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Abstract

The algebraic study of polynomials based on determinant representations is important in
many fields of mathematics, ranging from algebraic geometry to optimization. The mo-
tivation to introduce determinant expressions of special polynomials comes from the fact
that they are useful in scientific computing in solving systems of equations effectively. It is
critical for this application to have determinant representations not just for single valued
polynomials but also for bivariate polynomials. In this article, a family of degenerate gen-
eral bivariate Appell polynomials is introduced. Several different explicit representations,
recurrence relations, and addition theorems are established for this family. With the aid
of different recurrence relations, we establish the determinant expressions for the degen-
erate general bivariate Appell polynomials. We also establish determinant definitions for
degenerate general polynomials. Several examples are framed as the applications of this
family and their graphical representations are shown. As concluding remarks, we propose
a linear interpolation problem for these polynomials and some hints are provided.
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1. Introduction and preliminaries

Many mathematicians, physicists, and combinatorial specialists have recently rekin-
dled their interest in the study of degenerate forms of special polynomials, numbers and
functions. The importance of degenerate versions goes beyond their combinatorial and
mathematical features, to their applications in differential equations, probability theory,
and symmetric identities. The idea extends beyond special polynomials and numbers to
transcendental functions. As a consequence of Carlitz’s study of degenerate versions of
special polynomials and numbers several degenerate analogues of special polynomials and
numbers came into existence [2,4-8,14,15,18]. From here, unless stated, A is arbitrary
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but a fixed non zero real number. We recall the following definition of degenerate Appell
polynomials [15]:

Definition 1.1. The degenerate Appell polynomial sequences {A, \(¢)}nen are defined
by

oo Tn
= A, —, 1.1
where Ay(7) is of the form:
oo Tr
TV =D o (1.2)
=

Remark 1.2. Note that
lim A, A (¢) = A4, (C),
A—0

where A, () are the classical Appell polynomials [1].

We recall two particular members belonging to the degenerate Appell family:

Case I. Degenerate Bernoulli polynomial sequences { B, x(¢) }nen [5]-
Taking Ay (1) = m in equation (1.1), we obtain the degenerate Bernoulli sequences

{Bn(¢) }nen, which possess the following generating function and series definition:
T ¢ > ™
mex(ﬂ = Z: Bn,A(C)H? 7| <27

and

Bn,)\(C) = zn: (:) Bn—r)\ (g)r,)\a

r=0
respectively, where B,,  := By, x(0) are the degenerate Bernoulli numbers.

Case II. Degenerate Euler polynomial sequences {E), y(¢)}nen [5].

For A\(7) = ﬁ in (1.1), we obtain the degenerate Euler sequences {E, 1(¢)}nen,
which possess the following generating function and series definition:
2 ¢ e 7"
- — E —, <
6)\(7‘) + 16)\(7—) nzz:o n,/\(C) n |T| T
and

En,)\(g) - i (:) Enfr,/\ (C)T,)\;

r=0
respectively, where E,, ) := E,, 5(0) are the degenerate Euler numbers.

Multivariable special polynomials, or more specifically, special polynomials in two vari-
ables, hold a necessary position in terms of their importance in several sectors of research
and engineering. Using multivariable special polynomials, various identities can be de-
duced in a simple, efficient, and transparent manner. Exploring multivariable special
polynomials also resulted in the establishment of several new families of special polyno-
mials in the literature [3,13]. We recall the following degenerate general class of bivariate
polynomials [17]:

Definition 1.3. The degenerate bivariate general polynomials py x((,n) are defined by
the generating function of the following form:

QZ))\ n,T an)\ C 77 (13)
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where ¢y (n,7) is given as
7_

Remark 1.4. Note that
lim p, A (¢, 1) = palC, 1),
A—0

where p,,({,n) are the bivariate general polynomials [3].

By using the polynomials p,((,n), a bivariate family of general Appell polynomials is
introduced and investigated in details, see [13]. The bivariate general family is important
as it includes a variety of different polynomial sequences. Also, introducing degenerate
version of any polynomial sequence may result in deriving many different forms of identi-
ties. Motivated by these, the authors aim to introduce a degenerate version of the general
bivariate Appell polynomials and establish their several properties.

The article is structured as follows: In Section 2, a degenerate family of general bivariate
Appell polynomials is introduced via generating function. Section 3 is followed by several
series representations, recurrence formulas, differential identities, and other identities of
these polynomials. The corresponding conjugate forms are also investigated which results
in establishing determinant expressions for degenerate general bivariate Appell polynomi-
als and degenerate general polynomials. In Section 4, an example of polynomial from this
family, namely degenerate bivariate Laguerre-Appell is constructed and its special cases
are also discussed. Section 5 deals with the shapes, surface plots, and zeros for degenerate
bivariate Laguerre-Bernoulli polynomials via graphical approach. Finally, the degenerate
general bivariate Appell interpolation problem is discussed in concluding remarks.

2. Degenerate general bivariate Appell polynomials

In this section, we introduce a degenerate version of the general bivariate Appell poly-
nomials (dgbAp). A diverse range of important identities, recurrence relations and deter-
minant expressions are derived for these polynomials. We give the following definitions:

Definition 2.1. The degenerate general bivariate Appell polynomial sequences
{pA, ,(¢,n)}nen are defined by the following generating equation:

AN(T)eS (T)pa(n, T Z RV EN(S 77 (2.1)

where A)(7) and ¢x(n, 7) represent the series given by equations (1.2) and (1.4).

Next, we establish the connection between dgbAp ,A ,(¢,n) and degenerate Appell
polynomials A, x(().

Definition 2.2. The degenerate general bivariate Appell polynomials ,A (¢, 7n) can be
explicitly represented in terms of degenerate Appell polynomials A, ({) as

n

An,,\(C,ﬁ) = Z <Z> n— ’!’/\(C) ¢7’>\( ) n > 1.

r=0

Remark 2.3. For A, (¢) = ({)n,\, we obtain the following explicit form for the degen-
erate bivariate general polynomials p, ({,7):

pn,)\(Ca 77) = i (:) (C)n—r,)\ d)r,)\(n)'

r=0
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Definition 2.4. The degenerate general bivariate Appell polynomials ,A, ,(¢,7n) can be
represented in terms of degenerate general polynomials p, A(¢,n) as:

pAn,)\(Cv 77) - Z (:) Pn—r\ pr,)\(Cv 77)- (2.2)

r=0
Theorem 2.5. The degenerate general bivariate Appell sequences A, (¢, n) satisfy the
following addition formula:

n

pA (G +G2,m) = > <Z>pAn,A(Cl,n)(C2)n—r,A' (2.3)

r=0
Proof. Replacing ¢ by (1 + (2 in (2.1), using definition of degenerate exponential function
and relation (2.1) in the resultant equation, simplifying and equating similar powers of 7,
assertion (2.3) follows. O

The formal power series Ay(7) is an invertible series, given by
* — = 7"
A/\(T) = A)\l(T) = z:d)fyr,)\ﬁa (24)
r—=

such that the following holds:

n n
Z <T>pnr,/\'7r,/\ = 571,07 (25)

r=0
where 9y, ,, denotes the kronecker delta. Next, the conjugate forms of degenerate sequences,
namely, the conjugate degenerate bivariate general polynomial sequences pj, 1(¢;m) and
conjugate dgbAp ,A (( 1) can be defined by making use of conjugate function A*( ).

Definition 2.6. The conJugate degenerate general bivariate Appell polynomials ,A (C n)

are defined as:
TL

A3 (7)eS (T)oa(n, 7 Z Al (2.6)

Theorem 2.7. The conjugate degenerate geneml bwarmte Appell polynomials ,A (C n)
can be explicitly represented as:

pA:L,,\(CaU) = Z (:) Tn—r\ PT,A(C,U)- (27)

r=0
Proof. Using relations (1.3) and (2.4) in equation (2.6), assertion (2.7) follows. O

Definition 2.8. The conjugate degenerate bivariate general polynomial sequences pj, \(Cm)
are defined as:

ex ' (P)es(Mea(n, 7 me ¢,m) .. (2.8)

Theorem 2.9. The conjugate degenerate bwamate general polynomial sequences pj‘w\(C, n)
can be explicitly represented as:

n

paallm) =Y (") (¢ = Dradnra(n) (2:9)

r=0
Proof. In view of equation (1.4) and series expansion of degenerate exponential function,
equation (2.8) gives
n+r

> Paalem T = 33 6uam)(C ~ Vratr—r.

n=07r=0
from which, applying Cauchy product rule we get assertion (2.9). g
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Proposition 2.10. The following identity holds for the degenerate bivariate general poly-
nomial sequences {pn (M) tnen:

n

n

pn,A(Cvn) = Z <T>'Yn—r,>\ pAﬁ,\(C’n)- (2.10)
r=0

Proof. Since the function Ay(7) is invertible, therefore, with the use of relation (1.3),

equation (2.1) can be rewritten as:

TTL

o Tn o

Z pn,)\(C7 77)? - A§(7_> Z PAn,)\H'

n=0 n=0
Finally, using relation (2.4) in the above equation and applying Cauchy product rule, we
get assertion (2.10). O

In the next section, we establish several recurrence relations for the dgbAp and de-
generate bivariate general polynomials. Further, by using these recurrences, an algebraic
approach for these polynomials is presented.

3. Recurrence relations and determinant expressions

Recently, Costabile et al. [9] established the determinant forms for the bivariate general
Appell polynomials. In this section, we derive a variety of different recurrence formulas for
the degenerate bivariate polynomials and their conjugate forms. Further, by using these
recurrences, we establish different determinant expressions for the polynomials PAn, A(¢m)

and pp A (¢, 7).

Corollary 3.1 (First recurrence formula). For the degenerate general bivariate Appell
polynomials ,A, | (¢,n), the following recurrence formula holds:

n—1

pA())\(C)T’) =1, PAn,)\(Can) = pn,)\(Can) - Z (Z) Tn—rA pATV)\(Can% n > 1 (31)
r=0

Lemma 3.2. For the conjugate degenerate bivariate general polynomial sequences p;)\(g“, n)
and degenerate bivariate general polynomial sequences py x(C,n), the following inversion
formulae hold:

p;;,,\(C,n) = Xn: <n> (_1)71—7“,)\ pr,)\(Ca n) (3.2)

r=0 r
and
n n .
Pn,)\(Ca 77) = Z (’I“) (1)n—r,)\ pr,A(Ca 77)7 (33)
r=0
respectively.

Corollary 3.3. For the degenerate bivariate general polynomials p, x(¢,n), the following
recurrence formula holds:

n—1
Pan(Cn) = pha(Cm) — > <n> (=Dn—r 2ra(C; ). (3.4)

r=0 r

Corollary 3.4. For the degenerate bivariate general polynomials p, x(¢,n), the following
identity holds:

n

> (Z) (D Prera(Cm) =3 (Z) (€= Dranra(n)- (3.5)

r=0 r=0
Proof. The proof follows from (2.9) and (3.2). O
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Lemma 3.5. The following inversion formulae for the degenerate general bivariate Appell
polynomial sequences pA, | (C,n) hold:

pAna(Cn) = ZQ Jx PG M) (3.6)
7=0
and
pn)\ ga ZQ*,]A P ])\(ga )7 (37)
7=0

where the coefficients €, ;.\ and QZ,J’Q\ are defined as follows:
“(n\[r
r=j

and
* " (n)\[r
L jn = Z <T> <]> (=Dn—rx Yr—jx; (3.9)
r=j

respectively.
Proof. In view of relations (2.2) and (3.3), we have
n>\ C, ZZ()() r])\pn r)\pj, ((a"?)
r=035=0

Using relation (3.8) in the above equation, assertion (3.6) follows. To prove relation (3.7),
we use relation (2.10) in the r.h.s. of equation (3.2) so that we have

PnACW ZZ()() nr)\%”j/\p j)\<C77)

r=035=0
—ZZ(><> nr/\’yr])\p ])\(477)
j=0r=j
In view of relation (3.9), the above equation yields assertion (3.7). O

Corollary 3.6 (Second recurrence formula). For the degenerate general bivariate Appell
sequences pA \((,n), the following recurrence formula holds:

pAo,A(€777) =1, pAn,)\(Cﬂ?) pn)\ (¢,m) Zﬂnr)\ Y (€,n), (3.10)

where the coefficients SY;, ..\ are defined by equation (3.7).
Proof. The proof easily follows from relation (3.9). O

Theorem 3.7 (Third recurrence formula). For the degenerate general bivariate Appell
polynomials ,A, | (¢,n), the following recurrence relation holds:

n—1
PAn_A,_l,)\(Cv 77) = {C + X0\ + 190,/\(77)} PAn,)\(Cv 77)+Z <Z> {Xn—?“,/\ + ’lgn—r,)\(n)}]’Ar,,\(Cv 77)7
r=0

(3.11)
where x,x and Y, \(n) are given as:

(e ¢} ’I“

= T" T¢)\ na
- ZOX“F’ Z : (3.12)
r=

gb/\ n,T _
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Proof. On differentiating relation (2 1) w.r.t. 7, it follows that

Al)\( ) T¢>\ 77)
<<+ Ax(T ) oa(n, 7 Aex(r)oatn. T Z rAn1a(6 77)

In view of relations (2. ) and (3.1

, the above equation leads to

2)
7" T "
Z An+1 A Cv (( + Z Xr,)\ﬁ + Z 197",)\(77)74> pAm)\((, n)ﬁ
n! r=0 : r=0 : :
Combmmg the series in the r.h.s. of above equation, using Cauchy product rule and

simplifying the resultant equation, we get assertion (3.11). O

Remark 3.8 (Condition for orthogonality). If we take
n—2

Z (Z) {Xn—r,)\ + ﬁn—r,k(n)}PAr,)\(Q 77) =0,

r=0
then relation (3.11) becomes a three term recurrence relation given as:

pA, 1A (Gn) = {0+ xox + Dopa(m)} pA, A () +n{xan +d1am)}pd, 1\ (G ),
which defines the orthogonality of the polynomials ,4,_ (¢, 7).

Theorem 3.9. For n,r > 0 and r < n, the degenerate general bivariate Appell sequences
pAn’)\(C, n) satisfy the following differential relations:

ny O™ . on—1
’Ynl)\acnp n/\(g’ ) (Fy 13[6(71 1P n)\(C 77) '+PAn7)\(Ca77>

= Z (Z) (C)T,/\gbn—r,)\(n)v (313)
r=0

G nsd g O
Qn,j;kaign pAn,A(CﬂI) + (73'801 p4y, A(C 77) +pAn,>\(Ca77)

== Z ( ) - 1 rA¢n 7’)\(77) (314)

Proof. Differentiating generating function (2.1) r times w.r.t. ¢ yields the following rela-
tion:

1 a"
A =
p n—7~7)\(C777) TL(TL 1) (TL —r4+ 1) 60” n)\(Cv )
Now, by making use of relation (3.15) in equations (3.1) and (3.10), we obtain assertions
(3.13) and (3.14) respectively. O

(3.15)

Theorem 3.10. The degenerate general polynomials p, A(¢,n) satisfy the following dif-
ferential relation:

—1)py O" L)n o
( n)' ’AaTnpn,A(C,n) ((n)—lil)\ aCn— 1p”)‘(C )+ PG

= Z < ) - 1 r)\¢n r/\(n) (316)

Proof. In view of equations (3.5) and (3.15), assertion (3.16) follows. O

Next, by using three different recurrence relations derived above, we establish three
different determinant expressions for the dgbAp pAn, 4 (¢,n). In addition, we also establish
determinant forms for the degenerate bivariate general polynomials p, (¢, 7). For this,
we have the following result.
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Theorem 3.11. The elements of the sequence {pA, ,(¢,1)}nen can be expressed in the
form of the following three determinant expressions:

(1) pA(),)\(C,n) =1,

pox(Cm) pra(Cm) p2a(¢in) Prn—1A(C:1)  Pa(C,m)
Yo, Y1, V2,1 Yn—1,X T\
0 Y0.A ()1 (G S N () LN
An (4777) = (_1)n _ )
A 0 0 Yo, ("33 (2)yn—2.
0 e o 0 Y0, (o) 71
(3.17)
n=1,2,..., where p, \({,n) are the degenerate bivariate general sequences and the coeffi-
cients v\ are given by equation (2.4).
(ii) pAo,)\(Can) =1,
po(Cm) pIA(Gm) p5A(Cn) RN (S /) B N ()
Q0. Q1 x 251 Q1 Q5
0 %G (0 ("2 (D1
A \(Gm) = (=1)"
p A ’ * n— * n * ’
" 0 0 QO,)\ ( 2 1) an&,)\ (2)97172,)\
0 = o 0 Q5 (n21) 95 5
(3.18)
n=12.. pz)\(g,n) are the conjugate degenerate bivariate general sequences and the
coefficients 2y, \ € C are defined by (3.9).
(iii) PA07)\(<777) = 17
¢+ xo.x +Jox(n) -1 0
X1,x +Y1,a(n) ¢+ Xox +Yoa(n) 0
pA, \(Cn) = . (3.19)

Xnx T Una(n)

(?) Xn—1,\ + 197171,)\(77)

¢+ xox + o0 (n)

n=1,2,..., where x, and U, x(n) are defined by (3.12).

Proof. The first, second, and third recurrence formulae given by equations (3.1), (3.10),
and (3.11) respectively can be regarded as infinite lower triangular systems in unknowns
pAn, 1(¢,m). Therefore, after performing elementary determinant operations on the given
equations and then solving the first (n+ 1) equations using Cramer’s rule, we obtain three
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different determinant expressions for the dgbAp ,A ,(¢,n) given by equations (3.17),
(3.18), and (3.19). O

Further, we establish determinant expressions for the degenerate bivariate general poly-
nomials p, A(¢,n). In view of recurrences (3.4) and (3.11), we obtain the following deter-
minant forms for degenerate bivariate general polynomials:

Theorem 3.12. The members of the degenerate bivariate gemeral polynomial sequence
{PnA(C,n) tnen can be represented by means of the following determinant expressions:

(i) po,A(Cﬂl) = 17

poa(Cn) piA(CGmn) piA(Cn) - pro1a(Cm) N(SY)))
1 (=D1x  (D2x - (=Dn-1, (=Dnax
0 1 2(=D1x - (n=D(=Dn2x  n(=Dn-1a
prolen) = 2D 0 0 1 e (D () (= Dnan |
0 0 1 n(—1)1.x
n=12, ..., where p;)\(g,n) are the conjugate degenerate bivariate general polynomials.

(ii) poa(¢,m) =1,

C+torm) -1 0 .. .
ia(m)  CH+doa(n) -1 e 0
pa(C,n) = : : :
—1
Ina(m)  (DIn—aa(m) -+ (Z)diam) ¢+ doan)

n=1,2,..., where the coefficients ¥y, x(n) are defined by (3.12).

In the next section, we consider a particular form of degenerate bivariate polynomial
and derive results for its hybrid form.

4. Degenerate bivariate Laguerre- Appell sequences and their special cases

The family of degenerate bivariate general polynomials p, x((,7) includes in itself a
variety of polynomials, some of which are explored but many are yet to be discovered. For
the suitable choices of the differentiable function ¢y (n, 7), different degenerate bivariate
general polynomials can be obtained. We discuss some of the important members of the
degenerate bivariate general polynomials family by making different choices of the function

oA, 7).

Case I. Degenerate Gould-Hopper polynomials Hgn)(c,n)
For the choice of ¢x(n,7) = €(7™), equation (1.3) yields the degenerate Gould-Hopper
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polynomial sequences H (C n) [17], whose generating relation and series representation

are given as follows:
0 n

(M) = 3 HY(Cm) (4.1)
n=0 n!
and
( [n/m] \
' TL mr,
- Z (n—mr)lr! ’
respectively.

For m = 2, the degenerate Gould-Hopper sequences becomes the degenerate Hermite
polynomials Hy, x(¢,n) [16,17].

Case II. Degenerate bivariate Laguerre polynomials L, 1((,7)

For the choice of ¢x(n,7) = Cpr(nT), equation (1.3) yields the degenerate bivariate La-
guerre polynomials L, x(¢,n), which are defined by the generating equation of the form:

ey (1)Coa(¢T) = ZLnACU

where Cp \(n7) are degenerate Tricomi functions of order 0 defined by the following gen-
erating function and series representation:

ex(7) ( ) ZC,”\ T—'

and
_ S (_1)7”,/\(07”,/\
Cn,)\(C) - Z T'(Tl‘i‘?")‘ )
r=0
respectively.

The degenerate bivariate Laguerre polynomials L, x((,n) can be explicitly represented by

N e (42)

|
—0 T r!

and its conjugate generating function is given by:
ex ' (T)es (1) Con(7) ZL

Case III. Degenerate bivariate Legendre polynomials S, (¢, 7)

For the choice of ¢)(n,7) = Cor(—n7?), equation (1.3) yields the degenerate bivariate
Legendre polynomials Sy, ((,n), which are defined by the following generating equation
and series definition:

ex(1)Co( Z Su(C, 77
For the degenerate bivariate Legendre polynomlals Sn.a(¢,n), the following series holds:
n/2]
n)\ C 7] —nl Z n 2r)\ C)r)\(_l)r,)\.

(n—2r)!(r!)?

Now, by taking one of the members of the degenerate bivariate general family, we frame
one example for the degenerate general bivariate Appell family.
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Example 4.1 (Degenerate bivariate Laguerre-Appell polynomial sequences 1A, (¢, 7))-
Taking ¢x(n, 7) = Co (0, T7) in generating equation (2.1), we obtain the degenerate bivari-
ate Laguerre-Appell polynomials (dbLAp) 1A, »(¢,n) which are defined by the generating
relation of the form:

e} n

-
AT Con(1m) = 37 pAua (o) (43)
n=0 :
and its conjugate form is given as follows:
* = * Tn
A (M) Con(nm) = 3- L ALAC )
n=0

The series representation for the dbLAp A, y(¢,n) in terms of degenerate bivariate
Laguerre polynomials is defined as follows:

LAn,)\(Ca 77) = Z (Z) pn—r,)\Lr,/\(n7 C)

r=0

In view of equation (4.2), the above equation reduces to

n)\ C, =n! Z Z Pn— k ) (_1)7’)\ (n)r,)\'

== 2(n—k—nr)k!

The following connection formula between the dbLAp 1A, »({,n) and degenerate Appell
polynomials A,, 5 holds:

(=1)ra(n)
0 n 'r)\ r A\ A
nACTI nrzo n—r)' .

Now, we present some of the recurrence formulae for the dbLAp A, (¢, 7).

Theorem 4.2. The degenerate bivariate Laguerre-Appell polynomials 1 A, z(¢,n) satisfy
the following recurrence relations:

n—1
(1) LAn,)\(Cvn) = Ln,)\(na C) - 20 (:)Vn—r,)\ LAT‘,)\(Cvn)v n > ]-a

where Ly x(n, () are the deg_enerate bivariate Laguerre polynomials.

(ii) LA A(Cm) =Ly \(1,€) — Z Qo LA ),
where L \(n, () are the conjugate degenerate bivariate Laguerre polynomials.

(iii) LAn+1,,\(C n)

n—1
={C+ xox + oM} LAN(C, 1) + z::o () {xn—rx + On—ra(m)} LA, A(C, ),

where the coefficients O}, .\ and X, are defined by equations (3.7) and (3.12)
respectively and U, \(n) are given by

r

87'C’0 A (777—) - T
L ANt 79r -
Co(nT) ,;0 A5
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For the choice of p, z((,n) = Lpa(n,() in determinant (3.17), we find the following

determinant representation for dbLAp 1A, (¢, n):

LAoA(¢m) =1,
LA (1)
LO,>\(W7<) Ll,)x(n7<) L2,>\(777<) Ln_L,\(’I’],C) L’ﬂq)\(nag)
Yo\ Y1, Y2, TYn—1,X Tn, A

0 Y0, (RIS ("THvm—zn (DYn-1.a
= (—1)” . " , (4.4)

0 0 70, ( 21)%73,,\ (2)%72,)\

0 Y0,A (HL)VL/\

forn=1,2,...

Likewise taking pj \(¢;n) = Lj, y(n,¢) in determinant (3.18), we obtain the second
determinant expression for dbLAp A, 1(¢,7):

LAO,)\(Can) = 11
LAn,A(Cyn)
Lga(m, Q) Ly x(n,¢) L3 5(n,0) Ly 1 3(m,¢) Ly \(n,C)
Q5.5 Q7 5 Q35 Q51 Q7
0 0 (D925 (i [P () LN
= (=" o . : (4.5)
0 0 % (" sn ()
O QS,)\ (nT—LI)QT,)\

forn=1,2,...

It is well known that the polynomials By, x(¢) and E, ({) are the particular members

of the degenerate Appell family. Therefore, by making particular choices for the function
Ax(7) in dbLAp, we obtain the following special cases of the dbLAp family:

Case I. Taking A\(7) =
we obtain the degenerate bivariate Laguerre-Bernoulli polynomials (dbLBp) 15, (¢, n)
which are defined by the generating function and series definition of the following form:

ﬁ of the degenerate Bernoulli polynomials in equation (4.3),

(6,\(7’3-1) eg\ (7—)007)\(777—) = Z LBn,A(<7 77) ~

n!
= n!

and

LBna(¢n) =n! i (_1)7“7>"(77)(7“7>\Bn—r,>\(<)
r=0

(rH2(n —r)! ’
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respectively.
Taking

Sy
Tn X = n+1 n+1,As

in determinant (4.4), we obtain the following determinant expression for the dbLBp
LBn,A(Cﬂ?)3

LBO,)\(Cﬂ]) = 17
LBn,)\(Ca 77)
LO,)\(nv C) L1,>\(777 C) L2,>\(777 C) e Lnfl,)\(n, C) Ln,)\(n; C)
(D1.x 312 (s - L(D)na A (Dnyia
0 W1a (D312 (nfl)(niil)(l)n—lx (1) (D
= (=1)" 5
Y 0 0 (112 (") i Wn—za (5) 7 Wn-1.
0 0 (D1 (2132

forn=1,2,...
Also, taking

. n\ ., " (n\(r
Qn,j;)\ = <]~>an,)\ = TZJ <T> (]) (_1)1177",)\ Tr—4,1

in determinant (4.5), we obtain the following second determinant expression for the dbLBp
LBn,)\(Cv 77):

LBO,)\(Cv 77) - 17

LBn,)\(Can)
INGAS Ly \(n,0) L3 5 (n,¢) EE Ly (1, ¢)
Wia 2REDIAOm+ @D+ > (7)
(1)2 )\} (=1)1,x(1)2,x +(1)33,/\] (*I)Irroiil)rﬂ,,\
0 (1)1 [2(~1)1a()1at > () (~Damra
(1)2,2] (D
:(_1)71 . ’
0 0 (1)1 X ()
(=D raWr1n
(3)r—1)
0 0 22(=1)1a(1)1a+
(1)2,]
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forn=1,2,...
For the dbLBp 1B, x(¢,7n), the following recurrence relation and addition formula hold:

_ _ = () £BrA (G (Dnriin
LBO,/\(Cﬂ?) - 17 LBTL,)\(C777) - Ln,A(TL C) - T;O (’I") (n —r+ 1) ) n = 1

and
n

Bn,A(Cl + (o, 77) = Z (:) LBn,)\(Cb 77)((2)7171",/\7

r=0
respectively.

Case II. Taking A)(7) = OS] )+

we find the degenerate blvarlate Laguerre-Euler polynomials (dbLEp) 1 E,, 5(¢,n) which
are defined by the generating function and series definition of the following form:

<(2) 3(1)Con(nT) ZLEn)\ (¢, 77)

7 of the degenerate Euler polynomials in equation (4.3),

)+ 1
and
r 7” )\En T )\(g)
n A <7 =n! Z TL _ 7’)' ’
respectively.
Taking
1
Tn X = 5(1)71,/\
in determinant (4.4), we obtain the following determinant definition for the dbLEp 1 E,, (¢, ):
LEO,A(C?U) = 1)
LEn,)\(gv 77)
LO,)\(T/?C) Ll,)\(naC) L2,)\(777§) e Lnfl)\(nvé_) Ln,/\(naC)
% %(1)“ %(1)2,A %(1)71—1,\ %(Un,\
0 G L {COI B ("1)3Mn2a (D3(Mn-1
= (=" 1 n—1y 1 1 )
0 0 3 ("2)zMn-sx (5)3(Dn-22
0 0 3 (") 3 (W1
forn=1,2,...
For the dbLEp 1 E,, 5(¢,7), the following recurrence relation and addition formula holds:
1 /n
LEO,/\(C)U) = ]-7 LEn,)\(C’n) = Ln)\(nv C) - 5 Z <T>LET,/\(C’77)(1)7Z—7‘,>\7 n>1
r=0
and
" (n
Eox\(CG+Gn) =) <T>LEn,/\(Clvn)(C2)n—r,>n
r=0
respectively.

Again, taking

* n * " n T
Qn,j;)\ = (]-)Qn—j,)\ = Z (1") (]) (_1)71—7“,)\ Yr—3,Xs
r=j
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n (4.5), we obtain the following second determinant expression for the dbLEp E,, x(¢,7):

LEO,/\(C777) = 17
LEn,/\(C777)
La)\(na ¢) LT,A(% ¢) LE,A(m ¢) T L;,/\(nv ¢)
R (CE R E O (S VAR es § 3 (~Dura
(=D 1a(D)1x+ (12,4] (1)rx

0 ; (~1ia+ (s 53 (-
= (1" (1)—12

0 0 : 2 e

0 0 %[(_1)1,/\ + (1)1,/\]
forn=1,2,...

By varying the values of ¢y (n, 7), we can obtain distinct members of the dgbAp family.
These members are listed in Table 1.

Table 1. Certain other members of the dgbAp family.

ox(n,T) Generating Function Series Definition Name of Polynomial
Cox(—n7?) A)\(T)GC( )Cox(—nT?) = sAnA(Cn) = Degenerate bivariate Legendre-
n
Z SAn A(Ca )T z_: (:«L)pnfr,)\ Sr,k((vn) Appeu polynomials SAn,A(Can)
el (™) A,\( ) ( ey (r™) = HA;”;\)(C n) = Degenerate bivariate Gould-
Z HAn )\(C n)Tn— > ( )pn A H (C n) Hopper- Appell polynomials
n=0 r=0
H A ()
el (r?) Ax(r)es (1)el(r2) = A, A (¢m) = Degenerate bivariate Hermite-
ZOHAn,A(C,n)% Z (r )pn r A HrA(C,m) | Appell polynomials g A, A(C, )

Remark 4.3. We remark that the results established in Section 4 can be correspondingly
obtained for the members listed in Table 1 and can be recast into its special cases.

Next, we will look at the dbLBp 1B, x(¢,n) from a graphical standpoint. We present
graphs, contour plots and zero distribution plots for the dbLBp 1B, x(¢,n) for various
values of index n and parameter .

Figures 1-4 depict the behaviour of single variable B, 5((,11) for even n = 4 and
odd n = 7 with A > 1 and A < 1. We interpret that graphs with even index show
convex behavior and graphs with odd index show concave behavior. We also know that
the polynomials of degree n has at most n — 1 turning points.

Figures 5-8 depict the pattern for zero distribution for odd n = 23 and even n = 40
with A = 5,0.7. We interpret that the distribution of zeros do not show any pattern of
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Figure 1. Graph of B, 5(¢,11)

@

Figure 2. Graph of 1 B75(¢,11)

@
600000
400000+

200000+

Figure 3. Graph of 1By g7(¢,11)

()

-1x10%F

_2x101f

-3x10%

Figure 4. Graph of 1 B77(¢,11)

symmetry. For odd n one real zero lies on Im(v) = 0 and complex zeros are scattered
along a line while for even n all complex zeros occur in pair and are scattered along a line.

Figures 9-12 show contour plots for 1B, y({,n) with even n = 4 and odd n = 7 with
A = 5,0.7. We interpret that for even and odd index with A = 5, the contour plots of
B, (¢,n) show minima at n» = —5 while the contour plots of 1B, ({,n) for even and
odd index with A = 0.7 show maxima at { = 5.

5. Concluding remarks

The fundamentals of interpolation and polynomial approximation are well established.
This topic may be traced back to the pre calculus era, but it has witnessed the majority of
its growth and development since the end of the 19th century and is still a vital and growing
component of mathematics. Some univariate interpolation and approximation problems
are studied in literature, see [11,12]. Recently works are done on multivariate interpolation
problem [9,10]. Here, we pose a degenerate general bivariate Appell interpolation problem
and try to find its solution in terms of {pAny)\(C, n)}nen. Let X be the linear space of real
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Figure 8. Zeros of By 0.7(¢,11)

bivariate continuous functions defined in a domain D and belonging to €™ (D). We define

6n = Span{p(),)\apl,)\"‘. ,p,n”A}’ nEN,

where p,, \ are defined by equation (1.3). Observe that &, C X. Next, we define a linear
functional £ on X such that £(1) # 0. Set

S(p’r,)\) =T, T = 0,1,..n, Yo = L, r=>1, va,)\ €6, (51)

and consider the degenerate general bivariate Appell polynomials defined by (3.17) and
we call as the degenerate bivariate polynomial sequence asociated to the linear functional
£ denoted by {pAT% \Jnen-

Degenerate general bivariate Appell interpolation problem
For every f € X, we find, if there exists, the bivariate polynomial g,[f] such that the

following hold:
c(air)-+()
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Figure 12. Contour plot of
LBr07(¢,n)

Let us define the k + 1 (k =0, ...,n) linear functionals as follows:

Lo(pr)) = £(Prx) = vens Lrelpry) = £ (P

k0
iA )) = k! o | =k
k=1,...,r,r=0,...,n,
where

(5.2)

(mn) _ O™ 00) _
25N _agm—ann’ Py y" = Pr

The following conclusion shows how the linear functional £ is related to the generating
function of the degenerate general bivariate Appell sequence {pAﬁ \JneN:
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Theorem 5.1. The following identity holds for the generating function G(,n;7) of the
degenerate general bivariate Appell polynomial sequence {pAﬁ/\}neN :

e5(1)6a (1, 7)

R ETE ) o
where £ denotes the action of the functional £ on eg\(T)gb,\(n,T) w.r.t. ¢ and n.
Proof. The generating function (2.1) can be written as
§(omr) = SOB0T) _ S(D)er)
) IRV
In view of equation (5.1), it follows that
S(C.mir) = eigm(nm) _ eﬁ(z)%(nﬁ) |
£6m {TZO pea(C, n);j} eon{e§(menn,7)}
In view of equation (1.3), assertion (5.3) follows. O
Theorem 5.2. The degenerate polynomial
6alf1(C.) = ZO U A2, (G, (5.4)
is the unique element of &, such that
L(galA™) =L (%), k=0,..n.
Proof. In view of determinant expression (3.17), we find
S (pA5,) =710k, k=0,1,.1 (5.5)

Now, the theorem follows from relations (5.2) and (5.5). Uniqueness is determined by
linear independence of the functionals £4,k =0, ..., n. O

Examples of degenerate general bivariate Appell interpolation

Example 5.3. Let ¢5(n,7) = el(7)
In this case the related bivariate general sequence is given by

Par(Cn) = (C+M)na-

Note that, in this case p, (¢, n) = H}L’/\((, n), where Hffi((, n) are the degenerate bivariate
Hermite polynomials.
Next, we define a functional

£(f) = f(0,0), Vfex.

Then
1, =0,
LonA () = S{CHMna} =02 = {0 n>0

In view of equation (2.5), we obtain

], n=0,
Prx = 0, n>0.
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In this case, the degenerate general bivariate Appell interpolant, denoted by %,,[f] is given

r=1
Example 5.4. Let ¢5(n,7) = e](7?)
In this case the related bivariate general sequence is given by

Pa(Cn) = Hffi(( ),

where H (C n) are the degenerate bivariate Hermite Kampé de Fériet polynomials de-
fined by equatlon (4.1) for m = 2. Taking £(f) = f(0,0), we have

= £{HA(Cm)} = {17 n=0,

0, n>0.

Then, the degenerate general bivariate Appell interpolant is given as

\(Cm)
T,[f] = £(0,0) +Zf”° 00L
= 7!
Here, we give a brief viewpoint of the interpolation problem above. Some important
properties likewise evaluating integral functional, arithmetic mean functional and numeric
results are yet to be discussed in further investigation.
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