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Abstract

In the present work, we introduce the nth-Order subfractional Brownian motion S7 =
{S(t), t > 0} with Hurst index H € (n — 1,n) and order n > 1; then we examine some
of its basic properties: self-similarity, long-range dependence, non Markovian nature and
semimartingale property. A local law of iterated logarithm for S is also established.
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1. Introduction

The self-similarity and long range-dependence have become two important aspects of
stochastic models. The first one means that as scale is changing, the process looks like
identical. For this reason, it has been applied in image processing for modeling texture
having multiscale patterns such as natural scenes [13,19], bone texture radiographs [16],
or rough surfaces [28]. The long range-dependence is strongly related to long memory
phenomena arising in a variety of different scientific fields, including hydrology [18], biology
[5], medicine [14], economics [11] or traffic network [25]. The fractional Brownian motion
(fBm) is the best known and most widely used self-similar process that exhibits the long-
range dependence. Thus, it is not surprising that a large number of publications are
devoted to the study of fBm and its generalizations (see, e.g., [7-10] and references therein).
The two-sided fBm with Hurst index H € (0, 1) is formally defined as a centered Gaussian
process By = {Bg(t), t € R} having the covariance function

1
E (B (t)Bu(s)) = 5 (|t|2H + || — |t — 3]2H) , forallt,se€R.

The fBm is of stationary increments and reduces to the standard Brownian motion (Bm)
in the case H = 1/2. Compared to the extensive studies on fBm, there has been little
systematic investigation on other self-similar Gaussian processes. The main reason for
this is the complexity of dependence structures for self-similar Gaussian processes which
do not have stationary increments. As an extension of Brownian motion, the authors in
[2] introduced and studied a rather special class of self-similar Gaussian processes which
they call sub-fractional Brownian motions (sub-fBm). As mentioned by the authors, these
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processes have properties analogous to those of fBm, and they are intermediate between
Bm and fBm in the sense that their increments on nonoverlapping intervals are more
weakly correlated and their covariance decays faster than for fBm. The sub-fBm is formally
defined as a zero mean Gaussian process Si;, H € (0,2) with covariance

RL(t,s) = (2—-2H) <t2H + 520 % {(t + )27 4|t — s|2HD , forallt,s>0.
The existence of S}, for all H € (0, 1) follows from the equality in distribution (S} (t))s>0 £
cu (Bu(t) + Bu(—t));>o, where By is a two-sided fBm and cy is some nonnegative con-
stant. It is important to note that S}; is semimartingale if H = 1/2 or H € (1,2). This
kind of processes arises from occupation time fluctuations of branching particle systems
with Poisson initial condition. More works on sub-fBm can be found in [2-4,22-24]. In
[20], the authors introduced nth-order fBms as extensions of the standard fBm. Such ex-
tensions are very smooth as the order n increases and they exhibit long-range dependence;
while the stationarity of increments is achieved at the order n. One of the main features of
nth-order fBm’s is their ability to describe a wide class of 1/ f*-nonstationary signals with
the range o € (1,00). It is shown in [9] that nth order fBm’s are semimartingales whenever
n > 2. Some extensions of them can be found in [8,9]. Motivated by this kind of pro-
cesses we introduce the nth-order sub-fBm S% and establish some of its basic properties.
In comparison with the fBm, S7; extendes the usual sub-fBm and share many properties
with the nth-order fBm. Especially, the semimartingale property required for modeling
fluctuations in movement of stock prices with arbitrage opportunities being excluded.

The rest of the paper is organized as follows: In Section 2, we recall the definition and
some properties of the nth-order fBm; while Section 3 is devoted to our main results. The
following notations are systematically used: x4 = max(z,0), z— = max(—=z,0) for all
z € R and the symbol £ denotes the equality in terms of finite dimensional distributions;
while g(z) = O(f(x)) and g(x) ~ f(z) (as * — z*) are respectively used to say that
x +— g(x)/f(x) is bounded on neighbourhood of z* and Ilglgrcl* g(z)/f(z) =1.

2. nth-order fractional Brownian motion

In [20], the nth-order fBm (hereafter B, H € (n—1,n), n > 1 is integer) is defined as
a zero mean Gaussian process starting at zero with the integral representation

non 1 O | Heip N~ (H-1/2 L H12gy )
Bal) = vavim /. [<t ) ;0( j >( JITEE | dB(s)
+I‘(H—1|—1/2)/0 (t — )12 aB(s), (2.1)

where B(t) is two-sided standard Brownian motion (Bm), I'(xz) stands for the usual
Gamma function and

<a> ale—1)--(a=(G-1) (oz

i)~ ! 0

= ) =1 (by convention).

In the case n = 1, the standard fBm is retrieved, as formula (2.1) reduces to the Mandelbrot-
Van Ness representation [17] of the fBm. The process BJ; satisfies the following properties
(for more details and proofs, see [8,9,20]).

(i) BY is self-similar with exponent H, i.e., BY(ct) £ ¢! B (t), for every ¢ > 0.
(ii) B}y has derivatives up to order n — 1 vanishing at zero and the (n — 1)th derivative
m—1

d
coincides with the standard fBm, that is, g1 (BE(t) = B}{—(n—l)(t)-
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(iii) BY; exhibits long-range dependence and stationarity of increments is achieved at
order n, that is, the increments A’;B?I, s>0,k=0,---,n—1 are nonstationary
and A"BY is a stationary process. Here AFg(z) stands for increments of a function
g(x) at order k with explicit form

k

Afg(e) = -0 (5) g @ +it) and Afg(a) = gla).

j=0
(iv) The covariance function of the process B} is given by
Graltis) = (1" L {rt s jz_::<—1>f‘ (I e (5 e } (22
where C7; is a nonnegative constant defined recursively by
CY = 1/(T(2H + 1) sin(7H))
and for n > 2

Cll-l—(n—l)
QH)2H —1)--- (2H — (2n—3))’

In particular,
Var (B (1) = C

(v) For any n > 2 the process B} is a special semimartingale with finite variation.
(vi) B} is a Markov process if and only if n =1 and H = 1/2.
(vii) B} can be extended to an a-order fBm Uj; (see [8]) defined as

1 t
Ug(t zi/t—so‘dB s), He(0,1), a e (—1,00), 2.4
RO = Fagm ¢ 9B, He©D) ac(-Lo), (24

whenever this integral exists. Here By denotes a one-sided fBm. In the case

a = 0, we retrieve the standard fBm By. If a = n — 1, then Uj coincides with

the nth-order fBm with Hurst parameter H' = H + (n — 1) .

2H —1 |t|2H
n—1 ’

3. Main results

We define the nth-order sub-fBm S% as S%(t) = (B%(t) + BY(—t)) /V/2, for all t >0
and H € (n—1,n), where B} is a two-sided nth-order fBm defined as centered Gaussian
with covariance function (2.2). Clearly, the case n = 1 corresponds to the usual sub-fBm.
Before we establish some properties of Sy that are of great importance, we introduce a
definition of long-range dependence for non stationary processes.

Definition 3.1. Let s > 0 be fixed and ¢ > s. Then a process X is said to have long-range
dependence property if

Corr (X (s), X(t)) ~ e(s)t™¢, ast — oo,
where ¢(s) is a constant depending on s and d € (0,1). Here Corr (X (s), X(t)) stands for
the correlation function of the process X.

Theorem 3.2. Let Sy be the nth-order sub-fBm with H € (n — 1,n). The following
statements hold.

(i) SE is a centered Gaussian process with the covariance function

23]
(-)"Cx 20 20 2HY\ r,9j om—2; | 2j,2H—2j
R (t = — =2 | |t— t -2 . t<J J It J
n(t,s) 5 It — s> + |t + s ;:o oj ) [t +s RE

for all t,s > 0, where C is a nonnegative given in (2.3).
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(ii) The process S§; is self-similar with index H. i.e.,

{S¥(at), t>0}= {aHS}}(t), t> 0}, for every a > 0.

(iii) The process Sty is differentiable for any n > 2 and can be rewritten as

t rs
Sg(t) = /0 /0 ST (u)duds, for allt >0 and n > 3.

(iv) The process S is semimartingale for any n > 2.

KH(t,S) =

(v) The process Sp; admits the following representation St (t) = / Ky (t,s)dB(s),
R

where

1 9 9 L= H — 1/2 H—1/2-2j 25
\/M_lm{(t—s)+H+(t+s)H—2jZO ( y )(—s)+ e

(vi) The process S has long-range dependence property in terms of Definition 3.1 for

alln>1and H € (n —1,n).

- The first statement (i) follows by definition of the process S7 and the use of
equation (2.2); while the statement (ii) can be readily verified by using the form
of its covariance function given in (i). In fact, one has R (ct,cs) = FERY(t,s),
for all t,s > 0 and any ¢ > 0.

(iii)-(iv): First, note that S} is differentiable for every m > 2 (this is inher-
ited from BY), and simple computations leads to (iii). This suggests that S is
semimartingale. Indeed, one can prove this property in the same way as in [9, The-
orem 2.1]. Finally, to get (v) it sufficies to combine the the Mandelbrot-Van Ness
repesentations of both B (t) and B¥(—t).

o\ 2H o\ 2H
(vi): Let t > s and s > 0 fixed. By expanding both (1 — t) and (1 + t)
in the correlation form of S7(¢), it follows that as ¢t — oo
Ry (t, s)

VR (R (s, 5)

2H H—(n-1)
( ) ; ,  when n is odd,
n

2H n—H
2dy. 1 ( ) <S> ,  when n is even
n

Corr (S5 (s), Si (1) =

where d, g = 22H _ 4 Z <2H> andn—1< H <n.

O

Theorem 3.3. The nth order sub-fBm S is Markovian if and only if (n, H) = (1,1/2).

Since our processes of interest are centered Gaussian, we will use the following lemma,
for which the proof can be found separately in [21, (1.13)-Chapter III] and [12].

Lemma 3.4. Let X = {X(t), t > 0} be a centered Gaussian process with covariance
function R(t,s). The following statements hold.

(i) The process X is Markovian if and only if R(t, s)R(u,u) = R(t,u)R(u, s), for every

t>u> s.
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R(t,u)R(s, s)

, Jor everyt > u > s.
R(u,u) 4 v

(i) If X is a Markov process then we have R(t, s) =

Proof of Theorem 3.3. In the case n = 1 we retrieve the usual sub-fBm S};, H € (0, 1),
which is known to be Markovian if and only if H = 1/2 (e.g., [2]). We shall only prove
that S§ with H € (n — 1,n) is not a Markov process for every n > 2. To do so we follow
[9] and establish the following statements:

(i) If the process Sf;, H € (n — 1,n) is Markovian, then the processes SIZ__% with
n — 2k > 1 and k is an integer, are Markovian as well.
(ii) The processes S7; and Si /5 are non Markovian.

The use of the covariance function R%(t, s) as given in (i)-Theorem 3.2 will complicate
our computations. Instead, we shall use its integral form which follows from (iii)-Theorem

2. We have
Ry (t.5) = [ t L[ [ miie dsacdzay.

If S% is Markovian, then by (i)-Lemma 3.4 we have
R, s)Ry(u,u) = Ryt w)RE(u,s), forallt>u>s;

/ / / / R (60 ddedxdy—W [/ / / / Ri% (€,0) dfd(dmdy]
[/ / / / Ry = (€ ) d*fdédwdy] (3.1)

Differentiating equality (3.1) twice with respect to ¢ and twice with respect to s, we obtain

Ry (ts) = w INEZELD
[/ / R 22 dCdy} for all t > u > s. (3.2)

Let a, b be nonnegative numbers such that s < a < u < b < t, then from (3.2) we get
RY % (ab) = ——s— [/ / R (b,€) dfd:v}
fRH 5 (u, )

X { /0 /0 R-2 (a,C)dCdy]. (3.3)

Multiplying equations (3.2) and (3.3), side by side, we obtain

o [ [ weoms | [[shvas]
W/O /0 RE % (8,€) déda % /Ou /Oy R2 (a,C) dCdy] ,

Ry (1, 8) RS (a,0) = Ry (t,a) Ry % (b, s) (3.4)

Ry 2 (t,s) R % (a,b) =

and this implies

using the fact that the covariance function is continuous and taking the limit (& — u; b —
u) in (3.4) we obtain

R (. 5) Ry () = Ry (tu) Ry (u,5)
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thereby S% % is Markovian and (i) is then established.
Let n =2 and H € (1,2). After some computations it follows from Theorem 3.2-(i)

02
Riy(t,5) = =2 (It = P+ (t+5)* — 2 (28 4 2]
For t > 0 fixed, we set W; : s — R% (t,5) /R% (s,5). If S% is Markovian then by virtue
of (ii)-Lemma 3.4, we get
R%, (t, ) _ RZ, (t,u)
RYy (s,8)  REy (u,u)’

which means that U; must be a constant function on the interval (0,¢). Observe that

Wy(s) = (22;_4) [(Z“‘_l)?H—F (i—1>2H—2 (i)gH_2] |

By standard calculas we check that the function Wy is not canstant, and this yields a
contradiction. Hence S?{ is non Markovian. Finally, the covariance of St has an explicit
2

for all t > u > s,

form as

R3 (t,5) = C [(tAs) 5(t A stV s) +10(t A s)P(tV 5)2], for all £,5 > 0.

o

Fort =2, u =1 and s = —; with simple calculations we find

1
2
3 LY\ 3 3 3 1
R (2,5 )R (L) #R3(2,1)Rs (1,5 ).

2 2 2 2 2 2

O
Theorem 3.5. Consider the nth order sub-fBm St .Then, with probability one, the fol-
lowing limit

2 (ut
¢ := lim sup M, exists for all t, € (0,T], (3.5)
u—0t (I)H(u)

where @ is (n — 1)-times continuously differentiable function such that
— 1/2
(IJg_? 1)(u) = -l (2 loglog(u_1)> / , for all u>0.

Proof. We split the proof of this theorem into three steps. First, we show that (3.5) holds

in the case n = 1, which corresponds to the wusual sub-fBm with
1/2

Dy (u) = ul (2 loglog(u_1)> / , H € (0,1). Note that another form of the law of it-

erated logarithm for the sub-fBm can be found in [26]. Second, we establish the statement
(3.5) for every n > 3 odd. Finally, we show (3.5) for every n > 2 in a similar fashion as
done in the previous steps.

Step 1. Let n =1 and H € (0,1). In this case, we adopt Arcones’s notations [1] and
verify the conditions (i)-(ix) of [1, Theorem 4. 1] Let w € [0,1], t € T = [0,7] and

consider the pseudometric p(u,v) \/E St(u) — S (v ))2 Set 7(u) = u and w(u) = ufl,
Clearly, p(0,T) = \/E (SL(T))* = V2 — 22H—1TH < 00, thus (v) follows immediately. It

is not hard to see that the conidtions (i), (vii)-(ix) are satisfied. For the condition (ii)
let t,s € T and u € (0,1] . By self-similarity of the process S}; we have

lim E[S%“(“)S)S%(““)@] i ESh(s)Sh ()

w?(u) w2l )

u—0t u—0t

= E(Sh(s)S}(1) = Ris(t.5).
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(iii) Let m > 1 (integer), r > ¢ > 0, t1,--- ,ty, € T\ {0} and Ay, , A\, € R. Set
* := {the set of pairs (j, k), 1 <j,I <m for which \;\; > 0}. For

v € [UG’(log(“_l))T, ue’(log(“_l)ﬂ ;

we have
AT — K St (uty) St (wte) \ _ Rig(uty, vtx)
PR w(u)w(v) ulpf 7
_ 1 _ _L|12H ) uts
= (t;ty) H { Tk —i—a:J,fH B <(£L'Jk —i—wjkl)zH + ‘xjk — xjkl‘ )] , with xj, = ﬁ,
_1|2H 2HA(2—2H)
t]tk H ( T3, —|—l‘ ’l‘jk —1‘].,3’ > < 3(tjtk) (l‘]k /\l’ ) ,
. ; HA(1—H)
ut; vty
<3(tit) T | =L A —=2 . 3.6
< 3(t;te) (vtk utj) (3.6)

The two inequalities in (3.6) are justified by the following facts, respectively: a A b <
2H

(a+b)/2<aVb, forall a,b € R and z*# + z72H — ‘:n - IL‘_I‘ < 3(x A g~ h)2HENE2H)

for all z > 0 and H € (0,1). Since v/u < e~ (1o8(v™)" we get

HA(1-H) HA(1—H)
tiVt u v
ATE < 3(tt) T [ L=E ( A ) ,
I ti Nty VU

IN

o\ HA(L=H) o
3tV )2 <u> < 3(t; V1) 2H e~ (HAC—H) (og(u1)*

—0, asu— 0T, (3.7)
Observing that A7} > 0 and using (3.7) we obtain

m

€ .
sup Z ANARAT < sup Z NARATT,
ue*(log(ufl))rSvguef(log(u*l))8 G k=1 ’U/ei(lOg(uil))rS’[)Sue*(log(u (] hyer+
< 30> NtV tk)?He—(HAu—H))(log(u D),

(G,k)€TH

— 0, asu—0Tandr — 1.
(iv) Let € > 0 and recall that 7(u) = u, w(u) = u. We know that S} is self-similar
with index H and o4 := sup {E[S}J(T(u)t)]Z, te T} = (uT)*"E ’S}{(l) 2,

[6, Lemma 12.18] we assert that there is a nonnegative constant C' (depending only on T')
such that

1 —1\,2
P<Sup Sk (7 (ut))] _ >6) < Cexp [_ log log(u~")e ]
teT w(u) (2loglog(u—1))" 2T2HE |51 (1)]
— 0, asu—0".

therefore by

(vi) Let n > 0 and 6 > 0 (to be chosen later). Straightforward computations lead to

|Sk(0mt) - Sh(0"s H 0™)2H p(t, 5)2. Thereby sup SL (") — SL(6™s) H (6m)2H 52,
t,s)<
pt(,se)T
Hence,
iexp —n(w*(9") log(n) B i Lo
_ <o
SUD,(..0y<s [|Sh (671) — Sk (67s)]|” il

t,s€T
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We choose § < /i so that the last inequality holds true. At this stage, we assert that all
conditions of [1, Theorem 4.1] are fulfilled and the statement (3.5) holds for n = 1.

Step 2. For the case n > 2 (odd) we apply the generalized L’hopital’s rule (e.g., [15] or
[27, Theorem 6]) recursively to get

OglimsupM < limsup L e ’ ,
u—0t Oy (’U,) u—0t Oy (u)
S12 (tu) Sl (4
< tQIimsup’H(Q)Q‘ < <" 1limsup’(_/(l)u)‘,
u—0t (I)H (u) u—0t (I)I? (u)
H’:H—(n—l) € (0,1),
| Sk (tu)]

= " limsup
u—0t ufl’ (2loglog(u—1!

Hence, the statement (3.5) holds true for every n > 1 odd.

Step 3. When n is even, we shall consider R%(t,s) at first stage, then use L’hopital’s
rule and the recurrent form of the covariance R% (¢, s) to get the general result for an even
integer n > 2. For n = 2, the conditions (i)-(ii) and (iv)-(ix) of [1, Theorem 4.1] can
be verified in similar fashion as done in Step 1. For the condition (iii), using the same
notations, the terms A;i are of the form

v S2 (ut;)S% (vty) R2, (ut;, vty,)
.A]; — E( H )/~ H _ “H J

w(u)w(v) uHoft 7

C? _ _ o
= St Uy]k —y | g ) =2 (4 )} ,

vt
with y;, =/ —, H € (1,2)
J utj

= CH}(tjtp)? [ 2HZ< > f,f]

=1
< Chtpt)™ (HEH - Dy + 0(y5)) — 0, asu—0*.

‘QH

The last two inequalities follow by expanding ]1 — y]k|2H (1+ yjk)ﬂ{ and the fact that
v/u — 0 implies y;, — 0. By observing that A » = 0 in this case, we conclude that (iii)
holds true as well. The proof of Theorem 3.5 is then complete. ([l

Proposition 3.6. The limit given in (3.5) is strictly positive.

Proof. Unlike the fBm (e.g., [6, Proposition 12.19]) for which we know that

lim su |Br(w)]
p ni/2
u—0t ufl (2loglogu=1)

it is not clear how to specify the value of ¢} (3.5). This is due to the complexity of
covariance structure of S7;. Note that Theorem 3.5 states that cf; € [0,00). To establish
Proposition 3.6 we split the proof into three steps:
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Step 1. If n = 1, then the process of interest reduces to the usual sub-fBm S}{ with
1/2
O (u) = ul (2 log log(uil)) / , H € (0,1). Observe that

1
t
¢l = limsup LYH(U )’,
u—0t H(u)
Sk (trF)
> limsup ‘ i ’ for som fixed r € (0,1),

k—oo TFH\/2log (—klog(r))’

> limsup 57]“, where &, := S} (trF) /rFH.
k—so0 2log(k)

In the last inequality we used the fact that log (—klog(r)) ~ log(k), as k — oo. To
conclude we shall show that

: &k
hmsup\/TW > \/RL(t,t) > 0. (3.8)

k—o0

Consider the sequence {¢, = R (t,¢)7V/2¢, : k> 1}. It is not hard to see that {Cy}y is
jointly normal with E(¢x) = 0 and Var({;) = 1 (this is inherited from the Gaussianity of
S}). For k,m € (p,2p] with k < m we have

E(CGkGn) = Corr (Sk(™), SH™)),

= MR (k) H % {(r@nk)/z o e T(kmw‘“} ,

Pm=k)H | (k—m)H _ ’r(m—k)/2 _ r(k—m)/2‘2H

IN

< 3p(m—k)(HA(1—H)) < 3pANI-H) 0, asr — 0.
The last three inequalities are justified by the following facts, respectively: a Ab < (a +
2H
b)/2 < aVb, for all a,b € R and z2H 4 2725 ’aj - x_l‘ < 3(x Az 1)2HAC2H) for a]l

x>0, H e (0,1),and (m—k) € {1,---,p— 1}. As result we can choose r small enough
so that

o
lim sup max{E (GkGm) : k,m € (p,2p], k #m} <o,
p—r00
with 6 € (0,1). According to [6, Lemma 12.20], it follows that with probability one
: Gk . . €k
lim sup ——=——— > 1—4 or equivalently lim sup ——=—— > /RL (¢,1)(1—8) > 0. Hence,
MU e = q ylimsup =t = V Ry (£, ) (1-6)

(3.8) follows by the arbitrariness of §.

Step 2. In the case n = 2, the normalizing function is defined as

z 1/2
Dp(z) :/0 gH=1 (2loglog(afl)) / dx,

and for every r € (0,e™ 1), we have
k "o —1y\ /2 :
Sp(r®) = / x (2loglog(x )) dz, with H € (1,2),
0
ki [P o1 koy—1y) /2 . &
= r /0 Yy (2 log log((r*y) )) dy, (By change of variables y = x /"),
r* 1
rkH (/ +/ ) yH_l\/Q log (—klog(r) — log(y))dy, (3.9)
0 r*

where 7 = ¢~ and a(r) = —log(r)/(—log(r) — 1).

IN
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Let k > 1/(—1log(r)). On the set {y < r*} we have

log(u + v) < log(u) + log(v) (3.10)
with v = —klog(r) and v = —log(y). '
Just observe that v > 1 and

v=—log(y) > —log(r*)=af(r),

— log(r .= log(r)
—log(r) —1 = —log(r) — 1/k’
u
> .
- ou-—1

On the set {y > r*} we have —klog(r) — log(y) < —klog(r) + a(r). Combining this fact
with (3.9) and (3.10) yields

Sy (rh) < TkH{/ yH‘l\/2log(—klog(r))dy+/ y" 7/ 2loglog(1/y)dy
0 0

+ /1 y"1\/21og (K log(r) + a<r)>dy} ,

< kH {2H1\/2 log (—klog(r) + a(r)) + @H(l)} ,

Now using the fact: log (—klog(r) + a(r)) ~ log(k) as k 1 oo, we can find ky > 1 and
C > 0 such that @ (r*) < CrF,/21og(k) for all k > ko. Using this inequality we obatin
2

S% (ut
cyg = limsup7| i )|,
usot P (u)

g S (1rh)]
imsup —————,

- kﬁoop rkH ., /21og (k)

Once again, we consider the sequence {n; = R (t,¢)~/2S% (tr®) /r* . k> 1} and show

that lim sup S — > 1 — 6. This follows immediately by [6, Lemma 12.20]. In fact,
for r € (0,1/2), k,m € (p,2p] with k& < m and by straightforward computations we get

for som fixed r € (0, 1).

E(mnm) = Corr (SE("), SH(™)),
|r(m—h)/2 | T(k—m>/2|2H + |pm=h)/2 r(k—m)/zﬁH — 2 (r(m=RH  p(k=m)H)
B 22H _ 4
FUe=m)H [(1 n T(m—k))”’ +(1- T(m—k))”f —2(1+ ,rQH(m—k))]
B 22H _ 4

< Lp@E-H)(m—k) < Lr¥H 0, asr — 0,

[ee] 1 252
where L = 2(22H —4)~! (H(2H RS (221;[) <2> ) , which implies the condition
j=2

(12.31) in [6, Lemma 12.20]. Now, we can conclude that ¢3; > C~1\/R%,1(t,t) > 0.

Step 3. (General Case) Fix n > 3 (odd or even). We shall suppose that ¢ given
in (3.5) equals zero and obtain a contradiction. Clearly, the aforementioned hypothesis
oolies i St (ut)
TIPS o Bpr(w)
¢k = 0 (if n is odd with ¢}, being the quantity associated with S}, H' € (0,1)) or
c3p = 0 (if n is even with c%, being the quantity associated with S%,, H' € (1,2)). This

= 0, then by using the usual L’hopital’s rule recursively we obtain
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clearly contradicts results of the two previous cases. Note that the process of differentiation
should occur according to (iii)-Theorem 3.2. O
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