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ON THE CURVES LYING ON PARALLEL-LIKE SURFACES OF
THE RULED SURFACE IN E3
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Atatiirk University, Faculty of Science, Department of Mathematics, Erzurum, TURKIYE

ABSTRACT. In this paper, it has been researched curves lying on parallel-like
surfaces M/ of the ruled surface M in E3. Using the definition of parallel-like
surfaces it has been found parametric expressions of parallel-like surface of
the ruled surface and image curve of the directrix curve of the base surface.
Moreover, obtaining Darboux frames of curves lying on surfaces M and M,
it has been compared the geodesic curvatures, the normal curvatures and the
geodesic torsions of these curves.

1. INTRODUCTION

Ruled surfaces are surfaces that attract the attention of many researchers, espe-
cially differential geometers, and make them work on these surfaces from past to
present. These surfaces have been obtained by the motion of a straight line on a
curve in space, also called the directrix of the surface. Since ruled surfaces have
a particularly simple structure, they are important for use in many fields such as
architecture, engineering, mechanics, kinematics and CAD computer aided design,
etc. as well as differential geometry [11(31/6}7}/15].

Parallel-like surfaces are the surfaces obtained as a result of the generalization of
parallel surfaces. These surfaces were first described by Tarakci and Hacisalihoglu
in 2002 and named with surfaces at a constant distance from the edge of regression
on a surface [17]. The authors have obtained by considering a surface instead
of a curve in the paper written by Hans Vogler. He has defined notion of curve
at a constant distance from the edge of regression on a curve. In 2004, Tarakci
and Hacisalihoglu have computed for parallel-like surfaces some properties and
theorems given for parallel surfaces [16]. After this work, it’s made many articles
by different authors on parallel-like surfaces. In 2010, Saglam and Kalkan have
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searched parallel-like surfaces in E¥ Minkowski space [12]. In 2015, Yurttancikmaz
and Tarakci have established a relationship between focal surfaces and parallel-like
surfaces. They have obtained focal surfaces using parallel-like surfaces, that is, an
alternative way of finding focal surfaces of any surface via parallel-like surfaces was
demonstrated [18]. From this point of view, the geometric structure of parallel-like
surfaces has an important place in the field of line congruence and therefore in the
field of visualization(see [5]). And finally, in 2023, Yurttangikmaz and Tarakci have
researced image curves on the parallel-like Surfaces in E? [19].

In this study, the parametric expression of the parallel like surface of the ruled
surface was obtained and the differences between these surfaces were examined
in terms of differential geometric properties. In general, it has been shown that
the parallel like surface of the ruled surface is also not a ruled surface, but if the
directrix curve is selected as the parameter curve, this surface also preserves its
characteristics of being a ruled surface.

Since curves lying on the surface have an important place in terms of the theory
of curves, it has attracted the attention of many geometers [8,/10,/13,[14]. In the
theory of surfaces, the Darboux frame constructed at any non-umbilical point of
the surface can be viewed as an analog of the Frenet frame. In here, obtaining 3
image curve lying on M/ parallel-like surface of M ruled surface, Darboux frames
of curve-surface pairs (a, M) and (B Mt ) have been calculated at any points P on
M and f(P) on M. Finally, it has been compared the geodesic curvatures, the
normal curvatures, the geodesic torsions of reference curve a on M and its image
curve 8 on M/ and expressed the relationships between these two curves.

2. PRELIMINARIES

Let o be a unit speed curve lying on a surface M in E? and s be arc length of
the curve o, i.e. Ha/ (s) H = 1. Suppose that Z is a unit normal vector of the surface
M and T is unit tangent vector field of the curve . Considering the vector field
Y defined by Y = Z x T, set of {T,Y, Z} create orthonormal frame which is called
Darboux frame for partner of curve-surface (a, M).

Thus, the geodesic curvature x4, the normal curvature s, the geodesic torsion
t, of the curve a(s) can be calculated as follows

(a"(5).Y) e
fn = (a"(8), Za) @)
- <Z;(s)a Y> : 3)

Kg

by

Besides, the derivative formulas of the Darboux frame of (o, M) is given by
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’

T 0 Kg Kn T
Y | =| -k, 0 ¢ Y |. (4)
7 —Kkp, —t. O Z

In addition, given an arbitrary curve 3(s) on the surface M under the condition
[EXB)

torsion t, of the curve §(s) can be calculated as follows

= C, the geodesic curvature kg4, the normal curvature k,, the geodesic

Ky = %@”(s),Y} (5)
i = (619, 2o (6)
t = f%<z;3(s),y>. (7)

Furthermore, in the differential geometry of surfaces, for a curve «(s) lying on a
surface M the followings are well-known

i) a(s) is a geodesic curve <= k4 =0,

ii) a(s) is an asymptotic curve <= k,, = 0,

iii) a(s) is a principal line <= ¢, = 0 [2}[9L[11].

3. PARALLEL-LIKE SURFACES

Definition 1. Let M and M7 be two surfaces in Euclidean space E® and Zp be
a unit normal vector and TpM be tangent space at point P of the surface M and
{Xp,Yp} be an orthonormal bases of TpM. Take a unit vector Ep = d1Xp +
doYp + d3Zp, where di,ds,ds € R are constants and d% + d% + d% = 1. If there is a
function f defined by,

f:M— M7, f(P)=P+rEp
where r € R, then the surface M7 is called parallel-like surface of the surface M.

Here, if dy = dy = 0, then Ep = Zp and so M and M7 are parallel surfaces.
Now, we represent parametrization for parallel-like surface of the surface M . Let
(¢,U) be a parametrization of M, so we can write that

¢ : UcCE*~ M.
In the case {¢,,, ¢, } is a bases of Tp M, then we can write that Ep = d1¢,, +dag, +

dsZp. Where, ¢,,, ¢, are respectively partial derivatives of ¢ according to u and v.
Since M/ = {f(P): f(P)= P +rEp}, a parametric representation of M7 is

w(uv U) = d)(uv U) + TE(U’ U)'
Thus, it’s obtained
M7 = {p(u,0) = (u,0) = $(u, v) + 7 (di, (1, 0) + dad, (u,v) + d3Z(u,v))}
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and if we get rd; = A1, rde = Ag, 7d3 = A3, then we have
Ml - P(u,v) @ P(u,v) = p(u,v) + Mo, (u,v) + Ao, (u,v) + A3 Z(u,v),
AT+ A3+ NS =12
Calculation of 1, and 1, gives us that

(8)
,(/}U = ¢v + )\1¢UU + )‘2¢vv + )‘3Zv~

Here ¢y, Pous Puvs Pows Zus Zo are calculated as like as |[17]. Suppose that parameter
curves are curvature lines of M and let u and v be arc length of these curves. Thus,
following equations are obtained

(buu = _le

(bvv = _’%QZ

¢uv = qsvu =0 (9)
Zu = nl(ybu
Zv = /432¢v'

From 8] and [0} we find
P, = (14 X3k1) ¢, — Mik1Z

Qﬁv = (1 + )\3;‘62) (bv — AokoZ

and {1,,,1,} be a bases of x(M'). If we denote by Z7 unit normal vector of M7,
then Z7 is

f_ bu Xy Mikn (14 Aska) ¢, + Aakia (1 + Askn) ¢, + (14 Aska) (1 4 Aska) Z
||¢u x wv” \/)\?I{% (1 + )\3:‘{2)2 + )\glﬁlg (1 + )\3&1)2 + (]. + )\3I€1)2 (1 + )\3:‘{2)2

where, k1, ko are principal curvatures of the surface M. If

A= \/A?FL% (1 + )\3&2)2 + )\gli% (1 + )\3%1)2 + (1 + )\3&1)2 (1 + )\352)2
we can write
/\QIQQ (1 + )\3/%1)

A K1 (1+/\3Ii2) (1—|-/\3K,1) (1+/\3Ii2)
7! = z.
Here in case of k1 = ko and A3 = f% = 7%2 since 1,, and 1, are not linear

independent, M7 is not regular surface. We will not consider this case [17].

4. PARALLEL-LIKE SURFACES OF RULED-SURFACES

Ruled surfaces are surfaces formed by the movement of a straight line based on
a curve called the directrix curve in space. This moving straight line is called a
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”generator”. The parametric expression of the ruled surface M with the directrix
curve « (u) and the direction vector X (u) along the generator is

o(u,v) = a(u) + vX(u). (10)

Considering the definition of the parallel-like surface, it is clear that parametrization
of the parallel-like surface of the ruled surface will be

'l/}(uv 'U) ¢(ua 'U) + >‘1¢u(ua U) + >‘2¢u(u’ ’U) + >‘3Z(u7 ’U) (11)

, ’ (bu X (b'u
o () + X () + M1 (0 (u) 40X () + DX () + et

Let’s assume that the directrix curve «a of the ruled surface M is given by the arc
parameter and the tangent vector X on the directrix is the unit vector for any
parameter u. If the unit tangent vector of the directrix curve o is o' (u) = fl—z =T,
the unit normal of the ruled surface M is Z and the curve « is chosen with the
condition (T, X) = 0, the triple {T, X, Z} becomes an orthonormal basis along
the directrix curve. In order to express the parameterization of the parallel-like
surface of the ruled surface more simply, we will find the variation of the triple
{T,X,Z} along the curve «, that is, the covariant derivatives of each tangent
vector with respect to T'. If the covariant derivatives of both sides of the equations
(T,T) = (X,X) = (Z,Z) = 1 along the curve « is calculated with respect to T,
it has been obtained the equations (D7T,T) + (T,DrT) = 0 = 2(DyT,T) =
0 = (DrT,T) = 0 and similarly (DrX,X) = 0 and (DrZ,Z) = 0. Here, if
a=(DrT,X),b={(D7rT,Z),c={(DrX,Z), so it is achieved following matrix [4]

DT 0 a b T
DrX | =] —a 0 ¢ X |. (12)
DrZ -b —c 0 Z

If these equations are substituted in equation [I2] parametric expression of parallel-
like surface of ruled surface is as follows

—aT+(1—av)Z

P(u,v) = a(w)+ X+ M (T+v(—aT +cZ))+ XX + X3
202 + (1 — av)®

CcU3

= a(u)+ [ (1 —-av)r — T

02 4 (1 — av)?

Az (1 — av)

+(w+A) X+ | cor + A

202 + (1 — av)?
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and in other words

AT Z
Y(u,v) = alw) + | X —aMT+c\Z— AT + ads v (13)

02 + (1 — av)?

A
0T + X + i Z

v? + (1 — av)®

is obtained. Is equation [I3]also a ruled surface? It will now be investigated whether
the parallel-like surface of the ruled surface is also a ruled surface or can be under
certain conditions.

Consider the ruled surface given by equation ¢(u,v) = « (u) + vX(u). If the
directrix curve « of the ruled surface M is chosen as the first parameter curve, then
it is obtained that (see chapter 5)

=0 (W) =T. (14)
Moreover, when the partial derivative of the general equation of the ruled surface
given by eq[10]is calculated with respect to u, following expressions are found
b, = o (u)+ovX (u)
T+v(—aT + cZ)
(1 —-av)T + cvZ. (15)
Here, if equations [I4] and are compared, it is concluded that ¢ = 0, ¢ = 0.

Substituting these results in the equation [I3] then the parallel-like surface of the
ruled surface will be

P(u,v) = a(u) + MT + XX + X3Z +vX (u). (16)
Considering that the image of a curve on a parallel-like surface is
ol (u) = B(u) = a(u) + MT + XX + X372 (17)
and substituting eq[I7] in eq[I6] so we get
P(u,v) = Bu) +vX(u). (18)

From here, it is clear that the equation [18| also denotes a ruled surface. Thus, the
following result can be written.

Corollary 1. If the directriz curve « of the ruled surface M is chosen as the first
parameter curve, then the parallel-like surface of this ruled surface is also ruled
surface.

Now, in case the vector Ep in the definition of the parallel-like surface is chosen
more specifically, it will be investigated the change in the parametric expression of
the parallel-like surface of the ruled surface and in which cases the obtained surface
will also be the ruled surface.
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Proposition 1. In case \y = 0 in the definition of parallel-like surface, that is,
if the vector Ep is lying in the plane Sp{d,,Z}, then parametric expression of
parallel-like surface of the ruled surface is

P(u,v) = a(u) — Az (1 — av)

CUA3

T+ (w+A) X+ Z.

202 + (1 — av)? 202 + (1 — av)®

Proposition 2. In case Ay = 0 in the definition of parallel-like surface, that is,
if the vector Ep is lying in the plane Sp{¢,,Z}, then parametric expression of
parallel-like surface of the ruled surface is

CUA3

PY(u,v) = au)+ | (1—av) A — T

02 + (1 — av)?

Az (1 — av)

+uoX + | cor + Z.

02 4 (1 — av)?

Proposition 3. In case A3 = 0 in the definition of parallel-like surface, that is,
if the vector Ep is lying in the plane Sp{¢,, d,}, then parametric expression of
parallel-like surface of the ruled surface is

Y(u,v) =a(w)+ A1 (1 —av) T+ (v+ X)) X + cor Z.
Proposition 4. In case \; = Ao = 0 in the definition of parallel-like surface, that
18, if the vector Ep is in the direction of the normal vector Z, then parametric
expression of parallel-like surface of the ruled surface is

W, 0) = o (u) — cv3 T4 X 4+ Az (1 — av)

v + (1 — av)® 202 + (1 — av)?

Z.

Proposition 5. In case \a = A3 = 0 in the definition of parallel-like surface, that
is, if the vector Ep is in the direction of the vector ¢,,, then parametric expression
of parallel-like surface of the ruled surface is

Y(u,v) =a(u)+ A1 (1 —av) T+ vX + co\ Z.

Proposition 6. In case A\ = A3 = 0 in the definition of parallel-like surface, that
is, if the vector Ep is in the direction of the vector ¢, then parametric expression
of parallel-like surface of the ruled surface is

Y(u,v) = a(u) + (v+ A2) X.
5. DARBOUX FRAME OF CURVES LYING ON PARALLEL-LIKE SURFACES OF THE

RULED SURFACES

Assuming that the directrix curve « of the ruled surface M given by the equation
d(u,v) = a(u) + vX(u) is the first parameter curve, then

¢, =1 —av)T + cwZ
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and since u and v are arc parameters of the parameter curves on the ruled surface,
¢, = a (u) =T and so, 1 —av = 1, cv = 0. As a result from here, a = ¢ = 0,
that is, in case the directrix curve « of the ruled surface M is chosen as the first
parameter curve, it is seen that the directrix curve « is both the principal curvature
line and the geodesic curve. Thus, k, = 0 and ¢, = 0 for the directrix curve a.
Principal directions relating to different curvature lines of the ruled surface M
are orthogonal, thus we can take as ¢, = a (u) = T and ¢, = X. Under these
conditions, we can use Darboux frame {7, X,Z} in place of orthonormal frame
{b,, by, Z}. If we consider definition of parallel-like surface of the ruled surface M,
parametric representation of the curve g which is image of the curve « is

Now, we calculate Darboux frame {T f. x5 zr } for partner of curve-surface (ﬁ M/ )
It is clear that

T — B (u)
ol
If we take derivative according to u of eq[I9] we find

B () =a (u) + MT + XX + 237

and if considering that «(u) is a principal line and so ¢, = 0 equations [4] are
substituted in this equation, we obtain
B'(u) = (1= knAs) T + kn Z (20)

where H,B/ (u)H =C= \/(1 — knA3)? + A2k2. Thus, we find

(1 — I{n>\3)T T Iin>\1

T/ =
C C

Z. (21)

Moreover, we know already that

F_ AK1 (1—|—)\3/£2) AoK9 (1+/\3H1) (1—‘1-)\3/*61)(14—)\3%2)

VA T X Z. 22
A * A M A (22)
For orthonormal frame {Tf, X7, Zf}, if we consider that X7 = Zf x T/, we get
n/\l/\2 (Hg + /\3K)
x/ = |& T
R
(1 + AsH + /\%K) (1 — I{n)\g) - Iin)\% (/‘Ql + )\3K) ¥ (23)
AC
_ )\2 (Kl + )\3K) (]. - lin)\3) 7
AC

where K = k1Ko , H = k1 + ko are Gauss curvature and mean curvature of the
surface M, respectively.
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Now, we calculate the geodesic curvature Hg , the normal curvature xJ, the geo-
desic torsion t{ of the curve 5(u). We will use to calculate these curvatures following
equations [11]

Wl = o {8, X7) (24)
K, = %<BH(U),ZJ‘> (25)
= —é<(zf)',Xf>. (26)

Firstly we find vector ﬂ” (u). If we take derivative of eq according to u and use
equations 4, we obtain

"

B (u)=— ()\3/@; + Almi) T+ (/\m;I + Kk (1= K,n)\g)) Z. (27)

Furthermore we find vector (Z f ) . If we take derivative of eq according to wu
and use equations [l we obtain

(Al (11/1 + ASK’) — A7BAy (k1 + AsK) — i (14 AsH + A§K)) T

4 1 ! ’
(27) =5 + (% (Ko + XK ) = ATLBAs (k2 + M K) ) X
+ (A + XK — A7UB (14 X\ H + NK) + ks (k1 + AsK)) Z
(28)
where
’ ]_ ’ / ’ ’ ’
B = A= <[Nrim + Akaky + A (Afm v /\3@) K+ As (A2ky + Adig) K

+ (24 A NKK + (14 AsH + A2K) (AsH’ + /\§K/>].
So, if we substitute equations 23] and 27] into eq[24] we obtain
Wl = s (52 + 20 K) (1= made)” + Aidar, ) (29)
FA2Nok3 (Ky + A3 K)
Fh, AN (R + A3K) (1 — knAs) )
Also, if we substitute equations [22] and 27] into eq[25] we obtain

1
AC’3{

1 ,
ki = A—CQ{)\l (k1 + AsK) (—)\3,%” - Ami)
+ (Am; + ki (1 — mnAg)) (1+XH + \3K)}. (30)

And finally, if we substitute equations 23] and 2§ into eq[26] we obtain

1

= et

o (K2 4+ A K) (1 — Kns) (nn)\l (k1 + A3 K) + A H + A?,,K’)
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=23 (1 4 AsK ) (ko (k2 + Mg K)
—&Q§+MK)Q+MH+£KM1—M&) (31)
+)\1)\2:‘$72L (k2 + A3K) (1 + XsH + A%K)
+m¢%2my+&K)@;+&Kj}

Theorem 1. Let M be a ruled surface in E> and M7 be parallel-like surface of the
ruled surface M that formed along directions of Ep lying in plane Sp{X,Z}, i.e.
A1 = 0. Recall that the curve B on the surface MY is image curve of the curve a
lying on M, then curvatures of /ig, ki, tf for partner of curve-surface (57 Mf) are
as follows

)\2:‘{” (/‘{/2 + >\3K)

iy = c (32)
2
;b (L4 AsH + \K)
o = (%)
A / /
= -E%(@+&K)Q+MH+£K) (34)

4@+&KN&H+£Kﬁ.
Proof. If we substitute A\; = 0 in equations we can easily hold equations

32 B3} B4 O

Corollary 2. Providing A1 = 0, the curve 8 which is image curve of the directriz
curve « is an asymptotic curve if and only if o is an asymptotic curve.

Corollary 3. Providing A1 = 0, the curve 8 which is image curve of the directriz
curve a is a geodesic curve if and only if o is a asymptotic curve.

Theorem 2. Let M be a ruled surface in E* and MY be parallel-like surface of the
ruled surface M that formed along directions of Ep lying in plane Sp{T,Z}, i.e.

Ao = 0. Then curvatures of /ig, wi, t1 for partner of curve-surface (,6’, Mf) are as
follows

k=0 (35)

1 ,
Kl = 26591m1+AﬂQ(fkmanﬂﬁ> (36)

+U+&H+£KNM@+MO—%&D}

ti =o0. (37)
Proof. If we substitute A2 = 0 in equations we can easily hold equations

35} 36} B7} O
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Corollary 4. Providing Ao = 0, the curve 8 lying on M7 is both a geodesic curve
and a principal line.

Corollary 5. Providing Ao = 0, the curve B which is image curve of the directrix
curve o is an asymptotic curve if and only if o is an asymptotic curve.

Theorem 3. Let M be a ruled surface in E* and M7 be parallel-like surface of the
ruled surface M that formed along directions of Ep lying in plane Sp{T, X}, i.e.
A3 = 0. Then curvatures of ki, kI, tf for partner of curve-surface (5, Mf) are as

follows
f 1 2 3 !
Ii'g = W{—Al)\zﬁgﬁn — )\QFLQ ()\1571 + KJn)} (38)
1 ’7
Ii£ = A—Cz{f)\%mﬂi + MK, + K} (39)
1 ,
tZ = —ATCQ{)\lAQHnHQ (A)\llil — BX\k1 — AKn)
+ (AK/;)\Q — Blig)\g) (1 — Hnlil)\?) (40)

—)\2532 (Alﬁn/ﬁl)\l — B)}
Proof. If we substitute A3 = 0 in equations we can easily hold equations

38 B9} BT} O

Corollary 6. Providing A3 = 0, the curve 8 which is image curve of the directriz
curve a is a geodesic curve if and only if o is an asymptotic curve.

Corollary 7. Providing A3 = 0, the curve 8 which is image curve of the directriz
curve a is an asymptotic curve if and only if o is an asymptotic curve.

Theorem 4. Let M be a ruled surface in E® and M7 be parallel-like surface of the
ruled surface M that formed along vector field Z, i.e. A\ = Ao = 0. Then curvatures
of ki, kf, tI for partner of curve-surface (B,Mf) are as follows

g7 n? T
Klo= 0 (41)
Q. - 42
K s (42)
ti = o (43)

Proof. If we substitute Ay = Ay = 0 in equations we can easily hold

equations [T} [42] (3] O

Corollary 8. Providing \; = Ao = 0, the curve 3 lying on M7 is both a geodesic
curve and principal line.

Corollary 9. Providing \y = Ay = 0, the curve 3 lying on M7 is an asymptotic
curve if and only if a lying on M is an asymptotic curve.
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Theorem 5. Let M be a ruled surface in E> and M7 be parallel-like surface of the
ruled surface M that formed along vector field X, i.e. Ay = A3 = 0. Then curvatures

of Iﬁ:]gc, ki, tl for partner of curve-surface (ﬁ7 Mf) are as follows
— Aok
R — (44)
AokZ 41
nf; S (45)
AR+ 1
9
tf = —_272 (46)

(A3k3 +1)
Proof. If we substitute A\; = A3 = 0 in equations we can easily hold

equations [44] [45] [46] O

Corollary 10. Providing Ay = A3 = 0, the curve 8 which is image curve of the
directriz curve « is a geodesic curve if and only if « is an asymptotic curve.

Corollary 11. Providing \y = A3 = 0, the curve 8 which is image curve of the
directriz curve « is an asymptotic curve if and only if a is an asymptotic curve.

Theorem 6. Let M be a ruled surface in E* and M7 be parallel-like surface of the
ruled surface M that formed along vector field T, i.e. Ao = A3 = 0. Then curvatures

of Iig, ki, tl for partner of curve-surface (B, Mf) are as follows

Kl =0 (47)
1 ,
f_ 2 2
fin = {/ﬁn + Mk, — )‘1“1"%} (48)
ti =o0. (49)

Proof. If we substitute A2 = A3 = 0 in equations we can easily hold

equations [47} [48] 9] O

Corollary 12. Providing Ao = A3 = 0, the curve 8 which is image curve of the
directriz curve « is both a geodesic curve and a principal line.

Corollary 13. Providing Ao = A3 = 0, the curve 8 which is image curve of the
directriz curve « is an asymptotic curve if and only if a is an asymptotic curve.
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