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Abstract

In this paper we extend the method of canonical form for congruence of bilinear forms
to give the classification of some subclasses of 7-dimensional nilpotent Leibniz algebras.
Odd-nilpotent Leibniz algebras are defined as that its even dimensional ideals in lower
central series are all zero and the classification of 7-dimensional complex odd-nilpotent
Leibniz algebras with one dimensional Leib ideal is obtained by applying the aforemen-
tioned method.
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1. Introduction

As a nonantisymmetric generalization of Lie algebras, Leibniz algebras were first consid-
ered by Bloh who called them D-algebras emphasizing their connections with derivations
[3]. Later these algebraic structures were restored by Loday [8]. A vector space L over C
with a bilinear product [, ] : Lx L — L whose left multiplication is a derivation is called a
Leibniz algebra. Define the ideals of L, L' = L and L7 = [L, L’~!] for j € Zs5. A Leibniz al-
gebra L is nilpotent of class ¢ if L¢*! = 0 but L¢ # 0 for some ¢ > 0. L is called odd-nilpotent
if its all terms of the lower central series are odd-dimensional. Another important ideal of
L can be defined as Leib(L) = span{[a,a]|a € L}. L is a Lie algebra if and only if the Leib
ideal is zero. We define the center of L by Z(L) ={x € L|[z,a] =0 = [a,z] for all a € L}.
Direct sum of two nonzero ideals of a Leibniz algebra is called split, otherwise it is called
non-split. Throughout this paper, we consider only non-split and non-Lie complex Leibniz
algebras.

It is always an intriguing problem to give the classification of any kind of algebras. To
give the complete classification of nilpotent Lie algebras is considered to be a wild prob-
lem and it is still unsolved. Due to lack of antisymmetry property, classifying nilpotent
Leibniz algebras is more problematic. The complete classification of complex nilpotent
Leibniz algebras of dimension < 4 has been given (see [1,2], [4,5], [8,9]). 5—dimensional
nilpotent Leibniz algebras classified in [6] with canonical forms for congruence technique.
Recently, classification of some subsclasses 6—dimensional nilpotent Leibniz algebras is
given in [7] with the same technique. In this paper, we apply this canonical forms for
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congruence technique to give the classification of 7—dimensional odd-nilpotent Leibniz al-
gebras with dim(Leib(L)) = 1. This approach can be used to classify any (2n—1)-dimen-
sional odd-nilpotent Leibniz algebras. We verify that the classes we obtained are pairwise
nonisomorphic using the Mathematica program implementing Algorithm 2.6 given in [4].

2. Preliminaries

We give the following Lemmas which are very useful. They are given in [6,7].
Lemma 2.1. If L is a non-split Leibniz algebra then Z(L) ¢ L*.
Lemma 2.2. If L is a nilpotent Leibniz algebra then Leib(L) ¢ Z(L).

Lemma 2.3. Let L be a n—dimensional nilpotent Leibniz algebra with dim(Z (L)) =n-k.
If dim(Leib(L)) = 1 then dim(L?) < ¥-k+2,

Lemma 2.4. Let L be a n—dimensional nilpotent Leibniz algebra with dim(L?) = n -
k,dim(Leib(L)) = 1 and dim(L3) =t. Then

(i): <+ Bthe2

(ii): n <t + B0 Gf Leip(L) € I3

Lemma 2.5. If L is a n—dimensional nilpotent Leibniz algebra with dim(L?) =n -k and
L* #0 then dim(Z(L)) <n—k-1.
Let L be a nilpotent Leibniz algebra. Denote x(L) = (dim(L),dim(L?),dim(L?),...,dim(L¢))

where c is the class of nilpotency. Suppose dim(L?) = 1. Choose L? = Leib(L) = span{w, }.

Let a subspace V be complementary to L? in L so that L = L?@V. So [z,y] = aw, for some

a € C, for any x,y € V. Bilinear form f(, ):V xV — C can be defined by f(z,y) = a, for

all ,y € V. The canonical forms for the congruence classes of matrices associated with

any bilinear form on a complex vector space given in [10] is as follows. We denote

[A\B]::( oy )

Theorem 2.6. [10] The matrix of a bilinear form is congruent to a direct sum, uniquely
determined up to permutation of summands, of canonical matrices of the following types:

1

0 1 ,

(1) A2k+1:|: [ :|\|: 0 1 j| ]
0 1 ’
0 (2k+1)x(2k+1)

0 c 1
@) B%<c>=H o 1]\[ o ” . c#sl.

c 1 0 1 ¢ 0 2kex2k

0 1
1 1
(3) Cage1 = 1 1
1 -1
-1 0 (2k+1)x(2k+1)
[ 0 1 1
(4) Day = A Y I (k even)
L[ 1 1 0 11 0] Lyon
[ O 1
1 1
(5) Eoi = 11
-1 1
-1 1 0
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0 -1 1
(6) Fak-H o H L 1]
-1 1 0 1 1 0 2kx2k

Choosing a basis {wy,ws,...,ws} for V and L? = Leib(L) = span{wz}. We see that the
matrix of the bilinear form f(, ):V xV — C is one of the following (Matrices that yield
split Leibniz algebras are omitted.)

(k odd)

Partition of 6 6 x 6 matrices

6 Be, B, Fo

5+1 Ao 1,.Cs01

442 B4®FQ,B4@E2,B4 @BQ,D4®FQ,D4 @EQ,D4 @BQ,E4®
FQ,E4®E2,E4®BQ

A+1+1 Biolel,Diolol B olel

3+3 As® A3, A3 C3,C3 @ C3

34+2+1 Aso @1, As@ Fr @1, As@ Bod1,C350 Fhd 1,030 Ey @
,Cse Byol

3+1+1+1 Asolelel,C3olelal

24242 FQ@FQ@FQ,FQ@FQ@EQ,FQ@FQ@BQ,FQ@EQ@EQ,FQ@
E2@BQ,FQ@BQGBBQ,EQ@EQ@EQ,EQ@EQ@BQ,EQ@BQ@
BQ,BQ@BQ@BQ

24+241+1 Feholel, hokholel,FhoBolel,FroFEaole
lLLEhbeB,eolel,BooByolal

24+14+14+1+1 Feolelelel, Eheleolelel, Boololelel

14141414141 lelelelelel

Table 1. Canonical form for congruence of 6 x 6 matrices.

Choose dim(L?) = n -2 and Leib(L) = span{u,}. We can extend it to a basis
{us,uq, ..., Un_1,u,} for L? and let a subspace U be complementary to L? in L so that
L=L?®U. So [u,v] = aguz + aqtiy + Qyy_1Up_1 + ntiy, for some a; € C, 3 <i < n, for any
u,v € U. Bilinear form f(, ):U xU — C can be defined by f(u,v) = ay, for all u,veU.

Choosing a basis {u1,u2} for U and using Theorem 2.6 we see that the matrix of the
bilinear form f(, ):U x U — C is one of the following:

(i)(—[)l (1)) (ii)([l) 8), (m‘)((l) (1)) (z’v)(_ol 1) (v)(g (11)

where ¢ # 1,-1. We can assume that N cannot be the matrix (i) because the resulting
algebra is a Lie algebra. It is enough to consider the matrices (ii) and (iii) because others
are isomorphic to one of these as showed in Lemma 2.1 in [6].

3. Classification of 7-dimensional odd-nilpotent Leibniz algebras with
dim(Leib(L)) =1

Let L be a 7-dimensional complex nilpotent Leibniz algebra with dim(Leib(L)) = 1.
All possible odd-nilpotent Leibniz algebra characters are listed below:

e x(L)=(7,1,0,0,0) e x(L)=(7,5,1,0,0)
e x(L)=(7,3,0,0,0) e x(L)=(7,5,3,0,0)
e x(L)=(7,3,1,0,0) e x(L)=(7,5,3,1,0)
e x(L)=(7,5,0,0,0)
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If x(L) =(7,5,0,0,0) or x(L) =(7,5,1,0,0) then by Lemma 2.4 we see that no Leibniz
algebra exists. If x(L) = (7,5,3,0,0) then Lemma 2.1 requires L? ¢ Z(L) c L?. Hence
dim(Z(L)) = 3 or dim(Z(L)) = 4. However dim(Z(L)) # 4 since Lemma 2.3. Hence
suppose dim(Z(L)) = 3. Then L? = Z(L) with Lemma 2.2 implies that Leib(L) ¢ L? but
from Lemma 2.4 (ii) we arrive a contradiction. Hence there is no Leibniz algebra for the
case x(L) =(7,5,3,0,0).

Theorem 3.1. Let x(L) =(7,1,0,0,0) and dim(Leib(L)) = 1. Then, up to isomorphism,
the nonzero multiplications in L is given by one of the following:

Lz [wi,we] = wr, [wa, ws] = wr, [w2, we] = awr, [ws, wa] = wr, [w3, ws] = awr, [w, w3] =
awr, |:’UJ5,’LU2] = awry, [w5aw3] = wry, [wﬁa wl] = awry, [w6a ZU2:| = wr, Q€ (C\{l, _1}

Loz [wi,we] = wr, [we, ws] = wr, [we, we] = wr, [ws, wa] = wr, [ws, ws] = wr, [wg, w3] =
—wr, [wy, ws] = wr, [ws,w2] = —wr, [ws, w3] = wr, [we, w1] = —wr, [we, wz] = wr.

Ls: [wi,we] = wr, [wa, ws] = wr, [w2, we] = wr, [ws, wa] = wr, [ws, ws] = wr, [wg, w3] =
—wr, [ws, wa] = —wr, [ws, ws] = wr, [we, w1] = —wr, [we, wa] = wr.

Ly [wy,ws] = wr, [we,ws] = wr, [wy, we] = wr, [ws, ws] = wr, [we, we] = wr.

Ls: [wy,ws] = wr, [we,wys] = wr, [we, ws] = wr, [ws, ws] = wr, [ws, ws] = wr, [wg, wa] =
wr, [wg, w3] = —wz, [ws, w1 ] = wr, [ws, we] = —wz, [we, we] = wr.

Lg: [wy,ws] = wr, [we,ws] = wr, [we, wys] = awr, [ws, wa] = awr, [wy, w1 ] = awr, [wy, we] =
wr, [ws, we] = wr, [we, ws] = —wz, aeC\{1,-1}.

L7t [wy,ws] = wr, [we,ws] = wr, [we, wys] = awr, [ws, wa] = awr, [wy, w1 ] = awr, [wy, we] =
wr, [w5,w6] = wry, [wg,wg,] = —-wry, [wﬁ,wg] = wry, Q€ (C\{l, —1}.

Lg: [wl,fw4] = wry, [wz, w3] = wry, [wz, w4] = 1wy, ['wg,’wg] = 1wy, [w4,w1] = 1wy,
[w4,w2] = wr, [w5,w6] = wry, [wﬁ,fw5] = Wy, a1, € C\{l, —1}.

Lg: [wl,w4] = wry, [wg, w3] = wry, [’LUQ, w4] = wry, [’wg, wg] = wry, [w4, wl] = wry, [w4, wg] =
—wry, [w5,w6] = wry, [wﬁ,wg,] = —-wry.

Lio: [wy,wq] = wr, [w2,w3] = wr, [wa, ws] = wr, [wz,w2] = wr, [wy, w1] = wr, [wg, ws] =
—wr, [w5,w6] = wry, [w6,w5] = —-wry, ['U}G, w6] = wry.

Lii: [wy,wa] = wr, [we,w3] = wr, [wa, ws] = wr, [wz,w2] = wr, [wy, w1] = wr, [wg, w2] =
~wr, [ws, we] = wr, [we, ws] = awy, aeC\{1,-1}.

Liat [w1,wa] = wr, [w2, w3] = wr, [we, wa] = wr, [w3, wa] = —wr, [w3, w3] = wr, [wg, w1] =
~wr, [w4, we] = wr, [ws, we] = wr, [we, ws] = —wr.

Liz: [w1,wa] = wr, [w2, w3] = wr, [we, wa] = wr, [w3, wa] = —wr, [w3, w3] = w7, [wg, w1] =
~wr, [wa, we] = wr, [ws, we] = wr, [we, ws] = ~wr, [we, we] = wr.

Lz [wr,wa] = wr, [w2, w3] = wr, [we, wa] = wr, [w3, we] = —wr, [w3, w3] = w7, [wg, w1] =
—wry, |:1,U4,’LU2] = wry, |:U/5,’LU6] = wry, [U/G,’LU5] =awy, Q€ C\{lv _1}

Lis: [w1,wa] = wr, [w2, w3] = wr, [we, wa] = awr, [w3, wa] = awr, [wy, w1] = cws, [wa, wa] =
wr, [ws, ws] = wr, [we, we] = w7 aeC\{1,-1}.

L16: [101,104] = wry, |:’UJ2,7,U3] = wry, |:’UJQ,’LU4] = wry, |:’UJ3,’[U2] = wry, [w4,w1] = wry, [w4,w2] =
~wr, [ws, ws] = wr, [we, we] = wr.

L7z [wi,wa] = wr, [wa, w3] = wr, [w2, ws] = wr, [ws, w2] = ~wr, [ws, w3] = wr, [wg,w1] =
—wr, [wy, w2] = wr, [ws,ws] = wr, [we, we] = wr.

Lig: [wi,ws] = wr, [ws, w2] = wr, [ws, we] = wr, [we, ws] = wr.

Lig: [w1,w3] = wr, [w3, w2] = wr, [wy, we] = wr, [ws, ws] = wr, [ws, we] = wr, [we, ws] =
wr, [we, ws] = —wz.

Log: [wy,ws] = wr, [we, ws] = wr, [we, ws] = wr, [ws, w1 ] = wr, [ws, wa] = —wr, [wg, we] =
wr, [ws, ws] = wrz, [ws, we] = wr, [we, wy] = wr, [we, ws] = —wr.

Loy [wy,ws] = wr, [ws, we] = wr, [wy, ws] = wr, [ws, ws] = —wr, [we, we] = wr.

Log: [w,ws] = wr, [ws, wa] = wr, [wy, ws] = wr, [ws,ws] = —wr, [ws, ws] = wr, [we, we] =
wy.

L23: [wl,wg] = wry, [wg,wg] = wry, [w4,w5] = wry, [w5,w4] = Qwry, [fwg,wg] = wy, Q€

C\{1,-1}.
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Loyt [w1,w3] = wr, [w2, w2] = wr, [we, w3] = wr, [w3,w1] = wr, [w3, w2] = ~wr, [wg, ws] =
wr, [ws, ws] = ~wr, [we, we] = wr.

Los: [wl,w?,] = wr, [w2,w2] = wry, [w2,w3] =wry, [w37w1] =wry, [w3,w2] = —wry, [w4,w5] =
wr, [w5,w4] = -wr, [w57w5] = wr, [w67w6] =wry.

Log: [wi,ws3] = wr, [we, wa] = wr, [wa, w3] = wr, [w3, w] = wr, [w3, w2] = —wr, [ws, ws] =
wr, [ws, wy] = awr, [we, we] = wr, aeC\{1,-1}.

Lo7: [wi,ws] = wr, [ws, wa] = wr, [wa, ws] = wr, [ws, ws] = wr, [we, we] = wr.

Log: [wr,w3] = wr, [wa, ws] = wr, [we, ws] = wr, [wg, w1] = wr, [ws, wa] = —wr, [wa,ws] =
wry, [w5,w5] = wry, [’U)ﬁ,'lUG] = wry.

Lag: [wi,w2] = wr, [wa, w1] = —wr, [w3, ws] = wr, [ws, w3] = —wr, [ws, we] = wr, [we, ws] =
—wry, [wﬁ,wg] = wr.

Lso: [wi,w2] = wr, [wa, w1] = —wr, [w3, ws] = wr, [ws, w3] = —wr, [ws, we] = wr, [we, ws] =
awr, «€C\{1,-1}.

Lai: [wi,w2] = wr, [wa, w1] = —wr, [ws, wa] = wr, [wy, w3] = —wr, [wa, ws] = wr, [ws, we] =
wr, [we, ws] = —wr, [we, we] = wr.

L3a: [wi,we] = wr, [wa, w1] = ~wr, [ws, ws] = wr, [wa, w3] = ~wr, [wy, ws] = wr, [ws, we] =
wr, [we, ws] = awr, «eC\{1,-1}.

L3g: [wi,we] = wr, [wa, w1] = ~wr, [ws, ws] = wr, [wy, w3] = arwr, [ws, we] = wr, [we, ws] =
aswy, or,ap € C\{1,-1}.

L3y: [wi,we] = wr, [wa, w1] = ~wr, [we, w2] = wr, [w3,ws] = wr, [wy, w3] = ~wr, [wg, wy] =
wr, [ws, we] = wr, [we, ws] = ~wr, [we, we] = wr.

L3s: [wi,wa] = wr, [wa, w1] = —wr, [we, w2] = wr, [w3,ws] = wr, [wg, w3] = ~wr, [wg, wy] =
wr, [ws, we] = wr, [we, ws] = awy, aeC\{1,-1}.

Lsg: [w1,wa] = wr, [w2,w1] = ~wr, [w2, wa] = wr, [ws, ws] = wr, [wa, w3] = crwr, [ws, we] =
wr, [we, ws] = agwr, a1,a9 € C\{1,-1}.

La7: [wy, w2] = wr, [w2,w1] = cnwr, [ws, wy] = wr, [wg, w3] = cwwr, [ws, we] = wr, [we, ws] =
aswy, g, a3 € C\{1,-1}.

Lag: [wi,wa] = wr, [wa,w1] = —wr, [ws, ws] = wr, [wg, ws] = —wr, [ws, ws] = wr, [we, ws] =
wy.

L3g: [wl,wz] = wr, [w2,w1] = —wr, [w3,w4] = wry, [w4,w3] = -wr, [w4,w4] =wr, [w5,w5] =
wr, [we, we] = wr.

Lyo: [wl,wz] = wr, [w2,w1] = —wr, [w3,w4] = wry, [w4,w3] = awry, [ws,ws] =wr, [w6,w6] =
wr, «aeC\{1,-1}.

Lyi: [wi,w2] = wr, [we, w1] = —wr, [we, w2] = wr, [ws, wa] = wr, [wa,w3] = —wr, [wy, ws] =
wr, [ws, ws] = wr, [we, we] = wr.

Ly: [wy,w2] = wr, [wa,w1] = —wr, [wa, w2] = wr, [w3, ws] = wr, [ws, w3] = cwr, [ws,ws] =
wr, [we, we] = w7, aeC\{1,-1}.

Lys: [wl,wg] = wr, [wg,wl] = ajwy, [’LU3,1U4] = wry, [’w4,w3] = wry, [w5; w5] = wr, [wGa wﬁ] =
wy, ap,aeC\{1,-1}.

Lys: [wi,w2] = wr, [wa, w1] = —wr, [ws, w3] = wr, [ws, ws] = wr, [ws, ws] = wr, [we, we] =
wry.

Lys: [wi, wa] = wr, [wa, w1] = —wy, [wa, wa] = wr, [w3, w3] = wr, [wa, ws] = wr, [ws, ws] =
wr, [w67w6] =wr.

Lag: w1, we] = wr, [wa, w1] = awr, [w3, ws] = wr, [wy, ws] = wr, [ws, ws] = wr, [we, ws] =
wry, aeC\{1,-1}.

Ly7: [wr,w1] = wr, [w2, ws] = wr, [ws, ws] = wr, [wa, wa] = wr, [ws, ws] = wr, [we, ws] =
wry.

Proof. Let L? = Leib(L) = span{wz}. Then there exists an ordered basis
{w1, we, ws,wy, ws,wg, w7} of L and the matrices listed in Table 1 results 47 pairwise
nonisomorphic Leibniz algebras. O
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Now let x(L) = (7,5,3,1,0). Using Lemma 2.2 we get Leib(L) ¢ Z(L). Also from
Lemma 2.4 we obtain Leib(L) ¢ L3. Lemma 2.1 requires L* ¢ Z(L) c L?. From Lemma
2.5 we have dim(Z(L)) < 4. If dim(Z(L)) = 1 then Leib(L) = Z(L) = L* ¢ L? leads a
contradiction. Hence dim(Z(L)) =2 or dim(Z(L)) = 3.

Theorem 3.2. Let x(L) =(7,5,3,1,0),dim(Leib(L)) =1 and dim(Z (L)) = 3. Then, up
to isomorphism, the nonzero multiplications in L is given by one of the following:

Ly: [wla’wl] = wry, [U)LU)Q] = w3 = —[U}27’w1],[w1’w3] = wy = _[U)S,wl],[wQ,’wg] —
ws = —[ws, w2], [wy,ws] = we = —[ws, w1].
Loz [wi,wi] = wr, [wi,we] = wy = —[wz,w1], [wi,w3] = w5 = ~[ws, w1], [wa, w3] =

wy = —[ws, wa], [wa, wa] = we = —[wg, wa].

Ls: [wy,w1] = wr, [wi,we] = ws = —[we, w1 ], [we, ws] = wr, [wy,ws] = wy = —[ws, w1 ],
['wg,wg] = W5 = —[wg,wg], [wl,w4] = Weg = —[w4,w1].

L4: [wl,fwl] = wry, [wl,wg] = w3 = —[wg,wl], [wg,’wg] = wry, [wl,wg] =Wy = —[wg,wl],
[wg,’w3] = iw4+w5 = —[’wg,wg], [wl,w4] = Wg = —[w4,w1], [wg,w4] = Z"LUG = —[w4,w2],

V-1

Proof. Let us take a complementary subspace W to L? in L?. Since L* # 0 we have
L3+ Z(L). Also if dim(L3n Z(L)) = 1 then W ¢ Z(L) and since
L*=[L,L*]=[L,L’eW]=L"

we arrive a contradiction. Therefore dim(L®n Z(L)) = 2. Using Leib(L) ¢ L3, L*, choose
Leib(L) = span{er}, L* = span{eg} and L3 = span{ey, e5,e¢}. Then Z(L) = span{es, e, €7}
and L? = span{es, e4, €5, ¢6,e7}. Take V = span{e;,es}.

Case 1: If the matrix N = (i), then the nontrivial multiplications in L given as follows:
[e1,e1] = e7,[e1,e2] = aes + ageq + ages + aues = —[ea,e1], [e1,e3] = Bres + Baes + Pz =
—[es,e1], [e2, €3] = Baea + Bses + Boes = —[e3, ea], [e1,ea] = 1166 = —[ea, e1], [€2,€4] = 12e6 =

—[es, e2], [e3, e4] = y3e6 = —[e4, €3]
From Leibniz identities we get the following equations:

v3=0
{5471 -B172=0 (3:1)

First suppose 2 = 0. Then 7, # 0 and from the second equation in (3.1) we have 34 = 0.
Using dim(L?) = 3 we can see that 31,35 # 0. Then the base change

wy = e1, Wy = €2,W3 = Q1€3 + ey + azes + ayeq, wy = a1 (Preq + Paes + f3eg) + azyies, ws =
a1(fBses + Bses ), we = a1 S1y1€6, w7 = ey shows L is isomorphic to Li. Now suppose 2 # 0.
Then with the base change w; = y9e1 — Y162, ws = €2, W3 = €3, W4 = €4, W5 = €5, Wg = €5, W7 =
y3e7 we can force 1 = 0. Then from the second equation in (3.1) we get 51 =0. So 2 # 0
since dim(L?) = 3. Then the base change w; = ey, wy = €2, w3 = aye3+anes+azes+ayes, wy =
ai(Bieq + Paes + Bzes) + azyaes, ws = ai(Baes + f3es), we = a1 Bsy2e6, w7 = e7 shows L is
isomorphic to L.

Case 2: If the matrix N = (4ii), then the nontrivial multiplications in L given as follows:
[61, 61] =e7, [61, 62] = (1e3t+ageq4tagzest+igeg = —[62, 61], [62, 62] =e7, [61, 63] = 5164+ﬁ265+
Baes = —[e3,e1],[e2,e3] = Baes + Pses + Poes = —[e3,e2], [e1,e4] = y1e6 = —[ea,e1],[€2,e4] =
Yoes = —[ea, ea], [e3,e4] = 3€6 = —[e4, €3].

Then again Leibniz identities yield the equations in (3.1). Let 42 = 0. Then v; # 0 since
dim(Z(L)) = 3. From (3.1) we have $4 = 0. Using dim(L?) = 3 we obtain 1,35 # 0. Then
the base change wy = e1,wy = €3, w3 = a1eg+ages+azes+ageq, wy = a1 (Pres+ Paes + Paep) +
agy1€6, ws = a1 (Pses+Pseq ), We = a1 17166, w7 = e7 shows L is isomorphic to Ls. Now take
v # 0. If v1 = 0 then the base change wi = e2, wq = €1, w3 = €3, Wy = €4, W5 = €5, Wg = €6, W7 =
e7 forces 2 = 0 and therefore L is isomorphic to Ls. So let 71 # 0. Suppose 712 + 722 = 0.
Then the base change wi = y1e1 + Y9€9,wo = Yo€1 — Y162, W3 = €3, W4 = €4,Ws5 = €5, We =
eg, W7 = (fy% +722 )er forces 5 = 0 and therefore L is isomorphic to Ls. Now take ’y% +’y§ =0.

Z‘:
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Then from the second equation in (3.1) we obtain 87 + 37 = 0. Then the base change
wy = e1, Wz = €2, W3 = a1€3 + ey + azes + ageq, wy = ar(freq + Paes + Pzeg) + aayres, ws =
a1[(Bs — Bai)es + (Bs — Bsi)es], we = a1 S171€6, w7 = e7 shows L is isomorphic to Ly. O

Theorem 3.3. Let x(L) =(7,5,3,1,0),dim(Leib(L)) =1 and dim(Z (L)) =2. Then, up

to isomorphism, the nonzero multiplications in L is given by one of the following:

Ls: [wi,wi] = wr, [wi,wa] = w3 = ~[wz,w1],[wi,w3] = wg = —[ws,w1], [wa, w3] =
ws = —[ws, wa], [wa, ws] = we = —[wg, wa], (w1, ws] = we = —[ws, w1 ].

Lg: [wy,w1] = wr, [w1,wa] = ws = —[wa, w1 ], [wy,w3] = ws = —[ws, w1 ], [we,ws] =
wy = —[ws,wa], [wi,ws] = awg = —[wy, w1 ], [we,ws] = wg = —[wg,ws], [w1,ws] =

wg = —[ws,wy], aeC.

L7t [wy,w1] = wr, [wi,we] = ws = —[we, w1 ], [we, ws] = wr, [w1,ws] = wy = —[ws, w1 ],
[wa, w3] = w5 = —[ws, wa], [w1,ws] = awg = —[wy, w1 ], [wa, ws] = we = —[w4, W3],
[wy,ws] =we = —[ws,w1], aeC.

Lg: [wl,fwl] = wry, [wl,wg] = w3 = —[wg,wl], [wg,’wg] = wry, [wl,wg] = W5 = —[wg,wl],
[wg,wg] =Wy = —[wg,wg], [wl,w4] =We = —[w4,w1], [wg,w4] = Wg = —[w4,w2],
[wl,w5] = QQWg = —[w5,w1], [wg,w5] = Q1W¢ = —[w5,w2], 1,09 € C.

Proof. Choose Leib(L) = span{er},L* = span{eg}. Then Z(L) = span{eg,er} and
L3 = span{ey, es5, eg},

L? = span{es, e4, €5, ¢6,e7}. Take V = span{e;,es}.

Case 1: If the matrix N = (i), then the nontrivial multiplications in L given as follows:
le1,e1] = er, [e1,e2] = ares + ageq + azes + aues = —[e2, 1], [e1,e3] = Bres + Paes + [zeg
—[es,e1], [e2, e3] = Baes + Pses + Poes = —[e3,e2],[e1,es] = viec = —[ea, e1], [e2,e4] = Y2e6 =
—[es, e2],[e3,e4] = v3e6 = —[ea, €3], [e1, 5] = O1e6 = ~[e5, 1], [e2, e5] = Oaes = —[e5,€2], [e3, 5] =
9366 = —[65, 63], [64, 65] = 9466 = —[65, 64].

From Leibniz identities we get the following equations:

O0y=7v3=03=0
Bayi + P01 — Br1y2 — f202 =0

The base change wi = e1,ws = €9, w3 = €3, W4 = €4, W5 = Bae4 — Yoe5, W = €6, w7 = e7 forces
62 = 0. Hence let 6 = 0. If 5 = 0 then 01e4 — y1e5 € Z(L), which contradicts with the fact
that dim(Z (L)) = 2. Let 72 # 0. Then with the base change wy = y2e1 — 162, w2 = €9, w3 =
€3, Wy = €4, W5 = €5,Wg = €g, W7 = 72267 we can make vy, = 0. If 84 = 0 then the base change
w1 = eq, W = €2, W3 = (€3 + ey + azes + ageg, wa = a1 (Sreq + Paes + Paeg) + azbies, ws
a1(Bses + Bees) + aayaes, wg = a1 817266, wr = ey shows L is isomorphic to Ls. If B4 #

then the base change wi = e1,ws = \/ gjfé €a, W3 = \/gi:; (a1e3 + aneq + azes + ageg), wy

(3.2)

)

9 0
gig [a1(Baes + Pses + foes) + azyzes], ws = gﬁ; [a1(Bres + Paes + fzeg) + azbres], we =
%a1629166,w7 = e7 shows L is isomorphic to Lg(«).

Case 2: If the matrix N = (7i7), then the nontrivial multiplications in L given as follows:
[e1,e1] = e7,[e1,e2] = ares+ages+ages+ayes = —[ea,e1],[e2,e2] = e7, [e1,e3] = Bres+Paes+
Bzes = —[e3,e1], [e2, €3] = Baes + Bses + foes = —[e3,e2], [e1,e4] = v1e6 = —[eq, e1], [e2,e4] =
Y2e6 = —[ea, 2], [e3,e4] = y3€6 = —[e4, €3], [e1,€5] = O1e6 = ~[e5,e1],

[e2,e5] = O2e = —[e5,€2], [e3,e5] = O3e6 = —[e5, €3], [ea, e5] = Ose6 = —[€5, €4].

Then again Leibniz identities yield the equations in (3.2). The base change w; = ey, wg =
€2, W3 = €3,W4 = €4,W5 = 9264 — Y2€5,We = €6,W7 = €7 forces 92 =0. So let 02 = 0. Then
01,72 #+ 0 since dim(Z(L)) = 2. If 54 = 0 then the base change wy = ej,wy = eg, w3 =
ajes + ageq + azes + aueg, Wy = ap(Pres + Paes + fzeg) + (a1 + asbi)eg, ws = ar(Pses +
Bees) + aay2es, we = a1 P501€6, w7 = e7 shows L is isomorphic to L7(a). If B4 # 0 then the
base change wy = e1,wy = €9, w3 = a1€3 + Qgeq + ages + ageq, wy = a1(Paeq + Pses + Pees) +
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(c2y2)es, ws = o (Baes + Bses + Poes) + (a1 + asb)es, we = oy Bayaes, w7 = e7 shows L is
isomorphic to Lg(a, ). O

For the remaining cases x(L) = (7,3,0,0,0) and x(L) = (7,3,1,0,0) the same technique
can be applied. Notice that the 4 x 4 matrices from Theorem 2.6 will yield the desired
algebras.

4. Conclusion

The number of isomorphism classes for some subclasses odd-nilpotent Leibniz algebras of
dimension < 7 given in Table 2. Considering there are only 6 non-split complex nilpotent
Lie algebras of dimension 5, we can claim that the classification problem for Leibniz
algebras is indeed wild.

Characteristic of L Number of isomorphism classes of complex odd-
nilpotent Leibniz algebras with dim(Leib(L)) =1
single algebras,

one-parameter infinite family.

single algebras,

one-parameter infinite families,

two-parameter infinite family

No Leibniz algebra.

4 single algebras.

30 single algebras,

13 one-parameter infinite families,

3 two-parameter infinite families,

1 three-parameter infinite family

x(L) =(3,1,0,0,0)

x(L) =(5,1,0,0,0)

[l NN V]

x(L) = (5,3,0,0,0)
x(L) = (5,3,1,0,0)
x(L) = (7,1,0,0,0)

x(L) = (7,5,0,0,0)

No Leibniz algebra.

No Leibniz algebra.

x(L) =(7,5,3,0,0)

No Leibniz algebra.

(
x(L)=(7,5,1,0,0)
(
x(L)=(7,5,3,1,0) 5 single algebras,
2 one-parameter infinite families,
1 two-parameter infinite family

Table 2. Number of isomorphism classes of odd-nilpotent Leibniz algebras.

As a future work, we can extend the canonical forms for the congruence technique
to higher dimensions to obtain complete classification of complex odd-nilpotent Leibniz
algebras.
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