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ABSTRACT

Let (M™,g) be a Riemannian manifold and T M its tangent bundle equipped with a deformed
Sasaki metric. In this paper, firstly we investigate all forms of Riemannian curvature tensors of 7'M
(Riemannian curvature tensor, Ricci curvature, sectional curvature and scalar curvature). Secondly,
we study the geometry of unit tangent bundle equipped with a deformed Sasaki metric, where
we presented the formulas of the Levi-Civita connection and also all formulas of the Riemannian
curvature tensors of this metric.
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1. Introduction

On the tangent bundle of a Riemannian manifold one can define natural Riemannian metrics. Their
construction make use of the Levi-Civita parallelization. Among them, the so called Sasaki metric [11] is of
particular interest. That is why the geometry of tangent bundle equipped with the Sasaki metric has been
studied by many authors such as Yano K, Ishihara S. [14], Dombrowski P. [6], Salimov A A, Gezer A, Akbulut
K. [10] etc. The rigidity of Sasaki metric has incited some researchers to construct and study other metrics
on tangent bundle. This is the reason why they have attempted to search for different metrics on the tangent
bundle which are different deformations of the Sasaki metric. Musso E, Tricerri F. has introduced the notion of
Cheeger-Gromoll metric [9], this metric has been studied also by many authors (see [7, 12]). In this direction,
N. Boussekkine and A. Zagane [5] propose a deformed Sasaki metric on tangent bundle. The deformations
of the Sasaki metric on the tangent bundle are not limited to those mentioned above. Also, we refer to
[1,3,10,15, 16, 17].

In previous work [5], we proposed a “On deformed-Sasaki metric and harmonicity in tangent bundles”,
and as a supplement to these works, in this paper, firstly we present all Riemannian curvature tensors of
the tangent bundle with a deformed-Sasaki metric (Theorem 4.1), Ricci curvature (Proposition 4.2), sectional
curvature (Theorem 4.2 and Proposition 4.3) and scalar curvature(Theorem 4.3 and Proposition 4.4). Secondly,
we introduce the unit tangent bundle equipped with a deformed-Sasaki metric, we investigate the formulas
relating to the Levi-Civita connection of this metric (Theorem 5.1) and we establish all formulas of the
Riemannian curvature tensors (Theorem 5.2).

2. Preliminaries

Let 7'M be the tangent bundle over an m-dimensional Riemannian manifold (M™, g) and = : TM — M be the
natural projection. A local chart (U, z*),_1-; on M induces a local chart (' (U), 2", u"),_1; on TM. Denote by

i=1,m
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I}, the Christoffel symbols of g and by V the Levi-Civita connection of g. Let C>(M) be the ring of real-valued
C* functions on M and 3¢ (M) be the module over C*° (M) of C* vector fields on M.
The Levi Civita connection V defines a direct sum decomposition

T(m,u)TM = V(LU)TM ©® H(wju)TM. (2.1)

of the tangent bundle to TM at any (z, u) € T'M into vertical subspace
Vv(ac,u)TM = Ker(d’fr(w u)) - {5 |(:r u)s 5 € ]R}v (22)
and the horizontal subspace

HiTM = {fl oy = €T =, € € RY. 2.3)

Z]ak

The map £ — V¢ = g0 Fu7 | (x,u) 1S AN isomorphism between the vector spaces T, M and V(, ,,) 7M. Similarly, the
map & — = fi% (o) — &0 Fm 5u% | (z,u) 18 an isomorphism between the vector spaces T, M and H, )T M.
Obviously, each tangent vector Z to TM at (z,u) can be written in the form Z = X + VY, where X and Y are

uniquely determined tangent vectors to M at x.
Let X = X2 be a local vector field on M. The vertical and the horizontal lifts of X are defined by

vx - xi2 2.4)
ou’
.0 d

Ay = X(af“JF%k) (2.5)

We have #(2) = 52 — w/T¥, 2% and V(%) = 32, then (*(3%), V(3%));—17m is a local adapted frame on 7T M.

If U is a vector field such that (U, = u), (z,u) € TM, the vertical lift VU is called the canonical vertical vector
field or Liouville vector field on T'M.
The bracket operation of vertical and horizontal vector fields is given by the formulas: [6, 14]

Hx Hy] =H[X, Y] - V(R(X,Y)u),
HX,VY] = V(VxY), 2.6)
for any vector fields X and Y on M, where R is the Riemannian curvature of g defined by

R(X,Y) = [VX, VY] - v[X,Y]~

3. Deformed-Sasaki metric.

Definition 3.1. [5] Let (M™, g) be a Riemannian manifold and f : M — [0, +occ[ be a positive smooth function
on M. On the tangent bundle T M, we define a deformed-Sasaki metric noted g/ by

L. gf(HX7 HY)(:L’,U) = gz(Xa Y)7
2. gf(HXﬂ VY)(lu) = 0,
3. ("X, YY) ey = 92X Y) + f(2)g2(X, u) g2 (Y, ),

for any vector fields X and Y on M, (z,u) € TM. Here, f is called twisting function.

In the following, we consider f # 0, « =1+ fr? and r? = g(u,u) = |u|?>, where |.| denotes the norm with
respect to (M™, g).

Lemma 3.1. [1] Let (M™, g) be a Riemannian manifold and p : R — R a smooth function, we have:

1. "X (p(r?)) = 0,
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2. VX (p(r*)) = 20 (r*)g(X, u),
3. "X (g(Y,u)) = g(VxY,u),
4. VX (g9(Y,u) = g(X,Y).
for any vector fields X and Y on M.
Lemma 3.2. [5] Let (M™, g) be a Riemannian manifold, we have the following

1) Xg/ (MY, Pz) = Xg(V,2),

2) VXg'(*v,HZ) = o,

3) Xg'("Y,VZ) = ¢ (VxV)V,VZ) + ! (Y (Vx2)Y) + X ()9 (Y, u)g(Z, w),
4) VX g/ (MY, "2) F9(X,Y)g(Z,u) + g(Y,u)g(X, Z)),

for any vector fields X,Y and Z on M.

Theorem 3.1. [5] Let (M™, g) be a Riemannian manifold and (T M, g”) its tangent bundle equipped with a deformed-
Sasaki metric. If V (resp V') denote the Levi-Civita connection of (M™, g) (resp (T M, g') ), then we have:

() (Vi ™)y = (Vx¥), — SV (Ra(X, V),

(i) (Vi Y )y

VXY )y g XelF)ga (¥ 0) Uy (R, V)X),

(i) (VI 7YYy = S Yal£)ga(X0) Uy + L (R, X)),
(iv) (V‘\’iXVY)p = %gm(X, ) gz (Y, u)H(gmdf)p + ggm(X,Y)VUp7

for any vector fields X andY on M and p = (z,u) € T M, where R denotes the curvature tensor of (M™, g).
If we denote the horizontal and vertical projections by H and V, respectively, then we can state the followings:

(i) The vertical distribution VT'M is totally geodesic in TTM if HV, Y =0,
(ii) The horizontal distribution HT'M is totally geodesic in TTM if VV{,X Hy = 0.[3]

Hence, we can state the following result.

Proposition 3.1. Let (M™, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with a deformed-
Sasaki metric. Then

(i) The vertical distribution VT M is totally geodesic in TT M if and only if f is a constant function,
(#3) The horizontal distribution HT M is totally geodesic in TT M if and only if (M™, g) is flat.

Proof. The results come immediately from (:) and (iv) of Theorem 3.1. O
As a consequence of Theorem 3.1, we get the following Lemma.

Lemma 3.3. Let (M™, g) be a Riemannian manifold and (T M, ') its tangent bundle equipped with a deformed-Sasaki
metric, then we have:

a—1

f _
L(Vi'U) = Fa X(H'U,
f - a—1
2.(Viy"X) = SX(0)'
3.900) = VX4 g0 grad )+ LX),
L9070 = St grad Y+ Lex 'L,
1—a)? 200 — 1
5.(V1,'U) = ! 5 f‘j) H(grad f)+aTVU,

for any vector field X on M.
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Definition 3.2. Let (M™,g) be a Riemannian manifold and K :TM — TM be a smooth bundle
endomorphism of T'M. Then the vertical and horizontal vector fields VK and H K are defined on T M by

VK:TM — TTM
(w,u) = V(K(u)),

HK:TM — TTM
(wu) = (K (w),

locally we have

.0 ) o
K = yK —=yV(K(+— .
P! ) ) o ) o
_ 1717 ik iTs _ i H,
HE = 'K —y'y KTj, gy =Y (K(55))- (3.2)

Proposition 3.2. Let (M™, g) be a Riemannian manifold and (T M, g¥) its tangent bundle equipped with a deformed-
Sasaki metric. If V (resp V') denote the Levi-Civita connection of (M™, g) (resp (T'M,g’)) and K is a tensor field of
type (1,1) on M, then:

Vi HE

H(VxK) — 3 (R(X, K (u))u),

VILVE = V(VK)+ =X (Fg(K (). u) U + 2 (R(u, K () X),

2a 2
1 1
VI HE = (KGO + 5 g0 (w), grad f)g(X, )"V + 3 "(R(w, X) K (w)),
1
VIVE = (K(X) ~ So(X,wg(K ), w)(grad ) + Lo(x, K ()0,
for any vector field X on M.
Proof. The results come immediately from Theorem 3.1. O

4. Curvatures of deformed-Sasaki metric.

Theorem 4.1. Let (M™, g) be a Riemannian manifold and (T M, g¥) its tangent bundle equipped with a deformed-Sasaki
metric. If R (resp RT) denote the Riemann curvature tensor of (M™,g) (resp (T'M, g') ), then we have the following
formulas

RIEX iz = HR(X,Y)Z)+ %H(R(u, R(X,Y)u)Z) + EH(R(U, R(X,Z)u)Y) — EH(R(U, R(Y, Z)u)X)
+%V((V2R)(X,Y)u). 4.1
RIXY)YZ = =3M(RY.2)X) + S X(Do(Vou)a(Zu) grad £) = 50(Y,ua(Z,0) (T xgrad )
— R YR 2)X) + 100V, 0)g(Z,0) (RO grad fyu) = 5= X (1(Z,0)"Y
— gV, Wy (R(w, 2)X, grad )0 + =5 X(1)’ (Y, V2)"0. @2

R, X)R(w,Y)Z) — (R, V)R, X)Z) + "(R(X,Y)2)
452NV X = - Z(1)g(X,0)"Y + 19X, wg(R(w, Y) 2, grad )1

—ig(Y, w)g(R(u, X)Z, gradf)VU. (4.3)
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RI(EX VY)HZ = %H((VXR)(U,Y)Z) - iV(R(X, R(u,Y)Z)u) + ig(Y, ) Hess (X, 2)VU

f 1% l-a
— X, Z)u,Y
o 0(RX 2)u )V 4 g

X(NZ(NeVw)'T + SV RGZY). @4
RICIX,Y)YZ = (Y R)(w, 2)Y)) — 5™(Vy R)(w, 2)X) — Y (R(X, R(u, Z)Y Ju)
%V(R(Y, R(u, Z)X)u) + "(R(X,Y)Z) + gg(R(X, Y)u, Z)"U. (4.5)

RICX )2 = Lo(X,u)g(Zw) (R, Y )grad f) — 1o(Y,u)g(Z,0) (R(u, X)grad f)

+i(g(X7 w)g(Y,Z) — g(Y,u)g(X, 2))X(grad f) + gg(K Z)VX — ég(X, )y

—%(g()ﬁ wg(Y, Z) = g(Y,u)g(X, 2))"U. (4.6)

for any vector fields X,Y and Z on M, where Hessy(X,Z) = g(Vxgradf,Z).

Proof. In the proof, we will use the Definition 3.1, Lemma 3.2, Theorem 3.1 and Proposition 3.2
1) Let K be the bundle endomorphism given by K : v — R(Y, Z)u, from direct calculation we get:

Vi Vi 1z = Vv (VyZ) - évﬁx VK
= H(VxVyZ) - %V(R(X, VyZ)u) — iH(R(u,R(Y, Z)u)X)
~SYVX(R(Y, Z)u) = R(Y, 2)(VxU), @7)

from which, with permutation of X by Y in the formula (4.7) we get
Vi Vi 2 = HVyVxZ) - %(VR(Y, VxZ)u) — iH(R(u,R(X, Zu)Y)
1

Also, we find

f H _ f
v Z = VH[ V(R(X,Y)u)

[HX,HY] X,Y]

= VixyiZ) - 3 (RO Y], Z)w)
—%H(R(u, R(X,Y)u)Z). (4.9)
From (4.7), (4.8) and (4.9) we get
RIEX ByyHz = HR(X,Y)Z)+ %H(R(u, R(X,Y)u)Z)
+%H(R(u, R(X,Z)u)Y) — iH(R(u, R(Y,Z)u)X)

+5 (T BYX, Z)u) = S (T R)(Y, Z)u),

Using the second Bianchi identity,
(VxR)(Y, Z) + (Vy R)(Z, X) + (VzR)(X,Y) = 0

we obtain the formula (4.1).
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2) From direct calculation we get:

-1
Vi Vi,VZ = VCY(79(KU)9(Z,U)H(gmdf)+gg(KZ)VU)

= (VY. w)g(Z.u) + 9(Y, w)g(Vx Z,w)) ¥ (grad f)
— %H(R(X, gradf)u))
X(fg(y,2)'U + f (9(VxY,Z) +g(Y,VxZ))'U.

(07

—égm w)g(Z,u)("(Vxgrad f)

a—+1

+ 202

Let K : TM — TM be the bundle endomorphism given by K(u) = R(u, Z)X, from direct calculation we get,
ViyViZ2 = Vi, ("(VxZ)+ %X(f)g(Z, w)U + %HK)
= SoViwe(VxZw grad ) + Lo, vx2)
b XY, wg(Z,) + 5 X (1)g(Y: 2)) VU

45X (92,0 + 72X (Dol 0)g(Z. ) (grad
3R, 2)X) + (R, YR, 2)X)
+ig(R(u, )X, gmdf)VU.
4o
Also,
Vi "2 = %g(VXY, u)g(Z,u)(grad f) + gg(VxY, )",

which gives the formula (4.2).
3) Applying formula (4.2) and 1** Bianchi identity.

RI(VX,"V)Hz = R (H2,VY)\VX — R/ ("Z,VX)"Y,

we get
1 -1 1
RI(Z M)XK = 3R X)2) + T ZUa(Y wg(Xu) grad ) = 39(Y u)g(X,w) (¥ zgrad f)
Ly 1 Vv 1 1%
— R Y )R (s, X)Z) + 290, wg(X,w) (R(Z, grad fu) = 5= Z(f)g(X,w)"Y
1 1
— gV w)g(R(w, X)Z, grad ) U + — Z(f)g! (Y, VX)"U.
and
1 -1 1
RI("2,VX)Y = —SHMR(X,Y)Z)+ %Z(f)g(X, w)g(Y,w)"(grad f) = 59(X,u)g(Y,w)(V zgrad f)
Ly 1 vV 1 %
—7 Bu, X)R(u,Y)Z) + 19(X, u)g(Y,u) (R(Z, grad f)u) — 5= Z(f)g(Y, u)" X
1 1
— 19X Wg(R(u,Y)Z,grad [)'U + = Z(f)g’ ("X, V)T,
which gives the formula (4.3).
The other formulas are obtained by a similar calculation. We omit them to avoid repetition. O

Proposition 4.1. Let (M™, g) be a Riemannian manifold and (T M, g') its tangent bundle equipped with a deformed-
Sasaki metric. If (T M, g) is flat, then (M™, g) is flat.
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Proof. Ttis easy to see from (4.1), if we assume that R/ = 0 and calculate the Riemann curvature tensor for three
horizontal vector fields at (z,0) we get

R, o ("X, ") "7 = "(R,(X,Y)Z) = 0.
O
Now let (x,u) € TM with u # 0 and (E;),_1; a local orthonormal frame on M at z, such that £, | ‘, then,
u
1
Hp V 1%
{"E;,VE;, Ta Em}i:fm,j:m- (4.10)

is a local orthonormal frame on T'M at (z, u).

Proposition 4.2. Let (M™, g) be a Riemannian manifold and (T M, g') its tangent bundle equipped with a deformed-
Sasaki metric. If Ric (resp., Ric’) denote the Ricci curvature of (M™, g) (resp. (T M, g7)), then we have

Ric/ (X, y) = Ric(X,Y) — %Zg(R(Ea,X)u,R(Ea,Y)u) 2f Hessf(X Y)
a=1
(1-a)?
e XY (), (411)
1w m—1 —1
ol (Hx V- - =
Ric’ ("X,"Y) = 2223 (Ve ,R)(u, V)X, E,) — 5 X(fHg(y, u)—l— 1o g(R(u, V)X, gradf), (4.12)
1w 1 —1
L (Vy V- _ 1 _ L a—1 2
Ric!("X,"Y) = & ij (1, X) B, R(w,Y)Ea) = 590X, w)g (V) A(f) 4+ “7=9(X, w)g (Y, w)grad |
2 ma — 2a + 1
for any vector fields X and 'Y on M, where A(f) is the Laplacian of f.
Proof. Using the local orthonormal frame 4.10 on T'M.
i) From the formula (4.1), we have
m m—1
Ric!("x,My) = 3 g/ (R ("E. "X)"Y, "E.) + > ¢! (R (VE,, "X)"Y,VE )+ = —g! (R (B, "), VE )
a=1 a=1
G 1 1
= > (9(R(Ew X)Y, Ea) + S9(R(u, R(Eay X)0)Y, Ba) + 79(R(u, R(Ea, Y )u0)X, Eu))
a=1
m—1

1
+3 Z g ((R(X, R(u, Ea)Y )u), VEa) — 55 Hess (X, Y)g(Em, u)g’ (U, VEpn)

*;T(;X ()Y (N)g(Em,w)g’ (U, E,)
3 1- L—a)”
—  Rie(X,Y) Zg R(Eq, X)u, R(E,,Y)u) + o Hessf(X Y)+ (4f2§2) (NHY(Sf)
+i ; 9(R(u, E,)X, R(u, E,)Y),

and from,

Z g(R(Eav X)uv R(Em Y)u) = Z g(R(u7 Ea)X> R(uv Ea)Y)'

dergipark.org.tr/en/pub/iejg 138


https://dergipark.org.tr/en/pub/iejg

A.Zagane

we get
Ric (X, 1Y) = Ric(X,Y) - li (R(Eq, X)u, R(Eq, Y )u) + Loy (X,Y)+ MX(f)y(f)
ic ) = c(X, 5 a:1g 0, X )U, Y )u 3o essyp(X, 1702 .
The other formulas are obtained by a similar calculation. O

Corollary 4.1. Let (M™, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with a deformed-Sasaki
metric, then (T M, g¥) be an Einstein manifold, if and only if (M™, g) is flat and f = 0.

Proof. If we suppose that (T'M, g7) is \-Einstein, then
Ric! (X,Y) = Mg/ (X,Y).
Using 4.13, we obtain f = A= R= R/ = 0. O

In the following, we consider the sectional curvature K/ on (T'M, g/) of the plane spanned by V and W is
given by,
g/ (RI (V. W)W, V)

f =
KI(V,W) AT (4.14)
where V, W are vector fields on TM and
QT (V,W) =g (V.V)g! (W, W) — ¢! (V,W)2. (4.15)

Let K/(fX,Hy), K/(#X,VY) and K/(VX,"Y) denote the sectional curvature of the plane spanned by
{#x, 1y}, {#X,YY} and {VX,VY'} on (T M, g7) respectively, where X,Y are vector fields on M.

Lemma 4.1. Let (M™, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with a deformed-Sasaki
metric, then we have

{ Qf(HXvHY) = Q(XaY)a
i) QT("X,VY) = |IXP(YP+ fe(Yiu)?),
i) QT (VX,VY) = QX,Y)+ fIX[g(Y,u)® + fIY Pg(X,u)? — 2f9(X,Y)g(X, u)g(Y, u).

where Q(X,Y) = | X|2|Y|? — g(X,Y)2
Proof. The result follows immediately from the formula (4.15). O

Lemma 4.2. Let (M™, g) be a Riemannian manifold and (T M, g7) its tangent bundle equipped with a deformed-Sasaki
metric, then we have

o (RS (X, 7)Y, PX) = g(RX, Y)Y, X) — SIR(X, Y P,

1 1 a—1
o ()X, ) Y X) = 1RO Y)XP? = 5o(Vxgrad £, X)a(¥,u)? + X (1)P9(Y, )
IR X = Lo,
Proof. Using (4.1), (4.2) and (4.6) we get immediately the result. O

Theorem 4.2. Let (M™, g) be a Riemannian manifold and (T M, g/ ) its tangent bundle equipped with a deformed-Sasaki
metric, then the sectional curvature K satisfy the following equations:

K'(Hx, By) = K(X,Y)- mm(x, Y)ul?,
1 1 1 a—1
Kf(HX7 VY) = |X|2(|Y|2 +fg(Y,U)2) (Z'R(u7Y)X|2 - ig(VXgradfaX)g(Yau)Q + ifa X(f)zg(Y,u)Q)7
QXY

where K denotes the sectional curvature of (M™, g).
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Proof. The division of g/ (R/ ("X, V)"V, "X)) by Qf ("X, *Y) for h, k € {H,V'} gives the result. O

Corollary 4.2. Let (M™, g) be a Riemannian manifold and (T M, g/ ) its tangent bundle equipped with a deformed-Sasaki
metric, then we have

3

KX, TY) = K(X,Y) = SR, Y)ul?,
KT (X, 1Y) :1;ﬁ%qpﬁmmYmPf;WwWMﬁmemﬁﬁgjxm%wmﬂ,
K'(VX,VY) = f

a(l+ fg(X,u)? + g(Y,u)?))’
where, X, Y are orthonormal vector fields on M™.

Proposition 4.3. Let (M™, g) be a Riemannian manifold of constant sectional curvature \ and (TM, g') its tangent
bundle equipped with a deformed-Sasaki metric, then we have

K/ Ax Ay)y = X— ?%Q(g(x, u)® + g(Y,u)?),
KXY = (A — g(Txgrad £ X)g(v? + S X (1),
+ fg(Y,u)? ' 4 2 4fa
KI(VX,VY) = ! :
a(l+ fg(X,u)? + g(Y,u)?))
where, X, Y are orthonormal vector fields on M™.
Proof. If M has constant curvature A, then we have
R(X,Y)u = A(g(Y,u)X — g(X,u)Y),
and a direct calculations
[R(X,Y)ul> = N (g(X,u)?+ g(Y,u)?),
[R(u,Y)X[* = Ng(X,u)?,
then the result. O

Theorem 4.3. Let (M™, g) be a Riemannian manifold and (T M, g') its tangent bundle equipped with a deformed-Sasaki
metric. If o (resp., of) denote the scalar curvature of (M™, g) (resp., (TM, g')), then we have

m

1-« (1—a)? fim —1)(ma — 2a + 2)

1
o= B ul? 2
o= o= X IRE B+ AW+ S larad P+ ¢ .
where (E;) is a local orthonormal frame of M and A(f) is the Laplacian of f.
Proof. Let (z,u) € TM with u # 0 and (E;),_1, a local orthonormal frame on M at z, such that £,, = l—u|, then,
: u
1
{HEi, VE,, —VEm} _—— —— _isalocal orthonormal frame on T'M at (x, u). The scalar curvature is written
J \/a i=1m,j=1,m—1
as
m m—1 1
I'=>"Ric!("Ey, "Ey) + > Ric! (VEy, VEb) + = Ric! (VEm, VEn, 4.16
o - ic! (M Ep, b)+b_1 ic’ (* By, b)+a ic! ( ) ) (4.16)

Using (4.11), we have

m

S Rie! ("B, TEy) = Z(Rz'c(Eb,Eb)—%Zg(R(Ea,Eb)u,R(Ea,Eb)u)+12;75Hessf(Eb,Eb)
b=1 b=1 a=1
1- 0‘)2 2
+WEb(f) )
S i |R(E,,E )u|2+1_—O‘A(f)+M\ rad f|? (4.17)
N 2 @ b 2fa if2a2 V9 ' ‘

a,b=1
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Using (4.13), we have

flma —2a+1)
a2

NgE
F{s

m—1
> Ric! (VEy, VEy) 9(R(u, Ey) B, R(u, Ey)E,) +
b=1

(

1 a

>

a,b=1

9(Ep, Eb))
1

o
Il

f(ma —2a+1)(m —1)

R(u, By)E,|* +

: (4.18)

|

and

éRicf(VEm, VEn) = — (* ZQ(R(ua Ep)Eq, R(u, Ep)Eq) — %Q(Em»u)2A(f)
f2 (Em,u)Q n f(ma ;30& + 1)

flm—1)

a?

e 9B ulgrad P+

e (1—-a)?

- 2fa Alf) 41202

9B, En))

lgrad f|* +

+

(4.19)

In order to simplify the calculation, we use

m m

D IR ENES = ) |R(E:, Ejul®. (4.20)

i,j=1 i,5=1

Substitution (4.17), (4.18), (4.19) and (4.20) into (4.16), we find

m B ) ~ -
Z:) EZ’E>U|2+fA(f)+(12f223 grad f? + Lm = Dma —2a+2)

f _
ol =
o?

%M—‘

O

Proposition 4.4. Let (M™, g) be a Riemannian manifold of constant sectional curvature \ and (T M, g') its tangent
bundle equipped with a deformed-Sasaki metric, then we have

of = (m— m_(a—l) fm—=1)(ma—-2a+2) 1-—« (1—a)?
(m— 1A ( 7N+ - AN+ S

Proof. Using the formulas of curvature and scalar curvature of a Riemannian manifold with constant sectional
curvature \ we have,

lgrad f|?.

o=m(m— 1)\,
and
S IREL Bl = 20m— DAl = 223(m — 1) 21,
ij=1 f
From Theorem (4.3), we deduce the result. O

5. Deformed-Sasaki metric on unit tangent bundle 77 M/
The tangent sphere bundle of radius » > 0 over a Riemannian manifold (1™, g), is the hypersurface
.M = {(z,u) € TM, g(u,u) =r*}.
When r = 1, T1 M is called the unit tangent (sphere) bundle.

M = {(x,u)€TM, g(u,u)=1}. (5.1)
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If we set

F:TM — R
(x,u) — F(z,u)=g(u,u)—1,

then the hypersurface 77 M is given by

"M ={(z,u) e TM, F(z,u)=0},

and gfr;dF (the gradient of F with respect to g7) is a normal vector field to 7} M. From the Lemma 3.1, for any

vector fields X on M, we get

¢! (X, gradF) = "X (F) = X (g(u,u) — 1) = 0,

o ("X gradF) = VX(F) = "X (gluu) = 1) = 20(X,0) = 10’ (X, D)
So - 5
gradF = WVU.
Then the unit normal vector field to 77 M is given by
gradF VU 1,

N =

\/gf(g?\c?dF,g?{dF) T VPU)  VIET

The tangential lift 7X with respect to g/ of a vector X € T, M to (z,u) € Ty M as the tangential projection of the

vertical lift of X to (z,u) with respect to AV, that is
X =YX — gl oy ("X N Nigy = VX = 90(X,0) Utz -

For the sake of notational clarity, we will use X = X — g(X,u)U, then TX = VX.
From the above, we get the direct sum decomposition

T(m}u)TM = T(w’u)TlM (&) span{./\/'(Lu)} = T(m’u)TlM b span{VU(m’u)},

where (z,u) € T1 M.
Indeed, if W € T, )T M, then they exist X,Y € T,,M, such that

w = Hx4+Vy
= X + Ty + g{r,u) (V}fa Mm,u))Mx,u)
= X +TY + 0. (Y, ) Ul .-

From the (5.3) we can say that the tangent space T(, )71 M of Ty M at (x, u) is given by

ToIM ={"X+"Y /XY € T,M,Y € u"}.

where vt = {Y € T, M, g(Y,u) = 0}. Hence T\, ,,) 71 M is spanned by vectors of the form X and 7Y

Given a vector field X on M, the tangential lift X of X is given by

"Xy = ("X = g (X, N)N) =YX (o) — 90(Xa ) Uiz -

(zyu)
Remark 5.1. For any vector field X on M, we have the followings
1) ¢/ ("X, N) =0,
@) ¢’ ("X, N) =0,
(3) TX = VX if and only if g(X,u) = 0,

(5.2)

(5.3)

(5.4)
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(4) U = 0,
() g(X,u)=0.

Definition 5.1. Let (M™,g) be a Riemannian manifold and (7'M, g/) its tangent bundle equipped with a
deformed-Sasaki metric. The Riemannian metric ¢/ on 71 M, induced by ¢/, is completely determined by the
identities

@f(HX7HY) = g(va)a
Px ) = g'("X,TY) =0,
gf(TXv TY) = Q(X, Y) - g<X7 U)g(Y7 u)a

Note that the deformed-Sasaki metric induced on 7} M coincides with the Sasaki metric induced on 7 M([8].
We shall calculate the Levi-Civita connection V of T3 M with deformed-Sasaki metric §/.(Those may be
calculated using a similar method as in [2, 4]). This connection is characterized by the formula:

Y — g/ (VLY NN, (5.5)

for all vector fields X and ¥ on Ty M.

Theorem 5.1. [4, 8] Let (M™, g) be a Riemannian manifold and (TyM, §') its unit tangent bundle equipped with a
deformed-Sasaki metric, then we have the following formulas.

1LVaxy = H(VXY)—%T(R(X,Y)u)7
2.VuxY = T(VXY)+%H(R(u,Y)X),
3.V Yy = %H(R(u,X)Y),
4.9y = —g(v,u)"X,

for all vector fields X,Y on M, where V is the Levi-Civita connection and R is its curvature tensor of (M?™, ¢, g).

Proof. In the proof, we will use the Theorem 3.1, Lemma 3.3 and the formula (5.5).
1. By direct calculation, we have

Vixly = Vi Y — ¢/ (VI Y, NN
= TV~ SYROGY )~ of (5 Y (ROX Y Ju), AN

= (VxY) — SR Y Ju).
2. We have Viuy 1Y = VQXTY - gf(V{IXTY, N)N, by direct calculation, we get

Vi Y =1(VxY) + %H(R(u,Y)X) and g7 (VI "Y,N)N = 0.

Hence

~ 1
Viuxy = T(VxY)+ §H(R(u, Y)X).
3. Also, we have Vo Y = V;X Hy _ gf (Vix Hy N')N/, by direct calculation, we get
1
Vi AY = §H(R(u, Y)X) and ¢! (VL TY,N)N = 0.

Hence
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4. In the same way above, we have VryTY = Vi <Y — g/ (V {-XTY, NN,

VAT = Vo)X - a6 )V 4 g a)g(Y) U
and
frof T _ 1 v 24 f v
9 (Vi Y NN = —g(X,u)g(Y,u) U—m 9(X,Y) Ut 179 9(X,u)g(Y,u)"U.
Hence
VexY = —g(V,u)TX.

Now, we shall calculate the Riemannian curvature tensor of T} M with the deformed Sasaki metric §/. Note
that the curvature of 71 M with Sasaki metric has already been considered by A. L.Yampol’skii, who calculates
its curvature components in [13].

Denoting by R/ the Riemannian curvature tensors of (T3 M, §/), from the Gauss equation for hypersurfaces
we deduce that R/ (X,Y)Z satisfies

RIX.V)Z =YR/(X,Y)Z) - B(X,2).AxY + B(Y,Z).Ax X, (5.6)
for all X,Y and Z vector fields on Ty M. where {(Rf(X,Y)Z) is the tangential component of R/ (X,Y)Z with
respect to the direct sum decomposition (5.2), Ay is the shape operator of Ty M in (T'M, g/) derived from N,
and B is the second fundamental form of 7} M (as a hypersurface immersed in 7'M, associated to A on 77 M.

AnX is the tangential component of (—V%N ) ie.
AnX = —'(VLN), (5.7)
B(X,Y) is given by Gauss’s formula, VLY @ Y + B(X,Y).N, so

B(X,Y) = g/ (VLY N). (5.8)

Theorem 5.2. Let (M™, g) be a Riemannian manifold and (Ty M, %) its unit tangent bundle equipped with a deformed-
Sasaki metric, then we have the following formulas.

RICIX, )2 = P(R(X,Y)Z) + 5™ (RGu, BOCY)0)Z) + 7R ROX, Z))Y ) — (R, R(Y, Z)u)X)

v, my(X V),

RI(Mx, ")z = —iH(R(u,Y)R(u,Z)X)—;H(R(Y,Z)X),
BI(TX, )z = iH(R(u,X)R(u,Y)Z)—EH(R(u,Y)R(u,X)Z)+H(R(X,Y)Z),
RIIX, ™Yz = %H((VXR)(WY)Z)—%T(R(X R(u,Y)Z)u) %T(R(X,Z)Y),
RICIX, )2 = (Y R)(w, 2)Y)) — LTy B)(u, 2)X)

1

—ZT(R(X, R(u, Z)Y)u) + =T(R(Y, R(u, Z)X)u) + "(R(X,Y)Z),

1
4
RI(X, ™YY7 = g(V,2)"X —g(X,2)"Y.

for all vector fields X,Y and Z on M, where X =X —g(X,u)U, see[4, 8].
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Proof. Using Theorem 3.1, Lemma 3.3, (5.7) and (5.8), we obtain

-1
ANIX =0, ANTX = —=="X, 5.9
N N e (5.9)
BPX,fy) = B(X,"Y) = B(*X,"y) = 0, (5.10)
and
-1 -1 _
B(IX,Ty) = — (¢9(X,Y) —g(X,u)g(Y,u)) = —=g(X,Y). 5.11
( ) T (9(X,Y) — g(X,u)g(Y, u)) %) (5.11)
It now sulffices to using Theorem 4.1 and (5.6)-(5.11), we obtain the required formulae for the curvature tensor
(see [2]). O
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