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Abstract

The aim of this paper is to classify (k,u)-paracontact metric spaces satisfying certain curvature conditions.
We present the curvature tensors of (k,u)-Paracontact manifold satisfying the conditions R-Ws =0, R-W; =0,
R-Wg =0 and R-Wy = 0. According these cases, (k, u)-Paracontact manifolds have been characterized. Also,
several results are obtained.
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1. Introduction

Paracontact manifolds are smooth manifolds of dimension (2n+ 1) equipped with a 1-form 1, a vector field £ and a field of
endomorphisms of tangent spaces ¢ such that 7(§) = 1, ¢> =1 —n ® & and ¢ induces an almost paracomplex structure by
kernel of i [1]. On the other hand, if the manifold is equipped with a pseudo-Riemannian metric g of signature (n+ 1,n)
satisfying

8(9X,0Y) = —¢(X,Y) +n(X)n(Y), dn(X,Y) = g(X,9Y),

(M, n) becomes a contact manifold and (¢,&,7,g) is said to be a paracontact metric structure on M. In 1985, Kaneyuki and
Williams initiated the perspective of paracontact geometry [5]. Zamkovoy performed a thorough study of paracontact metric
Manifolds. [15]. Recently, B. Cappeletti-Montano, 1. Kiipeli Erken and C. Murathan introduced a new type of paracontact
geometry so-called paracontact metric (k, (1) —space, where k and u are constant [4].

M. M. Tripathi and P. Gupta studied 7-curvature tensors in semi-Riemannian manifolds. They defined T-conservative
semi-Riemannian manifolds and give necessary and sufficient tensor on a Riemannian manifolds to be 7-conservative. They
proved that every T-flat semi-Riemannian manifold is Einstein. They also gave the conditions for semi-Riemannian manifold to
be T-flat [8]. Since then several geometers studied curvature conditions and obtain various important properties [2, 6], [9]-[13].

The object of this paper is to study properties of the some certain curvature tensor in a (k, i) —paracontact metric manifold.
In the present paper we survey R-Wg =0, R-W7 =0, R-Ws =0 and R- Wy = 0, where Wy, W7, W3 and Wy denote curvature
tensors of manifold, respectively.
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2. Preliminaries

An (2n+ 1)-dimensional manifold M is called to have an paracontact structure if it admits a (1, 1)—tensor field ¢, a vector field
& and a 1-form 1) satisfying the following conditions [5]:
(i) ¢*X =X —n(X)E&, for any vector field X € y (M), the set of all differential vector fields on M,

(@) n(§)=1,n0¢=0,95 =0.

An almost paracontact structure is called to be normal if and only if the (1,2)—type torsion tensor Ny = [¢, 9] —2dn ® &
vanishes identically, where [¢,¢](X,Y) = ¢%[X,Y]+[0X,9Y] — d[0X,Y]— ¢[X,dY]. An almost paracontact manifold equipped
with a pseudo-Riemannian metric g so that

80X, 9Y) = —g(X, ) +n(X)n(Y), g(X,&)=n(X) 2.1

for all vector fields X,Y € x(M) is said almost paracontact metric manifold, where signature of gis (n+ 1,n). An almost
paracontact structure is called to be a paracontact structure if g(X,9Y) = dn(X,Y) with the associated metric g [15]. We now
define a (1,1) tensor field 4 by h = %Lg ¢, where L denotes the Lie derivative. Then A is symmetric and satisfies the conditions

h¢ =—¢h, hE=0, Trh=Tr.¢gh=0. 2.2)
If V denotes the Levi-Civita connection of g, then we have the following relation
Vx& = —X +0hX (2.3)

for any X € y(M)[15]. For a paracontact metric manifold M>"*!(¢,&,n,g), if & is a killing vector field or equivalently, 2 = 0,
then it is called a K-paracontact manifold.
An almost paracontact manifold is said to be para-Sasakian if and only if the following condition holds [15].

(Vx9)Y = —g(X.¥)& +n(Y)X
forall X,Y € x(M) [15]. A normal paracontact metric manifold is para-Sasakian and satisfies
R(X,Y)E = —(n(¥)X —n(X)Y) 2.4)

for all X,Y € x(M), but this is not a sufficient condition for a para-contact manifold to be para-Sasakian. It is clear that every
para-Sasakian manifold is K-paracontact. But the converse is not always true[3].

A paracontact manifold M is said to be n-Einstein if its Ricci tensor S of type (0,2) is of the from S(X,Y) = ag(X,Y) +
bn(X)n(Y),where a,b are smooth functions on M. If b = 0, then the manifold is also called Einstein and if @ = 0, then it is
called special type of n-Einstein manifolds [14].

A paracontact metric manifold is said to be a (k, 1) —paracontact manifold if the curvature tensor R satisfies
R(X,Y)E =k[n(Y)X —n(X)Y]+p [n(Y)hX — 1 (X)hY] (2.5)

forall X,Y € x(M), where k and u are real constants.

This class is very wide containing the para-Sasakian manifolds as well as the paracontact metric manifolds satisfying
R(X,Y)é =0[16].

In particular, if 4 = 0, then the paracontact metric (k, 1) —manifold is called paracontact metric N (k)-manifold . Thus for a
paracontact metric N (k)-manifold the curvature tensor satisfies the following relation

R(X,Y)E =kn(Y)X —kn(X)Y (2.6)

for all X,Y € x(M). Though the geometric behavior of paracontact metric (k, it)—spaces is different according as k < —1, or
k > —1, but there are some common results for k < —1 and k > —1[4].

Lemma 2.1. There does not exist any paracontact (k, ) —manifold of dimension greater than 3 with k > —1 which is Einstein
whereas there exits such manifolds for k < —1 [4].
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In a paracontact metric (k, u)—manifold M>"*1(¢,&,7n,g), n > 1, the following relation hold :

h? = (k+1)¢?, fork # —1, 2.7)
(Vx)Y = —g(X —hX,¥)E+7n(Y)(X —hX), (2.8)
SX.,Y) = [2(1—n)+nulg(X,Y)+2(n—1)+ulg(hX,Y)+[2(n—1) +n(2k— p)In(X)n(Y), (2.9)
S(X,&) =2nkn(X), (2.10)
QY = [2(1—n)+nu)Y +[2(n—1)+ulhY +2(n—1)+n(2k—u)n(Y)E, (2.11)
Q& = 2nké, (2.12)
09— 90 =2[2(n—1)+ ¢ (2.13)

for any vector fields X,¥ on M?**! | where Q and S denotes the Ricci operator and Ricci tensor of (M>*+! ,8), respectively[4].

The concept of We-curvature tensor was defined by [7]. Wg-curvature tensor, W;-curvature tensor, Ws-curvature tensor and
Wo-curvature tensor, of a (2n+ 1)-dimensional Riemannian manifold are, respectively, defined as

Wo(X,Y)Z =R(X,Y)Z — % [S(Y,Z)X —g(X,Y)07Z], (2.14)
W(X,Y)Z =R(X,Y)Z - % [S(Y,Z)0X — g(Y,Z)QX], (2.15)
Ws(X,Y)Z=R(X,Y)Z— % [S(Y,Z)X —S(X,Y)Z], (2.16)
Wo(X,Y)Z =R(X,Y)Z+ i [S(X,Y)Z —g(Y,Z)0X], (2.17)

forall X,Y,Z € x(M) where, x (M) is set of all vector spaces [7].
3. Certain Curvature Conditions on (k, i )-Paracontact metric spaces
We will provide the significant themes of this work in this part.

Let M be (2n+ 1)—dimensional (k, u)—paracontact metric manifold and we explain Wy curvature tensor from (2.14), we
have

We(X,¥)E = k(g(X,¥)E — 11(X)Y) + u(n (Y )hX — n(X)hY). G.1)
Putting X = &, in (3.1), we get

We(E,Y)E =k(n(Y)E —Y) — puhY. (3.2)
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In (2.15) choosing Z = £ and using (2.5), we obtain

Wa(X,Y)E = k(XY + 2 0(V)OX + (1 (Y )hX — 11 (X)hY). (3:3)
It follows
Wi(E,Y)E = K(n(Y)E —Y) — uh. (3.4)

In the same way, putting Z = & in (2.16) and using (2.5), we have

1
Ws(X,Y)E = 5 S(X,Y)§ —kn(X)Y +p(n(¥Y)hX —n(X)AY). (3.5
In (2.16), choosing X = &, we get

Ws(8,Y)E =k(n(Y)E —Y) — uhy. (3.6)
In (2.17), choosing Z = &, we obtain

Wo(X,Y)E = K(Y)X—(X)Y)+ u(n(Y)RX ~(X)Y)+ 5 (SX,Y)E — n(¥)QX). 3.7)
In(3.7) it follows

Wo(E,Y)E = k(n(¥)E —Y) — Y. (38)
In (2.5), we arrive

R(E.Y)Z = k(g(¥,2)E ~n(2)Y) + p(g(hY,Z)E — n(Z)hY), (3.9)
choosing Z = &, in (3.9)

R(E,Y)E =k(1(Y)E ~Y) — phy. (3.10)

Theorem 3.1. Let M*"*'(¢,&,1n,g) be a (k,u)-paracontact space. Then M is a Wg semi-symmetric if and only if M is an
Einstein manifold.

Proof. Suppose that M is a W semi-symmetric. This implies that

—We(U,R(X,Y)W)Z —We(U,W)R(X,Y)Z =0, 3.11)
forany X,Y,U,W,Z € x(M). Taking X = Z = & in (3.11), making use of (3.1) and (3.9), for A = -, we have

(R(EY)We)(U,W)E = R(E,Y)(k(g(Y,W)E —n(U)W)+u(n(W)hU
—NU)AW)) —We(k(g(Y,U)E —n(U)Y)
+u(g(hY,U)E —n(U)hY),W)&§

—We(U,k(g(Y,W)E —n(W)Y)
+u(g(hY,W)& —n(W)hy)§
—We(U,W)(k(n(Y)E —Y)—phY) =0. (3.12)
Taking into account (3.1) and (3.2) in (3.12), we have

kWs (U, W)Y + uWe (U, W)RY +ku(n(W)g(Y,hU)E

—g(Y,W)hU) + p?(1+k) (n(W)g(Y,U)é

—n(U)g(Y,W)&) +ku(g(hY, U)W — g(hY,W)hU)

+uk(g(hY,U)hW — g(hY, W)U ) + u*(g(hY,U)hW

—g(hY, W)hU) + K> (g(Y,W)n(U)& — g(Y,W)U)

+kp(g(Y, U)W + g(U, W)Y ) +k*(g(Y, U)W

—g(U,W)Y)=0. (3.13)
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Putting (2.10), (2.14), choosing U = £ and taking inner product with & € y(M) in (3.13), we arrive
AKS(W,Y) +AuS(W, hY) + K2g(W,Y) + kug(W, hY) = 0. (3.14)

Using (2.7) and replacing hY of Y in (3.14), we get
AKS(W, hY) +Au(14+k)S(W,Y) — 2nkA(1 4+ k)g(W,hY ) +ku(1 +k)g(W,Y) =0. (3.15)
From (3.14) and (3.15), we have

S(W,Y) =2nkg(W,Y).

So, M is an Einstein manifold. Conversely, let M>'*! (¢, &, 7, g) be an Einstein manifold, i.e. S(W,Y) = 2nkg(W,Y), then from
equations (3.15), (3.14), (3.13), (3.12) and (3.11) we obtain M is a W semi-symmetric. Which verifies our assertion. ]

Theorem 3.2. Let M*""1(¢,E.n,g) be a (k,u)-paracontact space. Then M is a Wy semi-symmetric if and only if M is an
N —Einstein manifold.

Proof. Assume that M is a W7 semi-symmetric. This yields to
(RX,Y)Wy)(U,W)Z = RX,Y)Wy(U,W)Z—W7(R(X,Y)U,W)Z
—Ws(U,R(X,Y)W)Z—-W7(U,W)R(X,Y)Z=0, (3.16)
forany X,Y,U,W,Z € y(M). Taking X = Z = £ in (3.16) and using (3.3), (3.9), (3.10), for A = —zl—n, we obtain

(R(E,YV)W7)(U,W)E = R(E,Y)(kn(U)W —An(W)QU + pu(n(W)hU
—n(U)hW)) — W1 (k(g(Y,U)E —n(U)Y)
+u(g(hY,U)E —n(U)hY),W)&
W (U, kg(Y,W)S —n(W)Y)
+u(g(hY,W)E —n(W)hY)&
Wy (U,W)k(n(Y)E —Y)—uhY)=0. 3.17)
Taking into account that (3.4) and (3.9) in (3.17), we get

kW7(U,W)Y+uW7(U,W)hY+ku(n(U)g(hY,W)§
—g(Y,W)hU) + p*(1+k)(n(W)g(Y,U)&
—n(U)g(Y,W)&) —Ak(S(Y,U)n(W)E +n(W)n(U)QY)
+AU2nkn(W)n(U)hY —S(hY,U)n(W)&)
+E(MU)(Y,W)E —n(W)g(Y,U)E) +ku(g(Y,U)hW
—g(hY,W)U) + u*(g(hY,U)hW — g(hY,W)hU)
+u(kg(hY U)W — An(U)n(W)QhY) +k*(g(Y,W)n(U)&
0

+2nAN(U)N(W)Y) +K2(g(Y, U)W — g(Y,W)U) = 0. (3.18)

Putting U = € and using (3.3) in (3.18), we get
AS(Y, W)+ uS(W,hY) +2kg(Y,W) —2nkAg(Y,W) + ug(W,hY) = 0. (3.19)
Replacing hY of Y in (3.19) and making use of (2.7), we have

AS(Y,hW) +u(1+k)S(Y,W) —2nkpu(1+k)n(Y)n(W)
—2nkAg(Y,hW) +u(1+k)g(Y,hW) —u(1+k)n(¥Y)n(w)=0. (3.20)
From (3.19), (3.20) and by using (2.9), for the sake of brevity, we set
pr = (2nkA2 —2kA+u2(1 +k)2n—1)+pu]+ (Ap +2nkAp — 2kp)[2(1 — n) + nu,
pr o= (A= 2L+ R)2(n— 1)+ p] + (ki — 2nkAp — Ap),
p3 = (Au+2nkAp —2ku)2(n—1)4+n(2k—u)] —
(WP (1+K)2n+1))[2(n— 1) + p]
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we conclude

p2S(Y,W) = p1g(Y, W)+ psn(Y)n(W).

Thus, M is an n—Einstein manifold. Conversely, let M>"*!(¢,£,1n,¢) be an n—Einstein manifold, i.e. pyS(Y,W) =
p18(Y, W)+ p3n(Y)n(W), then from equations (3.20), (3.19), (3.18), (3.17) and (3.16) we obtain M is a W7 semi-symmetric.
O

Theorem 3.3. Let M*"*1(¢,&.n,g) be a (k,u)-paracontact space. Then M is a Wy semi-symmetric if and only if M is an
n—Einstein manifold..

Proof. Suppose that M is a Wg semi-symmetric. This implies that

(RX,Y)Wg)(U,W)Z = R(X,Y)Wg(U,W)Z—-Wg(R(X,Y)U,W)Z
—Ws(U,R(X,Y)W)Z—-Ws(U,W)R(X,Y)Z=0, 3.21)
forany X,Y,U,W,Z € x(M). Setting X = Z = & in (3.21) and making use of (3.5), (3.9), (3.10), for A = fﬁ, we obtain
(R(EY)W3)(U,W)E = R(E.Y)(—kn(U)W —AS(U,W)E + pu(n(W)hU
—n(U)hW)) —Ws(k(g(Y,U)S —n(U)Y)
+,u(g(hY,U)§ - n(U)hY)vw)é
~Ws(U,k(g(Y,W)E —n(W)Y)
+u(g(hY,W)E —n(W)hY ))&
—Ws(U,W)(k(n(Y)E —Y)—uhY)=0. (3.22)
Inner product both sides of (3.22) by Z € y(M) and using of (3.5), (3.6) and (3.9), we get
kg(Ws(U, W)Y, Z) + pg(Ws (U, W)hY, Z) + > (1 +k)(n (W)n(2)g(Y,U)
—nUN(2)g(Y,W))+Ak(n(Y)n(Z)SU,W) —n(Z)n(W)SU.,Y))
+Au(g(hY,Z)S(U,W) —n(W)n(Z)S(hY,U)) + Ak(S(U,W)g(Y,Z)
—S(U,WINY)N(2)+K (g(Y,U)g(W,Z) +g(Y,W)g(U,Z))
+*(g(hY,U)g(hW,Z) — g(hY,W)g(hU,Z)) + kit (g(hY,U)g(W, Z)
—g(hY,W)g(U,Z2)) —A(uS(hY,W)n(U)n(Z) +kS(Y,W)n(U)n(Z))
+ku(g(Y,U)g(hW,Z) — g(Y,W)g(hU, Z)) —k(n(W)n(Z)g(Y,U)
+nU)N(Z2)g(Y,hw)) =0. (3.23)
Making use of (2.7), (2.16) and choosing W =Y =¢;, £, 1 <i < n, for orthonormal basis of (M) in (3.23), we have

kS(U,Z)+uS(U,hZ) + (kAr+2nAp(1+k)[2(n—1) + u]

—2nk* 4+ 2 (1+k))g(U,Z) 4+ k(1 —2n)g(U, hZ)

—(2nk*A+ P2 (14 k) (2n+ 1) + k> + Akr

+2nAu(1+k)[2(n— 1)+ p] +2nkAu)n(U)n(Z) = 0. (3.24)
In (3.24), hZ of Z, we arrive

kS(U,hZ)+ u(14+k)S(U,Z) = 2nku(1+k)nU)n(Z)

+(kAr +2nAu (1 +k)[2(n— 1) + ] — 2nk*

+u2(1+k))g(U,hZ) +ku(1 —2n)(1+k)g(U,Z)

—ku(l—=2n)(1+k)nU)N(Z)=0. (3.25)
From (3.24), (3.25) and by using (2.9), for the sake of brevity, we set

pi = (kAr42nAu(1+k)[2(n— 1)+ u] — 2nk* + u(1+k)),

P2 = k‘u(lle’l%
Py = —(2nkPA+pP(1+k)2n+ 1) + K + Akr 4+ 2nAp(1 +k)[2(n — 1) + ] + 2nkAp),
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we conclude

@1 = (pu(1+k)—kp1)[2(n—1)+u]+ (kpa — p1p)[2(1 = n) +nu],
g = (=@ (1+k)[2(n—1)+u]+ (piit —kpa),
g3 = (kpa—pi)[2(n—1)+n(2k — )] — (psk+2nkp*(1+k) + pap(1+k))[2(n — 1) + ],

028(U,Z) = q18(U,Z) +qzn(U)n(2),

So, M is an 1—Einstein manifold. Conversely, let M>"*!(¢,&, 1, g) be an n—Einstein manifold, i.e. ¢28(U,Z) = q1g(U,Z) +
q3n(U)Nn(Z), then from equations (3.25), (3.24), (3.23), (3.22) and (3.21) we get M is a Wy semi-symmetric. O

Theorem 3.4. Let M1 (¢, & .1, ¢) be a (k,u)-paracontact space. Then M is a Wy semi-symmetric if and only if M is an
Einstein manifold.

Proof. Assume that M is a Wy semi-symmetric. This means that
—Wo(U,R(X,Y)W)Z—Wo(U,W)R(X,Y)Z =0, (3.20)
forany X,Y,U,W,Z € x(M). Setting X = Z = & in (3.26) and making use of (3.9), (3.7), for A = 2n, we obtain

(R(EY)Wo)(U,W)E = R(E,Y)(k(n(W)U —n(U)W)+pu(n(W)hU
—N(U)AW) +A(S(U,W)& —n(W)QU))
~Wo(k(g(Y,U)E —n(U)Y) + u(g(hY,U)§
—n(U)hY,W)& —Wo(U,k(g(Y,W)E —n(W)Y)
+1(g(hY,W)E —n(W)hY))E
~Wo(U,W)(k(n(Y)E —Y) — phY) =0. (3.27)
Using (3.7), (3.8), (3.9) in (3.27), we get
kWo (U, W)Y + uWo(U,W)hY +ku(n(W)g(Y,hU)&
—n(U)g(Y,hW)E) + 1 (1+k) (n(W)g(Y,U)&
—N(U)g(Y,W)E) + K ((Y, U)W —g(Y,W)U)
+kA(N(U)S(Y,W)E —n(W)n(U)QY)
+AR(N(U)S(hY,W)E +2nkn (U)n(W)hY)
+ku(g(Y,U)hW —g(Y,W)hU) + ku(g(hY, U)W
—g(hY, W)U) +Au(SU,hY)n(W)E —n(W)n(U)QhY)
+u%(g(hY, U)W + g(hY,W)hU ) — Au(S(U, W )hY
+S(hY,U)n(W)&) + Ak(2nkn(W)n(U)Y —S(U,W)Y) = 0. (3.28)
Making use of (2.17), (2.1) and choosing U = &, in (3.28), we have

kS(Y,W) + uS(hY,W) — 2nk*g(Y,W) — 2nkug(hY,W) = 0. (3.29)

Replacing hY of Y in (3.29) and taking into account (2.7), we arrive

KS(Y,hW) 4+ u(1+k)S(Y,W) —2nku(1+k)n(Y)n(W)

—2nk?g(W,hY) — 2nkp (1 +k)g(Y, W)

2nkp(14+k)n(wW)n(y)=0. (3.30)
From (3.29), (3.30) and by using (2.7), we have

S(Y,W) =2nkg(Y,W).

This tell us, M is an Einstein manifold. Conversely, let M***!(¢,& 1, g) be an Einstein manifold, i.e. S(Y,W) = 2nkg(Y,W),
then from equations (3.26), (3.27), (3.28) and (3.30), we obtain M is a Wy semi-symmetric. Which verifies our assertion. [
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Example 3.5. We consider the 3-dimensional manifold M = {(x,y,z) € R3, z # 0}, where (x,y,z) are standart coordinates of R>. The
vector fields

S Y B R
o AT Ty “ T or
Let g be the Riemannian metric defined by

gler,er) = gler,e3) =gler,e3) =0,
(61,81) = g(62762):15 g(e3,63)=*1

Let 1 be the 1-form defined by (X) = g(X,ey) for any X € x(M). Let ¢ be the (1,1) tensor field defined by
Ple) =0,  @(e3)=—e2, P(e2) =—e3.

Let V be the Levi-Civita connection with respect to the metric tensor g. Then we get
le3,e1] =0, [e1,e2] =0, [er,e3] = —8zey.

Then we have
ner) =gler,e1) =1, $°X =X —n(X)er, g(9X,9Y) = —g(X,¥)+n(X)n(¥),

forany XY € x(M). Hence, (¢,&,1,g) defines a paracontact metric structure on M for e; = §&.
The Levi-Civita connection V of the metric g is given by the Koszul’s formula

2¢(VxY,Z) = Xg(Y,2)+Yg(Z,X)—Zg(X,Y)
7g(X, [sz]) 7g(Y7 [X’Z]) +g(Z7 [X7Y])'

Using the above formula, we obtain.

Veer = 0, Ve,e1 = —4ze3, Vese1 = —4zey,
Veeo = —4zes, Ve,e0 =0, Ve e2 = 4zey,
VE‘] €3 = _4Z62> Vﬁ‘z €3 = _4Z317 Ve3 €3 = 0.

Comparing the above relations with Vxe1 = —¢0X + ¢hX, we get
h€2=7(4z+1)82, h€3=7(4z+1)€3, he; =0.

Using the formula R(X,Y)Z =VxVyZ—-VyVxZ— Vixy)Z, we calculate the following:

1 1 1622+ 1
R(ez,e1)er = {m—l} {n(er)ez—n(ez)er} + @1 i {n(e1)hex —n(e2)her}
= —16Z262
(o1 T [ 1622 +1]
R(es,er)er = =t 1_ {n(er)es —n(es)er} + @1 At {n(e1)hes —n(e3)her}
= —16Z2ez
[ ] [ 1622 +1]
R(ez,e3)er = @ *1_ {n(es)ex—n(ez)es}+ G drl {n(e3)her —n(e2)hes}

= 0.

By the above expressions of the curvature tensor and using (2.9), we conclude that M is a generalized (k, L) —paracontact metric manifold
. _ 1 _ 1 1622+1
Wlthk_[(4z—1)2 l} and | = [(4171)3 g } .

4. Conclusion

The aim of this paper is to classify (k, 1t)-paracontact metric spaces satisfying certain curvature conditions. We present the
curvature tensors of (k,u)-Paracontact manifold satisfying the conditions R-Ws =0, R-W7 =0, R-Wg =0 and R- Wy = 0.
According these cases, (k, it )-Paracontact manifolds have been characterized. Also, several results are obtained.
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