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1. INTRODUCTION

For [t| < 1, let us consider the expansion
et = th "k
1.1 = a — o — i k—1
a T = L ma) =2 ()0
Recall that, for i € N, (z); = z(x +1)--- (x + ¢ — 1), while (x)9 = 1. If we take y = n and
t=xa/(x+1), then

T

For a > 0, Mihesan [9] defined

B0 = W@ (5), where Wity @) = emesttonn Pl
n e n/’ " K1 + z)ntk’
We also write B2(f(t),x) instead of BZ(f,z). Notice that, for a = 0, B%(f) is just a Baskakov
operator.
In this paper, we present a Voronovsakaja type result for the operators By in a weighted
space C,[0, co) defined as follows: for the weight o(x) = 1/(1 + x)? (¢ > 0 a fixed real),

C,l0,00) = {f € Cl0,00) : |fll, < o<}

where || f||, = sup,>¢ |o(z) f(z)|. In order to present a simple proof, here we only consider the
case q > 3/2. -

It is known (see [9]) that, if f € C[0, 00) and there exist positive constants A and B such that
|f(x)| < BeA?, then BE(f) is well defined. Hence, B%(f) is defined for all f € C,[0, 00).
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In [11] and [13] some pointwise asymptotic expansions were given for Mihesan operators.
But we remark that the results are not correct. For instance, in Theorem 4.1 of [11] and in
Theorem 2.2 in [13] a term ¢’ () BZ(t — x, z) should be added.

The paper is organized as follows. In Section 2 we recall some known results. Section 3 is
very technical. We need estimates for the moments of the operators M7, (z) for 1 < k < 6.
Finally, in Section 5 we present the Voronovskaja type theorem. We remark that some different
quantitative Voronovskaja theorems were given in [6] and [7]. An inverse result will appear in
another paper.

In what follows C' and C; will denote absolute constants. They may be different on each
occurrence.

2. KNOWN RESULTS

It is known that (see [9])

o B a . ax
2.2 Bi(l,z) =1, Bi(t,x) =+ n(+a)
and
a Q¥ @) 1 ax (a+Dz+1  @(2) a a’x
(2.3) By((t—x)*,z) = n +ﬁ(1+x) 14+z)  n (1+n(1—|—x)2 +n(1+m)3)'

It was verified in [10] that

d

(2.4) (@) (W) = (k= na = S )W ().

Theorem 2.1. (see [4]) If a > 0and q > 0 are real numbers, there exists a constant M,(a) such that

Br((1+¢)% )
M,(q) :=sup sup —2~—2 1"~
(q) n>I; wzlg (1 + I)q

Proposition 2.1. (see [4]) If a > 0, r € [0, 1], there exists a constant C such that for each integer
n > 1and each x > 0,

Ba( 1 ’m)<(n)f‘ 1 .
"\ 4t “\n—-1/ (1+az)r

Remark 2.1. It is known a similar result for a = 0. We can use the arguments in [4] to verify
that, if « > 0 and r € [0, 2], there exists a constant C' = C(a, r) such that, forn > 2,

1 C
2.5) Bn(m,x) < Trar

(see also [5]).

Lemma 2.1. (see [8, Prop. 3.3]) Assume r > 0, m,p € R, and m —r + 1 > 0. Then for x > 0 and
t >0, one has

t _ m _ m—+1
/ u(l T u)Pds| < e
- s" (m—r+1)a"

((1 )P+ (14 t)P).
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3. ESTIMATES FOR THE MOMENTS
The moment of order j € Ny of the operator B} is defined by
My () = By((t — 2), ).

n,j
In this work, we need estimates of M} ;(z) for 0 < j < 6. We remark that in Lemma 2.3 of
[13] some computations were given for M;; ;(z) and My} ,(z), but they are complicated. Here,
we follow a different approach. In Lemma 1 of [2], it is asserted that M2 ;(x) = O(n~11/2),
where [ denotes the integer part of «, but the estimate is not correct (see (2.3)). A similar
assertion was given in [1], where the authors defined the Mihesan operators in the form

2) = iw;;,k(x)f(nﬁ D).
k=0

Notice that

(3.6) “o(x) =1 and M (2) = —=

n(l+z)

We can use an iterative process to obtain representation for other moments of the operators.

Lemma3.2. Ifa >0, j,ne€ N,n>1,and x > 0, then

M 4 (2) = @T(x)( M () + g M) + 4 Mg @),

Proof. Taking into account (2.4), one has

My () = Bo((t — @)t — z), z)
CEBICEOLCRE
k=0

:l ax Miﬂx)—l—%i(k}—nm— @ )(%—I)] k()

nx+1 P z+1
~ M) i@g(—a o
:@27§$)(MM @)+ MO, (@) + ddM (a:)).

O

Since in Lemma 3.2 the derivative appears, in order to estimate M,; () we should study
other derivatives of the previous moments.

Lemma 3.3. Assume a > 0. There exists a constant C such that, if n > 1and x > 0, then

2 2
a o™ (x) " 1tz d ¢
<(C——= < —_— < —
Moy < 20 | e )] <ot M) <
43 c d* c
- a D - a < .
da3 Mn2(m)‘ ~ n?2(1+x)? and dx?t Mn2(m)‘ “n?2(1+x)°
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Proof. It follows from (2.3) that

d 1 a 2a°x
LMo () = - (1 2 )
dx n.2(?) n tert n(l + x)2 + n(l+ x)3
Hence
0< iMSQ(x) < 1422+ a(l + 2ax) < C(l—l—x).
de ™ n n
The estimates for the other derivatives follow from the identities
d? 1 2a 2a2(1 — 2x)
= 2o )
dx? n.2(%) n n(l + )3 n(l+x)*
d? 1 6a 4a*(1 —z)
s~ - 25,
da3 n.2(7) n2 \(1+ xz)* (1+2x)°
d* 1 4la 4a?(6 — 4x)
2y -
dx?* n.2(7) n? ((1 + )5 (1+ )8 )

O

Assume nx > 1. Notice that 1 + x < nx + x = (n + 1)x. Hence (1 + z)? < (n + 1)¢?(x) and

1+ < Vvn+ 1o(x) < \[290(3:)

o .

n

Lemma 3.4. Suppose that a > 0. There exists a constant C' such that, for n > 1 and x > 0, one has

a (14 z)p?(x) d o Cp? ()
M 5(@)] < O~ %MAMS >
e C(1+x) B c
dx? n,g(«x)‘ - n2 and dr3 n,S(x)’ < ﬁ

Proof. From Lemma 3.2, one has

MZ,S(QU) _¥ T(LCC) {QMSJ(JC) + ﬁM%Q(l‘) 4 %Mﬁ’g(ﬂf)}
‘P2(30) 2ax a . d .
T {n(l + ) + (1+ x)zMn,z(w) + I nz(m)}

Taking into account (2.3) and Lemma 3.3, we obtain

(1+2)0*(2)

2
“ ©*(x) x x 1+
M < + + <
| "3(x)| <G n {n(l +z) n(l+zx) n } <0 n2

Moreover, for z > 0,

d . d (2az? ar “ d .
{5+ TS M (@) + ¢2(0) M () |

M - =
"z n.3(?) de \ n (1+x)
4ax a ar d d?
= — - M° -~ M“ 2 - M )
w ' (14 )2 nal®) + (14 ) dz n2(@) + (@) dx? n2(2)
Hence,

d Cr%(z) [ 4 1 a 1 1 Cy

— M2 < _ - —) < 22

dr n,S(x)‘ > n (n2 n(l +$)2 + (1 +.’L‘) n + n) Sz
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On the other hand
d? 4a 2a 2a d

—M® —- M = pe
ndl’Q n,S(:E) n (1 + I’)B n,2(x) + (1 + l’)2 dr n,2(‘r)
i d2 a 2 d3 a
+ ((1 R 20)) 25 M o) + 2(2) 5 My o ().

Therefore,
d? Cy /1 03 () 1+ 1+ 0% ()
— M. < —(-
A2 n3<x)‘ ~n (n + n(l+z)3 + n(l+z)? T n2(1+:r)4>
< 02(1 +l‘)
Finally
43 6a My 5(x) 6a d d*
2 pe — M 2 —_M°
e na(®) = (1—1—33) - (1 +a)3de na2(®)) + 0 (x)das‘1 n2(T)
+( sa +2)d—2M“ ( )+(7az +2(1+42 )) @ —M?,(2)
(14 2)? g2 2\ (14 2) ¥ ) dgd 2
and we obtain
d? C1/ ¢*(x) (1+x) 14z ©?(r) Cs
—M? < — 1 < —.
7 Mia@)] < ((1—|—x)4 It27  ndtar n(1+x)5) =

Lemma 3.5. Suppose that a > 0. There exists a constant C' such that, for n > 1 and x > 0, one has

a al C(1 +2)¢*(x) @ O +a)?
0< M) < 08 [ Tuzw)] < R ana | g < S
Proof. First, we consider the representation
2
o ()= £ @) (ahra @ e Ky
M af@) = 55 (3M (o) + o Mita(e) + o Mia(e) ).

It follows from Lemma 3.4 that

G R

For the first derivative, we obtain

d d
n M (@) = (1+20) (3M; 5 (@) + My 5(x) + M 5(a))

_*
dx (1+2)?
d 2aM? 5(x) a d d?
2 a _ n,3 7 aga 7 Aga
+ (@) (3 M @) Trop " Arard s T g Mi5(@))

a a a
Mn,2($) + 7Mn,3 (I)

= 3(1+2z) M} 5(z) + 3<p2(93)i

dx (1+2)?
+(1+2x+( @ ))diM 3(z) + @ (x )%Mﬁ,s(x)-
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Hence
L ag (o) < G (Lr2ete) |, (Lr0efe) | (L4 0)ph))
L Gl+ )P @)

For the second derivative, we consider the identity

d2 a a d a 2 d2 a
e na() =6Mpo(x) +6(1+ 2x)%Mn72(x) + 3¢ (95)@ no(T)

2a a a d

_ _ M e 2— —— | —M°
(1+x)3 na(@) + ((1 +z)? + ( (1 —|—x)2) dx n3()
ax . 0, A3
+((1+20) - Tt 20)) <=5 M 5(2) + 6% () 5 My 5 (@)
= M () + 6(1 + 20)- L MO (1) + 3 (@)~ MY () — 2 M ()
- n,2 z € dr n,2 € T2 dx2 n,2 € (1 -|—£C)3 n,3 €z
d . . ax . 0, A3
+ 2% na(z) + (2(1 +2z) — m) @Mnﬁ(x) + (ﬂf)@ ().
Therefore
o, Crre*(x)  (+2)? | $*(2)
@M”A(x)’ = 7( n * n + n
(14 z)p*(x) | ©*(x) | (1+2)*  o*(2)
+ n?(1+z)3 + n? + n? * n? )
Ci(1 1 2 1 Cs(1 2
:¥<2x+(1+x)+—+—x+( +m)) < Glta)
n n n n n
O

Corollary 3.1. Suppose that a > 0. There exists a constant C such that, if n > 1 and x > 0, then
3
o ¢ (2)
By s(|t — 2], x) < C s

Proof. It follows from the inequalities

a 3 a a 1/2
B a(lt - af*,2) < (Maa(@)Mia@) <G

Lemma 3.6. Suppose that a > 0. There exists a constant C' such that, if n > 1 and x > 0, then

(1+2)p*(2) d
B — and ‘%

Proof. For the fifth moment, one has

(1+2)°(2)

Mg 5(a)] < € —

My o) < €

2 €T a
M (o) = S (40024(0) 4 s MEalo) + M )




208 Jorge Bustamante

It is clear that
a 2(x 1+ 2(x
245 5(0)) < 0, E 1D (D)
o

<(Cy

For the first derivative one has

d a _ (1 + QZ) a a a d a
Jo M) = S (M) i M) + M)
2 a 2
g (x)(, d 2a My 4(x) a d d
4—M? - : — M — M} .
+ n ( dx n,S( ) (1+1‘)3 (1+I)2 dx n4(x) + dz2? n,4(x))
Therefore
d Ci(l+2)°%* @) ¢'z) | (1+2)%*(2)
2 Mo < 2t
‘dx "5(x)‘ ~n ( n? * n?(l+ x) n?
PP Cleate) | (L aPee))
n? n?(1+z)3 n2(1+x)? n?
1 2,2
< 0, U+ a)
n
O
Lemma 3.7. Suppose that a > 0. There exists a constant C' such that, if n > 1 and x > 0, then
a 1+ 2)p'(z) 1
< <o~ ).
O_Mn’G(x) <C 3 (m—i—n)
Proof. Asin Lemma 3.5, we obtain
2
a _ ¥ (:C) a a a i a
Mn,G(‘T) - n (5M7L,4(x) + (1 =+ w)gMn,Eo(x) + d.’EMn’5(I)>
Taking into account Lemmas 3.5 and 3.6, we obtain
2 4 4 2,2
o p (x) (pix)  (A+2)ei(x)  (1+2)°¢ ()
< <
0= Mogle) < Cr n ( n? * n3(1+ z)? * n3 >
(1+ 2)p'(2) *(x) (1+x) (1 +2)¢*(2) 1
< < — .
=G n3 <m+n3(1+x)2+ n ) < G n3 (x—|— )
O

4. THE RATE OF CONVERGENCE

Set
47) K(f,0)= inf (IF = gllo+ (I¢*"llo +alleglly) -
9€D(0)

Theorem 4.2. Assume a,q > 0 are real numbers, and o(x) = 1/(1 + x)?. There exists a constant
C = C(a,q), such that for n > 2 and f € C,]0, o), one has

1B2(5) = £l < CK(£,7) |
here K (f,t), is defined in (4.7).
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Proof. If x > 0 and g € D(p), we will use the representation
t

g(t) = g(x) + ¢'(x)(t — x) + / g"(s)(t — s)ds.

x

It follows from Proposition 2.1 that

[ e =sias] < 1e29] [ =2as
g [ (14 sas|
< e "||g%<<1+w>q-l ]

Taking into account (2.3), Holder inequality, Theorem 2.1 (see also (2.5)), and Lemma 3.5, we

obtain
‘Bg(/ g"(s)(t — s)ds,x)‘

2 1
”‘Px ”9((1+x)q LBA((t - @)%,w) + Ba((t— o)2(1+ )1 w))

e I/H"(Cl(l +m)q,ﬁOT(f@+<B;;((1+t)2q*2,ac>>1/2 My (@)

2.1 q 2 2 1
B I LE LN PN '
n n no(x)

Since ,
Bi(g.) ~ g(a) =g/ @Bt~ v.2) + B3 [ 9"(6)(t -~ s)dsia),

from the previous estimate and (3.6), one has

o(z)|By(g, ) — g(x ‘ < ‘Q (x)Ba(t — )‘ + ‘Bﬁ(/ﬂ: g’ (s)(t — s)ds,x)‘

")

< o(a)|g' (@) Ba(t = a,2)| + Ba

[ o6 - sy

2 1
ax g
< 0(a)lg'(x)| + 0,17 e

n(l+ )
ayz Gl
i aprled et Gt e < S 1%+ alled' o).

n(l+
Therefore, for any g € D(p),
1B (f) = flle < Ilf = gllo + ||B“(f —9)lle +11Ba(9) —glle

< c{lf = gllo+ (162"l + allegl,) }

Remark 4.2. For g € D(p), the previous proof also yields the inequality
1
1B2() = flle < {11 = gllo + — (I llo +all'll0) }-

But, the estimate with ||pg’||, is more convenient to study the inverse result.
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5. A VORONOVSKAJA-TYPE THEOREM

Theorem 5.3. Assume a,q > 0and o(x) = 1/(1 + x)9. There exists a constant C such that, if n > 1,
g € C3[0,00) and g, p%g", o>g" € C,[0,0), then

+

2 1
a aeq ©w g
HBn(g) -9 -

_ ; < C(IIsozg”IIng l*g™ e
n(l+eq) 2n -

29" |l
n? ’

n3/2

0
where e1(x) = x.
Proof. For g € C3[0, ), we use the Taylor expansion

g0) = g(a) + g @)t — ) + 5" @)t~ 0+ 5 [ 9”50 - 9)ds,

to obtain the representation

Bilg. )~ @il 0) = 5B [ o)t - 9)ds.).
with
Qi(9.) = 9(&) + ¢/ (2)BA(t — 2,2) + 5" (@) Ba((t — 2, 2)
= 9(2) +9/(2) M3, (2) + 59" (0)M o (2).

We should estimate

z(| [ (s)(t — )%

,x) = i ‘ /k/n g"(s) (% — S)QdS‘WT‘ik(m).
k=0 “%F

o0

(A) Suppose 0 < z < 1/n. In this case, we consider the inequality
k/n k 2
" a
> JAACICEREALANE

Nk N2 ds
<2 ‘ n ‘ a .
7”80 g HQI; A <7’l S) @2(S)Q(S) Wn,k(‘r)

For k = 0, one has

a * 52 g = a (r J?S S qg—1 S ‘TQ(]' +1.)q*1
Wialo) || oy = Wiae) [ st < S
(1+2)"
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On the other hand, if ¢ > 1, then
> B (ke — s)2 1 & Bn (k/n — s)2
2 #(s)els) 2 . Vs(l+s)
1 & kin g
< — We ()14 /)T (k/n — x)? —
ﬁ; s(@) A+ E/n)* (k/n — ) 5
2 oo
= =) W) (A +k/n) (k/n— x)*(Vk/n — Vx)
et
2 o0
< — W ()1 + k/n)T Y (k/n — x)>/?
ﬁ; K@)+ k/n)*(k/n—x)
2 > 1/2
< \/M 1 2g=2ypa
< n,5<x>(k§%< k/m)M W ()
V1+x50() -1 NG Ci1(1 4 2)4
< \/3? 372 (1+x)? SC’QW(1+x)q§T,
where we use Lemma 3.6 and Theorem 2.1.
If ¢ < 1, the proof is simpler because, for z < 1/n,
1 1
< .
L+ k/n)=0 = T+ a)ia
Therefore
a a c 2 ///
o()|Br(9,2) = Qulg,2)| < 507" |-
(B) Assume that nxz > 1. In this case, we consider the inequality
k/n 2
S| [ (- afco
Mk 2 (s
<|l¥’g NIHQZ / (5—5) W‘Wﬁ,k($)~

k=0

Since 1/n < z, it follows from Lemma 3.7

Moreover

a 3 a @()
BY(|t — x| 7x)§\/m<20 i
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Thus, we can use Lemma 2.1, Lemma 3.6 and Theorem 2.1 to obtain

a a 1 " a K (t_5)2
0fe) 1B (0.2) = Qilo. )] < 5ol 1,5 (| [ Jiirsds] o)
t(t_ )2 5)a—3/2
= se@le s (| [ G0 )

1 3 a g (L)% (14132
so@)le* ”'||Bn(|t—x|( At ),x)

1 a(lt = :
= 216"l ( 22 wg(x + 200 otz ()B4 075,

3 m Q(ff) 0% () 3/2 ll©° 9"l
< Cslle"g™llo ( 32 T 32 ;32 (1 42)* /)<C 3z

Taking into account (2.2) and (2.3), we obtain

2 1
aex r P9

\ /\

Bi(g) —9 - g9 -
n(l+e;) 2n ||,
< HB?L(Q) —g—gM;, - *g”M“
e
LL]¢%" @) (1 L e . da ) g
2| n n(l+z)2 n(l+2z)3
1 a a’x
— Ba o /Ma —*HMa . ( ) 2 1
H n(9) =9 =9 My~ 59 +n2 (1+%)2+(1+$)3 ©°g )
<c le*g" o + 929" e ||s039”'||g
n2 n3’2 )
O
Corollary 5.2. Under the assumptions of Theorem 5.3, one has
2 1
, ae; ©2g
lim n(Bg — )— f— =0,

where e1(x) = .

Remark 5.3. In Theorem 3.2 of [13], a Voronovskaja-type theorem was given for functions f € C3[0, 00)
such that f, f', f", """ € C,[0,0), but the authors only considered the case ¢ € No. Moreover, they
only obtained pointwise convergence.

REFERENCES

[1] P.N. Agrawal, M. Goyala: Generalized Baskakov Kantorovich operators, FILOMAT, 31 (19) (2017), 6131-6151.

[2] P. N. Agrawal, V. Gupta, A. Sathish Kumar and A. Kajla: Generalized Baskakov-Szdsz type operators, Appl. Math.
Comp., 236 (2014) 311-324.

[3] J. Bustamante: Baskakov-Kantorovich operators reproducing affine functions, Stud. Univ. Babes-Bolyai Math., 66 (4)
(2021), 739-756.

[4] ]. Bustamante: Approximation of functions and Mihesan operators, to appear.

[5] J. Bustamante, A. Carrillo-Zentella and J. M. Quesada, Direct and strong converse theorems for a sequence of positive
linear operators, Acta Math. Hungar., 136 (1-2) (2012), 90-106.

[6] J. Bustamante, L. Flores-de-Jests: Strong converse inequalities and quantitative Voronovskaya-type theorems for trigono-
metric Fejér sums, Constr. Math. Anal., 3 (2) (2020), 53-63.

[7] J. Bustamante, L. Flores-de-Jests: Quantitative Voronovskaya-type theorems for Fejér-Korovkin operators, Constr. Math.
Anal., 3 (4) (2020), 150-164.



Directs estimates and a Voronovskaja-type formula for Mihesan operators 213

[8] J. Bustamante, J. J. Merino-Garcia and J. M. Quesada: Baskakov operators and Jacobi weights: pointwise estimates, .
Inequal. Appl., 2021:119, (2021).
[9] V. Mihesan: Uniform approximation with positive linear operators generated by generalized Baskakov method, Autmat.
Comput. Appl. Math., 7 (1) (1998), 38-97.
[10] A. Wafi, S. Khatoon: Direct and inverse theorems for generalized Baskakov operators in polynomial weight spaces, An.
Stiint. Univ. Al 1. Cuza Iasi. Mat. (N.S.), 50 (1) (2004), 159-173.
[11] A. Wafi, S. Khatoon: On the order of approximation of functions by generalized Baskakov operators, Indian J. Pure Appl.
Math., 35 (3) (2004), 347-358.
[12] A. Wafi, S. Khatoon: The Voronovskaya theorem for generalized Baskakov-Kantorovich operators in polynomial weight
spaces, Mat. Vesnik, 57 (3-4) (2005), 87-94.
[13] A.Wafi, S. Khatoon: Convergence and Voronovskaja-type theorems for derivatives of generalized Baskakov operators, Cent.
Eur. J. Math., 6 (2) (2008), 325-334.

BENEMERITA UNIVERSIDAD AUTONOMA DE PUEBLA
FACULTAD DE CIENCIAS FSICO-MATEMATICAS
PUEBLA, MEXICO

ORCID: 0000-0003-2856-6738

E-mail address: jbusta@fcfm.buap.mx



	1. Introduction
	2. Known results
	3. Estimates for the moments
	4. The rate of convergence
	5. A Voronovskaja-type theorem
	References

