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Some New Identities for Fuzzy Fibonacci Number
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Abstract. With fuzzy logic, the concept of belonging to the sets has been replaced by the concept of how much
they belong to the set. The subject of fuzzy sets was discussed and fuzzy logic studies have been done in many
fields. Recently, the Fuzzy Fibonacci number sequence was defined using Fibonacci number sequences. In this
study, we give some new properties related to fuzzy Fibonacci numbers.
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1. Introduction

In a complex problem, the use of classical set is not sufficient. In this set, a given element x is either a member
of the set or not an element of the set, that is, its membership function is either 1 or 0, respectively. In classic sets,
since the membership functions of classical sets take only 0 and 1 values, the studies were limited. In 1965, a work on
fuzzy sets was published by Zadeh and so membership degree could take values in the range [0, 1] to indicate 0 lack
of membership and 1 full membership [24]. As the membership degree gets closer to 1, the membership of x to set A
increases [24]. In other words, if the value of a set is in the range of [0, 1], the set A is called a fuzzy set and is denoted
by Ã. Thus, it became possible to operate with concepts such as few members or many members. With the fuzzy set
theory put forward, a more flexible and regular structure has emerged. Many applications have been made on fuzzy
sets. See [1–4, 6–13, 15–17, 19–24] for fuzzy set and its applications.

The membership function and membership degree of a set Ã is denoted, respectively, by µÃ(x) or µÃ, and µÃ(x) :
A→ [0, 1].We can show a fuzzy set in the list form as follows:

Ã = {(x, µÃ(x))|x ∈ A},

where an object x and its membership degree µÃ ∈ [0, 1] in a set Ã.
There are many fuzzy membership function (MF) types in use today. The most commonly used fuzzy membership

function is triangular MF, trapezoidal MF, Gaussian MF, Generalized Bell MF. We will use the triangular membership
function in this study. Moreover, fuzzy operations on fuzzy sets are defined as the crisp operations performed on crisp
sets. Operations on fuzzy sets are done using fuzzy membership functions. Operations such as addition, subtraction,
multiplication, and division are defined on fuzzy set.

When fuzzy set operations are applied to a set, the result is a fuzzy set. But these sets need to be converted to a
real number, that is, an inference must be made. This process is called defuzzification, which means the inversion of
fuzzification [19]. There are many different methods used for defuzzification. For example, maximum-membership
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principle, centroid method, weighted average method, mean-maximum membership, centre of sums etc. For more
information on fuzzy or defuzzy, see [1, 15, 17] etc.. We will use the maximum-membership principle in this study.
The defuzzification crisp value found by this method is the fuzzy output with the highest value membership function
in the fuzzy set. To use this method, the fuzzy set must have peak values. If a fuzzy set has a single peak value, it is the
most used defuzzification method. In [15], the defuzzified value z∗ according to the maximum-membership principle
is given by

µ(z∗) ≥ µ(z) for all z.

In this study, we will give some new identities for Fibonacci fuzzy numbers. Firstly, we will give some basic
properties of fuzzy numbers. Later, we will give the known properties and definition of Fuzzy Fibonacci numbers. In
recent years, fuzzy numbers have been defined to express numbers such as ”about 5, more than 5, less than 5”. In [7],
Dubois and Prade defined fuzzy number which is a fuzzy subset of the real line. Later, in [6, 8, 9], the same authors
developed fuzzy numbers and introduced the LR model and some formulas for fuzzy operations. In [10], Gao et al have
given some arithmetic operations on triangular fuzzy numbers by the α-cuts which are intervals. Arithmetic operations
on fuzzy numbers are usually done with the direct use of the membership function or the use of the α-cut function.
With the α-cut approach, a much larger family of fuzzy numbers is obtained than with the standard LR model.

2. Preliminaries

In this section, we will give definitions for Fuzzy numbers, Fuzzy Fibonacci numbers and operations on these
numbers.

If a fuzzy set is convex and normalized, and its membership function is defined in R and piecewise continuous, then
it is called a fuzzy number. There are various shapes of fuzzy numbers, and the most popular of them is the triangular
fuzzy number. It is a fuzzy number represented by three dots. The triangular membership function with Ã = (a1, a2,a3)
is as follows:

µÃ(x) =


0 x ≤ a1,

x−a1
a2−a1

a1 < x ≤ a2,
a3−x
a3−a2

a2 < x ≤ a3,

0 x > a3.

If the α-cut operation is applied to the triangular fuzzy number Ã = (a1, a2,a3), then the form indicated by

Aα = [aα1 , a
α
3 ] = [a1 + α(a2 − a1), a3 − α(a3 − a2)]

is obtained with α = [0, 1] and aα1 , a
α
2 , a
α
3 ∈ R. Let Ã = (a1, a2,a3) and B̃ = (b1, b2,b3) be the triangular fuzzy numbers

and Aα = [aα1 , a
α
3 ] and Bα = [bα1 , b

α
3 ] be the α−cuts obtained from these numbers. Then,

Aα + Bα = [aα1 + bα1 , a
α
3 + bα3 ],

Aα − Bα = [aα1 − bα3 , a
α
3 − bα1 ], (2.1)

Aα · Bα = [min{aα1 · b
α
1 , a
α
3 · b

α
3 , a
α
3 · b

α
1 , a
α
1 · b

α
3 },max{aα1 · b

α
1 , a
α
3 · b

α
3 , a
α
3 · b

α
1 , a
α
1 · b

α
3 }], (2.2)

k · Aα = [k · aα1 , k · a
α
3 ] where k ∈ R+.

Let k, n ∈ Z. The sequences of Fibonacci numbers denoted by (Fk)k≥0 is given by

F0 = 0, F1 = 1; Fk = Fk−1 + Fk−2 for k ≥ 2. (2.3)

The following identities are well known (see [18]).

Fn = Fn+2 − Fn+1, (2.4)
3Fn+2 = Fn+4 + Fn,

Fn+10 = 11Fn+5 + Fn,

Fn+1 · Fn−1 − F2
n = (−1)n. (2.5)
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The triangular membership function of F̃n = (Fn−1, Fn, Fn+1) is

µF̃n
(x) =


0 x ≤ Fn−1,

x−Fn−1
Fn−Fn−1

Fn−1 < x ≤ Fn,
Fn+1−x

Fn+1−Fn
Fn < x ≤ Fn+1,

0 x > Fn+1,

where n > 2. Then,

Fαn = [Fαn−1, F
α
n+1] = [Fn−1 + α(Fn − Fn−1), Fn+1 − α(Fn+1 − Fn)]

= [Fn−1 + αFn−2, Fn+1 − αFn−1] (2.6)

is obtained with α = [0, 1].
From now on, we will assume n > 2, n ∈ Z+, F̃n = (Fn−1, Fn, Fn+1) and Fαn = [Fαn−1, F

α
n+1]. Similar to the Definition

2.1 in [14], the following definition can be given for F̃n.

Definition 2.1. Fuzzy Fibonacci numbers are defined as

Fα0 = [1 − α, 1 − α], Fα1 = [α, 1], Fαn+1 = Fαn + Fαn−1 for n ≥ 2 (2.7)

where F̃n = (Fn−1, Fn, Fn+1).

It is true that

Fαn + Fαn−1 = [Fn−1 + αFn−2, Fn+1 − αFn−1] + [Fn−2 + αFn−3, Fn − αFn−2]
= [Fn−1 + Fn−2 + α(Fn−2 + Fn−3), Fn+1 + Fn − α(Fn−1 + Fn−2)]
= [Fn + αFn−1, Fn+2 − αFn+1]
= Fαn+1.

For more information on fuzzy numbers and Fibonacci numbers, see [5, 22].

3. Main Theorems

In this section, we will give some new identities and the Cassini formula for triangular fuzzy Fibonacci numbers.
Since the recurrence relation is not provided according to the difference operator, the equations are written according
to the sum operator. Additionally, although Fn = Fn+2 − Fn+1 is true, Fαn = Fαn+2 − Fαn+1 is not true.

Theorem 3.1. Fαn+4 + Fαn = 3Fαn+2.

Proof.

Fαn+4 + Fαn = (Fαn+3 + Fαn+2) + Fαn = (Fαn+2 + Fαn+1) + Fαn+2 + Fαn
= 2Fαn+2 + (Fαn+1 + Fαn ) = 3Fαn+2

by using (2.7). □

Theorem 3.2. Fαn+10 = 11Fαn+5 + Fαn .
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Proof.

Fαn+10 = Fαn+9 + Fαn+8 = 2Fαn+8 + Fαn+7 = 3Fαn+7 + 2Fαn+6

= 5Fαn+6 + 3Fαn+5 = 8Fαn+5 + 5Fαn+4

= 8Fαn+5 + 3Fαn+4 + 2Fαn+4

= 8Fαn+5 + 3Fαn+4 + (2Fαn+3 + 2Fαn+2)
= 8Fαn+5 + 3Fαn+4 + 4Fαn+2 + 2Fαn+1

= 8Fαn+5 + 3Fαn+4 + 3Fαn+2 + Fαn+2 + 2Fαn+1

= 8Fαn+5 + 3Fαn+4 + 3Fαn+2 + Fαn+1 + Fαn + 2Fαn+1

= 8Fαn+5 + 3Fαn+4 + 3Fαn+2 + 3Fαn+1 + Fαn
= 8Fαn+5 + 3Fαn+4 + 3Fαn+3 + Fαn
= 8Fαn+5 + 3Fαn+5 + Fαn
= 11Fαn+5 + Fαn

by using (2.7). □

Theorem 3.3. Fαn+2 − Fαn+1 = (−Fn, Fn, 2Fn+1), (Fαn )∗ = (Fαn+2 − Fαn+1)∗ and
µ(Fαn+2−Fαn+1)(x) = µ(Fαn+2−Fαn+1)(x;−Fn, Fn, 2Fn+1).

Proof.

Fαn+2 − Fαn+1 = [Fn+1 + αFn, Fn+3 − αFn+1] − [Fn + αFn−1, Fn+2 − αFn]
= [Fn+1 − Fn+2 + 2αFn, Fn+3 − Fn − α(Fn+1 + Fn−1)]
= [−Fn + 2αFn, 2Fn+1 − α(Fn+1 + Fn−1)]

by using (2.1), (2.3), and (2.6). Then, from (2.6), we find

F0
n+2 − F0

n+1 = [−Fn, 2Fn+1]
for α = 0 and

F1
n+2 − F1

n+1 = [Fn, Fn]
for α = 1. So, it follows that

µ(Fαn+2−Fαn+1)(x) = µ(Fαn+2−Fαn+1)(x;−Fn, Fn, 2Fn+1).
This shows that

(Fαn+2 − Fαn+1)∗ = Fn (3.1)
by using maximum-membership principle. Similarly, it is seen that

Fαn
∗ = Fn (3.2)

by using maximum-membership principle since

µFαn (x) = µFαn (x; Fn−1, Fn, Fn+1].
Then, we can write

(Fαn )∗ = (Fαn+2 − Fαn+1)∗

by (3.1) and (3.2). □

Note that Fαn+2 − Fαn+1 = (−Fn, Fn, 2Fn+1) , Fαn = (Fn−1, Fn, Fn+1).

Theorem 3.4. If n is an even integer, then

Fαn+1 · F
α
n−1 + Fα0 · F

α
2 = (Fαn )2 + (Fα1 )2

and if n is an odd integer, then
Fαn+1 · F

α
n−1 + (Fα1 )2 = (Fαn )2 + Fα0 · F

α
2 .
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Proof. Firstly, let n be an odd integer. Then, by using (2.1)-(2.7), we write

Fαn+1 · F
α
n−1 + (Fα1 )2 = [Fn + αFn−1, Fn+2 − αFn] · [Fn−2 + αFn−3, Fn − αFn−2] + [α, 1] · [α, 1]

= [Fn · Fn−2 + α(Fn · Fn−3 + Fn−1 · Fn−2) + α2Fn−1 · Fn−3,

Fn+2 · Fn − α(Fn+2 · Fn−2 + Fn · Fn) + α2Fn · Fn−2] + [α2, 1]
= [Fn · Fn−2 + α(Fn−3 · (Fn−1 + Fn−2) + Fn−1 · Fn−2)
+α2(Fn−1 · Fn−3 + 1),
Fn+2 · Fn + 1 − α((Fn+1 + Fn) · (Fn − Fn−1) + (Fn)2) + α2Fn · Fn−2]

= [1 + F2
n−1 + α(Fn−3 · Fn−1 + Fn−2 · Fn−3 + Fn−1 · Fn−2) + α2 · F2

n−2,

F2
n+1 + 2 − α((Fn+1 · Fn − Fn−1 · Fn+1 + F2

n − Fn · Fn−1) + (Fn)2)

+α2(1 + F2
n−1)]

= [1 + F2
n−1 + α((−1)n−2 + F2

n−2 + Fn−2 · Fn−3 + Fn−1 · Fn−2)

+α2 · F2
n−2,

F2
n+1 + 2 − α(Fn(Fn+1 − Fn−1) + 2 · F2

n − Fn+1 · Fn−1)

+α2(1 + F2
n−1)]

= [1 + F2
n−1 + α(−1 + Fn−2(Fn−2 + Fn−3) + Fn−1 · Fn−2) + α2 · F2

n−2,

F2
n+1 + 2 − α(3F2

n − Fn+1 · Fn−1) + α2(1 + F2
n−1)]

= [1 + F2
n−1 + α(−1 + 2 · Fn−1 · Fn−2) + α2 · F2

n−2,

F2
n+1 + 2 − α(3(Fn+1 · Fn−1 − (−1)n) − Fn+1 · Fn−1)

+α2(1 + F2
n−1)]

= [1 + F2
n−1 + α(−1 + 2 · Fn−1 · Fn−2) + α2 · F2

n−2,

F2
n+1 + 2 − α(3 + 2Fn+1 · Fn−1) + α2(1 + F2

n−1)]. (3.3)

By using (2.1)- (2.7), on the other hand, we obtain

(Fαn )2 + Fα0 · F
α
2 = [Fn−1 + αFn−2, Fn+1 − αFn−1] · [Fn−1 + αFn−2, Fn+1 − αFn−1]

+[1 − α, 1 − α] · [1, 2 − α]
= [F2

n−1 + 2 · α · Fn−2 · Fn−1 + α
2F2

n−2, F
2
n+1 − 2 · α · Fn−1 · Fn+1 + α

2F2
n−1]

+[1 − α, 2 − 3α + α2]
= [1 + F2

n−1 + α(2 · Fn−2 · Fn−1 − 1) + α2F2
n−2,

F2
n+1 + 2 − α(2 · Fn−1 · Fn+1 + 3) + α2(F2

n−1 + 1)]. (3.4)

From (3.3) and (3.4), we have Fαn+1 · F
α
n−1 + (Fα1 )2 = (Fαn )2 + Fα0 · F

α
2 . Now, let n be an even integer. Then, from (2.1)-

(2.7), we get

Fαn+1 · F
α
n−1 + Fα0 · F

α
2 = [Fn + αFn−1, Fn+2 − αFn] · [Fn−2 + αFn−3, Fn − αFn−2] + [1 − α, 1 − α] · [1, 2 − α]

= [Fn · Fn−2 + α(Fn · Fn−3 + Fn−1 · Fn−2) + α2Fn−1 · Fn−3,

Fn+2 · Fn − α(Fn+2 · Fn−2 + Fn · Fn) + α2Fn · Fn−2] + [1 − α, 2 − 3α + α2]
= [Fn · Fn−2 + 1 + α(Fn−3 · (Fn−1 + Fn−2) + Fn−1 · Fn−2 − 1)
+α2(Fn−1 · Fn−3), Fn+2 · Fn + 2 − α((Fn+1 + Fn) · (Fn − Fn−1)
+(Fn)2 + 3) + α2(1 + Fn · Fn−2)]

= [F2
n−1 + α(Fn−3 · Fn−1 + Fn−2 · Fn−3 + Fn−1 · Fn−2 − 1) + α2 · (F2

n−2 + 1),

F2
n+1 + 1 − α((Fn+1 · Fn − Fn−1 · Fn+1 + F2

n − Fn · Fn−1) + 3 + (Fn)2) + α2 · F2
n−1]
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= [F2
n−1 + α((−1)n−2 + F2

n−2 + Fn−2 · Fn−3 + Fn−1 · Fn−2 − 1) + α2 · (F2
n−2 + 1),

F2
n+1 + 1 − α(Fn(Fn+1 − Fn−1) + 2 · F2

n − Fn+1 · Fn−1 + 3) + α2 · F2
n−1]

= [F2
n−1 + α(Fn−2(Fn−2 + Fn−3) + Fn−1 · Fn−2) + α2 · (1 + F2

n−2),

F2
n+1 + 1 − α(3F2

n − Fn+1 · Fn−1 + 3) + α2 · F2
n−1]

= [F2
n−1 + α(2 · Fn−1 · Fn−2) + α2 · (1 + F2

n−2),

F2
n+1 + 1 − α(3(Fn+1 · Fn−1 − (−1)n) − Fn+1 · Fn−1 + 3) + α2 · F2

n−1]

= [F2
n−1 + 2 · α · Fn−1 · Fn−2) + α2 · (1 + F2

n−2),

F2
n+1 + 1 − 2 · α · Fn+1 · Fn−1 + α

2F2
n−1] (3.5)

By using (2.1)-(2.7), on the other hand, we obtain

(Fαn )2 + (Fα1 )2 = [Fn−1 + αFn−2, Fn+1 − αFn−1] · [Fn−1 + αFn−2, Fn+1 − αFn−1] + [α, 1] · [α, 1]

= [F2
n−1 + 2 · α · Fn−2 · Fn−1 + α

2F2
n−2, F

2
n+1 − 2 · α · Fn−1 · Fn+1 + α

2F2
n−1] + [α2, 1]

= [F2
n−1 + 2 · α · Fn−2 · Fn−1 + α

2(1 + F2
n−2), F2

n+1 + 1 − 2 · α · Fn−1 · Fn+1 + α
2F2

n−1]. (3.6)

From (3.5) and (3.6), we have Fαn+1 · F
α
n−1 + Fα0 · F

α
2 = (Fαn )2 + (Fα1 )2. □
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