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Abstract

In this paper, we introduce screen generic lightlike submanifolds of semi-Riemannian prod-
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1. Introduction

In the generalization from Riemannian to semi-Riemannian manifolds, the induced
metric may be degenerate (lightlike) therefore there is a natural existence of lightlike
submanifolds and for which the local and global geometry is completely different than
non-degenerate case. In lightlike case, the standard text book definitions do not make
sense and one fails to use the theory of non-degenerate geometry in the usual way. The
primary difference between the lightlike submanifolds and non-degenerate submanifolds
is that in the first case, the normal vector bundle intersects with the tangent bundle.
Thus, the study of lightlike submanifolds becomes more difficult and interesting from
the study of non-degenerate submanifolds. It is well known that the intersection of the
normal bundle and the tangent bundle of a submanifold of a semi-Riemannian manifold
may be not trivial, it is more difficult and interesting to study the geometry of lightlike
submanifolds than non-degenerate submanifolds. The geometry of lightlike submanifolds
of a semi-Riemannian manifold was presented Duggal-Bejancu and Duggal-Sahin [4, 9]
respectively.

Duggal and Bejancu [4] introduced CR-lightlike submanifolds of indefinite Kaehler man-
ifolds and Duggal and Sahin [7] introduced contact CR-lightlike submanifolds of indefinite
Sasakian manifolds. Similar to CR-lightlike submanifolds, semi-invariant lightlike sub-
manifolds of semi-Riemannian product manifolds were introduced by Atceken and Kilig
in [1]. But CR-lightlike submanifolds exclude the complex and totally real submanifolds
as subcases. Then, screen Cauchy-Riemann (SCR)-lightlike submanifolds of indefinite
Kaehler manifolds were introduced in [5] and contact SCR-lightlike submanifolds of indef-
inite Sasakian manifolds [7] were presented by Duggal and Sahin. Screen Cauchy-Riemann
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(SCR)-lightlike submanifolds, analogously, screen semi-invariant lightlike submanifolds, of
semi-Riemannian product manifolds were introduced by Khursheed, Thakur and Advin
[17] and Kilig, Sahin and Keles [18], respectively. But there is no inclusion relation between
CR and SCR submanifolds, so Duggal and Sahin [6] presented a new class named GCR-
lightlike submanifolds of indefinite Kaehler manifolds and generalized Cauchy-Riemann
GCR-lightlike submanifolds of indefinite Sasakian manifolds [8] which is an umbrella for
all these types of submanifolds. Kumar et al. studied GCR-lightlike submanifolds of a
semi-Riemannian product manifold [19]. These types of submanifolds have been studied
in various manifolds by many authors [12,15,20].

But CR-lightlike, screen CR-lightlike and generalized CR-lightlike do not contain real
lightlike curves. For this reason, Sahin presented screen transversal lightlike submanifolds
of indefinite Kaehler manifolds and show that such submanifolds contain lightlike real
curves [23]. Screen transversal lightlike submanifolds of indefinite almost contact man-
ifolds introduced in [24]. Screen transversal lightlike submanifolds of semi-Riemannian
product manifolds were introduced in [25]. Further, such submanifolds have also studied
in [10,11,14,21]. On the other hand, Dogan et al. [3] introduced a new class of lightlike sub-
manifolds for indefinite Kaehler manifolds which particularly contain invariant lightlike,
screen real lightlike and generic lightlike submanifolds and they called this submanifolds
as screen generic lightlike submanifolds. After, Gupta introduced screen generic lightlike
submanifolds of indefinite Sasakian manifolds [13].

In this paper, we introduce screen generic lightlike submanifolds of semi-Riemannian
product manifolds. We investigate the integrability of various distributions and geometry
of such submanifolds. Finally, we find a condition for minimal screen generic lightlike
submanifolds. We also give examples.

2. Preliminaries

Let M be an n—dimensional differentiable manifold with a tensor field F' of type (1,1)
on M such that

F?=1. (2.1)

Then M is called an almost product manifold with almost product structure F. If we
put

1 1
=T+ F), o= (I~ F)
then we have
t+o=1 nm=x02=0, 1to=0n=0, F=mw—o0.

Thus 7 and ¢ define two complementary distributions and F' has the eigenvalue of 41 or
—1.
If an almost product manifold M admits a semi-Riemannian metric g such that

g(FX,FY)=g(X,Y) (2.2)

for any vector fields X, Y on M, then M is called a semi-Riemannian almost product
manifold.
From (2.1) and (2.2), we have

g(FX,Y)=g(X,FY). (2.3)
If, for any vector fields X, Y on M,
VF =0, that is, VxFY =0, (2.4)
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then M is called a semi-Riemannian product manifold, where V is the Levi-Civita con-
nection on M [22].

Consider a m-dimensional submanifold (M,g) of a (m + n)-dimensional semi-
Riemannian manifold (M, ). If the induced metric g on M is degenerate and rank of
the radical distribution Rad(TM) of TM is r, 1 < r < m, then (M, g) is called a light-
like submanifold of (M, g). While the normal bundle TM+* of the tangent bundle TM is
defined as

TM* = Upen{u € T,M | g(u,v) =0, Yo € T,M}, (2.5)
the radical distribution Rad(T'M) of T'M is defined as
Rad(TM) = Ugem{é € TuM | g(u,§) =0, Yu e T, M, £ # 0}. (2.6)

It is clear that Rad(TM) = TM NTM=. On the other hand we know that both TM and
TM+* are degenerate vector subbundles. So, there exist complementary non-degenerate
screen distribution S(T M) and co-screen distribution (or screen transversal bundle) S(T M)
of Rad(TM) in TM and T M+, respectively. Then we can write the following decompo-
sitions:

TM = S(TM) L Rad(TM), (2.7)
T™M+ = S(T'M%‘) L Rad(TM). (2.8)

Similarly, S(TM) has an orthogonal complementary bundle S(T'M)* in TM such that
S(TM)* = S(TM*Y)LS(TM*Y)*, (2.9)

where S(T M=)+ is the orthogonal complementary to S(T M=) in S(TM)* .

Theorem 2.1. Let (M,g,S(TM),S(TM%)) be an r-lightlike submanifold of a semi-
Riemannian manifold (M,g). Then, there exists a complementary vector bundle ltr(T M)
called a lightlike transversal bundle of Rad(TM) in S(TM*)* and a basis of T'(Itr(TM) v
) consists of smooth sections {N1,..., N} of S(TM™*)* |y such that

g(é.Z’N]) = 62]7 g(Nth) = 07 Z?] = 17 - T
where {&1,...,&} is a basis of T'(Rad(TM)) [4].

This result implies that there exists a complementary (but not orthogonal) vector bundle
tr(TM) to TM in TM|ys, which called transversal vector bundle, such that the following
decompositions hold:

tr(TM) = ltr(TM) L S(TM™*) (2.10)
and
S(TMH)t = Rad(TM) & itr(TM). (2.11)
Using the above equations we can write
TM |p=TM & tr (TM) = {Rad(TM) & ltr (TM)} LS (TM) LS(TM*).  (2.12)
There exist four cases for a lightlike submanifold (M, g, S(TM),S(TM™) :
Case 1: M is called r-lightlike if » < min{m, n}.
Case 2: M is called co-isotropic if r = n < m, i.e., S(TM*) = {0}.
Case 3: M is called isotropic if r = m < n, i.e., S(TM) = {0}.
Case 4: M is called totally lightlike if » = m = n, i.e., S(TM) = {0} = S(TM™).

The Gauss and Weingarten equations of M are given by
VxY =VxY +h(X,Y) (2.13)

and -
VxU =—-AyX + ViU, (2.14)



174 N. (Onen) Poyraz

forany X,Y € I(T'M) and U € T'(tr(TM)), where {VxY, Ay X} and {h(X,Y), VL U} are
belong to I'(T'M) and T'(tr(T'M)), respectively. V and V* are linear connections on M and
on the vector bundle tr(T'M), respectively. The second fundamental form h is a symmetric
F(M)-bilinear form on I'(T'M) with values in I'(tr(T'M)) and the shape operator Ay is a
linear endomorphism of I'(T'M ).

According to (2.12), considering the projection morphisms L and S of tr (T'M) on ltr (T M)
and S(T M), respectively, (2.13) and (2.14) become

VxY = VxY +h(X,Y)+Rr%X,Y), (2.15)
VxN = —AxX +ViN+D*(X,N), (2.16)
VxW = —AwX + ViW + DY(X, W), (2.17)

for any X,Y € I'(TM), N € T'(itr (TM)) and W € T'(S(TM*')), where h'(X,Y) =
Lh(X,Y),h*(X,Y) = Sh(X,Y), VxY, ANX, Aw X € T(TM), V\ N, DX, W) € T(ltr (TM))
and V5 W, D*(X, N) € T'(S(TM%)). Then, by using (2.15)-(2.17) and taking into account
that V is a metric connection we obtain

g(B*(X,Y), W) +g(Y, D' (X, W)) = g(AwX.Y), (2.18)
g(D*(X,N),W) = g(AwX,N), (2.19)
g(H'(X,Y),€) + g(Y, h(X,)) + 9(Y, Vx€) = 0. (2:20)
Let P be a projection of TM on S(TM). Thus, using (2.7) we can obtain
VxPY = V%PY +h*(X,PY), (2.21)
Vx¢ = —A[X — V¥, (2.22)

forany X, Y € T(TM) and £ € T'(Rad(TM)), where {V5 PY, A; X'} and {h*(X, PY), V&)
belong to I'(S (T'M)) and I'(Rad (T'M)), respectively.
Considering above equations, we derive

g(h'(X,PY),&) = g(A{X,PY), (2.23)
g(h*(X,PY),N) = g(ANX,PY), (2.24)
g(h'(X,6),6) = 0, Af¢=0. (2.25)

We know that the induced connection V on M, generally is not metric connection. If we
consider that V is a metric connection and use (2.15), we get

(ng)(KZ):g(hl(X7Y)vZ)+§(hl(sz)’Y)’ (2'26)

i.e., V is not a metric connection. However, it is important to note that V* is a metric
connection on S(TM).

Theorem 2.2 ([4]). Let M be an r-lightlike submanifold of a semi-Riemannian manifold
M. Then the induced connection V is a metric connection iff Rad(TM) is a parallel
distribution with respect to V .

3. Screen generic lightlike submanifolds

Definition 3.1. Let M be a real r-lightlike submanifold of a semi-Riemannian product
manifold M. Then we say that M is a screen generic lightlike submanifold if the following
conditions are satisfied:

(A) Rad(TM) is invariant respect to F', that is,
F(Rad(TM)) = Rad(TM). (3.1)
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(B) There exists a subbundle Dy of S(T'M) such that
Dy =F(S(TM))nS(TM) (3.2)
where Dy is a non-degenerate distribution on M.

From definition of a screen generic lightlike submanifold, we obtain that there exists a
complementary non-degenerate distribution D’ to Dy in S (T'M) such that,

S(TM) =Dy & D',

where
F(D") ¢ S(TM) and F(D') ¢ S(TM™).

Let Py, P, and @ be the projection morphisms on Dy, Rad(T M) and D/7 respectively.
Then we have, for any X € I'(T'M),

= PX +QX,
where D = Dy L Rad(TM), D is invariant and PX € I'(D), QX € I'(D").
From (3.3) we get
FX =fX +wX (3.4)

where fX and wX are tangential and transversal parts of F' X, respectively. Besides, it is
clear that F(D') # D'
On the other hand, for a vector field Y € I'(D"), we have

FY = fY +wY

such that fY € T'(D') and wY € T(S(TM™1Y)).
Similarly, for W e I'(¢tr(T'M)), we get following decomposition

FW = BW + CW (3.5)

where BW is tangential part and C'W is transversal part of F'W, respectively.
We say that M is a proper screen generic lightlike submanifold of a semi-Riemannian
product manifold M if Dy # {0} and D" # {0}.

Definition 3.2. Let M be a r-lightlike submanifold of a semi-Riemannian product man-
ifold M. We say that M is a SCR-lightlike submanifold of M, if the following conditions
are satisfied:

(i) There exists real non-null distributions D and D+ such that

S(TM) =D& D+, F(D'Y) c S(TM*Y), Dn D+ = {0},

where D+ is orthogonal complement to D in S(TM).
(ii) The distribution D and RadT M are invariant with respect to F.

Corollary 3.3. A SCR-lightlike submanifold is a screen generic lightlike submanifold such
that distribution D' is totally anti-invariant, that is,

S(TM™*) =wD @ p,
where | is a non-degenerate invariant distribution.
Similar to Definition of generic lightlike submanifolds given by Jin-Lee [16], we have:

Definition 3.4. Let M be a r-lightlike submanifold of a semi-Riemannian product man-
ifold M. If there exists a screen distribution S(T'M) of M, such that

F(S(TM*)) c S(TM)
then, M is called a generic r-lightlike submanifold.
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Corollary 3.5. A generic r-lightlike submanifold is a screen generic lightlike submanifold
with p = 0.

The tangential bundle T'M of M have following decomposition:
TM=Da®D.

Proposition 3.6. Any screen generic lightlike submanifold M of a semi-Riemannian
product manifold M is an invariant lightlike submanifold if D' = {0}.

Example 3.7. Let (M = R, §) be a 10-dimensional semi-Euclidean space with signa-
ture (—, +,+, —, +, +, +, +, +, +) and (z1, x2, x3, X4, 5, T, T7, T8, Tg, T19) be the standard
coordinate system of Ri?. If we define a mapping F' by

F(x1, 22,23, T4, T5, T6, T7, T8, L9, T10) = (T1, T3, T2, T6, L5, T4, L8, T7, L9, T10),

then F? = I and F is an almost product structure on R’. Let M be a submanifold of M
defined by

1T = U1, T2 = U4COSC, T3 = U5COS, T4 = U4, T5 = UL,

rg = us, x7 = 0,r8 = ugsina, xrg = ug + us, 10 = U2—U3.
Then T'M is spanned by {Z1, Z2, Z3, Zy, Z5 }, where

Z1 = 0x1+0x5, Zo =09+ 019, Z3 = 09 — O X190,

Zy = cosadxo+ 0wy + sinadxg, Zs = cosadrg + 0 xg.

Hence M is a 1—lightlike submanifold of Ri with Rad(T M) = Span{Z,}, Dy = Span{Zs, Z3}
and D' = Span{Zy4, Z5}. It is easy to see that FZ, = Zy, FZy = Zy and FZ3 = Z3. By
direct calculations, we get the lightlike transversal bundle spanned by
1
N = 5(—8:61 + dxs)
and the screen transversal bundle spanned by

W1 = sinadxy, Wy = cosad xg + 0 x4 — sinad xg,
W3 = 0xzg—cosadxy, Wy = dxg — cosad g,
where p = Span{Ws, Wy}, FW3 = Wy and FN = N. Since

FZy = Zs+ Wi,

Zy+ W
FZs = %7
then M is a screen generic lightlike submanifold.

Theorem 3.8. There erist no coisotropic, isotropic or totally lightlike proper screen
generic lightlike submanifold M of a semi-Riemannian product manifold M. Any screen
generic isotropic, coisotropic or totally lightlike submanifold M is an invariant submani-

fold.

Proof. Let M be a screen generic lightlike submanifold of a semi-Riemannian product
manifold M. If M is isotropic, then S(T'M) = {0} which implies that Dy = {0} and
D" = {0}. Hence we get TM = Rad(TM) = F(Rad(TM)), which is invariant respect to
F.

If M is coisotropic, then S(TM=) = 0 implies 1 = 0 and the real parts of w(D") = {0}.
Thus, TM = Dy & f(D') @ Rad(TM) and M is invariant.

Finally, if M is totally lightlike, then S(TM) = {0} and S(TM*) = {0}. Hence, TM =
Rad(T'M), which implies M is invariant.

So, it is clear that there exist no coisotropic, isotropic or totally lightlike proper screen
generic lightlike submanifolds and the proof is completed. O
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Theorem 3.9. Let M be a screen generic lightlike submanifold of a semi-Riemannian
product manifold M. If V is a metric connection, then h®(X, FY) has no components in
wD'. Conversely, if

g(h (X, fU),FY) = g(h*(X,FY),wU) (3.6)
for any X, Y € T'(Rad(TM)) and U € T'(S(TM)), then the induced connection V is a
metric connection.

Proof. Suppose that V is a metric connection. From (2.1) and (2.4) we have

VxY = F(VxFY) (3.7)
for any X €e '(TM), and Y € I'(Rad(T'M)). Using (2.15) and (2.22) we obtain
VxY = F(— A5y X + VY FY + (X, FY) + h*(X, FY)). (3.8)
Using (3.4) and (3.5) in (3.8) and taking the tangential parts of this equation, we get
VxY = —fAby X + fVXFY + Bh*(X, FY). (3.9)

From Theorem 2.2 we know that induced connection V is a metric connection if and only if
Rad(TM) is a parallel distribution. Asume that Rad(T M) is parallel, then ¢(VxY,U) =
0. From the above equation, we derive
g(VxY,U) = §(h*(X, FY),wU) (3.10)

for any X,Y € I'(Rad(TM)) and U € I'(S(T'M)). Thus h*(X, F'Y') has no components in
wD'.
Conversely, we suppose that

g(h'(X, fU), FY) = g(h*(X, FY),wU) (3.11)

for any X,Y € I'(Rad(TM)) and U € I'(S(T'M)). On the other hand, from (2.1) and
(2.4) we have
§(VxFY,FU) = g(VxY,U). (3.12)
Using (2.15), (2.22), (3.4) and (3.5), we obtain

G(VXFY,FU) = §(—AbyX + V%FY + h (X, FY) + h*(X,FY), FU)

= —g(Apy X, fU) + g(h*(X, FY),wU) (3.13)
for any X,Y € I'(Rad(TM)) and U € I'(S(T'M). Using (3.11), (3.12) and (3.13), we get
g(VxY,U)=0
which shows that VxY € I'(Rad(TM)). This completes the proof. O

Theorem 3.10. Let M be a screen generic lightlike submanifold of a semi-Riemannian
product manifold M. Then Dq is integrable if and only if the followings hold:

9g(VXFY = VyFX, fZ) = g(B(R*(X, FY) — B*(Y, F X)), Z), (3.14)
W (X, FY) = (Y, FX), (3.15)
for any X,Y € T(D), Z e I(D"). Also, D is integrable if and only if (3.14) holds.

Proof. From definition of screen generic lightlike submanifold, Dy is integrable iff for any
X, Y €eT'(Dy), [X,Y] € T'(Dy), that is,

9([X,Y],Z)=g([X,Y],N) =0
Z €T(D') and N € I'(itr(TM)).
Using that V is a metric connection and (2.2), (2.3), (2.4), (2.15), (2.21), (3.4) and (3.5),
we derive

9([X,Y],2) = g(VKFY — V3 FX, fZ) — g(B(h*(X,FY) - h*(Y. FX)), Z)
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g([X,Y],N) = g(h*(X,FY) = h*(Y, FX),FN)
which hold (3.14) and (3.15). This completes proof. O

Theorem 3.11. Let M be a screen generic lightlike submanifold of a semi-Riemannian
product manifold M. Then, the distribution D' is integrable iff

VufW —=VwfZ — AwwZ + Az W € T(D) (3.16)
for any Z,W € T(D").
Proof. From the definition of screen generic lightlike submanifold, D' is integrable iff
9([Z,W],X) =g([Z,W],N) =0

for any Z,W € I'(D"), X € T'(Dy) and N € I'(ltr(TM)). Considering (2.2), (2.15), (2.17)
and (3.4), we get

9([Z, W), X) = (V2 fW — Vi fZ — Auw Z + Auy W, FX).
From last equation it is easy to see that
VazfW —VwfZ —AwswZ + AuzW (3.17)
has no components on I'(Dy). Similarly, from (2.2), (2.15), (2.17) and (3.4) we have
9([Z,W],N)=g(VzfW —=VwfZ - AswZ + AuzW,FN).

Thus,
VzfW —=VwfZ—AwZ+ A,zW (3.18)

has no components on I'(Rad(TM)). From (3.17) and (3.18), it is clear that D’ is
integrable iff Vz fW-VwfZ — A.wZ + A,zW € F(D/). This completes the proof. [

Theorem 3.12. Let M be a screen generic lightlike submanifold of a semi-Riemannian
product manifold M. Then the distribution D is parallel iff

VixfZ — AyzX has no components on T'(Dy), (3.19)
(X, fZ) = -DY(X,wZ), (3.20)
for any X e (D), Z e T(D").

Proof. Since D is invariant, if Y € I'(D), then F'Y € T'(D). From the definition of screen
generic lightlike submanifold, D is parallel iff

9(VxFY,Z)=0

for any X,Y € I'(D) and Z € T'(D"). Considering that V is a metric connection and (2.3),
(2.4), (2.15), (2.17) and (3.4), we get

g(VxFY,Z) = —-g(VxfZ+h(X,fZ) — A,z X + D' (X,wZ),Y).
This completes the proof. ]

Theorem 3.13. Let M be a screen generic lightlike submanifold of a semi-Riemannian
product manifold M. Then D' is parallel if and only if

V2fW — AswZ e T(D) (3.21)
for any Z,W e T(D").
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Proof. We assume that D’ is a parallel distribution. Then, for any Z, W € F(D/),
VW e I'(D"). In the other words, for any X € I'(Dg) and N € T'(itr(TM)),

g(VzW, X) =g(VzW,N) = 0.
Using (2.2), (2.15), (2.17) and (3.4), we derive
g(VZW, X) = g(VZfW - Awwz, FX)

and then
Vz W —AwwZ (3.22)

has no components on I'(Dp). Similary, we obtain
g(VzW,N)=g(VzfW — A.wZ,FN)

and from this equation, it is clear that

VzfW — AwwZ (3.23)
has no components on I'(Rad(TM)). Therefore, using (3.22) and (3.23), we have that
D' is a parallel iff V4 fW — AywZ € (D). This completes the proof. O

Definition 3.14. We say that M is a D-geodesic screen generic lightlike submanifold if
its second fundamental form h satisfies

hX,Y) =0, (3.24)

for any X,Y € I'(D). It is easy to see that M is a D-geodesic screen generic lightlike
submanifold if

A(X,Y)=h*X,Y) =0, (3.25)
for any X,Y € I'(D). On the other hand, if h satisfies
hX,Y) =0, (3.26)

for any X € I'(D), Y € I'(D"), then M is called a mixed geodesic screen generic lightlike
submanifold.

Proposition 3.15. Let M be a screen generic lightlike submanifold of a semi-Riemannian
product manifold M. Then the distribution D is a totally geodesic foliation in M iff M is
D-geodesic and D 1is parallel respect to V on M.

Proof. Assume that D defines a totally geodesic foliation in M, that is, VxY € T'(D),
for any X,Y € I'(D). Then, we have

I(VxY,8) =g(VxY, W) =g(VxY,Z) =0
for any € € D(Rad(TM)), Z e T(D') and W € T'(S(TM™1)). From (2.15), we derive

§(VxY,6) = g(h(X,Y),8),
g(?XY;W) = g(hS(X7Y)7W)'

Then it is clear that for any X,Y € I'(D), h/(X,Y) = h*(X,Y) = 0. In other words, M is
D-geodesic and D is parallel respect to V on M.

Conversely, we suppose that M is D-geodesic and D is parallel respect to V on M. Since
RY(X,Y) =h*(X,Y) =0 for any X,Y € I'(D), then VxY € I'(TM). On the other hand,
since D is parallel on M, considering (2.15), we have VxY € I'(D). This completes the
proof. O

Theorem 3.16. Let M be a screen generic lightlike submanifold of a semi-Riemannian
product manifold M. Then, M is mized geodesic iff the following conditions hold:

(1) DI(X,(,JZ) = _hl(X7 fZ)7

(ii) 9(AwzX —Vx [Z,BW) = g(h*(X, fZ) + VxwZ,CW),
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for any X € T(D), Z € T(D') and W € T(S(TM™)).

Proof. If M is mixed geodesic, then from (3.26), g(h'(X, Z),£) = 0 and g(h*(X, Z),W) =
0 for any X € I'(D), Z € T(D"), € € T(Rad(TM)) and W € T'(S(TM=)). Thus from
(2.15), we derive

9(VxZ,€) =0.
Since distribution Rad(T' M) is invariant, we can replace F'§ with £. Then we get
9(VxZ,F¢) = 0.
Considering (2.3), (2.15), (2.17) and (3.4) in the last equation, we obtain
g(h'(X, fZ)+ D'(X,wZ),€) = 0. (3.27)
Similarly, from (2.2) it is easy to derive
g(VxFZ,FW)=0
and using (2.15), (2.17), (3.4) and (3.5) in the last equation, we have
9(VxfZ —AuzX,BW)+ g(h*(X, fZ) + V% wZ,CW) = 0. (3.28)
Thus the proof follows from (3.27) and (3.28). O

Proposition 3.17. Let M be a screen generic lightlike submanifold of a semi-Riemannian
product manifold M. Then M is mixed geodesic iff

(i) D'(X,wZ) = —H(X, f2),
(i) wQ(Auz X — VxfZ) = C(h*(X, fZ) + VwZ),

for any X € (D), Z e T(D").
Proof. Considering (2.1), (2.4), (2.15), (2.17) and (3.4), we obtain for any X € I'(D), Z €

/

(D),
WMX,Z) = F(VxfZ+h(X,fZ)+nh(X,fZ)
—AuzX +ViwZ + DY(X,wZ)) - VxZ.
Using (3.3)-(3.5) and taking transversal part of this equation, we have
MX,Z) = wQ(AwzX —VxfZ)—C(h (X, fZ)+ DY(X,wZ))
—C(R(X, fZ) + ViwZ).
Hence h(X,Z) =0 < (i) and (ii)aresatisfied. O

Proposition 3.18. Let M be a screen generic lightlike submanifold of a semi-Riemannian
product manifold M. Then, for any X € T'(Dy), Z € T(D'), we have

VxZ=—fAuzX + fVxfZ+ Bh*(X, fZ) — BV% wZ + Bh*(X, Z).
Proof. Using (2.1), (2.15), (2.17), (3.4) and (3.5), we have
VxZ = fVxfZ—+Bh¥X,fZ) - fA,zX — BViwZ
+wVxfZ+Ch (X, fZ)+wAu,zX — CVY% wZ
+ChN(X, fZ) — CDY (X, wZ)

for any X € I'(Dy), Z € F(D/). If we take tangential parts of last equation, then we
obtain

VxZ=—fAuzX + [Vx[Z+ BI(X,[Z) - BV wZ + Bh*(X, Z).

Then proof follows from last equation. O
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4. Minimal screen generic lightlike submanifolds

Definition 4.1. We say that a lightlike submanifold (M, g, S(T'M)) isometrically im-
mersed in a semi-Riemannian manifold (M, g) is minimal if:

(i) h* =0 on Rad(TM) and
(ii) traceh = 0, where trace is written with respect to g restricted to S(T'M).

In Case 2, condition (i) is trivial. It has been shown in [2] that the above definition is
independent of S(TM) and S(TM*), but it depends on tr(TM).

Example 4.2. Let (M = R, j) be a 9-dimensional semi-Euclidean space with signature
(= —,+,+,+,+,+,+,+) and (z1, z2, x3, T4, T5, Tg, T7, T3, Tg) be the standard coordinate
system of RJ. If we define a mapping F by

F(x1,x9,x3, 24, T5, T6, T7, T8, Tg) = (1, X2, T3 COS @ + x4 8in v, 3 8in v — x4 cOS
X5 COS (@ + T sin a, T5 Sin v — g COS (v, T7 COS (¢ + Tg Sin o, T7 Sin v — g COS v, Tg)

then F2 = I and F is a product structure on RJ. Let M be a submanifold of M given by
1 = wugsinha 4+ ugcosha, e = uq,
r3 = sinwugsinhuy, x5 = sinugcoshuy, x4 = 0,26 = 0,
z7 = V/2cosugcosh ug, rg = 0,9 = uq cosh a + ug sinh a,
where u;, 1 < i < 4, are real parameters. Thus TM = Span{Zi, Zs, Z3, Z4}, where
Z1 = sinhadzy + 0xo + cosh adxy, Zo = cosh adxy + sinh adxyg,
Zs = cosussinhusdxs + cosug cosh ugdrs — v/2 sin us cosh ugdxy,
Z4 = sinugcoshug0x3 + sin ugz sinh ug0xs + V2 cos ug sinh ug40x7,
where Rad(TM) = Span{Z1} and Dy = Span{Zs}. By direct calculation, we derive that
ltr(T'M) is spanned by
N = %(sinh adry — 0z + cosh adxy).

Also, the screen transversal bundle is spanned by

Wi = cosugsinhusdzg + cosus cosh ugdxg — V2 sin ug cosh ugdrs,
Ws = sinwugcoshug0xyg + sin us sinh ug0xeg + V2 cos ug sinh u40xg,
W3 = —+/2sinhuy coshusdry + ﬁ(sin 243 + sinh? u4)0T¢ + sin ug cos uzdrs,
Wy = —+/2sinhuycoshuysdrs + \@(Sin2 us + sinh? u4)0T5 + sin ug cos uzdry.

Since FW # Wy, then it is easy to see that pu = Span{Ws, Wy},
FZ3 = cosaZs+ sinalVy,
FZ, = cosaZy+ sinaWs.
Then D' = Span{Zs, Z4} and M is a screen generic lightlike submanifold of RY.
On the other hand, by direct computations and using Gauss and Weingarten formulas,
we obtain -
VzZr =0, i=12, 1<T<A4
and
hZi,Z1) = 0, h(Zs,Z2) =0,

2si h
h*(Zs, Z3) = —— , \gsmu?,cos. - ——— Wi,
(sin 2ug + 2 sinh® ug) (1 + sin? ug + 2 sinh® uy)
W (Za, Z3) = V2 sin ug cosh uy Wi,

(sin 2ug + 2sinh? uy) (1 + sin? ug + 2sinh? uy)
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that is, h* = 0 on Rad(T'M) and
trace |s¢rar h = 0.

Then, it is clear that M is not totally geodesic and, but it is a minimal screen generic
lightlike submanifold of M = RS.

Theorem 4.3. Let M be a screen generic lightlike submanifold of a semi-Riemannian
product manifold M. Then M is minimal iff

traceAg, |s(rany= traceAwy |sran=0
where dim(TM) = m, dim(tr(TM)) = n, dim(Rad(TM)) = r and Wy € T(S(TM™L)).
Proof. We take an quasi orthonormal frame {&1, ..., &, €1, ..., €m—r, Wi, oy Wi, N1, .., N }
such that {ey,...,e,} are tangent to Dy and {eq41, ..., €m—r} are tangent to D'. First from

(cf. [2], page 140), we know that h! = 0 on RadT M.
From definition of minimal submanifold, we know that

traceh |giryy = traceh |p, +traceh |y
a b
= > h(Zi,Zi)+ Y _ hU;,Uj)
i=1 j=1
=0

and h® |gaa(rary= 0. If we choose an orthonormal basis of S(T'M) as {e;};", then we get

traceh |siray = ZEZ { (€i,€:) + h’(es, €) } + Z £ [hl (ej,€5) —i—hs(ej,ej)}

j=a+1
1 nor
Zgz Zg euez gk)Nk + — Z g hs euez) WT)WT]
i—1 —ra
b r 1 n—r
+Z Zg ejaej gk)Nk‘i‘niZg 6]763) Wr)Wr].
J=1 = T=1

On the other hand, since
g(h'(eirei) &) Nk = g(Af ei, e;) Ny, and
g(h*(es e), Wr)Wr = g(Awei, e))Wr,
we derive
traceh |srar)= traceAg, |D0@D’ +trace Ay, |D0@D’ .
Therefore we get
traceAg, |p,ep= 0 and traceAw, |p op =0,

which proves assertion. ]
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