963) 01.0) = (V3,3) @109 = (V4,3) (@us05) =0

and
(¥0.3) @360 = (¥0,9) (01.2) = (V5,) (20.05) =0
Moreover,
(e&ﬁ) (05,0k) = Vigjk
and

h h h
(V03) 05,00 = 0:3(0;.0,), (Va3 ) (04,9 = (05,90, (Vo) (01.5) = (. 05)
Furthermore,

h m / s
(Vaiﬁ) (8;,0p) = f {(ff%)z(gz-mgjk + U U GimGjsgkt) + Tovz GinGis g™ U U + 25 (grigks + gjsgki)} (8)

h m
(Va;g> (8k’ &1) = f {(Iﬁ%)z(gjmgki + ausutgjmgksgit) + ].+T2 9jnGksGitU mysut 4+ 2 1+r2 (gk]gzs + gksgzj)} (9)

h m . ’ s
(Vaﬁ) (0r,0;) = f {(ff%)a(gkmgij + autu GemGisit) + Tz GknGisgitu"utut + 255 (girgss + gisgjk)} (10)
Equations 8-10 yield two cases.

h h
Case 1) If (V&ﬁ) (9;,0F) = (V&g) (05,00 = (vagg) (05,05) = 0, then, from Equation 8,

h o —2u™
<Va,9) (0;,05) = f {W(Qimgjk + au®u gimGjsgre) + 20/ gingjs g uut + ou®(g5i9ks + gjsgm)} =0

Taking the derivative in the above equation with respect to o,

=267 (14r2)+4u™u"gn; ¢ 20" gt (20 ghn Gjs Gt U U +0Gei G+ CGjt Ihk)
0= f { b (1+r2)2 - (gimgjk + auu gimgjsgkt) - ™ = 1472 ! !

U GhnGis Gkt GimuS utu"

e + (20/gnnu"u® + adj ) (gjigrs + gjsgki)}

because

-2 4u™u gnn
= f {M(gjkgih + o’ u' gingjsgre) + ﬁ(gﬂcgzm + U Gim s git)

20" gt (20 ghn st U + agirgin + gjtgnk) ™A grnt"gjsGrrgimutut
1472 1472

+20 gt (gjighs + 9jsgri)(gjighn + gingri) } (11)
Equation 11 is satisfied, for all (x,u) € TM. For zero section, i.e., u = 0, Equation 11 becomes

—29ikgin =0

This is a contradiction, when %, j, and k£ run from 1 to n.
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h h h
Case 2) If (V&j) (0;,0f) = (Vajj) (05,00 = (Vagﬁ) (0, 05) # 0, then, from Equations 8-10,

—29ik9ih = —29kiJjh

Hence, gjrgin = gixgjn- Multiplying both side of this equation by ¢, gri = ngri. Thus, n = 1. This
is a contradiction. Consequently, we can express the following result.

Theorem 3.3. Let TM be the tangent bundle of an n—dimensional (n > 1) Riemannian manifold

(M, g) equipped with the metric § and V be a linear connection on M. If (V,g) is a Codazzi pair on
h
M, then (V, §) is not a Codazzi pair on T M.

4. Conclusion

The Mus-Cheeger-Gromoll metric is a new metric on the tangent bundle of a Riemannian manifold.
In this paper, we studied the infinitesimal fiber-preserving property of the complete lift of a vector
field and investigated the Codazzi pairs using the horizontal lift of a linear connection. Our findings
suggest that these techniques could be applied to more general metrics in tangent bundles, opening
up new avenues of research in this area. In addition, we believe that further investigation of the
Mus-Cheeger-Gromoll metric could yield even more insights into the nature of Riemannian manifolds
and their properties.
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