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EXISTENCE OF SOLUTIONS FOR IMPULSIVE BOUNDARY
VALUE PROBLEMS ON INFINITE INTERVALS

Sibel DOGRU AKGOL o
Department of Mathematics, Atilim University, 06830, Incek, Ankara, TURKIYE

ABSTRACT. The paper deals with the existence of solutions for a general class
of second-order nonlinear impulsive boundary value problems defined on an
infinite interval. The main innovative aspects of the study are that the re-
sults are obtained under relatively mild conditions and the use of principal
and nonprincipal solutions that were obtained in a very recent study. Addi-
tional results about the existence of bounded solutions are also provided, and
theoretical results are supported by an illustrative example.

1. INTRODUCTION

Differential equations with impulses are very convenient mathematical tools for
perfectly modeling real-world phenomena with sudden changes in their states. Since
it is more realistic to have abrupt changes or jumps in the state than to show con-
stant behavior, they frequently occur in natural sciences. In addition, the efficiency
and richness of the relevant theory have contributed to many researchers paying
attention to impulsive differential equations in recent years. We refer the reader
to the famous books [6,16] that involve extensive knowledge about qualitative the-
ory and some applications of impulsive differential equations. On the other hand,
boundary value problems (BVPs) on unbounded domains naturally appear in fluid
mechanics problems such as the unstable gas flow through a porous medium, in
plasma physics, and to model many other phenomena, see [1]. In particular, some
applications of impulsive BVPs can be found in the papers [9,17,18] that have
recently been published. There are many results in the literature regarding the
existence of solutions to impulsive BVPs; e.g. [2,3,10-12]. Below, we mention some
recent results about impulsive BVPs on unbounded domains.
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In [10], for an impulsive BVP with integral boundary conditions of the form
a2’ () + f(t,2(t),2'(t) = 0, t# 7y,

A‘Tlt:Tk :Ik(l‘(Tk,)), k = 1727"';

Ax g, = Ji(z(11)), k=1,2,...,

arlimy—, oo z(t) — by limy—y_ oo a(t)2'(t) = [ g(x(s))e(s)ds,

o

ag limy o0 () + bo limy o0 a(t)z’(t) = [ h(z(s))e(s)ds,

the existence of solutions is shown under the following hypotheses:
(1) a1by + ashy + aras fi)ooo ﬁds >0,
(ii) f € C(R x [0,00) x R,[0,00)) such that f(t,y,z) < uy(t)usz(y,z) where
uy € L(R,(0,00)) and uy € C(]0,00) x R, [0, 0)),
(iii) g,h € C(R,[0,00)) are nondecreasing, and g(z), h(z) are bounded provided
that z is defined on a bounded set,
(iv) Ij and Jj are bounded functions, and

[az + b /OO %ds} Ti(x(r1)) — %Ik(m(m)) >0,
(v) ¢ € C(R,[0,00)) and _T p(s)ds < oo,

(vi) a € C(R,(0,00)) and [ a(ls) ds < .

In [12], the second order impulsive BVP
a(t) = = f(t,x(t),2"(8), ¢ # 7,
o(Ti+) = apx(Ts), k=1,2,...,
aox(O) - b()iE/(O) = Q,
arz(1) —biz’'(1) =8

is studied, and the existence of solutions is shown via the upper and lower solutions
method.

In [2], the existence of solutions was shown for the impulsive BVP

(1)

(a®)y) +b(t)y = f(t,y), t# Tk,
Ay + by = gr(y), t =Tk,

_ (2)
y(to) = Yo,

y(t) = c1v(t) + cou(t) + o(v*(t)u(t)), t— oo, pe (0,1),

where uw and v are the principal and nonprincipal solutions of the corresponding
homogeneous equation. Observe in (1) that impulse effects occur only on the so-
lutions while (2) has continuous solutions as the impulse effects occur only on the
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derivatives of the solutions. The method of the paper [2] is different from the other
studies in the literature as it relies on principal and nonprincipal solutions. A sim-
ilar approach was applied in [3] and [7], where a particular case of the impulsive
BVP (2) was considered in [3], while [7] dealt with a BVP without impulse effects.

Motivated by the studies above, we consider the second-order nonlinear differ-
ential equation under impulse effects

(a(t)y) +b(t)y = f(ty), t# Th,
Ay + ary = fr(y), t =Tk, (3)
Ala(t)y’) +bry + ey’ = ge(y), t =Tk,
satisfying the boundary conditions
y(a) =0, y(t) =O0(v(t)), t — o0 (4)

where a > tg, a(t),b(t) € PLC([tg,00),R) with a(t) > 0, f € PLC([tg, ) x R,R),
{ax}, {bx} and {ci} are sequences of real numbers, fi,gr € PLC(R,R) for each
k € N, {7y} is the sequence of impulses satisfying 7411 > 74 for all k¥ € N and
limg—e0 |7k| = 00, and A is the impulse operator defined by Ay(7) = y(74)—y(7% )
with y(r) = lim, = y(t). Note that PLC[tg, 00) is the set of functions y such
that y(t) is continuous on (7k,Tk+1], ¥(7k—) = y(7r) and y(7x+) exists for each
k = 1,2,.... For brevity, we use the notations n(t) := inf{k : 75, > t} and
n(t) :=sup{k : T <t}.

We aim to prove the existence of solutions of the second-order nonlinear impulsive
BVP (3)-(4) with discontinuous solutions under some mild conditions that depend
on the principal and nonprincipal solutions of the homogeneous equation

(a(t)y’) +b(t)y =0, t# T,
Ay +apy = 0, t =Ty, (5)
Ala(t)y) + by + ey’ =0, t=r7g

associated with equation (3).

In the present work, the impulses affect both the solutions and their derivatives,
and the impulse conditions occurring in the third line of (3) are the so-called mixed
type conditions because they include both the solution and its derivative. Hence,
the equation under consideration is quite general. On the other hand, the conditions
determined on the functions that are on the right-hand side of the nonhomogeneous
equation (3) are weaker than the conditions in previous studies. Our conditions do
not directly require the functions to be bounded or monotonic. Another novelty is
the use of principal and nonprincipal solutions of the corresponding homogeneous
equation (5).

2. PRELIMINARIES

In this section, we state some auxiliary lemmas that will be utilized in the rest
of the paper.
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The existence and some properties of principal and nonprincipal solutions for
impulsive differential equations with continuous solutions

(a(t)y’) +b(t)y =0, t# s, (©)
Aa(t)y +bry =0, t=1
was proved in [13], where it was shown that equation (6) has two linearly indepen-
dent solutions ug and vg satisfying

tim 20 _ /Oo _d /OO At w® wld)
t=00 vp(t) o alt)ug(t) o alt)vg(t) ug(t) — vo(t)
provided that (6) has a positive solution, and a is sufficiently large. Such functions
ug and vg are said to be principal and nonprincipal solutions of (6), respectively.

The counterpart of the above lemma for differential equations having impulse
effects not only on the derivative of the solution but also on the solution was given
very recently in [4] and improved in [5] for the more general impulsive differential
equations of the form (5). The statement of the related lemma is given below for
completeness.

Lemma 1. ([5]) Let (1 —ag)(1 — cx/a(tr)) > 0, k € N and suppose equation (5)
has a positive solution. Then, there exist two linearly independent solutions u and
v of (5) satisfying the following conditions:

=0, (7)

where a is arbitrarily large, and

7i(t)

plt,a)= T @ —an)@ —erfa(ri)).

k=n(a)
Namely, u is the principal, and v is a nonprincipal solution.

Remark 1. If u > 0 is a principal solution of (5), then, a nonprincipal solution
is of the form

a

o(t) = u(t) / mcls. (8)
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Conversely, if v > 0 is a nonprincipal solution of (5), then, the principal solution
is of the form

7 1
ult) = vlt) / (o0, Sl (s)

In addition, we provide below some definitions and compactness criteria that
will be needed in the future.

Definition 1. ([15]) Let 1 < p < oo and Y be an arbitrary measure space. We
define LP(Y") to be the space of functions f such that

1/p
171l = (/Ylfpdu) < .

Definition 2. ([15]) Let 1 < p < co. We define ¢P(Y") to be the space of sequences

yr such that
oo
Z lyil” < .
k=1

Theorem 1. ([14]) Let Y € R™. A set S C LP(Y), 1 < p < oo is compact if
(i) there exists some a > 0 such that [|y||z»yy < a forally € S,
(i) (eny) = yllLreyy — 0 as h — 0, where (0,y)(z) := y(x1+h, 2o +h. ..z +
h),z€Y.

Theorem 2. ([8]) Let Y € R™. A set S CIP(Y), 1 < p < oo is totally bounded if,
and only if

(i) S is pointwise bounded,
(ii) for every e > 0 and y € S, there is some n € N such that Y-, |yx|” < €.

3. MAIN RESULTS

We define the Banach space

X = {y € PLC([a,0),R) : |1y;$§ is bounded}

endowed with the norm

lyll = sup
t€[a,00) 'U(t)

and, introduce the operator



726 S. DOGRU AKGOL

t

(T) (1) :—u(t){ / a(s);(s) ( / ;zfz)f(r,y(r))dm 3 M(Z’js)>ds
0
_oy _Swlu(m)
2 (1—%)”(%)}7 Y

k=n(a)

where hy = (1 — ag)u(7r)gr(y(71)) — [(G(Tk) — )W (1)) — ka(Tk)]fk(y(Tk)) and
y e X.

We aim to show that Ty has at least one fixed point by applying Schauder fixed
point theorem.

For this purpose, we define the set E := {y € X : |y(t)| < v(t)} which is convex,
closed, and bounded, and assume the following hypotheses hold:

(H1) There exist some functions ¢; € C(R4,Ry), j =1,2,3, p; € C([to, 00),Ry),
1 = 1,2 and real sequences {ay}, {8, } such that

el <mon( L) +m. tza (0)

| fr(y)| < asz( (|i|k)>, ’gk(y)léﬁkq?(v('z'k)), Tk > Q.

(H2) /Oo US)_ (1 (s) + pa(s))ds + Z

M(&a) k= n(a) ’
where Hy, = (1 — ag)u(T) B, + [(a(Tk) — ck)u (k) — bru(Tr)|o
0

7ak = Q.
(H3) PN Ty o), t—

0(1), t— oo,

Lemma 2. The operator T given in (9) maps E onto E.

Proof. First, we prove that Ty € PLCJ[a, 00).
Let y € X and t; € [a,00) with ¢t < ¢, and ¢t # 74,1 =1,2,.... Then

(700 — Tl <luto) ~ uel{ [~ ([ 2 anjar

I B )l
! ZS e ket

k=n(a)

+““1){7 s ([ iy o
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— |~ >
+ ds +
k—;(s) w(k, s)

n(t1)
|fx(y(T))|
2 (1 — ap)u(Ts) }

k=n(t)

Since |y(t)|/v(t) is bounded, 3M > 0 such that

ly(®)]

v(t)
So, from continuity of g;, there can be found positive constants c; such that
maxo<i<m ¢;(t) = ¢, j = 1,2,3. Hence, in view of (H1), we have the following
estimates:

()] < p1<r>q1(

< M.

ly(r)]

) + pa(r) < cipi(r) + pa(r) < c[pi(r) + p2(r)], (11)

v(r)
[k < (1 - ak)“(%)%%('igi;'

< e3(1 — ag)u(Ti) By, + c2l(a(Tr) — cu)u' (1) — bpu(Te) o < cHy,

)+ I(alre) = e (74) bkuw)lw(m>

(12)
o ly(7s) Uk Ok
| fi(y(Ti))] < 1- ak)u(Tk)q2( v(Tg) ) < é (1 —ag)u(ty) = C(l — ak)u(Tk)(;S)

where ¢ = max{1, ¢1, ¢ca,c3}.
Using the above estimates and the expansion 1/u(s,v) = p(s,a)/u(v, a), we can
proceed as follows:
¢

00 - Tl et = el [ (A0 [HO i) + ) ar

p(r, )

a a

oo

n(t)
Hy, a
> u(k,a>>d” 2 <1—ak>u<m>}

k=n(a) k=n(a)

" cu(tl){]l e (7 O pu0) + (o))

- 7(t1)
Hy, 95
+ 2 ﬂ(k,a))d” 2 (1ak)u(7k)}

k=n(a) k=n(t)

It follows from (H2) that (Ty)(t) — (Ty)(t1) ast — t1—.

In a similar way, one can show that lim; ., +(Ty)(t) = (Ty)(t1) for t1 # 74,
I=1,2,...,and lim¢_, 4 (Ty)(¢) exist for all | = 1,2,... Hence, Ty(t) is piecewise
left continuous on [a, o).
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Now, from (11), (12) and (13) one has
t u(s,a) 7 u(r) > Hy,
ool ] [ A ([ paars Y as

a a k=n(a)

()
Qg
’ _Z() (1 —an)u(re) }

In view of (H2) and (H3) we may write

u(r) > H, i
/ w(r, a) (pl () +p2(7"))d7’ + Z (k,a) = (14)

a k=n(a)
and
% a1
bate) (1 —ag)u(ty) — 2c

for some sufficiently large a. Then, from the relation (8) we have

W f [t o a ),
(Ty) )] <= {a/a(s)u2(s)d +k:ﬂ(a) (l—ak)u(Tk)} =t
Using (7) we conclude that |(Ty)(¢)| < v(¢). Hence, Ty € E. O

Lemma 3. 7 is a continuous operator.

Proof. Take a sequence {y,} € F such that lim y, =y € E. Using (11), (12) and
n—oo

(13) we can write

- u t uis, a) i u(r) r,yn (1)) — f(r,y(r))|dr
(7500 (T <ut{ [ LD ([ 00 - sl

S

’ kgt;s) @ [(1 — a)u(T) gk (Yn (Tr)) — 91 (y(T1))]
+lfa(r) = e () = ) fum(71) = (o] )

a(t) )
£ Y G ) - )l

k=n(a)

§20u(t){ / af;(ilf&) (7 lf(‘()) (1 (1) + pa(r)) dr

S
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()

> H, o
+ > kfa)>ds+ > T adalrs b

1( 1 —ag)u(ry)

k=n(s) k=n(a)

From (H2) and (H3), it can be seen that the above expression is finite for all ¢ €
[a, 00). Thus, applying Lebesgue dominated convergence theorem and Weierstrass-
M test, we obtain

lim || Ty, — Tyl — 0.

n—oo

Hence, T is a continuous operator.

Lemma 4. T is a relatively compact operator.

Proof. Pick an arbitrary sequence {y,} € E. We wish to prove that there exists a
subsequence {y,, } € E such that Ty,, is convergent in E. If we define
u(r) Sie(Wn (7))

Falr) = B TS n(r), galri) = e,

and

hn(Tk) = @ [(1—ar)u(Tr)gr (yn (Tr))+[(a(Tr) —cr )t/ (7)) =bru(Ti)] fi (yn (T1))]

then, 7 can be decomposed as T = 71 + T2 + T3, where
t e}
_ _Msa) /
(T )0 =) [ L2 [ fryaras,

t 0o n(t)

(Tan)(O) = u(t) [ FS0s Y halridds, (T =u(t) S an(ro)

a h=nls) k=n(a)
As in (14), there is a constant m > 0 such that
I fall Lt (ja,oe)) < M1, 1> 1.

Thus, the first hypothesis of Lemma 1 holds. Now, for (¢, f)(s) = f(s + h) from
(10) and (11) we may write

J1enf)e) = s < [ Ufaolds+ [ Ifas)ias

a+h
<2 [Ifuollds < 2 [ (5) 4 (o).

In view of (H2), we apply the Lebesgue dominated convergence theorem, and we
obtain the second hypothesis of Lemma 1. Hence, Lemma 1 asserts that there exists

b
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a convergent subsequence {f,,,} € L([a,0)). Since f,, is continuous, we conclude
that

/ |f(r)|dr = Z_hm | o, (7)|dr,
where ’ ( ’
) = S8 F )
Then,

mmm<mm<U/€ /wl_|Ms

v(t) ~ o(t)

In view of (H2), again Lebesgue dominated convergence theorem applies, and so
lim [ Tiyn, — Tayll = 0.
1—> 00

Next, we need to utilize Lemma 2 to show that 75 is a compact operator. Proceeding
as in (12), we see that

Hy,
< .
= )

But (H2) and (H3) imply that each element of the sets {f,}, {hn} is pointwise
bounded. This means that the first hypothesis of Lemma 2 holds.
For an arbitrary € > 0, we may choose a sufficiently large j € N so that

then we get
> (i) < e.
p

Thus, by virtue of Lemma 2, the set {h,} is compact in ¢!([a,00)) which means
that there exists a convergent subsequence {hy,,} € ¢!([a,00)) such that

o0

Jim > |hni (k) = hie| =0,
k=n(a)

where L

YA —_

" u(k,a)
Hence,

t
|(T2yn,)(t) — (T2y)(t i)/ z
v(t) t) ) a(s)u Ihm(Tk) il
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Applying Weierstrass-M test it is seen that 75 has a convergent subsequence in F,
i.e.,

lim [|72yn, — T2yl = 0.

1— 00

Finally, since T3 is a finite sum, it is uniformly convergent. Hence,

i [(T39n:)(8) = (T5y) (1)]

1—00 ’U(t)

=0.

Since each of 71, T2 and T3 is relatively compact in E, then so is 7. This completes
the proof. O

Lemma 5. Let y be a fized point of the operator (9). Then, y is a solution of
equation (3).

Proof. Suppose y is a fixed point of the operator 7. Then,

A(t)
y(t) = u(t){f(t) s M}

k=n(a)

where

1) :_‘/t T <7 vt + > <Zlfs>>ds'

. y k=n(s) V'
Fort#7,,1=1,2,..., we have

0]
v =i+ Y L g 0

bate) 1 —ag)u(ty) t)u(t)
where
= i u(r) r,y(r))dr 3 I
J) = / el Wiy
Thus,

2a(t)u’ () (t) = — (D) J(¢)
and
@O (0) =25 50 + s )
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From pu(t,t) = 1, we conclude that

(a()y' (1)) + b()y(t) = f (¢, y(t))- (15)
Now, we need to show that impulsive conditions hold. Let ¢t = ;. Clearly I(t)
is a continuous function, namely I(7;4) = I(7;). Thus, we have
-1

_ Sie(y(Tk)) fily(m)) 1
Ayli=r, —u(TH-){I(Tz) + kzn(:a) 0 = an)u(ry) + 0= au(rl) }

Sy (Tr))
{I . (1—ak>u<m>}
171
Ji(y(Tr)) u(ri+) fily(71))
Al 10 L n(a) (1= ar)u(rs) } T aulm)
From u(r;4+) = (1 — a;)u(7;) it follows that
AYli=r, + ary(mi) = fily(11))- (16)
Finally, using
L [ -a) el — G- 1
m—j:Hl aj ¢j/a(r;))”" = (1 —a)( Cl/a(ﬂ))u(k,l)
we can write J(7;+) = (1 — a;)(1 — ¢;/a(m))J(71) — hy, and hence
a(mH)u(ri+)I'(1i+) = — u(n—i—)J(TH_) = ((a(m1) — e))u(r)I'(11) + (1—ahll)u(n)'

Then, we have

a(ti+)y (11+) =a(r+)u (TH—){I 1) + Z 1@(%}+a(71+)u(71+)]’(71+)
k=

l
n(a

ag)u(
-1
e e fily()
~[(atri) = e () ~ brutr) {1 +k§(a) o) AUt
/ hy
+a(r)u(r) I (m1) + m
which implies that
Alay') +biy(mi) + ay'(11) = gi(y(11)). (17)

Hence, from (15), (16), and (17) we conclude that y(¢) is a solution of (3). O

Theorem 3. The impulsive differential equation (3) with the boundary conditions
(4) has at least one solution, provided that the hypotheses (H1)-(H3) hold, where u
and v are principal and nonprincipal solutions of the homogeneous equation (5).



EXISTENCE OF SOLUTIONS FOR IMPULSIVE BOUNDARY VALUE PROBLEMS 733

Proof. From Lemma 2, Lemma 3 and Lemma 4 it is seen that the Schauder fixed
point theorem’s all hypotheses hold. Thus, the operator T given in (9) has a fixed
point, say y. In view of Lemma 5, the fixed point y is a solution of the equation

(3).
On the other hand, by using the hypotheses (H1)-(H3) it is not hard to see that
I(a) = 0 which implies

o) =i+ > LD o

(1 — ar)u(rk)
Proceeding as in Lemma 3, we obtain |y(t)| < v(t) from which we can write

o 0
t—o0 ’U(t)

~—

<1

bl

which means that y(t) = O(v(t)) as t — co. Thus, the boundary conditions in (4)
hold. This completes the proof. (I

4. EXAMPLES

This section is devoted to illustrative examples that demonstrate the efficiency
of the above result.

Example 1. Consider the impulsive BVP

2 y?
ne _
(t%y") — 2y ln(1+t2(y2—|—1))’ t # T,
y . Y _
Ay‘%‘“(/&(kﬂ)z)’ =T, (18)
A(t%y') — ky' = arctan(y/k?), t =Tk,
y(1) =0, y(t)=0(v(t)), t — oc.
Observe that a(t) = t2, b(t) = =2, a = —1/k, by =0, cx = —k, and so (1—ay)(1—
cx/a(ty)) = (1 + 1/k)%. Furthermore,
2

y IS 1
ty) =1 (1 ><7 <,
fey) =t mregy) S epri s e

: y 1yl
Jily) =sin (k4(k + 1)2> = TR R

and
y 1yl
= arctan (—) < -—.
9(y) k)= k2
By direct computations, it can be shown that u(t) = kt=2 is the principal, and

v(t) = kt, t € (k — 1,k] is a nonprincipal solution of the associated homogeneous
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impulsive equation

Thus, one may choose pi(t) = 1/, pa(t) = 0, qi(y) = 1, @2(y) = as(y) = .
ar = 1/(k®> + k)? and ), = 1/k so that (H1) is satisfied.

Now, we need to check for the wvalidity of the hypotheses (H2) and (HS3). Let
a = 2. Observe that n(s) =1 if s € (1 — 1,1], and

li[(kJrl)Q (i+1)2 k41 2

pu(s,a) = p(i,2) = = Hi = 3 + E3(k+1)

k2 4
k=2

So, we have

/OO 7{283( () +pale)ds + 3

k= n(a)

a Z/11

4 k+1 2
+Z k:+12( i +k3(k+1))

i i(3i2 — 3i + 1)
31—133z+1)

= 8
+2 (k3(k+ 0 BT 1)3)

~—

and
n(t) n(t)

Qe . 1
Y Twht " S ETT )

k=n(a)

which are both finite.
Thus, all the hypotheses of Theorem 8 hold, and hence there exists a solution
y(t) of the impulsive BVP (18).

Remark 2. If the right-hand sides of the hypotheses (H2) and (H3) are replaced
with O(1/v(t)), where v is a nonprincipal solution of the homogeneous impulsive
equation (5), then the impulsive BVP (3) satisfies the boundary condition

y(t) =0(1), t— oo,

i.e., the solution turns out to be bounded.
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Indeed, in Example 1, it can be seen from (19) and (20) that there exist some
positive constants Cy and Cy such that

/ ;(Liszl) (p1(s) +p2(s))ds + A Gy o(t*) = o(v(t)), t— 0

and
n(t)
g Cy 1
ST S S R
k;(a) (1 —ap)u(ty) — k2 v(t)) >
since v(t) = kt, t € (k — 1,k]. Hence, the impulsive BVP (18) has at least one
bounded solution.

5. CONCLUSION

In this paper, the existence of solutions for impulsive BVPs on an infinite interval
was obtained under some weak conditions. As the impulses act on both the solution
and its derivative, i.e., the solutions have discontinuities, and both the differential
equation and the impulses are nonlinear, it turns out that the impulsive BVP (3)
is in a quite general form. The main innovation in the study is to use the principal
and nonprincipal solutions of the associated impulsive homogeneous equation. Also,
slightly modifying the hypotheses of the main theorem, it was shown that the
considered impulsive BVP has a bounded solution.
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