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1 Introduction

It is well known that various types of functions play a significant role in the theory
of classical point set topology. A great number of papers dealing with such functions
have appeared, and a good number of them have been extended to the setting of
multifunctions [2, 9, 10, 12, 13]. This implies that both, functions and multifunctions
are important tools for studying other properties of spaces and for constructing new
spaces from previously existing ones. The concept of ideals in topological spaces has
been introduced and studied by Kuratowski [7] and Vaidyanathaswamy, [15]. An ideal
7 on a topological space (X, 7) is a nonempty collection of subsets of X which satisfies
(i) A€ Z and B C Aimplies B € T and (ii) A € Z and B € 7 implies A U B € T.
Given a topological space (X, 7) with an ideal Z on X and if P(X) is the set of all
subsets of X, a set operator (.)*: P(X) — P(X), called the local function [15] of A
with respect to 7 and Z, is defined as follows: for A C X, A*(1,Z) ={r € X|[UNA¢ T
for every U € 7(z)}, where 7(z) = {U € 7|z € U}. A Kuratowski closure operator
CI*(.) for a topology 7*(7,Z) called the x-topology, finer than 7 is defined by CI*(A) =
A U A*(1,Z) when there is no chance of confusion, A*(Z) is denoted by A*. If Z is an
ideal on X, then (X, 7,7) is called an ideal topological space. In 1990, Jankovic and
Hamlett [6] introduced the notion of Z-open sets in topological spaces. In 1992, Abd El-
Monsef et al. [1] further investigated Z-open sets and Z-continuous functions. Several
characterizations and properties of Z-open sets were provided in [1, 8]. Recently, Akdag
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[2] introduced and studied the concept of Z-continuous multifunctions in topological
spaces. In this paper, introduce a new generalization of Z-continuous multifunction
called slightly Z-continuous multifunctions in topological spaces.

2 Preliminaries

Throughout this paper, (X, 7) and (Y, o) (or simply X and Y') always mean topological
spaces in which no separation axioms are assumed unless explicitly stated. Let A be
a subset of a space X. For a subset A of (X,7), Cl(A) and Int(A) denote the closure
of A with respect to 7 and the interior of A with respect to 7, respectively. A subset
S of an ideal topological space (X, 7,Z) is Z-open [6] if S C Int(S*). The complement
of an Z-closed set is said to be an Z-open set. The Z-closure and the Z-interior, that
can be defined in the same way as CI(A) and Int(A), respectively, will be denoted
by Z Cl(A) and 7 Int(A), respectively. The family of all Z-open (resp. Z-closed) sets
of (X,7,7) is denoted by ZO(X) (resp. ZC(X)). The family of all Z-open (resp.
Z-closed) sets of (X, 7,7) containing a point € X is denoted by ZO(X,z) (resp.
IC(X,x)). A subset U of X is called a Z-neighborhood of a point x € X if there
exists V' € ZO(X,z) such that V' C U. By a multifunction F' : (X,7,Z) — (Y,0),
following [3], we shall denote the upper and lower inverse of a set B of Y by F*(B)
and F~(B), respectively, that is, F*(B) = {x € X : F(z) C B} and F~(B) =
{r € X : F(x)N B # 0}. In particular, F~(Y) = {x € X : y € F(x)} for each point
y € Y and for each A C X, F(A) = UgeaF(z). Then F is said to be surjection if F'(x)
= y. A multifunction F' : (X, 7,Z) — (Y, 0) is said to be surjective if F(X) =Y. A
multifunction F' : (X,7,Z) — (Y, 0) is said to be lower Z-continuous [?] (resp. upper
Z-continuous) multifunction if F~(V) € ZO(X) (resp. FT(V) € ZO(X)) for every
Veo.

Definition 2.1. A topological space (X, T) is said to be Z-Ty [8] if for each pair of
distinct points x and y in X, there exist disjoint Z-open sets U and V' in X such that
xelUandyeV.

Definition 2.2. A multifunction F: X — Y is said to be [2]:

(i) upper I-continuous if for each point x € X and each open set V' containing F(x),
there ezists U € TO(X,x) such that F(U) C V;

(i1) lower I-continuous if for each point x € X and each open set V' such that F(x)N
V £ 0, there exists U € TO(X, x) such that U C F~(V).

3 Slightly Z-continuous multifunctions

Definition 3.1. A multifunction F : (X,7,Z) — (Y, 0) is said to be :

1. upper slightly Z-continuous at x € X if for each clopen set V of Y containing
F(z), there exists U € ZO(X) containing x such that F(U) C V;

2. lower slightly T-continuous at x € X if for each clopen set V of Y such that F(x)

NV # @, there exists U € TO(X) containing x such that F(u) NV # & for
every u € U;
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3. upper (lower) slightly T -continuous if it has this property at each point of X.

Remark 3.2. [t is clear that every upper I-continuous multifunction is upper slightly
I-continuous. But the converse is not true in general, as the following example shows.

Example 3.3. Let X = {a,b,c}, 7 ={0,X}, 0 = {0,{a}, X} and T = {0,{a}}. The
multifunction F : (X, 1) — (X, 0) defined by F(x) = {x} for all x € X is upper slightly
I -continuous but is not upper I-continuous.

Theorem 3.4. For a multifunction F : (X, 7,Z) — (Y, 0), the following statements are
equivalent :

1. F 1is upper slightly Z-continuous,

2. For each x € X and for each clopen set V' such that x € F*(V), there exists an
T-open set U containing x such that U C F*(V);

3. For each x € X and for each clopen set V' such that x € F*(Y\V), there exists
an I-closed set H such that x € X\H and F~(V) C H;

4. FT(V) is an Z-open set for any clopen set V of Y ;

5. F~(V) is an Z-closed set for any clopen set V of Y ;

6. F=(Y\V) is an Z-closed set for any clopen set V of Y;
7. FY(Y\V) is an Z-open set for any clopen set V of Y.

Proof. (1)<(2): Clear. (2)<(3): Let z € X and V be a clopen set of Y such that
r € FT(Y\V). By (ii), there exists an Z-open set U containing z such that U C
FH(Y\V). Then F~(V) Cc X\U. Take H = X\U. We have x € X\H and H is
Z-open. The converse is similar. (1)<(4): Let x € F*(V) and V be a clopen set of Y.
By (1), there exists an Z-open set U, containing = such that U, C F*(V). It follows

that F(V) = Lﬁ( )Ux. Since any union of Z-open sets is Z-open, F™ (V') is Z-open.
zeFT(V
The converse can be shown similarly. (4)<(5)<(6)<(7) : Clear. O

Theorem 3.5. For a multifunction F : (X, 7,T) — (Y, 0), the following statements are
equivalent :

1. F is lower slightly Z-continuous;

2. For each x € X and for each clopen set V' such that X € F~(V), there exists an
Z-open set U containing x such that U C F~(V);

3. For each x € X and for each clopen set V such that x € F~(Y\V), there exists
an I-closed set H such that x € X\H and F*(V) C H;

4. F=(V) is an T-open set for any clopen set V of Y;
5. FT(V) is an I-closed set for any clopen set V of Y;

6. FT(Y\V) is an Z-closed set for any clopen set V of Y;
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7. F~(Y\V) is an Z-open set for any clopen set V of Y.
Proof. The proof is similar to that of Theorem 3.4. [

Lemma 3.6. [1] Let A and B be subsets of a topological space (X, 7). If A € TO(X)
and B € T, then AN B € ZO(B);

Theorem 3.7. Let F: (X,7,Z) — (Y,0) be a multifunction and U be an open subset
of X. If F is a lower (upper) slightly T-continuous multifunction, then multifunction
F,: U—=Y is alower (upper) slightly T-continuous multifunction.

Proof. Let V be any clopen subset of Y, v € U and « € F| (V). Since F'is lower slightly
Z-continuous multifunction, it follows that there exists an Z-open set GG containing x

such that G C F~ (V). By Lemma 3.6, we have v € GNU € ZO(U) and GNU C F| (V)
. This shows that the restriction multifunction Fj, is a lower slightly Z-continuous. The

proof of the upper slightly Z-continuity of Fj, can be done by a similar manner. n
Lemma 3.8. [11] For a multifunction F : (X,7,Z) — (Y,0), the following holds:

1. GH(Ax B) = AN F*(B);

2. GR(Ax B) =ANF(B)
for any subset A of X and B of Y.

Theorem 3.9. Let F : (X, 7,Z) — (Y, 0) be a multifunction. If the graph multifunction
of F' is an upper slightly T-continuous, then F is an upper slightly I -continuous.

Proof. Let # € X and V be any clopen subset of Y such that x € F* (V). We obtain
that z € GH(X x V) and that X x V is a clopen set. Since the graph multifunction
G is upper slightly Z-continuous, it follows that there exists an Z-open set U of X
containing z such that U C GH(X x V). Since U C GE(X x V) = X N FHV) =
F*T (V). We obtain that U C F*(V). Thus, F is upper slightly Z-continuous. Il

Theorem 3.10. A multifunction F : (X, 7,Z) — (Y, 0) is lower slightly Z-continuous
if Gp: (X, 7) = (X X Y, 7 X 0) is lower slightly T-continuous.

Proof. Suppose that G is lower slightly Z-continuous. Let x € X and V be any clopen
set of Y such that € FF~ (V). Then X x V is clopen in X x Y and Gr(z) N (X x V)
= {z} x F(x)) N (X xV) ={z} x (F(x) "V) # &. Since G is lower slightly
Z-continuous, there exists an Z-open U containing = such that U C Gz(X x V); hence
U C F~(V). This shows that F' is lower slightly Z-continuous. O

Theorem 3.11. Suppose that (X, 7) and (X, Ts) are topological spaces where a € J.
Let F': X — 11 X, be a multifunction from X to the product space TI X, and let
acJ acJ

P, : 11 X, — X, be the projection multifunction for each o € J which is defined by
acJ

P.((za)) = {za}. If F is an upper (lower) slightly T-continuous multifunction, then
P, o F is an upper (lower) slightly Z-continuous multifunction for each a € J.
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Proof. Take any « € J. Let V,,, be a clopen set in (X,0, Ta0). Then (Pygo F)T (Vo) =

F+<PJE)(VQ(])) = F+(Va0 X 712[ Xa) (resp. (PaOOF)_(VOzO) = F_(Pa_o<vag>> = F_(VaO X
aag

II X,)). Since F'is an upper (lower) slightly Z-continuous multifunction and since Vg

a#al
x TI X, is a clopen set, it follows that F™ (Voo x TI X,) (resp. F~ (Voo X 1T X,))
a#0 a#a0

aFap

is an Z-open set in (X, 7). This shows that P,y o F' is an upper (lower) slightly Z-
continuous multifunction. Hence, we obtain that P, o F' is an upper (lower) slightly
7Z-continuous multifunction for each a € J. O

Theorem 3.12. Suppose that (X,7),(Y,0),(Z,n) are topological spaces and Fy: X —
Y, Fy: X — Z are multifunctions. Let Fy x Fy: X — Y X Z be a multifunction
which is defined by (Fy X Fy)(z) = Fi(z) X Fy(x) for each v € X. If Fy X Fy is upper
(lower) slightly Z-continuous multifunction, then Fy and Fy are upper (lower) slightly
Z-continuous multifunctions.

Proof. Let x+ € X, K C Y and H C Z be clopen sets such that z € F;"(K) and
x € F,f(H). Then we obtain that Fy(x) C K and Fy(x) C H and thus, Fi(z) x Fy(z) =
(F1x Fy)(x) C Kx H. Wehave z € (F} X F3)T(K x H). Since F; x Fy is upper slightly
Z-continuous multifunction, it follows that there exists an Z-open set U containing x
such that U C (Fy x Fy)T(K x H). We obtain that U C F;(K) and U C F,f (H).
Thus, F; and F; are upper slightly Z-continuous multifunction. The proof of the lower
slightly Z-continuity of F} and Fj is similar to the above. O]

Definition 3.13. [4] Let (X, T) be a topological space. X is said to be a strongly normal
space if for every disjoint closed subsets K and F of X, there exist two clopen sets U
and V such that K CcU, FCV and UNV = (.

Recall that a multifunction F': (X,7,7) — (Y, 0) is said to be punctually closed if
for each x € X, F(x) is closed.

Theorem 3.14. Let F : (X, 7,Z7) — (Y,0) be an upper slightly Z-continuous multi-
function and punctually closed from a topological space X to a strongly normal space 'Y
and let F(x) N F(y) = @ for each pair of distinct points x and y of X. Then X is a
I-T, space.

Proof. Let x and y be any two distinct points in X. Then we have F(z) N F(y) =
@. Since Y is strongly normal, it follows that there exist disjoint clopen sets U and V'
containing F'(x) and F(y), respectively. Thus F*(U) and F* (V) are disjoint Z-open
sets containing = and y, respectively and hence (X, 1) is Z-T5. O

Definition 3.15. Let F : (X, 7,7) — (Y,0) be a multifunction. The multigraph G(F)
is said to be I-co-closed if for each (x,y) ¢ G(F'), there exist Z-open set U and clopen
set V' containing x and y, respectively, such that (U x V) N G(F) = &.

Definition 3.16. [5] A topological space (X, T) is said to be clopen Ty (clopen Haus-
dorff) if for each pair of distinct points x and y in X, there exist disjoint clopen sets
UandV i X such that x € U andy € V.

Theorem 3.17. If a multifunction F : (X,7,Z7) — (Y,0) is an upper slightly Z-
continuous such that F(x) is mildly compact relative to'Y for each x € X and Y
is a clopen Hausdorff space, then the multigraph G(F) of F is Z-co-closed in X X Y.
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Proof. Let (x,y) € (X x Y)\G(f). That is y ¢ F(x). Since Y is clopen Hausdorff, for
each z € F(x), there exist disjoint clopen sets V(z) and U(z) of Y such that z € U(z)
and y € V(z). Then {U(z) : z € F(z)} is a clopen cover of F(z) and since F(x) is
mildly compact, there exists a finite number of points, say, z1, 29, .... , 2, in F(z) such
that Fi(x) C U{U(z) : i =1,2, .,n}. Put U =U{U(%):i=1,2,..,nfand V =n
{V(y;): i=1,2,..,n}. Then U and V are clopen sets in Y such that F(z) CU,y €V
and U NV = @. Since F is upper slightly Z-continuous multifunction, there exists an
Z-open set W of X containing = such that F(W) C U. We have (z,y) € W x V C
(X xY)\ G(F). We obtain that (W x V) N G(F) = &; hence G(F) is Z-co-closed in
X xY. [
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