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ABSTRACT. In the paper, the authors discuss some extended results involving the Catalan numbers and establish
an integral representation of the Catalan numbers in terms of the (a, k)-gamma and (e, k)-beta function. We refer to
the results available in the literature by giving special values to the parameters in the obtained theorems.
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1. INTRODUCTION

The first few Catalan numbers C,, for 0 < n < 14 are
1, 1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, 208012, 742900, 2674440.

The Catalan numbers are defined by means of the following generating functions

R P
n=0

2x

T+ x+2x% 455 + 14x* +422°...

One of explicit formulas of C, for n > 0 reads that

n 1
_4F(n+2)_ ! (211)
" VAT (m+2) n+l\n)

For more information on the Catalan numbers C,, please see ( [4,9, 12]).
In [8], the classical gamma function is given by

I'(x)= f Fledt, x> 0,
0

and the classical beta function is defined by
1
B(x,y) = f - dr x, y > 0.
0
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Relationship between beta function and gamma function in [2] is given by

Ty
B(x,y) = Tary’

The rising factorial, denoted by (x),, or x™, is defined by [3]

x, y>0.

= x(x+1)...(x+n-1).

The following definitions and theorems with respect to conformable fractional derivative and integral were referred
in ([1,5,6]).

Definition 1.1. (Conformable fractional derivative) Given a function f : [0,00) — R. Then, the “conformable
fractional derivative” of f of order « is defined by

fle+e)=f @

€
forallt >0, @ € (0,1). If f is a—differentiable in some (0,a), a > 0, lir(gl f(”) (1) exist, then define
t—0*

S0 = lim [ @0).

We can write f° @ (¢) for D, ( f) (¢) to denote the conformable fractional derivatives of f of order @. In addition, if the
conformable fractional derivative of f of order « exists, then we simply say f is a—differentiable. For 2 < n € N, we

denote D (f) (1) = DD~ (f) (1) (7).
Theorem 1.2. Let a € (0, 1] and f, g be a—differentiable at a point t > 0. Then,
i. Dy (af +bg) =aD, (f)+bD,(g),foralla,b e R,

Do () (1) = lim

ii. D, (1) = 0, for all constant functions f (7) = 4,
iti. Do (f8) = fDo (8) + D0 (f)

. (f)_fDa(g)_gDa(f)

w.D, (== 5 .
8 8

If f is differentiable, then

_ 1—&%
Do () () =1t 7 (OF

Definition 1.3 (Conformable fractional integral). Leta € (0,1]and O < a < b. A function f : [a, b] — R is a-fractional

integrable on [a, b] if the integral
b b
f f(xX)dyx = f f(x)x*dx

Ko=) = [ L2

where the integral is the usual Riemann improper integral, and a € (0, 1].

exists and is finite.

Remark 1.4.

s

In [11], Sarikaya et al. introduced Pochhammer (p);; ,-symbol as follows

a

(p n’kz(p+a/—1)(p+a—1+ak)...(p+a—1+(n—1)ak).

Setting @ = 1 and k — 1 one obtains the usual Pochhammer symbol (x),,.
The (a, k)-gamma functions is defined by [11]

p+a—1
- @k . nld"k" (nak Fa 1
Iy (p) = fo e~ d,t = lim ( ~ )
n—oeo (P)n,k

The (@, k)-Gamma function I'} (p) satisfies the following identities
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(D) Y (p+ak)=(p+a-DIY(p),
(2) TY (p + nak) = (p),, T} (),

(3) T¢ (p) = (ak) 5 ' T (22221,

(4) T2 (p) = @711, (2221,
(5) T (ak+1-a)=1,
6) T2 (p) = a5 [ e d, 1.

This gives rise to (a, k)-beta function defined by [11]

1 -, .
Bz(p,cp:—f 17 (1= Dw" dyt, p, q, k>0,
ak 0

also
Y (p Iy (@)

B 1- = :
i (p+ak(l-a),q) Mprgri-

(1.1

2. MAIN REsuLrs

In this section, we will give some generalized results for the C,, numbers known as Catalan numbers in the literature.
We will give some new formulas for Catalan numbers, their integral representation, and a parametric integral notation
such as the (@, k)—gamma and (a, k)—beta functions. We will show that the obtained results with their special selection
give the current results in the literature.

Theorem 2.1. Letk >0, a € (0,1] and n € N7,

re (—(2” +21) ak a/) = (ak) s (ZZZ;'W,

4"(0]{)% r;: ((211+21 )ak +1- (Y)
Vi TV ((n+2ak+1-a)

and

coy = Q.1

Proof. From I'{ (p) = (cyk)%_1 r (%) , we have

re 2n+1)ak il-al = (ak)(ZnH)MZI}(—LHa—]_lr Cn+Dak+1-a+a-1
2 2ak

(ak)znzll"(n + %)

21 (2n)! 1
= b
And, so
Iy (252 +1-a) (a5 B
I"((n+2)ak+1-a) (k™ (n+ 1)
3 @Co)'r
= k 2 —_—
(k) T+ D1
, VaCe
= (aky i,
in this way

4"((1']()% 1—-;: ((2n+21)ak +1-— (Y)
Vo T¢((n+2)ak+1-a)
The proof is completed. O

@
Cn,k -
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Remark 2.2. If we choose @ = 1 in (2.1), we have the following equality [10],
i T ((2n;rl)k)
Vi Te((n+2) k)
Remark 2.3. If we choose @ = k = 1 in (2.1), we have the following equality [7],
2n+1
g T
Crlzl = ( ) :
ﬁ I'n+2)

Theorem 2.4. Leta, k>0, a € (0, 1] and n > 0, the following equality holds;

a

1
In,k (a) — fx(n+1)ak—a (aZ(lk _ x2ak)2 d(,x

0
amak ((n+1)ak 3ak
Bk

1-
3 > + (1 — a)ak, — >

(n+2)czk l"a ((n+1)a/k) ra (%)
2 re (w 1o 01) .

Proof. We use the substitution x = atﬁ, so this transforms the integral:

1
1
(n+1)a/k 1 1 \20k\2 a 1
@ = a 2ak _ (2% 2k~ 1
I (@ = fat” ( (at’k) ) i dt

0
a2k p ek o
= 5 ftW‘ (1-02""dr
0
1
(n+2)ak lak (1 _gyak
a =1 E_y
= t ot 1 =% dyt
2ak f ( )
0
gk B (n+1)ak +(1 - a)ak, %
2 Ok 2
So, from (1.1) we obtain
(n+2)ark ra ((n+1)ak) Fa (%)
I, (a) = .
* 2 Ty (e )
This is the proof of Theorem 2.4. O

Remark 2.5. If we choose @ = 1 in Theorem 2.4, we get Theorem 1.2 in [10]. This theorem;

a

I;i,k (a) — fx(nJrl)kfl (612k _ x2k)

0
T () (3)
T nED)

=

dx
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Remark 2.6. If we choose k£ = 1 in Theorem 2.4, we get Theorem 2.1 in [9]. This theorem;

I,(a) = fx” (a2 - xz)% dx

Theorem 2.7. Leta,k >0, a € (0,1] and r, s > —1, then

a

I, @ = f K+ Dak-a ( 22k _ xzak)-‘ d,x
0
(r+2s+1)ak +1
- ¢ . Bg(r Sk + (1 - a)ak, (s + l)ak).

Proof. To prove this theorem, by changing variable x = a sin @ for 0 € [0, g],

a

_ 5
fx(r+l)ak « (a2(l/k _ x2ak) d,x

I}(")fs,k (Cl)

. 1\ (r+Dak—-1 . s . 1
(a (sin 8) fr]k) e (az"k — a** sin? 0) £k (sin 8) a1 cos 0d6
a

1]
=) =)
ol

[SIE

= a(”z”l)"kakf(sin 6) (cos 0)>**! dg (2.2)
0

2
a(r+2s+Dak . 20k(+1) 20kt
= ——— | (sinf) 2 (cos @) ok do
ak
0

a(r+2§+1)akBa r+1
- 2 K\ 2

ak + (1 — a)ak, (s + l)ozk).

To get (2.2), we used

B (p.q)

1
1 P q
— fxﬁ_l (1 —x)a ' x*ax
ak
0

g
1 L _ 9 _
- f (sin0)™ " (1 - sin )™ (sin® 6)°~' (2in O cos )0
ak
0

;
2 +(a—1)al
- —kf(sine)z”(ak”“‘(cose)zﬁ—lda.
(07
0

That is,

:
f(sina)2 T (cos )21 d = %B}j ».9).
0

Thus, the proof of Theorem 2.7 is completed. O
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Remark 2.8. If we choose @ = 1 in Theorem 2.7, we get Theorem 1.2 in [10]. This theorem;

Il

rs.k

(@ = fx(rn)k—l (azk _ xzk)s dx
0

a(r+2s+1)k

== B (“5tk, (s + 1) k).

Remark 2.9. If we choose @ = 1 and k = 1 in Theorem 2.7, we get Theorem 5.1 in [9]. This theorem;

Irl’s’1 (@) = fax’ (a2 - xz)s dx
0
= arjm B(%,s + 1).

Remark 2.10. If we choose k =1, r=nand s = % in Theorem 2.7, we get Remark 6.1 in [9]. This Remark;

n+2

15,5,1 (@ = 612 B(%’%)

Remark 2.11. If wechoosea =1, r=n and s = % in Theorem 2.7, we obtain the results [10];
a 1
Irl,,g,k (@ = Ofx(””)k’l (az" - xz")2 dx

a2k

2

B (=3

4k Fk(@)rk (%k)
e

Remark 2.12. If wechoosea=k=1, r=2nand s = % in Theorem 2.7, we get Remark 6.2 in [9]. This Remark;

1 22n+1

_ 1 _ 2n+l1 3
Co =—L, @ == B(Z,3).

Remark 2.13. If we choosea =1, r=nand s = —% in Theorem 2.7, we get Theorem 1.2 in [10]. This Theorem:;

KDk e e ﬁ (n+ Dk ]_(
Ny 2 2 2)
0

Remark 2.14. If wechoosea =k =1, r=nand s = —% in Theorem 2.7, we get Remark 6.3 in [9]. This Remark;
[zt ).
Va-e2°\72 2
0
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