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Abstract. This paper demonstrates through a numerical experiment that

utilization of strongly convex functions strengthens the bound presented for
the Jensen gap in [4]. Consequently the improved result enables to present

improvements in the bounds obtained for the Hölder and Hermite-Hadamard

gaps and proposes such improvements in the results obtained for various en-
tropies and divergences in information theory.

1. Introduction

Being a part of analysis, the field of mathematical inequalities in the sense of
convexity has seen exponential growth in numerous domains of science, art, and
technology [1,3,5,7–9,14–16,22–24,26,27,29–31,36,37,40,41,43,45]. Among these
inequalities, the Jensen inequality is the most important inequality. Many other
well-known used inequalities such as Young’s, Hölder’s, the arithmetic-geometric,
the Hermite-Hadamard, and Minkowski’s inequality etc can be obtained from this
inequality by manipulating suitable substitutions. Furthermore, this inequality
is comprehensively used in distinct areas of science and technology for example
statistics [33], qualitative theory of differential and integral equations [32], engi-
neering [17], economics [34], finance [10], information theory and coding [6, 25]
etc. In addition, there are countless papers dealing with counterparts, refinements,
generalizations, improvements and converse results of Jensen’s inequality, (see, for
instance [11–13, 19, 20, 39]). In fact, this inequality generalizes the classical notion
of convexity and states that [28]:

Theorem 1. If φ : [σ1, σ2] → R is a convex function and ϑi ∈ [σ1, σ2], ki ≥ 0
for each i ∈ {1, 2, . . . , n} with

∑n
i=1 ki := Kn > 0, then for 1

Kn

∑n
i=1 kiϑi := ϑ̄, the
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following inequality holds

φ
(
ϑ̄
)
≤ 1

Kn

n∑
i=1

kiφ (ϑi) .

In reference [2], the integral form of Theorem 1 can be seen, also here it is:

Theorem 2. Assume that [σ1, σ2] ⊂ R and ξ2, ξ1 : [ρ1, ρ2] → R are two functions
with the condition that ξ2(t) ∈ [σ1, σ2], ∀ t ∈ [ρ1, ρ2]. Further, assume that the
function φ : [σ1, σ2] → R is convex and ξ1, ξ2ξ1, (φ ◦ ξ2).ξ1 are integrable on
[ρ1, ρ2]. Furthermore, suppose that ξ1(t) ≥ 0 for all t ∈ [ρ1, ρ2] and

∫ ρ2

ρ1
ξ1(t)dt :=

D > 0, 1
D

∫ ρ2

ρ1
ξ2(t)ξ1(t)dt := ξ̄, then

φ
(
ξ̄
)
≤ 1

D

∫ ρ2

ρ1

(φ ◦ ξ2)(t)ξ1(t)dt.

Following is the definition of a strongly convex function while the next theorem
gives a criteria for checking the strong convexity of twice differentiable functions
[44]:

Definition 1. Let φ : [σ1, σ2] → R be a function, then with modulus λ > 0, it is
strongly convex, if the following inequality holds

φ(γϑ1 + (1− γ)ϑ2) ≤ γφ(ϑ1) + (1− γ)φ(ϑ2)− λγ(1− γ)(ϑ1 − ϑ2)
2,

for all ϑ1, ϑ2 ∈ [σ1, σ2] and γ ∈ [0, 1].

It is significant that every strongly convex function is convex but the converse is
not true generally.

Theorem 3. If the function φ is twice differentiable then it is strongly convex with
modulus λ > 0, if and only if φ′′(ϑ1) ≥ 2λ for all ϑ1 ∈ [σ1, σ2].

In this manuscript, we make use of the well-known Taylor formula and the con-
cept of strong convexity to improve an existing bound for the Jensen gap. Many
results may be found in the literature regarding Jensen’s inequality for strongly
convex functions (see for instance [21,35,38,42]).
Following is the Taylor Formula [4]:

Theorem 4. If ϑ2 ∈ [σ1, σ2] ⊆ R and φ : [σ1, σ2] → R is a function, then for a
point µ ∈ [σ1, σ2], the well-known Taylor’s formula is given by

φ(ϑ2) =

n−1∑
i=0

φ(i)(µ)

i!
(ϑ2 − µ)i +

1

(n− 1)!

∫ ϑ2

µ

φ(n)(t)(ϑ2 − t)n−1dt, (1)

provided that φn−1 is absolutely continuous for natural number n.
Setting n = 2 in Equation (1), we get

φ(ϑ2) = φ(µ) + φ
′
(µ)(ϑ2 − µ) +

∫ ϑ2

µ

φ
′′
(t)(ϑ2 − t)dt. (2)
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2. Main Results

The following theorem actually gives the improvement in an existing bound for
the classical Jensen gap through the concept of strong convexity:

Theorem 5. Let |φ′′| be a strongly convex function with modulus λ for twice dif-
ferentiable functions φ defined on [σ1, σ2]. Also, let µ, ϑi ∈ [σ1, σ2], ki ≥ 0 for
i = 1, 2, · · · , n with

∑n
i=1 ki := Kn > 0 and 1

Kn

∑n
i=1 kiϑi := ϑ, then∣∣∣∣∣ 1

Kn

n∑
i=1

kiφ(ϑi)− φ(ϑ)

∣∣∣∣∣
≤ 1

Kn

n∑
i=1

ki(ϑi − µ)2

[
|φ′′

(µ)|
3

+
|φ′′

(ϑi)|
6

+
µλ

12
(ϑi − µ)− ϑiλ

12
(ϑi − µ)

]

+(ϑ− µ)2

[
|φ′′

(µ)|
3

+
|φ′′

(ϑ)|
6

+
µλ

12
(ϑ− µ)− ϑλ

12
(ϑ− µ)

]
. (3)

Proof. Using (2) in 1
Kn

∑n
i=1 kiφ(ϑi) and φ(ϑ), then some calculations lead towards

the following identity

1

Kn

n∑
i=1

kiφ(ϑi)− φ(ϑ) =
1

Kn

n∑
i=1

ki

∫ ϑi

µ

(ϑi − t)φ
′′
(t)dt−

∫ ϑ

µ

(ϑ− t)φ
′′
(t)dt. (4)

Inequality (5) can be acquired by taking absolute value of both sides of (4) and
then applying triangle inequality∣∣∣∣∣ 1

Kn

n∑
i=1

kiφ(ϑi)− φ(ϑ)

∣∣∣∣∣
=

∣∣∣∣∣ 1

Kn

n∑
i=1

ki

∫ ϑi

µ

(ϑi − t)φ
′′
(t)dt−

∫ ϑ

µ

(ϑ− t)φ
′′
(t)dt

∣∣∣∣∣
≤ 1

Kn

n∑
i=1

ki

∫ ϑi

µ

(ϑi − t)
∣∣φ′′

(t)
∣∣dt+ ∫ ϑ

µ

(ϑ− t)
∣∣φ′′

(t)
∣∣dt. (5)

Change of the variable t = θµ+ (1− θ)ϑi for θ ∈ [0, 1] will give the following result∫ ϑi

µ

(ϑi − t)|φ
′′
(t)|dt = (ϑi − µ)

∫ 1

0

(ϑiθ − µθ)|φ
′′
(θµ+ (1− θ)ϑi)|dθ. (6)

Using the strong convexity of |φ′′ | in (6), the following result acquires∫ ϑi

µ

(ϑi − t)|φ
′′
(t)|dt

≤ (ϑi−µ)

∫ 1

0

(ϑiθ−µθ)×
(
θ|φ

′′
(µ)|+ (1− θ)|φ

′′
(ϑi)| − µθ(1− θ)(µ− ϑi)

2
)
dθ
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= (ϑi − µ)

∫ 1

0

(ϑiθ − µθ)
[
θ|φ

′′
(µ)|+ |φ′′(ϑi)| − θ|φ

′′
(ϑi)|

−λθ(µ− ϑi)
2 + λθ2(µ− ϑi)

2
]
dθ

= (ϑi − µ)

∫ 1

0

(
ϑiθ

2|φ
′′
(µ)| − µθ2|φ

′′
(µ)|+ ϑiθ|φ′′(ϑi)| − µθ|φ

′′
(ϑi)|

−ϑiθ
2|φ′′(ϑi)|+ µθ2|φ′′(ϑi)| − ϑiλθ

2(µ− ϑi)
2 + µλθ2(µ− ϑi)

2

+ϑiλθ
3(µ− ϑi)

2 − µλθ3(µ− ϑi)
2
)
dθ.

= (ϑi − µ)

[
(ϑi − µ)

(
|φ′′

(µ)|
3

+
|φ′′

(ϑi)|
6

)
+

µλ

12
(ϑi − µ)2 − ϑiλ

12
(ϑi − µ)2

]

= (ϑi−µ)2

[
|φ′′

(µ)|
3

+
|φ′′

(ϑi)|
6

+
µλ

12
(ϑi − µ)− ϑiλ

12
(ϑi − µ)

]
. (7)

Substitution of ϑi by ϑ in (7) gives the following inequality∫ ϑ

µ

(ϑ− t)|φ
′′
(t)|dt ≤ (ϑ− µ)2

[
|φ′′

(µ)|
3

+
|φ′′

(ϑ)|
6

+
µλ

12
(ϑ− µ)− ϑλ

12
(ϑ− µ)

]
.

(8)
From (5), (7) and (8) we get (3). □

Example 1. Let φ(t) = t4, t ∈ [0, 1], then φ
′′
(t) = 12t2 > 0, |φ′′ |′′(t) = 24 ≥ 2(12)

for all t ∈ [0, 1]. Which show that φ is convex and with modulus λ = 12 the

function |φ′′ | is strongly convex on [0, 1]. Now, let k1, k2, k3 = 0.2, 0.3, 0.5 and
υ1, υ2, υ3 = 0.5, 0.25, 0.2 respectively, then applying these values in (3) , we get

0 <

3∑
i=1

kiφ(ϑi)− φ

(
3∑

i=1

kiϑi

)
≤ 6µ4 − 2.2µ3 + 0.0001µ2 + 0.0202 = T (µ) (9)

Here at µ = 0.275 , T (µ) will reach towards its minimum value, which is 0.0086
and hence from (9) we have

0 <

3∑
i=1

kiφ(ϑi)− φ

(
3∑

i=1

kiϑi

)
≤ 0.0086. (10)

For |φ′′ | as a convex function and for the above values of k1, k2, k3 and υ1, υ2, υ3,
the following result has been obtained in [4].

0 <

3∑
i=1

kiφ(ϑi)− φ

(
3∑

i=1

kiϑi

)
≤ 0.0092. (11)

It is easy to understand that inequality (10) gives better result than the results
obtained in inequality (11) for the Jensen gap. Thus through this gap it is under-
standable that strongly convex functions actually strengthens the results.
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Proposition 1. Let (a1, . . . , an), and (b1, . . . , bn) be two positive n − tuples and
[σ1, σ2] be a positive interval. Then

1. for q > 1, p ∈ (1, 2)∪ (3, 4) such that 1
p +

1
q = 1 with µ,

∑n
i=1 aibi∑n
i=1 bqi

, aib
− q

p

i ∈ [σ1, σ2]

for i = 1, . . . , n, the following inequality holds(
n∑

i=1

api

) 1
p
(

n∑
i=1

bqi

) 1
q

−
n∑

i=1

aibi

≤ p(p− 1)

24

1∑n
i=1 b

q
i

n∑
i=1

bqi

(
aib

− q
p

i − µ
)2

×
[
8µp−2 + 4ap−2

i b
q
p−1

i − (p− 2)(p− 3)σp−4
2

(
aib

− q
p

i − µ
)2]

+

(∑n
i=1 aib

− q
p

i∑n
i=1 b

q
i

− µ

)2

×

8µp−2 + 4

(∑n
i=1 aib

− q
p

i∑n
i=1 b

q
i

)p−2

− (p− 2)(p− 3)σp−4
2

(∑n
i=1 aib

− q
p

i∑n
i=1 b

q
i

− µ

)2
(12)

2. If the statement of part 1 satisfied, then the following inequality holds but this
time keeping the condition that p > 4(

n∑
i=1

api

) 1
p
(

n∑
i=1

bqi

) 1
q

−
n∑

i=1

aibi

≤ p(p− 1)

24

1∑n
i=1 b

q
i

n∑
i=1

bqi

(
aib

− q
p

i − µ
)2

×
[
8µp−2 + 4ap−2

i b
q
p−1

i − (p− 2)(p− 3)σp−4
1 (aib

− q
p

i − µ)2
]

+

(∑n
i=1 aib

− q
p

i∑n
i=1 b

q
i

− µ

)2

×

8µp−2 + 4

(∑n
i=1 aib

− q
p

i∑n
i=1 b

q
i

)p−2

− (p− 2)(p− 3)σp−4
1

(∑n
i=1 aib

− q
p

i∑n
i=1 b

q
i

− µ

)2
(13)

Proof. 1. Let φ(t) = tp, t ∈ [σ1, σ2] then φ′′(t) = p(p− 1)tp−2 > 0, |φ′′|′′(t) = p(p−
1)(p−2)(p−3)tp−4, which show that the function φ is convex, and for the given value

of p, the function |φ′′ |′′(t) is decreasing while |φ′′ |′′(t) ≥ 2
(

p(p−1)(p−2)(p−3)σp−4
2

2

)
for all t ∈ [σ1, σ2]. Therefore the function |φ′′ | is strongly convex with λ =
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p(p−1)(p−2)(p−3)σp−4
2

2 , so using (3) for φ(t) = tp, ki = bqi and ϑi = aib
− q

p

i , we de-
rive( n∑

i=1

api

)(
n∑

i=1

bqi

)p−1

−

(
n∑

i=1

aibi

)p
 1

p

≤ p(p− 1)

24

1∑n
i=1 b

q
i

n∑
i=1

bqi

(
aib

− q
p

i − µ
)2

×
[
8µp−2 + 4ap−2

l b
q
p−1

i − (p− 2)(p− 3)σp−4
2

(
alb

− q
p

i − µ
)2]

+

(∑n
i=1 aib

− q
p

i∑n
i=1 b

q
i

− µ

)2

×

8µp−2 + 4

(∑n
i=1 aib

− q
p

i∑n
i=1 b

q
i

)p−2

− (p− 2)(p− 3)σp−4
2

(∑n
i=1 aib

− q
p

i∑n
i=1 b

q
i

− µ

)2
(14)

By applying the inequality αs − βs ≤ (α − β)s, β ∈ [0, α], s ∈ [0, 1] for α =

(
∑n

i=1 a
p
i )
(∑n

i=1 b
q

i

)p−1
, β = (

∑n
i=1 aibi)

p
and s = 1

p we obtain(
n∑

i=1

api

) 1
p
(

n∑
i=1

bqi

) 1
q

−

(
n∑

i=1

aibi

)
≤

( n∑
i=1

api

)(
n∑

i=1

bqi

)p−1

−

(
n∑

i=1

aibi

)p
 1

p

(15)
From (14) and (15), we get (12)

2. We get λ =
p(p−1)(p−2)(p−3)σp−4

1

2 , as by applying the same proposed value of

p, the function |φ′′ |′′ become an increasing function. Now by applying the same
method of part 1 the inequality (13) can be obtained. □

Here in the following theorem, we present a generalized version of Theorem 5.

Theorem 6. Let φ ∈ C2[σ1, σ2] such that |φ′′ | is strongly convex function with mod-
ulus λ, and ξ1 ≥ 0 integrable function such that ξ1 : [ρ1, ρ2] → R with

∫ ρ2

ρ1
ξ1(t)dt =

D > 0. Also, assuming the integrable function ξ2 such that ξ2 : [ρ1, ρ2] → R
where ξ2(t) ∈ [σ1, σ2],∀ t ∈ [ρ1, ρ2]. Then the following inequality holds for
ξ = 1

D

∫ ρ2

ρ1
ξ2(t)ξ1(t)dt and µ ∈ [σ1, σ2].∣∣∣∣∣ 1D

∫ ρ2

ρ1

ξ1(t) (φ ◦ ξ2) (t)dt− φ(ξ)

∣∣∣∣∣
≤ 1

D

∫ ρ2

ρ1

ξ1(t) (ξ2(t)− µ)
2
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×
(
φ′′(µ)

3
+

φ′′(ξ2(t))

6
+

µλ

12
(ξ2(t)− µ)− λξ2(t)

12
(ξ2(t)− µ)

)
dt

+
(
ξ − µ

)2 [φ′′(µ)

3
+

φ′′(ξ)

6
+

µλ

12

(
ξ − µ

)
− ξλ

12
(ξ − µ)

]
. (16)

Proof. Using (2) in 1
D

∫ ρ2

ρ1
ξ1(t) (φ ◦ ξ2) (t)dt and φ(ξ), then some calculations lead

towards the following identity.

1

D

∫ ρ2

ρ1

ξ1(t) (φ ◦ ξ2) (t)dt− φ(ξ)

=
1

D

∫ ρ2

ρ1

(
ξ1(t)

∫ ξ2(t)

µ

(ξ2(t)− t)φ
′′
(t)dt

)
dt−

∫ ξ

µ

(ξ − t)φ
′′
(t)dt. (17)

From here, adopting the procedure of the proof of Theorem 5, we get the result. □

Remark 1. The integral form of Proposition 1 may be shown as an application of
Theorem 6.

Corollary 1. Let Φ : [ρ1, ρ2] → R be such that |Φ′′| is strongly convex function
with modulus λ and µ ∈ [ρ1, ρ2], then the following inequality can be obtained:∣∣∣∣∣ 1

ρ2 − ρ1

∫ ρ2

ρ1

Φ(t)dt− Φ

(
ρ1 + ρ2

2

)∣∣∣∣∣
≤ 1

6(ρ2 − ρ1)

∫ ρ2

ρ1

(t− µ)2Φ′′(t)dt+
1

24

∣∣∣∣Φ′′
(
ρ1 + ρ2

2

)∣∣∣∣ (ρ1 + ρ2 − 2µ)2

+
Φ

′′
(µ)

36

(
7ρ21 + 7ρ22 + 10ρ1ρ2 − 24µρ1 − 24µρ2 + 24µ2

)
+

µλ

48× 96

(
2 (ρ1 + ρ2)

(
ρ21 + ρ22

)
− 4

(
ρ21 + ρ22 + ρ1ρ2

)
− 4µ3

)
+ (ρ1 + ρ2 − 2µ)

3

− λ

12(ρ2 − ρ1)

(
ρ52 − ρ51

5
−

µ3
(
ρ22 − ρ21

)
2

− 3µ(ρ42 − ρ41)

4
+ µ2

(
ρ32 − ρ31

))

−λ(ρ1 + ρ2)

192
(ρ1 + ρ2 − 2µ)3. (18)

Proof. By utilizing (16) for Φ = φ, [σ1, σ2] = [ρ1, ρ2] and ξ1(t) = 1, ξ2(t) = t for all
t ∈ [ρ1, ρ2], we get (18). □
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3. Applications in Information Theory

In information theory, we study about the storage, quantification and communi-
cation of information about certain events in different aspects. In this field, various
such events may be practiced through different divergences, distances or entropies
for example Kullback-Leibler and Rényi-divergences, Hellinger distance, Shannon
and Zipf-Mandelbrot entropies etc, which are special cases of the Csiszár divergence.
In analysis, the Jensen inequality is one of the most important inequalities which
produces various results for Csiszár divergence by manipulating suitable substitu-
tions. Such practices are made in this section. Following is the Csiszár divergence
functional [18]:

Definition 2 (Csiszár divergence). Let [σ1, σ2] ⊂ R and T : [σ1, σ2] → R be a
function, then for h = (h1, . . . , hn) ∈ Rn and z = (z1, . . . , zn) ∈ Rn

+ such that
hi

zi
∈ [σ1, σ2], for i = 1, . . . , n, the Csiszár divergence is defined as:

C(h, z) =

n∑
i=1

ziT

(
hi

zi

)
.

Theorem 7. Let for the function T ∈ C2[σ1, σ2], such that with modulus λ, |T ′′|
is strongly convex function. Also, let h = (h1, . . . , hn) ∈ Rn and z = (z1, . . . , zn) ∈
Rn

+, such that µ,
∑n

i=1 hi∑n
i=1 zi

, hi

zi
∈ [σ1, σ2] ⊂ R, for i = 1, 2, . . . , n then,∣∣∣∣ 1∑n

i=1 zi
C(h, z)− T

(∑n
i=1 hi∑n
i=1 zi

)∣∣∣∣
≤ 1∑n

i=1 zi

n∑
i=1

zi

(
hi

zi
− µ

)2

×

 |T ′′(µ)|
3

+

∣∣∣T ′′
(

hi

zi

)∣∣∣
6

+
µλ

12

(
hi

zi
− µ

)
−

(
hi

zi

)
λ

12

(
hi

zi
− µ

)
+

(∑n
i=1 hi∑n
i=1 zi

− µ

)2
[
|T ′′(µ)|

3
+

∣∣∣T ′′
(∑n

i=1 hi∑n
i=1 zi

)∣∣∣
6

+
µλ

12

(∑n
i=1 hi∑n
i=1 zi

− µ

)

−

(∑n
i=1 hi∑n
i=1 zi

)
λ

12

(∑n
i=1 hi∑n
i=1 zi

− µ

)]
. (19)

Proof. Utilizing φ = T, ϑi =
hi

zi
and ki =

zi∑n
i=1 zi

in (3) we obtain (19). □

Definition 3 (Rényi-divergence). For two positive probability distributions h =
(h1, . . . , hn), z = (z1, . . . , zn) and η ≥ 0, η ̸= 1, the Rényi-divergence is defined as:

R(h, z) =
1

η − 1
log

(
n∑

i=1

hη
i z

1−η
i

)
.
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Corollary 2. Let h = (h1, . . . , hn), z = (z1, . . . , zn) be two positive probability

distributions and η > 1 such that µ,
∑n

i=1 zi

(
hi

zi

)η
,
(

hi

zi

)η−1

∈ [σ1, σ2] ⊆ R for

i = 1, 2 . . . , n then

R(h, z)− 1

η − 1

n∑
i=1

hi log

(
hi

zi

)η−1

≤ 1

η − 1

n∑
i=1

hi

(
hi

zi
− µ

)2
 1

3µ2

+
1

6

(
zi
hi

)2(η−1)

− 1

4σ4
2

((
hi

zi

)η−1

− µ

)2


+

(
n∑

i=1

hη
i z

η−1
i − µ

)2
 1

3µ2
+

1

6
(∑n

i=1 h
η
i v

1−η
i

)2 − 1

4σ4
2

(
n∑

i=1

hµ
i z

1−η
i − µ

)2
 .

(20)

Proof. Let φ(t) = − 1
η−1 log(t), t ∈ [σ1, σ2], then φ′′(t) = 1

(η−1)t2 and |φ′′|′′(t) =

6
(η−1)t4 ≥ 2

(
3

(η−1)σ4
2

)
which implies that φ is convex and with λ = 3

(η−1)σ4
2
, |φ′′ | is

strongly convex. Thus we get (20) by applying (3) for φ(t) = − 1
η−1 log(t), ki = hi

and ϑi =
(

hi

zi

)η−1

. □

Definition 4 (Shannon entropy). Let z = (z1, . . . , zn) be a positive probability
distribution , then the information divergence or shannon entropy is define as:

S(z) = −
n∑

i=1

zi log(zi).

Corollary 3. Suppose a positive probability distribution z = (z1, . . . , zn) and µ, 1
zi

∈
[σ1, σ2] ⊆ R+ for i = 1, . . . , n. then

log n− S(z) ≤
n∑

i=1

zi

(
1

zi
− µ

)2
[

1

3µ2
+

z2i
6

− 1

4σ4
2

(
µ− 1

zi

)2
]

+(n− µ)2
[

1

3µ2
+

1

6n2
− 1

4σ4
2

(n− µ)2
]
. (21)

Proof. Let φ(t) = − log t, t ∈ [σ1, σ2] then φ′′(t) = 1
t2 > 0 and |φ′′|′′(t) = 6

t4 ≥ 2 3
σ4
2
,

which presented that the function φ is convex and with λ = 3
σ4
2
, |φ′′| is strongly

convex . Therefore applying (19) for φ(t) = − log(t), (h1, . . . , hn) = (1, . . . , 1), we
get (21). □
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Definition 5 (Kullback-Leibler divergence). For two positive probability distribu-
tions, h = (h1, . . . , hn) and z = (z1, . . . , zn), the Kullback-Leibler divergence is
defined as:

KL(h, z) =

n∑
i=1

hi log

(
hi

zi

)
.

Corollary 4. Consider that [σ1, σ2] ⊆ R+ and h = (h1, . . . , hn), z = (z1, . . . , zn)
are two positive probability distributions, with µ, hi

zi
∈ [σ1, σ2], then

KL(h, z) ≤
n∑

i=1

zi

(
hi

zi
− µ

)2
[

1

3µ
+

zi
6hi

− 1

12σ3
2

(
hi

zi
− µ

)2
]

+(µ− 1)2
[
1

3µ
− 1

12σ3
2

(µ− 1)2
]
. (22)

Proof. Let φ(t) = t log t, t ∈ [σ1, σ2], then φ′′(t) = 1
t > 0, which conclude that φ

is convex function. Also, |φ′′|′′(t) = 2
t3 ≥ 2

(
1
σ3
2

)
, which implies, with λ = 1

σ3
2
> 0

the function |φ′′| is strongly convex. Thus we get (22) by applying (19) for φ(t) =
t log t. □

Definition 6 (Bhattacharyya coefficient). If z = (z1, . . . , zn) and h = (h1, . . . , hn)
are two positive probability distributions, then the mathematical form of Bhat-
tacharyya coefficient is given by:

B(h, z) =

n∑
i=1

√
hizi.

Corollary 5. Consider that h = (h1, . . . , hn) and z = (z1, . . . , zn) are some pos-
itive probability distributions with the following conditions µ, hi

zi
∈ [σ1, σ2] where

[σ1, σ1] ⊆ R+ and i = 1, 2, . . . , n then

1−B(h, z) ≤
n∑

i=1

zi

(
hi

zi
− µ

)2
[

1

12µ
3
2

+
1

24

(
zi
hi

) 3
2

− 5

128σ
7
2
2

]

+
(
1− µ

)2 [ 1

24
+

1

12µ
3
2

− 5

128σ
7
2
2

(
1− µ

)2]
. (23)

Proof. Let φ(t) = −
√
t, t ∈ [σ1, σ2] then φ′′(t) = 1

4t
3
2
> 0 and |φ′′|′′(t) = 15

16t
7
2
≥

2

(
15

32σ
7
2
2

)
. Which show that the function φ is convex and with λ = 15

32σ
7
2
2

, |φ′′ | is

strongly convex. Therefore by putting φ(t) = −
√
t, in (19), we can get (23). □
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Definition 7 (Hellinger distance). For two positive probability distributions z =
(z1, . . . , zn), h = (h1, . . . , h2), the Hellinger distance is define as:

H(h, z) =
1

2

n∑
i=1

(√
hi −

√
zi

)2
.

Corollary 6. let h = (h1, · · · , hn) and z = (z1, · · · , zn) be two positive probability
distributions, such that µ, hi

zi
∈ [σ1, σ2], where [σ1, σ1] ⊆ R+ and i = 1, 2, . . . , n

then

H(h, z) ≤
n∑

i=1

zi

(
hi

zi
− µ

)2

 1

12µ
3
2

+
1

24
(

hi

zi

) 3
2

− 5

128σ
7
2
2


+(1− µ)

2

[
1

24
+

1

12µ
3
2

− 5

128σ
7
2
2

(
1− µ

)2]
. (24)

Proof. Let φ(t) = 1
2 (1 −

√
t)2, t ∈ [σ1, σ2], then φ′′(t) = 1

4t
3
2
> 0 and |φ′′|′′(t) =

15

16t
7
2

≥ 2

(
15

32σ
7
2
2

)
. This shows that φ is convex and |φ′′| is strongly convex with

modulus λ = 15

32σ
7
2
2

. Hence we can obtained (24) by utilizing (19) for φ(t) =

1
2 (1−

√
t)2. □

Definition 8 (Triangular discrimination). Assume that h = (h1, . . . , hn) and z =
(z1, . . . , zn) are two positive probability distributions then the mathematical formula
for the Triangular discrimination is given by:

Td(h, z) =

n∑
i=1

(hi − zi)
2

(hi + zi)
.

Corollary 7. let z = (z1, . . . , zn) and h = (h1, . . . , hn) be two positive probability
distributions. Further assume that µ, hi

zi
∈ [σ1, σ2] where [σ1, σ1] ⊆ R+ and i =

1, 2, . . . , n then

Td(h, z) ≤
n∑

i=1

zi

(
hi

zi
− µ

)2
[

8

3(µ+ 1)3
+

4z3i
3(hi + zi)3

− 4

(σ2 + 1)5

(
hi

zi
− µ

)2
]

+(1− µ)
2

[
8

3(µ+ 1)3
− 4

(σ2 + 1)5
(1− µ)2

]
. (25)

Proof. Let φ(t) = (t−1)2

(t+1) , t ∈ [σ1, σ2], then φ′′(t) = 8
(t+1)3 > 0 and |φ′′|′′(t) =

96
(t+1)5 ≥ 2

(
48

(σ2+1)5

)
. This presented that φ is a convex function and with λ =

48
(σ2+1)5 , |φ

′′| is a strongly convex function. Therefore using (19) for such values we

may deduce (25). □
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4. Concluding Remarks

In fact, among the mathematical inequalities for convex functions, the Jensen
inequality is the most powerful inequality whose gap can be utilized for various pur-
poses specially in the approximation of certain parameters in optimization prob-
lems. In this regard, better estimates for its gap can be used to obtain better
results. The strongly convex functions are some tools to strengthen such estimates.
In this paper, it is demonstrated through a numerical experiment that replacing
convex functions by strongly convex functions actually strengthens the bound pre-
sented for the Jensen gap in [4]. Similarly the improved result enabled us to present
improvements in the bounds obtained for the Hölder and Hermite-Hadamard gaps
and proposed such improvements in the results obtained for various entropies and
divergences in information theory. The idea presented in the paper, further moti-
vates the mathematicians to establish such results in future.
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