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ABSTRACT 

In this study, two lagged fractional order singular neutral differential equations are considered. Using the advantage 

of the association property of the Riemann -Liouville derivative, the derivative of the appropriate Lyapunov function 

is calculated. Then, with the help of LMI, sufficient conditions for asymptotic stability of zero solutions are 

obtained. 
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Gecikmeli Riemann-Liouville Kesirli Singüler Sistemlerin Kararlılık Analizi 
ÖZ 

Bu çalışmada gecikmeli kesirli mertebeden singüler nötr iki diferansiyel denklem ele alınır. Riemann-Liouville 

türevin birleşme özelliğinin avanatajı kullanılarak uygun Lyapunov fonksiyonun türevi hesaplanır. Sonra LMI 

yardımıyla sıfır çözümlerin asimptotik kararlılığı için yeter şartlar elde edilir. 

 

Anahtar Kelimeler: Asimptotik kararlılık, Kesirli singüler denklemler, Lyapunov metodu 

 

INTRODUCTION  

It is thought that the fractional derivative was first 

introduced in 1695 with the question asked by the 

Marquis de L'Hospital in the letter he sent to Gottfried 

Wilhelm Leibniz [1]. Books with a very high impact 

factor have been written on the fractional derivative and 

are the inspiration for the studies in the literature [1-4]. 

Especially in the last 20 years, studies on fractional 

derivatives continue to increase. A summary of some of 

these studies is given below.  

In [5], Heymans and Podlubny show, through a series of 

examples in the field of viscoelasticity, that it is possible 

to attribute physical meaning to initial conditions 

expressed in terms of Riemann-Liouville fractional 

derivatives. In [6], Deng et al. consider the stability of a 

time-delayed n-dimensional fractional linear differential 

equation system by using the Laplace transform. In [7-

9], the authors give sufficient conditions for the stability 

of certain fractional differential equation systems with 

the help of LMI. In [10,11] the authors investigate the 

stability of certain systems of fractional differential 

equations by using Lyapunov's second method. In [12], 

Aguila-Camacho et al. prove the  
1

2
𝐷𝑡0
𝐶

𝑡
𝑞
𝑥2(𝑡) ≤ 𝑥(𝑡)𝑡0

𝐶 𝐷𝑡
𝑞
𝑥(𝑡),    ∀𝑞 ∈ (0,1) 

inequality for the Caputo derivative. This inequality 

facilitates the application of Lyapunov's second method. 

In [13-27], the authors apply the Lyapunov method, 

which is generally an effective method, by considering 

the behavior of solutions of certain differential 

equations with or without fractional delay. Researchers 

can refer to references and their references for more 

information.  

 

Preliminaries 

In this section, definitions of the Riemann-Liouville 

fractional derivative and integral and  some lemmas  

which will be used in the proof of the main results are 

given. The Riemann-Liouville fractional integral is 

defined as 

 𝑡0𝐷𝑡
−𝑞
𝑥(𝑡) =

1

Γ(𝑞)
∫
𝑡

𝑡0

(𝑡 − 𝑠)𝑞−1𝑥(𝑠)d𝑠,    (𝑞 > 0) 

The Riemann-Liouville fractional derivative is defined 

as 

 𝑡0𝐷𝑡
𝑞
𝑥(𝑡) =

1

Γ(𝑛−𝑞)

d𝑛

 d𝑡𝑛
∫
𝑡

𝑡0

𝑥(𝑠)

(𝑡−𝑠)𝑞+1−𝑛
 d𝑠, (𝑛 − 1 ≤ 𝑞 <

𝑛).                                                                             
 

Lemma 1  ([4]) If 𝑝 > 𝑞 > 0, then  

 𝑡0𝐷𝑡
𝑞
( 𝑡0𝐷𝑡

−𝑝
𝑥(𝑡)) =𝑡0 𝐷𝑡

𝑞−𝑝
𝑥(𝑡)                               (1) 

 holds for ‘’sufficiently good’’ functions 𝑥(𝑡). In 

particular; this relation holds if 𝑥(𝑡)  is integrable.   

  

Lemma 2 ([18]) Let 𝑥(𝑡) ∈ 𝑹𝒏 be a vector of 

differentiable function. Then the following relationship 

holds  for ∀𝑞 ∈ (0,1) 
1

2
𝐷𝑡0 𝑡
𝑞
(𝑥𝑇(𝑡)𝑃𝑥(𝑡)) ≤ 𝑥𝑇(𝑡)𝑃𝑡0𝐷𝑡

𝑞
𝑥(𝑡), ∀𝑡 ≥ 𝑡0      (2) 

 where 𝑃 ∈ 𝑹𝒏×𝒏   is a constant, square, symmetric and 

positive semi definite matrix. 

 

Lemma 3 ([3]) Let  us first define Φ:Φ(𝑥𝑡) = 𝑥(𝑡) −
𝐶𝑥(𝑡 − τ). The operator Φ is said to be stable if the zero 
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solution of the homogeneous difference equation 

Φ(𝑥𝑡) = 0,  𝑡 ≥ 0 is uniformly asymptotically stable. 

Note that the operator Φ is stable if ∥ 𝐶 ∥< 1. 

MAIN RESULTS 

In this section, two different equation models of 

singular fractional order with delay arguments are 

discussed. The first of these equations; 

𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑥(𝑡 − 𝜏1(𝑡)) 

                     +𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡))                               (3)      

where 0 < 𝛼 < 1, 𝑥(𝑡) ∈ 𝑅𝑛 is the state vector 

 𝐸, 𝐴, 𝐵, 𝐶 ∈ 𝑅𝑛×𝑛 are constant matrices, for all 

𝑡 > 𝑡0,  𝜏1(𝑡), 𝜏2(𝑡) > 0  are time-varying delays. 

The second equation is considered that 

𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐵1𝑥(𝑡 − 𝜏1(𝑡)) 

    +𝐵2𝑥(𝑡 − 𝜏2(𝑡)) + 𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡))    (4) 

where 0 < 𝛼 < 1, 𝑥(𝑡) ∈ 𝑅𝑛 is the state vector 

 𝐸, 𝐴, 𝐵1, 𝐵2, 𝐶 ∈ 𝑅
𝑛×𝑛 are constant matrices and 

𝜏1(𝑡), 𝜏2(𝑡), 𝜏3(𝑡) > 0  are time-varying delays for all 

𝑡 > 𝑡0. 
 

Theorem 4 The trivial solution of system (3) is 

asymptotically stable, if for all 𝑡 > 𝑡0, 𝜏𝑖
′(𝑡) ≤ 𝑑𝑖 <

1  (𝑖 = 1,2), 𝜏2(𝑡) is a bounded function and there exist 

positive and symmetric definite matrices 𝑃, 𝑄, 𝑅1, 𝑅2 

such that the following LMI holds: 

 

𝑀 = (

𝑀11 𝑀12 𝑀13
𝑀12
𝑇 𝑀22 𝑀23

𝑀13
𝑇 𝑀23

𝑇 𝑀33

) < 0,                     (5) 

 

Where 

 

𝑀11 = 𝑃𝐴 + 𝐴
𝑇𝑃 + 𝑄 + 𝐴𝑇(𝑅1 +𝑚𝑅2)𝐴,

𝑀12 = 𝑃𝐵 + 𝐴
𝑇(𝑅1 +𝑚𝑅2)𝐵,

𝑀13 = 𝑃𝐶 + 𝐴
𝑇(𝑅1 +𝑚𝑅2)𝐶

𝑀22 = 𝐵
𝑇(𝑅1 +𝑚𝑅2)𝐵 − (1 − 𝑑1)𝑄,

𝑀23 = 𝐵
𝑇(𝑅1 +𝑚𝑅2)𝐶,

𝑀33 = 𝐶
𝑇(𝑅1 +𝑚𝑅2)𝐶 − (1 − 𝑑2)𝑅1,

 

 

and 𝑚 is a constant such that |𝜏2(𝑡)| ≤ 𝑚. 

 

 

Proof. Let the Lyapunov-Krasovskii functional is 

defined by: 

𝑉(𝑡) = 𝐷𝑡0 𝑡
𝛼−1(𝑥𝑇(𝑡)𝑃𝑇𝐸𝑥(𝑡)) 

+∫
0

−𝜏2(𝑡)

(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡 + 𝑠))𝑇𝑅1(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡 + 𝑠))𝑑𝑠 

+∫
𝑡

𝑡−𝜏2(𝑡)

∫
𝑡

𝜃

(𝐸𝑡0𝐷𝑠
𝛼𝑥(𝑠))𝑇𝑅2 (𝐸𝑡0𝐷𝑠

𝛼𝑥(𝑠)) 𝑑𝑠𝑑𝜃 

+∫
𝑡

𝑡−𝜏1(𝑡)

𝑥𝑇(𝑠)𝑄𝑥(𝑠)𝑑𝑠.                                    (6) 

   

With the help of Lemma 1, the derivative of 𝑉(𝑡) along 

the trajectories of (3) is obtained as follows: 

 

�̇�(𝑡) = 𝐷𝑡0 𝑡
𝛼(𝑥𝑇(𝑡)𝑃𝑇𝐸𝑥(𝑡)) + 𝑥𝑇(𝑡)𝑄𝑥(𝑡) 

−(1 − 𝜏1
′(𝑡))𝑥𝑇(𝑡 − 𝜏1(𝑡))𝑄𝑥(𝑡 − 𝜏1(𝑡)) 

+(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡))𝑇𝑅1(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡)) 

−(1 − 𝜏2
′ (𝑡))(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡 − 𝜏2(𝑡)))
𝑇𝑅1(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡

− 𝜏2(𝑡))) 
+𝜏2(𝑡)(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡))𝑇𝑅2(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡)) 

−(1 − 𝜏2
′ (𝑡))∫

𝑡

𝑡−𝜏2(𝑡)

(𝐸𝑡0𝐷𝑠
𝛼𝑥(𝑠))𝑇𝑅2(𝐸𝑡0𝐷𝑠

𝛼𝑥(𝑠))𝑑𝑠 

  

Using Lemma 2, it is written as 

 

�̇�(𝑡) ≤ 2𝑥𝑇(𝑡)𝑃𝑇𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡) + 𝑥𝑇(𝑡)𝑄𝑥(𝑡) 

−(1 − 𝑑1)𝑥
𝑇(𝑡 − 𝜏1(𝑡))𝑄𝑥(𝑡 − 𝜏1(𝑡)) 

+(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡))𝑇𝑅1(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡)) 

−(1 − 𝑑2)(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)))

𝑇𝑅1(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡

− 𝜏2(𝑡))) 

+𝑚(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡))𝑇𝑅2 (𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡)).                             (7) 

 

Note that 

 

2𝑥𝑇(𝑡)𝑃𝑇𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡) 

= 2𝑥𝑇(𝑡)𝑃𝑇[𝐴𝑥(𝑡) + 𝐵𝑥(𝑡 − 𝜏1(𝑡)) + 𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡

− 𝜏2(𝑡))] 

= 𝑥𝑇(𝑡)(𝑃𝑇𝐴 + 𝐴𝑇𝑃)𝑥(𝑡) + 2𝑥𝑇(𝑡)𝑃𝑇𝐵𝑥(𝑡 − 𝜏1(𝑡)) 
+2𝑥𝑇(𝑡)𝑃𝑇𝐶𝑡0𝐷𝑡

𝛼𝑥(𝑡 − 𝜏2(𝑡))                                    (8) 

  

and 

(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡))𝑇𝑅1(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡))

+ 𝑚(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡))𝑇𝑅2(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡)) 

= [𝐴𝑥(𝑡) + 𝐵𝑥(𝑡 − 𝜏1(𝑡))+𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡))]

𝑇
(𝑅1

+𝑚𝑅2) 

[𝐴𝑥(𝑡) + 𝐵𝑥(𝑡 − 𝜏1(𝑡)) + 𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡))] 

= 𝑥𝑇(𝑡)𝐴𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) + 𝑥
𝑇(𝑡)𝐴𝑇(𝑅1

+𝑚𝑅2)𝐵𝑥(𝑡 − 𝜏1(𝑡)) 

+𝑥𝑇(𝑡)𝐴𝑇(𝑅1 +𝑚𝑅2)𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵
𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵
𝑇(𝑅1 +𝑚𝑅2)𝐵𝑥(𝑡 − 𝜏1(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵
𝑇(𝑅1 +𝑚𝑅2)𝐶𝑡0𝐷𝑡

𝛼𝑥(𝑡 − 𝜏2(𝑡)) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐵𝑥(𝑡 − 𝜏1(𝑡)) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)))

𝑇𝐶𝑇(𝑅1 +

𝑚𝑅2)𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)).                                            (9) 

 By substituting the equations (8) and (9) in (7), it is 

obtained as 

 

�̇�(𝑡) ≤ 𝑥𝑇(𝑡)(𝑃𝑇𝐴 + 𝐴𝑇𝑃)𝑥(𝑡) 
+2𝑥𝑇(𝑡)𝑃𝑇𝐵𝑥(𝑡 − 𝜏1(𝑡)) 

+2𝑥𝑇(𝑡)𝑃𝑇𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)) + 𝑥

𝑇(𝑡)𝑄𝑥(𝑡) 

−(1 − 𝑑1)𝑥
𝑇(𝑡 − 𝜏1(𝑡))𝑄𝑥(𝑡 − 𝜏1(𝑡)) 

−(1 − 𝑑2)(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)))

𝑇𝑅1(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡

− 𝜏2(𝑡))) 
+𝑥𝑇(𝑡)𝐴𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) + 𝑥

𝑇(𝑡)𝐴𝑇(𝑅1
+𝑚𝑅2)𝐵𝑥(𝑡 − 𝜏1(𝑡)) 
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+𝑥𝑇(𝑡)𝐴𝑇(𝑅1 +𝑚𝑅2)𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵
𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵
𝑇(𝑅1 +𝑚𝑅2)𝐵𝑥(𝑡 − 𝜏1(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵
𝑇(𝑅1 +𝑚𝑅2)𝐶𝑡0𝐷𝑡

𝛼𝑥(𝑡 − 𝜏2(𝑡)) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐵𝑥(𝑡 − 𝜏1(𝑡)) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡

− 𝜏2(𝑡)). 
Thus it is written as 

 

�̇�(𝑡) ≤ 𝜉𝑇𝑀𝜉                                               (10) 

where 

𝜉 = (𝑥𝑇(𝑡), 𝑥𝑇(𝑡 − 𝜏1(𝑡)), (𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏2(𝑡)))

𝑇)𝑇. 

 

From (5) it is said that �̇�(𝑡) is negative definite, which 

means that the trival solution of system (3) is 

asymptotically stable. 

 

Theorem 5 The trivial solution of system (3) is 

asymptotically stable, if for all 𝑡 > 𝑡0, 𝜏𝑖
′(𝑡) ≤ 𝑑𝑖 <

1  (𝑖 = 1,2), 𝜏2(𝑡) bounded function and there exists 

positive and symmetric definite matrices 𝑃, 𝑄1, 𝑄2, 𝑅 

such that the following LMI satisfies: 

 

 

𝑁 = (

𝑁11 𝑁12 𝑁13
𝑁12
𝑇 𝑁22 𝑁23

𝑁13
𝑇 𝑁23

𝑇 𝑁33

) < 0,                     (11) 

where 

 

𝑁11 = 𝐸
𝑇𝑃𝐴 + 𝐴𝑇𝑃𝐸 + 𝑄1 + 𝑄2 +𝑚𝐴

𝑇𝑅𝐴,

𝑁12 = 𝐸
𝑇𝑃𝐵 +𝑚𝐴𝑇𝑅𝐵,

𝑁13 = −𝐴
𝑇𝑃𝐶,

𝑁22 = 𝑚𝐵
𝑇𝑅𝐵 − (1 − 𝑑1)𝑄1,

𝑁23 = −𝐵
𝑇𝑃𝐶,

𝑁33 = −(1 − 𝑑2)𝑄2,

 

 

and 𝑚 is a constant such that |𝜏2(𝑡)| ≤ 𝑚. 

 

 

 

Proof.  Let the Lyapunov-Krasovskii functional is 

defined by: 

 

𝑉(𝑡) = 𝐷𝑡0 𝑡
𝛼−1((𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏2(𝑡)))

𝑇𝑃𝑇(𝐸𝑥(𝑡)

− 𝐶𝑥(𝑡 − 𝜏2(𝑡)))) 

+∫
𝑡

𝑡−𝜏1(𝑡)

𝑥𝑇(𝑠)𝑄1𝑥(𝑠)𝑑𝑠 + ∫
𝑡

𝑡−𝜏2(𝑡)

𝑥𝑇(𝑠)𝑄2𝑥(𝑠)𝑑𝑠 

+∫
𝑡

𝑡−𝜏2(𝑡)
∫
𝑡

𝜃
(𝑡0𝐷𝑠

𝛼(𝐸𝑥(𝑠) − 𝐶𝑥(𝑠 −

𝜏2(𝑠))))
𝑇𝑅(𝑡0𝐷𝑠

𝛼(𝐸𝑥(𝑠) − 𝐶𝑥(𝑠 − 𝜏2(𝑠))))𝑑𝑠𝑑𝜃.   (12) 

 

With the help of Lemma 1, the derivative of V (t) along 

the trajectories of (3) is obtained as follows: 

�̇�(𝑡) = 𝐷𝑡0 𝑡
𝛼((𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏2(𝑡)))

𝑇𝑃(𝐸𝑥(𝑡)

− 𝐶𝑥(𝑡 − 𝜏2(𝑡)))) 

+𝑥𝑇(𝑡)𝑄1𝑥(𝑡) − (1 − 𝜏1
′(𝑡))𝑥𝑇(𝑡 − 𝜏1(𝑡))𝑄1𝑥(𝑡

− 𝜏1(𝑡)) 
+𝑥𝑇(𝑡)𝑄2𝑥(𝑡) − (1 − 𝜏2

′ (𝑡))𝑥𝑇(𝑡 − 𝜏2(𝑡))𝑄2𝑥(𝑡
− 𝜏2(𝑡)) 

+𝜏2(𝑡)(𝑡0𝐷𝑡
𝛼(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏2(𝑡))))

𝑇𝑅(𝑡0𝐷𝑡
𝛼(𝐸𝑥(𝑡)

− 𝐶𝑥(𝑡 − 𝜏2(𝑡)))) 

 −(1 − 𝜏2
′ (𝑡)) ∫

𝑡

𝑡−𝜏2(𝑡)
(𝑡0𝐷𝑠

𝛼(𝐸𝑥(𝑠) −

𝐶𝑥(𝑠 − 𝜏2(𝑠))))
𝑇𝑅(𝑡0𝐷𝑠

𝛼(𝐸𝑥(𝑠) − 𝐶𝑥(𝑠 − 𝜏2(𝑠))))𝑑𝑠 

  

Using Lemma 2 it is written as 

 

�̇�(𝑡) ≤ 2(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏2(𝑡)))
𝑇𝑃𝑡0𝐷𝑡

𝛼(𝐸𝑥(𝑡)

− 𝐶𝑥(𝑡 − 𝜏2(𝑡))) 
+𝑥𝑇(𝑡)𝑄1𝑥(𝑡) − (1 − 𝑑1)𝑥

𝑇(𝑡 − 𝜏1(𝑡))𝑄1𝑥(𝑡 − 𝜏1(𝑡)) 
+𝑥𝑇(𝑡)𝑄2𝑥(𝑡) − (1 − 𝑑2)𝑥

𝑇(𝑡 − 𝜏2(𝑡))𝑄2𝑥(𝑡
− 𝜏2(𝑡)) 

+𝑚(𝑡0𝐷𝑡
𝛼(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏2(𝑡))))

𝑇𝑅(𝑡0𝐷𝑡
𝛼(𝐸𝑥(𝑡) −

𝐶𝑥(𝑡 − 𝜏2(𝑡)))).                                                        (13) 

 

Note that 

  

2(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏2(𝑡)))
𝑇𝑃𝑡0𝐷𝑡

𝛼(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡

− 𝜏2(𝑡))) 
= 2(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏2(𝑡)))

𝑇𝑃(𝐴𝑥(𝑡) + 𝐵𝑥(𝑡
− 𝜏1(𝑡))) 

= 𝑥𝑇(𝑡)(𝐸𝑇𝑃𝐴 + 𝐴𝑇𝑃𝐸)𝑥(𝑡) − 2𝑥𝑇(𝑡
− 𝜏2(𝑡))𝐶

𝑇𝑃𝐴𝑥(𝑡) 
+2𝑥𝑇(𝑡)𝐸𝑇𝑃𝐵𝑥(𝑡 − 𝜏1(𝑡)) − 2𝑥

𝑇(𝑡 −
𝜏2(𝑡))𝐶

𝑇𝑃𝐵𝑥(𝑡 − 𝜏1(𝑡))                                           (14) 

  

and 

 

𝑚(𝑡0𝐷𝑡
𝛼(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏2(𝑡))))

𝑇𝑅(𝑡0𝐷𝑡
𝛼(𝐸𝑥(𝑡)

− 𝐶𝑥(𝑡 − 𝜏2(𝑡)))) 
= 𝑚[𝐴𝑥(𝑡) + 𝐵𝑥(𝑡 − 𝜏1(𝑡))]

𝑇𝑅[𝐴𝑥(𝑡) + 𝐵𝑥(𝑡
− 𝜏1(𝑡))] 

= 𝑚𝑥𝑇(𝑡)𝐴𝑇𝑅𝐴𝑥(𝑡) + 𝑚𝑥𝑇(𝑡)𝐴𝑇𝑅𝐵𝑥(𝑡 − 𝜏1(𝑡))
+ 𝑚𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵

𝑇𝑅𝐴𝑥(𝑡) 
+𝑚𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵

𝑇𝑅𝐵𝑥(𝑡 − 𝜏1(𝑡))                        (15) 

 

By substituting the equations (14) and (9) in (13), it is 

obtained as 

 

�̇�(𝑡) ≤ 𝑥𝑇(𝑡)(𝐸𝑇𝑃𝐴 + 𝐴𝑇𝑃𝐸)𝑥(𝑡) 
−2𝑥𝑇(𝑡 − 𝜏2(𝑡))𝐶

𝑇𝑃𝐴𝑥(𝑡) 

+2𝑥𝑇(𝑡)𝐸𝑇𝑃𝐵𝑥(𝑡 − 𝜏1(𝑡)) 

−2𝑥𝑇(𝑡 − 𝜏2(𝑡))𝐶
𝑇𝑃𝐵𝑥(𝑡 − 𝜏1(𝑡)) 

+𝑥𝑇(𝑡)𝑄1𝑥(𝑡) − (1 − 𝑑1)𝑥
𝑇(𝑡 − 𝜏1(𝑡))𝑄1𝑥(𝑡 − 𝜏1(𝑡)) 

+𝑥𝑇(𝑡)𝑄2𝑥(𝑡) − (1 − 𝑑2)𝑥
𝑇(𝑡 − 𝜏2(𝑡))𝑄2𝑥(𝑡

− 𝜏2(𝑡)) 
+𝑚𝑥𝑇(𝑡)𝐴𝑇𝑅𝐴𝑥(𝑡) + 𝑚𝑥𝑇(𝑡)𝐴𝑇𝑅𝐵𝑥(𝑡 − 𝜏1(𝑡))

+ 𝑚𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵
𝑇𝑅𝐴𝑥(𝑡) 

+𝑚𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵
𝑇𝑅𝐵𝑥(𝑡 − 𝜏1(𝑡)). 

 

Thus it is written as 

 

�̇�(𝑡) ≤ 𝜉𝑇𝑀𝜉                                               (16) 
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where 

 

𝜉 = (𝑥𝑇(𝑡), 𝑥𝑇(𝑡 − 𝜏1(𝑡)), 𝑥
𝑇(𝑡 − 𝜏2(𝑡)))

𝑇 . 
 From (11) it is said that �̇�(𝑡) is negative definite, which 

means that the trival solution of system (3) is 

asymptotically stable. 

 

 

Theorem 6 The trivial solution of system (4) is 

asymptotically stable, if for all 𝑡 > 𝑡0, 𝜏𝑖
′(𝑡) ≤ 𝑑𝑖 <

1  (𝑖 = 1,2,3), 𝜏3(𝑡) bounded function and there exists 

positive and symmetric definite matrices 𝑃, 𝑄, 𝑅1, 𝑅2 

such that the following LMI satisfies: 

 

𝑀 =

(

 
 

𝑀11 𝑀12 𝑀13 𝑀14
𝑀12
𝑇 𝑀22 𝑀23 𝑀24

𝑀13
𝑇 𝑀23

𝑇 𝑀33 𝑀34
𝑀14
𝑇 𝑀24

𝑇 𝑀34
𝑇 𝑀44)

 
 
< 0,        (17) 

 

where 

 

𝑀11 = 𝑃𝐴 + 𝐴
𝑇𝑃 + 2𝑄 + 𝐴𝑇(𝑅1 +𝑚𝑅2)𝐴,

𝑀12 = 𝑃𝐵1 + 𝐴
𝑇(𝑅1 +𝑚𝑅2)𝐵1,

𝑀13 = 𝑃𝐵2 + 𝐴
𝑇(𝑅1 +𝑚𝑅2)𝐵2,

𝑀14 = 𝑃𝐶 + 𝐴
𝑇(𝑅1 +𝑚𝑅2)𝐶,

𝑀22 = 𝐵1
𝑇(𝑅1 +𝑚𝑅2)𝐵1 − (1 − 𝑑1)𝑄,

𝑀23 = 𝐵1
𝑇(𝑅1 +𝑚𝑅2)𝐵2

𝑀24 = 𝐵1
𝑇(𝑅1 +𝑚𝑅2)𝐶,

𝑀33 = 𝐵2
𝑇(𝑅1 +𝑚𝑅2)𝐵2 − (1 − 𝑑2)𝑄,

𝑀34 = 𝐵2
𝑇(𝑅1 +𝑚𝑅2)𝐶,

𝑀44 = 𝐶
𝑇(𝑅1 +𝑚𝑅2)𝐶 − (1 − 𝑑3)𝑅1,

 

and 𝑚 is a constant such that |𝜏3(𝑡)| ≤ 𝑚. 

 

Proof.  Let the Lyapunov-Krasovskii functional is 

defined by: 

 

𝑉(𝑡) = 𝐷𝑡0 𝑡
𝛼−1(𝑥𝑇(𝑡)𝑃𝑇𝐸𝑥(𝑡)) + 

∫
𝑡

𝑡−𝜏1(𝑡)

𝑥𝑇(𝑠)𝑄𝑥(𝑠)𝑑𝑠 + ∫
𝑡

𝑡−𝜏2(𝑡)

𝑥𝑇(𝑠)𝑄𝑥(𝑠)𝑑𝑠 

+∫
0

−𝜏3(𝑡)

(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡 + 𝑠))𝑇𝑅1(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡 + 𝑠))𝑑𝑠 

  

+∫
𝑡

𝑡−𝜏3(𝑡)
∫
𝑡

𝜃
(𝐸𝑡0𝐷𝑠

𝛼𝑥(𝑠))𝑇𝑅2 (𝐸𝑡0𝐷𝑠
𝛼𝑥(𝑠)) 𝑑𝑠𝑑𝜃.  (18) 

 

 With the help of Lemma 1, the derivative of V (t) along 

the trajectories of (4) is obtained as follows: 

 

�̇�(𝑡) = 𝐷𝑡0 𝑡
𝛼(𝑥𝑇(𝑡)𝑃𝑇𝐸𝑥(𝑡)) + 𝑥𝑇(𝑡)𝑄𝑥(𝑡) 

−(1 − 𝜏1
′(𝑡))𝑥𝑇(𝑡 − 𝜏1(𝑡))𝑄𝑥(𝑡 − 𝜏1(𝑡)) 

+𝑥𝑇(𝑡)𝑄𝑥(𝑡) − (1 − 𝜏2
′ (𝑡))𝑥𝑇(𝑡 − 𝜏2(𝑡))𝑄𝑥(𝑡

− 𝜏2(𝑡)) 
+(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡))𝑇𝑅1(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡)) 

−(1 − 𝜏3
′ (𝑡))(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡 − 𝜏3(𝑡)))
𝑇𝑅1(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡

− 𝜏3(𝑡))) 
+𝜏3(𝑡)(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡))𝑇𝑅2(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡)) 

−(1 − 𝜏3
′ (𝑡))∫

𝑡

𝑡−𝜏3(𝑡)

(𝐸𝑡0𝐷𝑠
𝛼𝑥(𝑠))𝑇𝑅2 (𝐸𝑡0𝐷𝑠

𝛼𝑥(𝑠)) 𝑑𝑠. 

  

Using Lemma 2 it is written as 

 

�̇�(𝑡) ≤ 2𝑥𝑇(𝑡)𝑃𝑇𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡) + 2𝑥𝑇(𝑡)𝑄𝑥(𝑡) 

−(1 − 𝑑1)𝑥
𝑇(𝑡 − 𝜏1(𝑡))𝑄𝑥(𝑡 − 𝜏1(𝑡)) 

−(1 − 𝑑2)𝑥
𝑇(𝑡 − 𝜏2(𝑡))𝑄𝑥(𝑡 − 𝜏2(𝑡)) 

+(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡))𝑇𝑅1(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡)) 

−(1 − 𝑑3)(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝑅1(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡

− 𝜏3(𝑡))) 
+𝑚(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡))𝑇𝑅2(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡))                             (19) 

Note that 

 

2𝑥𝑇(𝑡)𝑃𝑇𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡) 

= 2𝑥𝑇(𝑡)𝑃𝑇[𝐴𝑥(𝑡) + 𝐵1𝑥(𝑡 − 𝜏1(𝑡)) + 𝐵2𝑥(𝑡 − 𝜏2(𝑡))

+ 𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡))] 

= 𝑥𝑇(𝑡)(𝑃𝑇𝐴 + 𝐴𝑇𝑃)𝑥(𝑡) + 2𝑥𝑇(𝑡)𝑃𝑇𝐵1𝑥(𝑡 − 𝜏1(𝑡)) 
 +2𝑥𝑇(𝑡)𝑃𝑇𝐵2𝑥(𝑡 − 𝜏2(𝑡)) +

2𝑥𝑇(𝑡)𝑃𝑇𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡))                                     (20) 

 

and  

 

(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡))𝑇𝑅1(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡))

+ 𝑚(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡))𝑇𝑅2(𝐸𝑡0𝐷𝑡

𝛼𝑥(𝑡)) 

= [𝐴𝑥(𝑡) + 𝐵1𝑥(𝑡 − 𝜏1(𝑡)) + 𝐵2𝑥(𝑡 − 𝜏2(𝑡))

+ 𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡))]

𝑇
(𝑅1 +𝑚𝑅2) 

[𝐴𝑥(𝑡) + 𝐵1𝑥(𝑡 − 𝜏1(𝑡)) + 𝐵2𝑥(𝑡 − 𝜏2(𝑡))

+ 𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡))] 

= 𝑥𝑇(𝑡)𝐴𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) + 𝑥
𝑇(𝑡)𝐴𝑇(𝑅1

+𝑚𝑅2)𝐵1𝑥(𝑡 − 𝜏1(𝑡)) 
+𝑥𝑇(𝑡)𝐴𝑇(𝑅1 +𝑚𝑅2)𝐵2𝑥(𝑡 − 𝜏2(𝑡)) + 𝑥

𝑇(𝑡)𝐴𝑇(𝑅1
+𝑚𝑅2)𝐶𝑡0𝐷𝑡

𝛼𝑥(𝑡 − 𝜏3(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵1
𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) + 𝑥

𝑇(𝑡
− 𝜏1(𝑡))𝐵1

𝑇(𝑅1 +𝑚𝑅2)𝐵1𝑥(𝑡
− 𝜏1(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵1
𝑇(𝑅1 +𝑚𝑅2)𝐵2𝑥(𝑡 − 𝜏2(𝑡))) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵1
𝑇(𝑅1 +𝑚𝑅2)𝐶𝑡0𝐷𝑡

𝛼𝑥(𝑡 − 𝜏3(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏2(𝑡))𝐵2
𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) + 𝑥

𝑇(𝑡
− 𝜏2(𝑡))𝐵2

𝑇(𝑅1 +𝑚𝑅2)𝐵1𝑥(𝑡
− 𝜏1(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏2(𝑡))𝐵2
𝑇(𝑅1 +𝑚𝑅2)𝐵2𝑥(𝑡 − 𝜏2(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏2(𝑡))𝐵2
𝑇(𝑅1 +𝑚𝑅2)𝐶𝑡0𝐷𝑡

𝛼𝑥(𝑡 − 𝜏3(𝑡)) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐵1𝑥(𝑡 − 𝜏1(𝑡)) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐵2𝑥(𝑡 − 𝜏2(𝑡)) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 −

𝜏3(𝑡)).                                                                        (21) 

 

 

By substituting the equations (20) and (21) in (19), it is 

obtained as 

 

�̇�(𝑡) ≤ 𝑥𝑇(𝑡)(𝑃𝑇𝐴 + 𝐴𝑇𝑃)𝑥(𝑡) + 2𝑥𝑇(𝑡)𝑃𝑇𝐵1𝑥(𝑡
− 𝜏1(𝑡)) + 2𝑥

𝑇(𝑡)𝑃𝑇𝐵2𝑥(𝑡 − 𝜏2(𝑡)) 
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+2𝑥𝑇(𝑡)𝑃𝑇𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)) + 2𝑥

𝑇(𝑡)𝑄𝑥(𝑡) − (1

− 𝑑1)𝑥
𝑇(𝑡 − 𝜏1(𝑡))𝑄𝑥(𝑡 − 𝜏1(𝑡)) 

−(1 − 𝑑2)𝑥
𝑇(𝑡 − 𝜏2(𝑡))𝑄𝑥(𝑡 − 𝜏2(𝑡)) 

−(1 − 𝑑3)(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝑅1(𝐸𝑡0𝐷𝑡
𝛼𝑥(𝑡

− 𝜏3(𝑡))) 
+𝑥𝑇(𝑡)𝐴𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) + 𝑥

𝑇(𝑡)𝐴𝑇(𝑅1
+𝑚𝑅2)𝐵1𝑥(𝑡 − 𝜏1(𝑡)) 

+𝑥𝑇(𝑡)𝐴𝑇(𝑅1 +𝑚𝑅2)𝐵2𝑥(𝑡 − 𝜏2(𝑡)) + 𝑥
𝑇(𝑡)𝐴𝑇(𝑅1

+𝑚𝑅2)𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵1
𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) + 𝑥

𝑇(𝑡
− 𝜏1(𝑡))𝐵1

𝑇(𝑅1 +𝑚𝑅2)𝐵1𝑥(𝑡
− 𝜏1(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵1
𝑇(𝑅1 +𝑚𝑅2)𝐵2𝑥(𝑡 − 𝜏2(𝑡))) 

+𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵1
𝑇(𝑅1 +𝑚𝑅2)𝐶𝑡0𝐷𝑡

𝛼𝑥(𝑡 − 𝜏3(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏2(𝑡))𝐵2
𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) + 𝑥

𝑇(𝑡
− 𝜏2(𝑡))𝐵2

𝑇(𝑅1 +𝑚𝑅2)𝐵1𝑥(𝑡
− 𝜏1(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏2(𝑡))𝐵2
𝑇(𝑅1 +𝑚𝑅2)𝐵2𝑥(𝑡 − 𝜏2(𝑡)) 

+𝑥𝑇(𝑡 − 𝜏2(𝑡))𝐵2
𝑇(𝑅1 +𝑚𝑅2)𝐶𝑡0𝐷𝑡

𝛼𝑥(𝑡 − 𝜏3(𝑡)) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐴𝑥(𝑡) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐵1𝑥(𝑡 − 𝜏1(𝑡)) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐵2𝑥(𝑡 − 𝜏2(𝑡)) 

+(𝑡0𝐷𝑡
𝛼𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝐶𝑇(𝑅1 +𝑚𝑅2)𝐶𝑡0𝐷𝑡
𝛼𝑥(𝑡

− 𝜏3(𝑡)). 

 

Thus it is written as 

 

                         �̇�(𝑡) ≤ 𝜉𝑇𝑀𝜉                                    (22) 

where 

 

𝜉 = (𝑥𝑇(𝑡), 𝑥𝑇(𝑡 − 𝜏1(𝑡)), 𝑥
𝑇(𝑡 − 𝜏2(𝑡)), (𝑡0𝐷𝑡

𝛼𝑥(𝑡

− 𝜏3(𝑡)))
𝑇)𝑇. 

 From (17) it is said that �̇�(𝑡) is negative definite, which 

means that the trival solution of system (4) is 

asymptotically stable. 

 

Theorem 7 The trivial solution of system (23) is 

asymptotically stable, if for all 𝑡 > 𝑡0, 𝜏𝑖
′(𝑡) ≤ 𝑑𝑖 <

1  (𝑖 = 1,2), 𝜏3(𝑡) bounded function and there exists 

positive and symmetric definite matrices 𝑃, 𝑄1, 𝑄2, 𝑅 

such that the following LMI satisfies: 

 

𝑁 = (

𝑁11 𝑁12 𝑁13
𝑁12
𝑇 𝑁22 𝑁23

𝑁13
𝑇 𝑁23

𝑇 𝑁33

) < 0                      (23) 

 

 

where 

 

𝑁11 = 𝐸
𝑇𝑃𝐴 + 𝐴𝑇𝑃𝐸 + 𝑄1 + 𝑄2 +𝑚𝐴

𝑇𝑅𝐴,

𝑁12 = 𝐸
𝑇𝑃𝐵 +𝑚𝐴𝑇𝑅𝐵,

𝑁13 = −𝐴
𝑇𝑃𝐶,

𝑁22 = 𝑚𝐵
𝑇𝑅𝐵 − (1 − 𝑑1)𝑄1,

𝑁23 = −𝐵
𝑇𝑃𝐶,

𝑁33 = −(1 − 𝑑2)𝑄2,

 

 

and 𝑚 is a constant such that |𝜏3(𝑡)| ≤ 𝑚. 

 

Proof.  Let the Lyapunov-Krasovskii functional is 

defined by: 

 

𝑉(𝑡) = 𝐷𝑡0 𝑡
𝛼−1((𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝑃𝑇(𝐸𝑥(𝑡)

− 𝐶𝑥(𝑡 − 𝜏3(𝑡)))) 

+∫
𝑡

𝑡−𝜏1(𝑡)

𝑥𝑇(𝑠)𝑄1𝑥(𝑠)𝑑𝑠 + ∫
𝑡

𝑡−𝜏2(𝑡)

𝑥𝑇(𝑠)𝑄2𝑥(𝑠)𝑑𝑠 

+∫
𝑡

𝑡−𝜏3(𝑡)

𝑥𝑇(𝑠)𝑄3𝑥(𝑠)𝑑𝑠 

 +∫
𝑡

𝑡−𝜏3(𝑡)
∫
𝑡

𝜃
(𝑡0𝐷𝑠

𝛼(𝐸𝑥(𝑠) − 𝐶𝑥(𝑠 −

𝜏3(𝑠))))
𝑇𝑅(𝑡0𝐷𝑠

𝛼(𝐸𝑥(𝑠) − 𝐶𝑥(𝑠 − 𝜏3(𝑠))))𝑑𝑠𝑑𝜃. 

  

With the help of Lemma 1, the derivative of V (t) along 

the trajectories of (4) is obtained as follows: 

 

�̇�(𝑡) = 𝐷𝑡0 𝑡
𝛼((𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝑃(𝐸𝑥(𝑡)

− 𝐶𝑥(𝑡 − 𝜏3(𝑡)))) 
+𝑥𝑇(𝑡)𝑄1𝑥(𝑡) − (1 − 𝜏1

′(𝑡))𝑥𝑇(𝑡 − 𝜏1(𝑡))𝑄1𝑥(𝑡
− 𝜏1(𝑡)) 

+𝑥𝑇(𝑡)𝑄2𝑥(𝑡) − (1 − 𝜏2
′ (𝑡))𝑥𝑇(𝑡 − 𝜏2(𝑡))𝑄2𝑥(𝑡

− 𝜏2(𝑡)) 
+𝑥𝑇(𝑡)𝑄3𝑥(𝑡) − (1 − 𝜏3

′ (𝑡))𝑥𝑇(𝑡 − 𝜏3(𝑡))𝑄2𝑥(𝑡
− 𝜏3(𝑡)) 

+𝜏3(𝑡)(𝑡0𝐷𝑡
𝛼(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏3(𝑡))))

𝑇𝑅(𝑡0𝐷𝑡
𝛼(𝐸𝑥(𝑡)

− 𝐶𝑥(𝑡 − 𝜏3(𝑡)))) 

 −(1 − 𝜏3
′ (𝑡)) ∫

𝑡

𝑡−𝜏3(𝑡)
(𝑡0𝐷𝑠

𝛼(𝐸𝑥(𝑠) −

𝐶𝑥(𝑠 − 𝜏3(𝑠))))
𝑇𝑅(𝑡0𝐷𝑠

𝛼(𝐸𝑥(𝑠) − 𝐶𝑥(𝑠 − 𝜏3(𝑠))))𝑑𝑠 

  

Using Lemma 2 it is written as 

 

�̇�(𝑡) ≤ 2(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏3(𝑡)))
𝑇𝑃𝑡0𝐷𝑡

𝛼(𝐸𝑥(𝑡)

− 𝐶𝑥(𝑡 − 𝜏3(𝑡))) 
+𝑥𝑇(𝑡)𝑄1𝑥(𝑡) − (1 − 𝑑1)𝑥

𝑇(𝑡 − 𝜏1(𝑡))𝑄1𝑥(𝑡 − 𝜏1(𝑡)) 
+𝑥𝑇(𝑡)𝑄2𝑥(𝑡) − (1 − 𝑑2)𝑥

𝑇(𝑡 − 𝜏2(𝑡))𝑄2𝑥(𝑡
− 𝜏2(𝑡)) 

+𝑥𝑇(𝑡)𝑄3𝑥(𝑡) − (1 − 𝑑3)𝑥
𝑇(𝑡 − 𝜏3(𝑡))𝑄3𝑥(𝑡

− 𝜏3(𝑡)) 
+𝑚(𝑡0𝐷𝑡

𝛼(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏3(𝑡))))
𝑇𝑅(𝑡0𝐷𝑡

𝛼(𝐸𝑥(𝑡) −

𝐶𝑥(𝑡 − 𝜏3(𝑡)))).                                                        (24) 

 

Note that 

 

2(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏3(𝑡)))
𝑇𝑃𝑡0𝐷𝑡

𝛼(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡

− 𝜏3(𝑡))) 
= 2(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏3(𝑡)))

𝑇𝑃(𝐴𝑥(𝑡) + 𝐵1𝑥(𝑡
− 𝜏1(𝑡)) + 𝐵2𝑥(𝑡 − 𝜏2(𝑡))) 

= 𝑥𝑇(𝑡)(𝐸𝑇𝑃𝐴 + 𝐴𝑇𝑃𝐸)𝑥(𝑡) − 2𝑥𝑇(𝑡
− 𝜏3(𝑡))𝐶

𝑇𝑃𝐴𝑥(𝑡) 
+2𝑥𝑇(𝑡)𝐸𝑇𝑃𝐵1𝑥(𝑡 − 𝜏1(𝑡)) + 2𝑥

𝑇(𝑡)𝐸𝑇𝑃𝐵2𝑥(𝑡
− 𝜏2(𝑡)) 

−2𝑥𝑇(𝑡 − 𝜏3(𝑡))𝐶
𝑇𝑃𝐵1𝑥(𝑡 − 𝜏1(𝑡)) − 2𝑥

𝑇(𝑡 −
𝜏3(𝑡))𝐶

𝑇𝑃𝐵2𝑥(𝑡 − 𝜏2(𝑡))                                         (25) 

  

and 



MSU Fen Bil. Dergi., 10:2 969-975, 2022 Araştırma Makalesi/ Research Article 

MSU J. of Sci., 10:2 969-975, 2022           DOI: https://doi.org/10.18586/msufbd.1183495 

 

974 

 

 

𝑚(𝑡0𝐷𝑡
𝛼(𝐸𝑥(𝑡) − 𝐶𝑥(𝑡 − 𝜏3(𝑡))))

𝑇𝑅(𝑡0𝐷𝑡
𝛼(𝐸𝑥(𝑡)

− 𝐶𝑥(𝑡 − 𝜏3(𝑡)))) 
= 𝑚[𝐴𝑥(𝑡) + 𝐵1𝑥(𝑡 − 𝜏1(𝑡)) + 𝐵2𝑥(𝑡

− 𝜏2(𝑡))]
𝑇𝑅[𝐴𝑥(𝑡) + 𝐵1𝑥(𝑡 − 𝜏1(𝑡))

+ 𝐵2𝑥(𝑡 − 𝜏2(𝑡))] 
= 𝑚𝑥𝑇(𝑡)𝐴𝑇𝑅𝐴𝑥(𝑡) + 𝑚𝑥𝑇(𝑡)𝐴𝑇𝑅𝐵1𝑥(𝑡 − 𝜏1(𝑡))

+ 𝑚𝑥𝑇(𝑡)𝐴𝑇𝑅𝐵2𝑥(𝑡 − 𝜏2(𝑡)) 
+𝑚𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵1

𝑇𝑅𝐴𝑥(𝑡) + 𝑚𝑥𝑇(𝑡
− 𝜏1(𝑡))𝐵1

𝑇𝑅𝐵1𝑥(𝑡 − 𝜏1(𝑡)) 
+𝑚𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵1

𝑇𝑅𝐵2𝑥(𝑡 − 𝜏2(𝑡)) + 𝑚𝑥
𝑇(𝑡

− 𝜏2(𝑡))𝐵2
𝑇𝑅𝐴𝑥(𝑡) 

+𝑚𝑥𝑇(𝑡 − 𝜏2(𝑡))𝐵2
𝑇𝑅𝐵1𝑥(𝑡 − 𝜏1(𝑡)) + 𝑚𝑥

𝑇(𝑡 −
𝜏2(𝑡))𝐵2

𝑇𝑅𝐵2𝑥(𝑡 − 𝜏2(𝑡)).                                        (26) 

  

By substituting the equations (25) and (26) in (24), it is 

obtained as 

 

�̇�(𝑡) ≤ 𝑥𝑇(𝑡)(𝐸𝑇𝑃𝐴 + 𝐴𝑇𝑃𝐸)𝑥(𝑡) 
−2𝑥𝑇(𝑡 − 𝜏3(𝑡))𝐶

𝑇𝑃𝐴𝑥(𝑡) 

+2𝑥𝑇(𝑡)𝐸𝑇𝑃𝐵1𝑥(𝑡 − 𝜏1(𝑡)) 

+2𝑥𝑇(𝑡)𝐸𝑇𝑃𝐵2𝑥(𝑡 − 𝜏2(𝑡)) 
−2𝑥𝑇(𝑡 − 𝜏3(𝑡))𝐶

𝑇𝑃𝐵1𝑥(𝑡 − 𝜏1(𝑡)) − 2𝑥
𝑇(𝑡

− 𝜏3(𝑡))𝐶
𝑇𝑃𝐵2𝑥(𝑡 − 𝜏2(𝑡)) 

+𝑥𝑇(𝑡)𝑄1𝑥(𝑡) − (1 − 𝑑1)𝑥
𝑇(𝑡 − 𝜏1(𝑡))𝑄1𝑥(𝑡 − 𝜏1(𝑡)) 

+𝑥𝑇(𝑡)𝑄2𝑥(𝑡) − (1 − 𝑑2)𝑥
𝑇(𝑡 − 𝜏2(𝑡))𝑄2𝑥(𝑡

− 𝜏2(𝑡)) 
+𝑥𝑇(𝑡)𝑄3𝑥(𝑡) − (1 − 𝑑3)𝑥

𝑇(𝑡 − 𝜏3(𝑡))𝑄3𝑥(𝑡
− 𝜏3(𝑡)) 

+𝑚𝑥𝑇(𝑡)𝐴𝑇𝑅𝐴𝑥(𝑡) + 𝑚𝑥𝑇(𝑡)𝐴𝑇𝑅𝐵1𝑥(𝑡 − 𝜏1(𝑡))
+ 𝑚𝑥𝑇(𝑡)𝐴𝑇𝑅𝐵2𝑥(𝑡 − 𝜏2(𝑡)) 

+𝑚𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵1
𝑇𝑅𝐴𝑥(𝑡) + 𝑚𝑥𝑇(𝑡
− 𝜏1(𝑡))𝐵1

𝑇𝑅𝐵1𝑥(𝑡 − 𝜏1(𝑡)) 
+𝑚𝑥𝑇(𝑡 − 𝜏1(𝑡))𝐵1

𝑇𝑅𝐵2𝑥(𝑡 − 𝜏2(𝑡)) + 𝑚𝑥
𝑇(𝑡

− 𝜏2(𝑡))𝐵2
𝑇𝑅𝐴𝑥(𝑡) 

+𝑚𝑥𝑇(𝑡 − 𝜏2(𝑡))𝐵2
𝑇𝑅𝐵1𝑥(𝑡 − 𝜏1(𝑡)) + 𝑚𝑥

𝑇(𝑡
− 𝜏2(𝑡))𝐵2

𝑇𝑅𝐵2𝑥(𝑡 − 𝜏2(𝑡)) 
 

Thus, it is written as 

 

�̇�(𝑡) ≤ 𝜉𝑇𝑀𝜉                                               (27) 

Where 

 

𝜉 = (𝑥𝑇(𝑡), 𝑥𝑇(𝑡 − 𝜏1(𝑡)), 𝑥
𝑇(𝑡 − 𝜏2(𝑡)), 𝑥

𝑇(𝑡
− 𝜏3(𝑡)))

𝑇 . 
From (23) it is said that �̇�(𝑡) is negative definite, which 

means that the trival solution of system (4) is 

asymptotically stable. 
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