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Abstract: The concept of vertex equitable labeling was introduced in [9]. A graph G is said to be vertex equitable
if there exists a vertex labeling f such that for all @ and b in A, |vs(a) — vs(b)| < 1 and the induced
edge labels are 1,2,3,--- ,q. A graph G is said to be a vertex equitable if it admits a vertex equitable
labeling. In this paper, we prove that the graphs, subdivision of double triangular snake S(D(T%)),
subdivision of double quadrilateral snake S(D(Q.)), subdivision of double alternate triangular snake
S(DA(T,)), subdivision of double alternate quadrilateral snake S(DA(Qr)), DA(Qm) ® nK; and
DA(T,,) ®nK; admit vertex equitable labeling.

2010 MSC: 05C78, 05C38

Keywords: Vertex equitable labeling, Vertex equitable graph, Double triangular snake graph, Double alternate
triangular snake graph, Double alternate quadrilateral snake graph

1. Introduction

All graphs considered here are simple, finite, connected and undirected. We follow the basic notation
and terminology of graph theory as in [2]. A graph labeling is an assignment of integers to the vertices
or edges or both, subject to certain conditions. There are several types of labeling and a detailed survey
of graph labeling can be found in [1]. The concept of vertex equitable labeling was due to Lourdusamy
and Seenivasan [9]. Let G be a graph with p vertices and ¢ edges and A = {0,1,2,--- ,[2]}. A graph G
is said to be vertex equitable if there exists a vertex labeling f : V(G) — A that induces an edge labeling
f* defined by f*(uv) = f(u)+ f(v) for all edges uv such that for all @ and b in A, |vs(a) —vs(b)| <1 and
the induced edge labels are 1,2,3, - - , ¢, where vy (a) is the number of vertices v with f(v) = a for a € A.
The vertex labeling f is known as vertex equitable labeling. A graph G is said to be a vertex equitable if it
admits a vertex equitable labeling. In [9] they proved that the graphs like paths, bistars B(n,n), combs,
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cycles Cp, if n = 0 or 3 (mod 4), Ks ,, C'?(,t) for ¢ > 2, quadrilateral snakes, Ko + mKi, Ki p U Ki pnti
if and only if 1 < k < 3, ladders, arbitrary super division of any path and cycle C,, with n = 0 or 3
(mod 4) are vertex equitable. Also they proved that the graphs K ,, if n > 4, any Eulerian graph with
n edges where n = 1 or 2 (mod 4), the wheel W,,, the complete graph K, if n > 3 and triangular cactus
with ¢ = 0 or 6 or 9 (mod 12) are not vertex equitable. In addition, they proved that if G is a graph
with p vertices and ¢ edges, ¢ is even and p < (%1 + 2 then G is not vertex equitable. Motivated by
these results, we [3]-[6] proved that T),-trees, T ® K,, where T is a T),-trees with even number of vertices,
TSP, To2P,, ToC,(n =0, 3 (mod 4)), ToC,(n =0, 3 (mod 4)), bistar B(n,n + 1), square graph of
B, nand splitting graph of B, ,,, the caterpillar S(z1, 7, -+ ,z,) and C,, ® K, P2, tadpoles, Cy, ® C,,
armed crowns , [Pm; C,%], (PmoK ), kCy-snakes for all k > 1, generalized kC,-snakes if n =0 (mod 4),
n > 4 and the graphs obtained by duplicating an arbitrary vertex and an arbitrary edge of a cycle C,,,
total graph of P, splitting graph of P, and fusion of two edges of a cycle C,, are vertex equitable graphs.

In this paper, we prove that S(D(T,)), S(D(Qn)), S(DA(T,)), S(DA(Q.)), DA(Q.) ® nK; and
DA(T,,) ® nK; are vertex equitable graphs. We use the following definitions in the subsequent section.

Definition 1. The double triangular snake D(T,) is a graph obtained from a path P, with vertices
V1, Vg, , Uy by joining v; and v;y1 to the new vertices w; and u; fori=1,2,--- ,n—1.

Definition 2. The double quadrilateral snake D(Qy) is a graph obtained from a path P, with vertices
UL, U,y -, Uy DY joining u; and u;y1 to the new wvertices v;, x; and w;, y; respectively and then joining
vi, w; and x;, y; fori=1,2,--- n—1.

Definition 3. A double alternate triangular snake DA(T,) consists of two alternate triangular snakes that
have a common path. That is, a double alternate triangular snake is obtained from a path ui, us, -+ , Uy,
by joining u; and w;y1 (alternatively) to the two new vertices v; and w; fori=1,2,--- n—1.

Definition 4. A double alternate quadrilateral snake DA(Q,) consists of two alternate quadrilateral
snakes that have a common path. That is, a double alternate quadrilateral snake is obtained from a path
Up, U,y -, Uy bY joining u; and w;y1 (alternatively) to the two new vertices v;, x; and w;, y; respectively
and adding the edges v;w;and x;y; fori=1,2,--- ,n—1.

Definition 5. Let G be a graph. The subdivision graph S(G) is obtained from G by subdividing each
edge of G with a vertez.

Definition 6. The corona G1 ® Gy of the graphs G1 and Gz is defined as the graph obtained by taking
one copy of Gy (with p vertices) and p copies of Gy and then joining the i*" vertex of Gy to every vertex
of the it" copy of Gs.

2. Main results

Theorem 2.1. Let G1(p1,4q1), G2(p2,62), s Gi(Pm, qm) be vertex equitable graphs with q; even (i =
1,2,---,m) and u;, v; be the vertices of G; (1 <i < 'm) labeled by 0 and 4. Then the graph G obtained
by identifying v1 with us and va with us and vs with uy and so on until we identify vy, _1 with u,, is also
a vertex equitable graph.

=4
Proof. First we assign the label ]:; , 1 <7 < m—1 to the common vertices between the two graphs G;,

3 4
Gi+1. Then we add the number '7:; to all the remaining vertex labels of the graph G; 1,1 <i <m—1.

Hence the edge labels are 1,2,--- ,q1; n + 1,1 +2,-- ,q¢1 + 2,1 + 2+ L,q1 +q2 + 2, ,q1 + g2 +
m—1 m—1 m

qS;"';ZQj—i_L ZQJ+277ZQJ 0
j=1 j=1 Jj=1

Theorem 2.2. The graph S(D(T,)) is a vertex equitable graph.
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Figure 1.

Figure 2.

Proof. The vertex equitable labeling shown in Figure 1 together with Theorem 2.1 proves the result. O

Theorem 2.3. The graph S(D(Q,)) is a vertex equitable graph.

Proof. The vertex equitable labeling shown in Figure 2 together with Theorem 2.1 proves the result. [

Theorem 2.4. The graph S(DA(T),)) is a vertex equitable graph.

Proof. Let G =S(DA(T,)). Let ui,us,- - ,u, be the vertices of path P,.
Case i.  The triangle starts from ;.

We construct DA(T,) by joining wug;—1 and ug; to the new vertices v;, w; for 1 < ¢ < {%J
Let V(G) = V(DA(T,)) U{uj|1 <i<n—1} U {z;y, 2}, y)1 <i < |2]} and E(G) = E(DA(T,)) U
{uuf|l <i<n} U {uju1|l <i<n—1} U {zv, ciw, vy, wiyl]l < @ < L%J} U {ugi—12, ug—1,
Yitag, Yiug|l < i < L%J }. We consider the following two sub cases:

Subcase i. n is even.

Here |V(G)| =5n — 1 and |E(G)| = 6n — 2. Let A ={0,1,2,---,3n — 1}. Define a vertex labeling
[:V(G) — A as follows: For 1 <i <%, f(ugi—1) = 6(i — 1), f(uy;_1) = 6i =5, f(uz) = f(y:;) = 6i — 1,
flz) = f(y})) = 6i—3, f(w;) = f(xh) =6i—4, f(v;) = 6i —2 and f(uh;) = 6iif 1 <i < 252, It can

K2

be verified that the induced edge labels of S(DA(T,)) are 1,2,--- ,6n —2 and |vg(i) —vg(j)| < 1 for all
i,j € A. Hence f is a vertex equitable labeling of S(DA(T,)) .

Subcase ii. n is odd.
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Figure 3.

Here |V(G)| = 5n — 4 and |E(G)| = 6n — 6. Let A ={0,1,2,---,3n — 3}. Define a vertex labeling
f : V(G) — A as follows: We label the vertices wug;—1 (1 <1< [g}) and wgg, ubh; _q, ub;, vi, V], Wy, W,

(1<i<231) as in sub case (i). It can be verified that the induced edge labels of S(DA(T,)) are

1,2,---,6n — 6 and |vf(2) —vs(j)] < 1 for all i,j € A. Hence f is a vertex equitable labeling of
S(DA(T,).
Case ii.  The triangle starts from us.

We construct DA(T,) by joining ug; and wug; 1 to the new vertices v;, w; for 1 < i < [%2]
Let V(G) = V(DA(T,)) U{ujl1 <i<n—1}U{z;,y;, 2}, y)|1 <i < [252]} and E(G) = E(DA(T,)) U
{wiuf]1 < i <nyU{ufui|1 < i <n— 10 {zv;, 2hw;, viyi, wiyh]1 <0 < [252 11U {ugimy, ugi@), uzip1yi,
Uzip1yj|l < i < [252]}. We consider the following two sub cases:

Subcase i. n is odd.

Here |V(G)| = 5n — 4 and |E(G)| = 6n — 6. Let A ={0,1,2,---,3n — 3}. Define a vertex labeling
f:V(G) — Aasfollows: f(ug—1)=6(i—1)if1<i<[2],forl<i<|[Z], flus) = f(uh_,)=6i—5,
flubh,) =60 —4, f(w) = f(z}) =60 —3, f(a;) = f(y}) =6i—2, f(y;) = 6i, f(v;) = 6i— 1. It can be
verified that the induced edge labels of S(DA(T,,)) are 1,2,--- ,6n — 6 and |vs(i) —vs(j5)] < 1 for all
i,j € A. Hence f is a vertex equitable labeling of S(DA(T,)).

Subcase ii. n is even.

Here |V(G)| = 5n — 7 and |E(G)] = 6n — 10. Let A = {0,1,2,---,3n — 5}. Define a ver-
tex labeling f : V(G) — A as follows: We label the vertices ug;—1, ub;_q, u2i (1 <i< [g}) and
v, VWi, W, 2, yis Y, wh; (1< i < [252]) as in sub case (i). It can be verified that the induced edge
labels of S(DA(T,,)) are 1,2,---,6n — 10 and |v(i) —vg(j)] < 1 for all 4,5 € A. Hence f is a vertex
equitable labeling of S(DA(T},,)). O

An example for the vertex equitable labeling of S(DA(Ts)) where the two triangles start from uy is
shown in Figure 3.

Theorem 2.5. The graph S(DA(Q))) is a vertex equitable graph.

Proof. Let G=S(DA(Q)) . Let uy,us, - ,u, be the vertices of path P,.
Case i. The quadrilateral starts from u;.

We construct DA(Q,,) by joining ug;—1 and ug; to the new vertices v;, w; and x;,y; respectively
and then joining v;, x; and w;,y; for 1 < i < [%]. Let V(G) = V(DA(Q,)) U{uj]l <i<n—1}U
{vg,wg,x;,yz’-,zi,zﬂl <i< L%J} and E(G) = E(DA(Q)) U {uui|l < i < n}U{uuit1]l <i<n-—
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1} U {0}, via], @iz, wiwg, wiylh, yhys, yizl|1 <6 < | 2]} U {ugim1v], ugim1w), ugizi, ugi2f]1 < i < [ 2]}, We
consider the following two sub cases:

Subcase i. n is even.

Here |[V(G)] = ™ — 1 and |E(G)] = 8n — 2. Let A = {0,1,2,--- ,4n — 1}. Define a vertex
labeling f : V(G) — A as follows: For 1 < i < &, f(ugi—1) = 8(i — 1), f(uz) = f(ub;_1) = 8 — 1,
flx) = f(z) =8i—2, f(z}) =8i—3, f(w;) = f(w)) =8 —7, f(y;) = f(2}) =8 —5, f(y;) =8 —6 and
fluh;) =8iif1 << 232 i i (DA(Q,,)) are 1,2,--- ,8n—2
and |vy(2) —vp(j)] < 1foralli,j € A. Hence f is a vertex equitable labeling of S(DA(Qy)) .

Subcase ii. n is odd.

Here |V(G)| = ™n — 6 and |E(G)| = 8n — 8. Let A ={0,1,2,---,4n — 4}. Define a vertex labeling
f:V(G) = A as follows: We label the vertices ug;—1 (1 <i < [2]) and gy, uh;_y, ub;, v, v}, wi, w, x5,
2} Y Yl 2y 7 (1 <4< 251) as in sub case (i). It can be verified that the induced edge labels of
S(DA(Qy)) are 1,2,---,8n — 8 and |vf(z) —vs(j)] < 1 for all 4,5 € A. Hence f is a vertex equitable

labeling of S(DA(Qy)).
Case ii. The quadrilateral starts from us.

We construct DA(Q,,) by joining wus; and wug;1+1 to the new vertices v;, w; and x;,y; respectively
and then joining v;, z; and w;,y; for 1 < i < [%’2] Let V(G) = V(DA(Qn)) U{u;]1 <i<n-—-1}U
{ol, w), @l 20,201 <0 < [252]) and E(G) = E(DA(Qn)) U {u|l < i < n — 1} U {tjuip|l <
i < n— 1} U {o], vz}, mi2, wiw, wiylh, xixh, yhys, vzl 1 < i < [252 21} U {ugiv;, ugiwj, g 412, Uzit12;]
1< < ("7_2] }. We consider the following two sub cases:

Subcase i. nis odd.

Here |V(G)| = Tn — 6 and |E(G)| = 8n —8. Let A ={0,1,2,---,4n — 4}. Define a vertex labeling
f:V(G) = A as follows:
For 1 <i < [%], f(ugi—1) =8(i — 1), f(uh;_,) =8i—7.
For 1 < i < |2, flus) = 8 =7, flub,) = 8i, f(v)) = f(v}) = 8 — 3, f(w;) = flz) = 8i — 1,
fzh) =8i—2, f(w;) = f(w)) =8 —6, f(yz) = f(2}) =8i—4, f(y;) = 8 — 5. It can be verified that the
induced edge labels of S(DA(Qr)) are 1,2,--- ,8n —8 and |vs (i) —vs(j)] < 1forall i,j € A. Hence f is
a vertex equitable labeling of S(DA(Q)).

Subcase ii. n is even.

Let |V(G)| = "n — 11 and |E(G)] = 8n — 14. Let A = {0,1,2,--- ,4n — 7}. Define a ver-
tex labeling f : V(G) — A as follows: We label the vertices ug;—1, w2, uh, , (1 <i< (%U and
Uh;, Vi, V), Wi, wh, m, @,y gl (1< i< [2%52]) as in sub case (i). It can be verified that the induced
edge labels of S(DA(Q,)) are 1,2, --- ,8n—14 and |vy (i) —vs(j)| < 1foralli,j € A. Hence f is a vertex
equitable labeling of S(DA(Q)). O

An example for the vertex equitable labeling of S(DA(Q7)) where the two quadrilaterals start from
uy is shown in Figure 4.

Theorem 2.6. Let G1(p1,q),G2(p2,9), - , Gm(Dm,q) ) be vertex equitable graphs with q odd w;,v; be
vertices of G; (1 < i < m) labeled by 0 and (%1 Then the graph G obtained by joining v1 with ug and vy
with ug and vs with ugy and so on until joining v,—1 with u, by an edge is also a vertex equitable graph.

Proof. The graph G has p; + ps + -+ + pp, vertices and mq + (m — 1) edges. Let f; be the vertex
equitable labeling of G; (1 < ¢ < m) and let A = {0, 1,2,---, [%W } Define a vertex labeling
f:V(G) = Aas f(z) = fi(z) + % if x € G; for 1 <i < m . The edge labels of G; are increased
by (i —1)(¢+ 1) for i = 1,2,---,m under the new labeling f. The bridge between the two graphs
G; , Git1 will get the label i(¢ + 1), 1 < i < m — 1. Hence the edge labels of G are distinct and is
{1,2,--- ,mg+m —1}. Also |vf(a) —vs(b)| <1 for all a,b € A. Then the graph G is a vertex equitable
graph. O
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Figure 5.

Remark 2.7. [7] The graph DA(Qm)©nK; and DA(T,,)©onK; are vertex equitable graphs if m,n =1, 2.
Theorem 2.8. The graph DA(Q2) ® nK; is a vertex equitable graph for n > 3

Proof. Let G = DA(Q2) © nKy. Let V(G) = {ui,us,v,w,z,y} U{u;ll <7 <2,1<j5 < npu
{vi, wi, 25, y;]1 <1 < n}and E(G) = {uiuz, u1v, vw, wug, w1z, 2y, yus } U {uu;;]1 <1 <21 <j<n}uU
{vv;, ww;, zx;, yy;|1 < i < n}. Here [V(G)| = 6(n+1) and |E(G)| = 6n+7. Let A = {0,1,2,---, [9%t7]}
Define a vertex labeling f : V(G) — A as follows: For 1 < i <mn, f(uy;) =1, f(v;) = i+1, f(y;) = n+2+1,
f(ui) =0, f(uz) = 3n+4, f(v) =n+1, f(w) =2(n+1), f(z) =n+2, f(y) =2(n+2), f(uz;) = 3n+4—1i
ifl1<i<n-—1, f(ugn) =2n+3, f(w1) =1, f(w;)) =3n+5—-4iif2<i<mn, fz;)) =n+i+1

ifl <i<n-1, f(xrp) = 2n + 3. Tt can be verified that the induced edge labels of DA(Q2) ® nK;

are 1,2,---,6n+ 7 and |vs(a) —vp(b)] < 1 for all a,b € A. Hence f is a vertex equitable labeling of
An example for the vertex equitable labeling of DA(Q2) ® 4K is shown in Figure 5.

Theorem 2.9. The graph DA(Q.,) ® nK; is a vertex equitable graph for m,n >3 .

Proof. By Theorem 2.8, DA(Q2) ® nK; is a vertex equitable graph. Let G; = DA(Q2) ® nK; for

1 <4 <m—1. Since each G; has 6n+ 7 edges, by Theorem 2.6, DA(Q.,,) ®nK; admits vertex equitable
labeling. 0

An example for the vertex equitable labeling of DA(Qg) ® 4K is shown in Figure 6.



P. Jeyanthi et al. / J. Algebra Comb. Discrete Appl. 8(2) (2016) 97-10/

7 8 24 27 24 25

708
1 23
4 2 27
s M \\L “
3
2 7\ A N
1 2 26 31
5 17
3 4

14 19
1 15 20 21 31 30
Figure 6.
5 6 7
)
1 8
0, 9
2 7
| /% |
2 3 4
Figure 7.

Theorem 2.10. The graph DA(T>) ® nK; is a vertex equitable graph forn >3 .

Proof. Let G = DA(T>) ® nK;. Let V(G) = {u1,ug,u,w} U{u;;|1 <i<2,1<j<n}U{v,wll <
i < n} and E(G) = {uiug, u1v, vug, wyw, wus} U {uu;]l <i < 2,1 <5 < npU{vv, ww;|l < i < n}.
Here [V(G)| = 4(n +1) and |E(G)| = 4n+5. Let A = {0,1,2,---,[45t2]}. Define a vertex labeling
f:V(G) = A asfollows. For 1 <i<n, f(u;) =1, f(ug) =2n+3—14, f(v;) =i+1, f(w)) =n+1+1,
f(u1) =0, f(u2) =2n+3, f(v) =n+1, f(w) =n+2. It can be verified that the induced edge labels of
DA(T;) ©nKy are 1,2,--- ,4n+5 and |vg(a) — vy (b)] < 1 for all a,b € A. Hence [ is a vertex equitable
labeling of DA(T,) ® nK; . O

An example for the vertex equitable labeling of DA(T5) ® 3K is shown in Figure 7.

Theorem 2.11. The graph DA(T,,) ® nK; is a vertex equitable graph for m,n >3 .

Proof. By Theorem 2.10, DA(T,) ® nK; is a vertex equitable graph. Let G; = DA(T3) ® nK; ,
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Figure 8.

1 < ¢ < m—1. Since each G; has 4n+5 edges, by Theorem 2.6, DA(T,,) ®nK; admits a vertex equitable
labeling. O

An example for the vertex equitable labeling of DA(T,,) ® 4K is shown in Figure 8.

Acknowledgment: The authors would like to thank the referees for their valuable suggestions to
improve the paper.
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