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Abstract

We show that the A-semidirect product M x* W of a left P-Ehresmann semigroup M
and a left restriction semigroup W is a left P-Ehresmann semigroup. We explore the
behavior of generalized Green’s relations on M x* W, and investigate some properties
of M x* W. Then the Zappa-Szép product of a right Ehresmann semigroup and its
distinguished semilattice is studied. An example of Zappa-Szép product in the context of
right Ehresmann semigroups is also given.
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1. Introduction

Left restriction semigroups are non-regular semigroups and are generalizations of inverse
semigroups. These semigroups arise very naturally from partial transformation monoids
in the same way that inverse semigroups arise from symmetric inverse monoids. For
any set X, the partial transformation monoid PTx becomes left restriction semigroup
under the unary operation 8 +— Igom g. Left restriction semigroups are precisely the
(2, 1)-subalgebras of some PTy. These semigroups were termed as weakly left E-ample
semigroups—the (former) York terminology. Since the 1960s, left restriction semigroups
transpired with various names and from diverse points of view in literature. For the
first time in 1973, these semigroups arose in their own right in Trokhimenko’s paper [26].
Also, they were studied in the setting of type SL2 ~v-semigroups in [1,2]. Left restriction
semigroups were also studied as the idempotent connected Ehresmann semigroups in [23].
Later, they occurred in [19] as (left) twisted C-semigroups. In [24], they were studied as
guarded semigroups which appeared from the restriction categories in [6]. Covering results
for restriction semigroups can be found in [7,10,12,13]. New development in the theory
of restriction semigroups implies that these semigroups are a subject of fruitful research.
For the history and more exposition of (left) restriction semigroups, we suggest [14,17].

Semidirect products and their generalization Zapp-Szép products are now believed to be
momentous tools, which were employed to decompose semigroups. For semidirect product,
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see, e.g., [16]. In [27], Zappa introduced Zappa-Szép products which were developed in the
setting of groups in [25]. Kunze [21] and Brin [5] applied them to more general structures.
The author of [21] studied the characterization of R, £, called the Green’s relations, on
Zappa-Szép products of semigroups which involve actions of two semigroups on each other.
Zenab [28] studied the behavior of generalized Green’s relations R*, £*, Rp, L on Zappa-
Szép products of semigroups and monoids. Moreover, for a left restriction semigroup 7’
with semilattice (a semigroup of idempotents in which every two elements commute) of
projections E, the Zappa-Szép product E <1 T is obtained (see [28, Lemma 3.1]). Also,
E < T is not left restriction but there exists a left restriction subsemigroup of £ < T

Now we render a succinct background of A-semidirect products. If A; and As are inverse
semigroups, then the semidirect product of A; and A may not be an inverse semigroup in
general. In [4], by altering the definition of foregoing semidirect product, Billhardt proved
that the A-semidirect product of A; and As is an inverse semigroup. Then Billhardt
extended his own result to the case where first component, a semilattice, and second
component, a left ample semigroup [3]. The A-semidirect product of semilattice S and
weakly left ample semigroup T' (a left restriction semigroup 7" with set of idempotents of
T as the semilattice of projections) was calculated in [11]. Recently, in [16], Gould and
Zenab considered the case in which both components are left restriction semigroups—if
R1 and Ry are left restriction semigroups, then the A-semidirect product of R; and Ry is
a left restriction semigroup.

Now we explain how to structure the rest of the paper. The next section is furnished
with basic definitions and related facts. In Section 3, we generalize the result of Gould
and Zenab [16] by proving that the A-semidirect product M x* W of a left P-Ehresmann
semigroup M and a left restriction semigroup W is a left P-Ehresmann semigroup. We also
characterize generalized Green’s relations R, £ on M x*W, and discuss some properties
of M x*W. In Section 4, motivated by [28, Lemma 3.1], the Zappa-Szép product Y > E is
obtained, where Y is a right Ehresmann semigroup, and E is the distinguished semilattice
of Y. Then by defining the unary operation (as defined on Y) on our foregoing Zappa-
Szép product, we seek a subset of the image of unary operation, which is the distinguished
semilattice of a right Ehresmann subsemigroup G of Y <t E. There exists an isomorphism
between Y and G, which is also an order-isomorphism. Then from the order-theoretic
aspect, some properties of G are discovered. After that, we study the Zappa-Szép product
Y 1 E, where Y is a right Ehresmann semigroup with zero 0, and FE is the distinguished
semilattice of Y such that 0 € E. In this case, the set G’ possesses properties from the
order-theoretic perspective, which are different from that of G. Lastly, we include an
example of Zappa-Szép product in the context of right Ehresmann semigroups.

2. Preliminaries

We incorporate some helpful notions and related facts. For rudimentary notions related
to semigroup theory, and Green’s relations R, £, see the monograph [18].

The author of [23] introduced the generalized Green’s relations, i.e., Rp, Lg on a
semigroup S, where E is a subset of E(S) the set of idempotents of S. For any v,w € S,
JNQE can be defined as:

v Rp w = {(erE)fv:v@)fw:w].

The relation £  is defined dually. The relation R (Z £) is an equivalence relation. Green’s
relation R (£) is left (right) compatible. On the contrary, R (£g) needs not be left (right)
compatible. Note that R C Rp (L C Lg).

Let ve Sand f € E. Let v Rg f. Then
ff=7f=fv=wo (2.1)
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Moreover, N
vReg f<= fv=vandVhe E[hw=v=hf=f]. (2.2)

If ' is a semilattice, then the idempotent of F is unique in the Rp-class of v, and by (2.2),
f is the minimum element of LI, (FE) the set of all left identities of v belonging to E, with
respect to the usual partial order on semilattice E. For more details regarding JNQE, £ B,
see, e.g., [15,28].

Throughout this paper, we always denote the unique idempotents of E in the f]vQE-class
and Lg-class of an element v by v1 and v* respectively.

Now we give a brief account of right Ehresmann semigroups from the generalized Green’s
relations and varietal perspectives, where right Ehresmann semigroups are non-regular
generalizations of inverse semigroups. For more details, we prescribe [15].

Definition 2.1 ([15]). Suppose that Y is a semigroup and let £ C E(Y). Then Y is a
right Ehresmann semigroup if:

(E1) FE is a semilattice in Y;

(E2) every £ p-class contains a (unique) element of E;

(E3) Lpisa right congruence.

In the above definition, the property of Y that each L g-class has a unique idempotent
of F, yields a unary operation y — y* on Y. Therefore, every right Ehresmann semigroup
may be regarded as a unary semigroup.

The following result is the characterization of right Ehresmann semigroups from the
varietal standpoint.

Lemma 2.2 ([15]). A semigroup Y is a right Ehresmann semigroup if and only if the
unary operation *’ on'Y satisfies the identities:

yy* =y, (2.3)
(y*z")" = y*", (2.4)
Y 2r = 2Ny, (2.5)
(yz)*z" = (yz)", (2.6)
(y2)" = (y"=)" (2.7)

and
E={y" :yeY}

In Lemma 2.2, the image of the unary operation * is the set . The set F is called
the distinguished semilattice of right Ehresmann semigroup Y. For all wi € E, w] =
(ww)* = (wjwy)* = (wi)*. A partial order <y on a right Ehresmann semigroup Y is
defined by the rule that for all x,z € Y,

T <p 2z = 1= 23"

Any inverse semigroup T is a right Ehresmann semigroup by defining a unary operation *
on T by t* =t"1t.

Let A and B be two right Ehresmann semigroups with distinguished semilattices E' and
F respectively. We recall (from [22]) that a right Ehresmann semigroup morphism from A
to B is a semigroup homomorphism « : A — B such that for all z € A, a(z*) = (a(x))*.
If « is also bijective, then right Ehresmann semigroup morphism from A to B is an
isomorphism.

Definition 2.3 ([22]). A right Ehresmann semigroup with zero 0 is a unary semigroup
(S,-,*), where (S, -) is a semigroup with zero, * is a unary operation satisfying (2.3)—(2.7).

In the above definition, for all w € S, 0 <, w.
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Lemma 2.4 ([22]). Let S be a right Ehresmann semigroup with zero 0 and the
distinguished semilattice . If 0 € E, then fora € S,

a=0<=a" =0.

Next we need to recall left restriction semigroups and related facts. For convenience,
see, e.g., [14,28].

Definition 2.5 ([28]). A left restriction semigroup is a unary semigroup (S,-,") which
satisfies the following identities:

’Uivl =, (2.8)
vIwJ{ = vaJ{, (2.9)
(v]{wl)T = UIwI, (2.10)
vle{ = (viw1)vy. (2.11)

If we put E = ST = {wJ{ | wi € S}, then one can check that E is a semilattice.
Lemma 2.6. [28, Lemma 1.3 (iii)] For any z,z € S, (z2!) = (22).

In [29], by applying Lemma 2.6, it is proved that for all w]lL € F, (wI)Jr = wI. Each

element of F is called a projection of S. The set F is known as the semilattice of projections
of S. A partial order < on S is defined by the rule that for all vy,w; € S,

v < wp = v = Ule.
An alternative characterization for left restriction semigroups is given by Lemma 2.7.

Lemma 2.7. [28, Lemma 1.4] Suppose that (S,-,1) is a unary semigroup. Then S is a
left restriction semigroup with semilattice of projections E if and only if

(i) E C E(S) is a semilattice;
(ii) every Rg-class contains a (unique) element of E;
(iii) Rg is a left congruence;

(iv) the left ample condition holds, i.e., for any w1 € S, g € E, wig = (w1g)Tw;.
Jones invented (left, right) P-Ehresmann semigroups from the view of variety, which
extend (left, right) Ehresmann semigroups. The left P-Ehresmann semigroups, their right-

sided and two-sided versions are extracted from reducts of regular x-semigroups. For facts
relevant to (left, right) P-Ehresmann semigroups, the reader is referred to [20].

Definition 2.8 ([20]). Let (Z,-,!) be a unary semigroup. If Z satisfies the identities

wle = wy, (2.12)
(wia1)" = (w2, (2.13)
(wia))" = wiziw], (2.14)

wIwI = ler, (2.15)

then Z is called a left P-Ehresmann semigroup.
Put P, = {w! : w; € Z}. The set P, is the set of projections of Z.

Remark 2.9. The (left, right) Ehresmann semigroups are generalizations of (left, right)
restriction semigroups from both the generalized Green’s relations and varietal
perspectives. The (left, right) P-Ehresmann semigroups are generalizations of (left,
right) restriction semigroups from the varietal viewpoint.

We now remind the following indispensable notions.
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Definition 2.10 ([29]). Let A be a semigroup. Then A acts on the left of a set Z if there
isamap Ax Z — Z,(a,z) — a-z such that for any z € Z and for any a,a’ € A, we have
(ad")-z=a-(d - 2).

Dually, A acts on the right of Z if there is a map Z x A — Z, (z,a) — 2% such that for
any z € Z and for any a,a’ € A, we have 2%¢ = (2%)7
Definition 2.11 ([29]). Let A and Z be two semigroups. Suppose that A acts on the left
of Z. If for any y,z € Z and for any a € A, we have a - (yz) = (a-y)(a- z), then A acts
on Z by endomorphisms.

Definition 2.11 is equivalent to say that there exists a map £ : A — End Z which is a
homomorphism, where End Z is the endomorphism monoid of Z. We denote (£(a))(z) by
a-z.

Definition 2.12 ([28]). Let M and Z be two semigroups. Let
ZxM— M, (x,m)—x-mand Z x M — Z,(x,m) — z™

be two maps such that for every m,m’ ¢ M, x,2' € Z,

(Z1) zz’ -m =z - (' - m);

(22) z - (min) = (z - m) (™ - )

(23) () = o

(Z4) (za!)™ = = mg'™.
Define a binary operation o on M x Z by

(m,z) o (m',2') = (m(z-m'),z™ ).

Then by (Z1)-(Z4), o is associative. Hence, (M x Z,0) is a semigroup, called the (external)
Zappa-Szép product of M and Z, denoted by M 1 Z.

In the above definition, by (Z1), Z acts on M from the left, and by (Z3), M acts on Z
from the right.

Definition 2.13 ([29]). Suppose that A is a left restriction semigroup, and U is a
semigroup. Suppose that A is acting on the left of U by endomorphisms. Let U x* A
denote the set {(x,a) € U x A:a'-x =x}. Define a binary composition on U x* A by

(,a)(y,b) = (((ab)' - z)(a - y), ab). (2.16)
Then U x* A is a semigroup and is called the \-semidirect product of U by A.

In [29, Lemma 6.1.6], it is proved that U x* A is a semigroup.

Next we also need to quote the following useful terminologies. We refer the reader to
[8,9].
Let (@, <) and (Q', <) be two partial ordered sets (posets). A map ¢ : Q@ — Q' is said
to be an order-isomorphism if v is surjective, and z < y in @ if and only if ¥ (x) < ¥(y)
in Q. Let X C Q. Then X is a down-set if a € X, d € Q and d < a imply that d € X.
Dually, X is an up-set if a € X, v € Q and a < u imply that u € X. Note that the empty
set () is a down-set and up-set as well. Let (@, <) be a poset containing the least element
0. If 0 # w € Q is such that w is a minimal element of @ \ {0}, then w is an atom. The
poset @ is called atomic if every non-zero element dominates an atom (i.e., there is an
atom less than or equal to it).

3. Generalized Green’s relations on A-semidirect product

We commence this section by proving that the M-semidirect product of a left
P-Ehresmann semigroup and a left restriction semigroup is a left P-Ehresmann
semigroup.
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Let M be a left P-Ehresmann semigroup. If a semigroup W is acting on the left of M
such that for all my, my’ € M and w; € W, we have

wy - (mimy) = (wi - ma)(wy - my) (3.1)

and
wy - m]i = (wy - my)T, (3.2)

i.e., the morphism W — End M is into the monoid of endomorphisms of M as a unary
semigroup, then we say that W is acing on M by left P-Ehresmann endomorphisms.

Proposition 3.1. Let M be a left P-Ehresmann semigroup. Suppose that W is a left

restriction semigroup which is acting on the left of M by left P-Ehresmann
endomorphisms. Then

M x*W = {(my,w1) e Mx W: w]lL -my =mq}
s a left P-Ehresmann semigroup under the binary operation

(I, v1) (ma,wr) = (((orwn)' - 1) (01 - ma), v1wy), (3.3)

where
(my, w)t = (m], w]). (3.4)

Moreover, PMNAW:{(mJ{,w]lL) : ler - mJ{ = mJ{} is the set of projections of M x* W.

Proof. Since W is acting on M by left P-Ehresmann endomorphisms, for all w; € W,
my € M, we have w; -mJ{ = (wy -my)t.

For every (mq,w1) € M x* W,
wi-m! = (w]-m)t =ml. (3.5)

Consequently, we have Py € M x* W.

By definition 2.13, M x* W is a semigroup under the binary operation, defined in (3.3),
and is called the A-semidirect product of M by W.

Now we show that M x* W satisfies (2.12)—(2.15). For (I1,v1), (m1,w1) € M x* W,
we have

(L, v1) (1, v1) =

(

= (((w]on)t - 1) (0] - 11),0]0n)

= (] - 1] - 1).0) <usm (2.8))

= ((v] - 1)1y, v1) (] 11 = 1)

= (If11,v1) <usmg< 5))
( (

using (2.12)).
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Now we obtain
(11, v1) (ma, wi) D) = (1, 01) (], w)f
(o))t - 1) (o - m]), vru])

T
vle{)T 1) (v - ml) vle

(
(orw)) - 1) (01 - ) >*,<v1w1 ) (using (3.4))

) T) (By Lemma 2.6)
(vrw))' - 1) (o1 -m))T, (w)f)  (using (2.13))

((1)111}1)T 1) (v -ml),fulwl)T

= ((I1,01)(ma, 1))

Next we see that

(b, v0) (ma, wi) )T = (@], o]) (m], w]))f

(huDt -l - mi),oful)!

= (i) - 1) @f - m)t, ofuf)’ (using (3)
((@heht -] - mot) | whel)?) (using (3.4)
(

(wiwD)t )] - m)t(elw) - 0, (ofw))?) (using (2.14))

(

(

(

(

(
= (@hwlo] -] - m) @]wlv o) (using (2.14) in W)
= (vl - @] - )] m) efw] - @] 1)), vfw]])
= (fwl -] - m))]w] - 1), vlwle]) (using (3.5))
= ((fwl -] - @] -m))@[w] - 1), viwle]) (using (3.5))
= (@lw] - i) elw] - m)elw] 1), vfwle])
= ((]w] - thmh)@{w] - 1), vfw]e]) (using (3.1))
= ((@lwD) @lw]) - dm) @fw] 1), vfw]o]) (using (2.8))
= (@D (lw]) - thm)) @w] - 1), v]w]e])
= ((@fwh?- (@fw - i) @fw] - m)) @lw] - 1), v]wle]) (nsing (3.1))
= (@D (@lw] - )] - @] - mh)) @lwl - 1), viw]e])
= ((@fwh- (@fw] - )] - m])) @lw] - 1), ofwle]) (using (3.5))
= ((@heD) - (@lw] - @] - D)@ - m))) @lw] - 1]), v]wlv]) (using (3.5))



()t -] -m]))) @lw] - 1), ofwle])  (using (2.14) in W)
= ((@fwht -] -m), vfwl) @, o])

)
) (using (3.5))

Therefore, M x* W is a left P-Ehresmann semigroup with (my,w;)! = (mi,wJ{) It is
straightforward to show that for all (my,w1) € Pyoaw, ((m1,w1))T = (mq,w)T. Hence,
Py is the set of projections of M x* W. O

Our next aim is to ascertain the behavior of generalized Green’s relations IJNQE, L on
the A-semidirect product of a left P-Ehresmann semigroup by a left restriction semigroup.

Proposition 3.2. Let M x* W be as in Proposition 3.1. Put P=M x* W. Suppose that
E(fp) = {(ml,wl) cP: (ml,wl)(ml,wl) = (ml,wl)}.
(a) Suppose that for all t € W, we have

t-e=e, (3.6)
where e is a right identity of M. Let Ec={(e,h): h € E C E(W)}. Then we have
E. C E(P)

and
(l1,v1) ZEe (my,wy) in P <= vy Lpw inW.
(b) Suppose that for all p € M, we have

f-p=np, (3.7)
where f is a left identity of W. Let Fr={(g,f) : g € FC E(M)} C P. Ifin
addition, for anyt € W,

t-g=g, (3.8)
where g € F', then we have

F; C E(P)

and

(11,7)1) iff (ml,wl) in P <— ll iF mi in M.
Proof. (a) It can be easily checked that E., C P. For every (e, h) € E., we have
(e;h)(e,h) = (((hh)T - e)(h - e), hh)

= (ee, hh) (using (3.6))
= (e, h) (e is a right identity and hh = h).
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Hence, E. C E(P). N
Suppose that for all (I1,v1), (m1,w1) € P, (l1,v1) Lz, (mq,w1). Suppose that for all
h € E, vih =v. Then

(l,v1)(e, h) = (((01h)" - 11) (01 - €),v1h)
= ((v] - 1)(v1 - €),01)
= ((v] - l)e, v1) (using (3.6))
= (l1e,v1) ((Iy,v1) € P)
= (l,v1)

Since (11, v1) EE (m1,w1), we obtain
(ma,wi)(e, h) = (ma,wr)
(((wih)t-my)(wy - €),wih) = (my,w1).

Then we have wih = wy. ThereforNe, we have v1h = v1 = w1h = wy. Similarly, we obtain
wrh = wy = vih = v1. Hence, v1 Lg wy in W. _
Conversely, suppose that for all v1,w; € W, v1 Lg wy. Suppose that for all (e, h) € E,

(ll,vl)(e, h) = (ll,Ul)
(((w1h)! - 1) (v1 - €),v1h) = (In, 01).

Then we have v1h = vy. Since v1 Lg wy, we deduce wih = wy. Also, we have

(m1, wi)(e, h) = (((wih)t - ma)(wi - ), wih)
= ((w] - ) (wr - €),wn)
= ((w{ -my)e, wy) (using (3.6))
= (mie,w1) ((m1,w1) € P)
= (m1,w1)

Therefore, we have (I1,v1)(e,h) = (l1,v1) = (m1,w1)(e, h) = (m1,w1). Similarly, we

obtain (mi,w1)(e,h) = (m1,w1) = (li,v1)(e, h) = (l1,v1). Hence, (l1,v1) L5, (m1,w1).
(b) For every (g, f) € Ff, we have

(9, )9, ) = (SN 9)(F - 9), £ )
= (99, ff) (using (3.8))
= (g, f) (99 = g and f is left identity).

This implies that Fy C E(P).
Suppose that for all (I1,v1), (my,w1) € P, (I1,v1) IRFf (mq,w). Suppose that for all
ge F, gly =1;. Then

(9, )(l,01) = (((for)" - 9)(f - 1), for)
= (gl1, fv1) (using (3.8) and (3.7))
= (ll,Ul).
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Since (I1,v1) iff (mq,w1), we obtain

(g, f)(m1, wi) = (M, wr)
((fw)T - ) (f - ma), fwr) = (my,w1)
(gm1, fwr) = (m1,wr).
Then we have gm; = ml.NTherefore, we have gly = I = gmi1 = mq. Similarly, gm; =
m1 = gly = ;. Hence, [y Rp my in M. _
Conversely, suppose that for all [y, m; € M, l; Rr m;. Suppose that for all (g, f) € Fy,

(9, £)(l,v1) = (1, 01)
((for)' - 9)(F - 1), for) = (In, v0)
(gly, fv1) = (l1,v1).
Then we have gl; = [;. Since [y IJNQF m1, we have gm; = my. Also, we have

(9 /) (mi,wi) = (((fw)'- 9)(f - ma), fun)

= (gma, fuw1) (using (3.8) and (3.7))

= (my,wy).
Therefore, we have (g, f)(l1,v1) = (l1,v1) = (g, f)(mi,w1) = (m1,w;). Similarly,
(g, f)(m1,w1) = (my1,w1) = (g, f)(l1,v1) = (l1,v1). Hence, (I1,v1) iff (mq,wr). O

Now we study properties of the A-semidirect product of a left P-Ehresmann semigroup
and a left restriction semigroup.
Proposition 3.3. Let P be as in Proposition 3.2. Then

(a) E(P) = {(n1,w1) € P:wy-ny is a right identity of n1 and wyw, = w; };

(b) Suppose that for allt € W, ¢ - e = e, where e is a right identity of M. Let E. be
as in Proposition 3.2. If (I1,v1) Rg, (e,h) L5, (l1,v1) in P, then h is a two-sided
identity of v1; o

(c) Suppose that for allp € M, f-p =p, where f is a left identity of W. Let F'y be
as in Proposition 3.2. If (I1,v1) fRff (9, f) Lff (l1,v1) in P, then f is a two-sided
identity of v1;

(d) Let E be the semilattice of projections of W. Suppose that for allt € W, t-e =e,
where e is a right identity of M. Let E. = {(e,h) : h € E}. Then

(I1,v1) IJNQEE (e,h) in P = v}L < h in W.
Proof. (a) If (n1,w;) € E(P), then
(n1, wi)(n1,w1) = (n1,w1) = (((wiw) - n1)(w - n1), wiwn) = (n1,w1)
= ((wlwl)T ‘n1)(wy - n1) =ng and wiw; = wy
= (ler . nl)(wl . nl) =N
= ni(wy -n1) =ng (wI-nl =n1).

Let (n1,w1) € P be such that nq(wy - n1) = n1 and wyw; = wy. Since w]lL ‘n1 = nq, it
follows that

(wI -nyp)(wy -ny) =mng (wlwl)T -np)(wy - ny) =mny
(wiwi)' - n)(wi - n1), wiwr) = (ny,w)
n1,wi)(n1, w1) = (n1,wr)
ni,wy) € E(P).

~—~~ Y~ —~
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(b) By Proposition 3.2 (a), E. C E(P). Since (I1,v1) Iiﬁe (e,h) in P and (e, h)(e, h) =
(e, h), it follows that (e, h)(l1,v1) = ({1, v1). Then we have (((hvy)T-€)(h-1y), hvy) = (I1,v1).
Then hvy = vy. Since (e,h) L5 (l1,v1) in P, we have (l1,v1)(e,h) = (l1,v1). Then we
have (((vih)t-11)(v1 - €),v1h) = (I3, v1). Then vlh = v1. Hence, h is a two-sided identity
of V1.

(c) The proof is the same as that of (b).

(d) By Proposition 3.2 (a), E. C E(P). The proof of hv; = vy is the same as that of
(b). Since UI is the unique idempotent in the Rg-class of v; and is the minimum element
of Ll,, (F) the set of all left identities of v; belonging to E, we deduce v]lL < h. O

4. Zappa-Szép products

In this section, in general, we study the Zappa-Szép product of a right Ehresmann
semigroup and its distinguished semilattice.

4.1. Zappa-Szép product of a right Ehresmann semigroup and its
distinguished semilattice

We gain the Zappa-Szép product Y <t E, where Y is a right Ehresmann semigroup,
and F is the distinguished semilattice of Y. We define the unary operation (as defined
on Y) on our foregoing Zappa-Szép product, and find a subset of the image of unary
operation, which is the distinguished semilattice of a right Ehresmann subsemigroup G of
Y <t E. We also show that G is isomorphic and order-isomorphic to Y. Then we study
some properties of G from the order-theoretic viewpoint.

Lemma 4.1. Let Y be a right Ehresmann semigroup with distinguished semilattice E.
Define the maps E xY — Y and E XY — E by (af,w1) — af - w1 = ajw; and
(af,w1) — (a)™ = (aqw1)* respectively. Then we have Y <1 E the Zappa-Szép product
of Y and F.

Proof. In order to check that the given maps satisfy the Zappa-Szép product axioms, let
ai,c] € E and wy,xz; €Y.

(Z1)
cwy)
c

(@
* K
161
ajcl) wy (using (2.4))
* Kk
1€
* Kk
1€1

Hence, (Z1) holds.

(22)
(a] - wi)((a])* - 1) = (aJwi)((a1w1)” - 21)

= (ajw1)((ajw1)" - 1) (using (2.7))
= (ajw1)((ajw1)"z1)
= ((ajwr)(ajwi)")z1
= (ajwy)zy (using (2.3))
= aj(wyz1)
= aj - (w1m1)

Hence, (Z2) holds.
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Therefore, (Z3) holds.
(Z4)

)

)" (cqwi)* (using (2.7))
)* (using (2.6))
)

w1 (using (2.4)).

Thus, (Z4) holds. Then Y x E is a semigroup under the binary operation o, defined by
(w1,a)) o (z1,c]) = (wy(al - x1), (a})* 7). (4.1)

Hence, we have the semigroup (Y x E, o), called the Zappa-Szép product of Y and FE,
denoted by Y 1 E. O

Lemma 4.2. Let Y <t E be the Zappa-Szép product of Y and E, formed in Lemma 4.1.
Let the unary operation * (as defined on Y) be defined on'Y <1 E by

(w1, a7)" = (wf, a). (4.2)

Then the unary semigroup (Y x E,0,*)=(Y 1 E*) satisfies:

(i) ((wl) ai()* © ($1, CT)*)* - (wlv a’l)* © ('7:17 CT)*;'
(i) ((wr,a})* o (z1,61))" = ((w1,af) o (x1,¢7))*;
(iil) ((w1,a7) o (z1,¢7)*)* = (w1, a})* o (21, c7)*;
(iv) (w1, wy)* o (wr, wi)* = (w1, wy)*;
(v) (wi,a})* o (x1,a})* = (x1,a})* o (w1, a])* whenever a] <y wi and a] <; x7j.

Proof. One can verify that * is well-defined. Now we hasten to prove (i)-(v).
First, we intend to prove that for all (w1, a}), (z1,¢]) € Y > E, (i)-(iii) are satisfied.



(iii)

(iv)

A-semidirect products and Zappa-Szép products

23) )"

1,¢1))" = (W], a]) o (z1,¢7))"
(wi(ay - 21), (a])" e})”
(wi(ajz1), (a121)"e])”
(wi(aiz1), ((ar1z1)*e})")”
((wi(ajz1))*, ((a121)*e))")
((wi(afz1))", ((a121)"c)”)
(wi(ajz1), ((a121)*e})*)"
(wi(ajz1), (a1z1)*e})”
(wi(ai - z1), (a])" e})”
((w1,af) o (v1,e7))"

(using (4.2))
(using (2.4))
(using (4.2))
(using (2.7))

(using (2.4))
(using (2.4))

(using (ii))
(using (i)).

(using (2.3))

1051
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(v) Suppose that a] <, w} and a} <; z]. Then
ay = wia] = xjaj. (4.3)

Now we obtain

ajwi, (ejwi)*aj)

= (27(a - w), (a})"1a})

Lemma 4.3. Let (Y < E,*) be as in Lemma 4.2. Put

F={(w,a])": (wi,a]) €Y < E},
where F' is the image of Y < E under *. Then F is a unary subsemigroup of (Y > E*).
Proof. Let (wy,ar)*, (x1,¢5)* € F. Then

(w1, ai)" o (21, ¢7)" =

(w
= (wi(a7 - 27), ()" ¢f)

= (wi(aiz}), (mz])"eq)

= (wi(aizy), (aiz])"eq) (using (2.7))
= (wi(aizy)", ((a27)"c1)") (using (2.4))
= ((wi(ayz1)")", ((ajz1)"¢})") (using (2.4))
= (wi(ayz})", ((af21)"c))")" (using (4.2)).

Since (wi(ajzy)*, ((afx})*c)*) € Y 1 E, we deduce (w1, a})* o (z1,¢})* € F. Hence, F is
a subsemigroup of Y 1 F.
Next for any (wq,a})* € F,

((wr,a])")* = (wi,a])* = (w])*, a}) = (w],a]) = (w1,a])" € I
Thus, F' is a unary subsemigroup of (Y > E*). O

Theorem 4.4. Let F' = {(wi,a})* : (w1,a]) € Y > E} be the unary subsemigroup
of (Y > E¥), constructed in Lemma 4.3. Let G = {(wi,w}) : w1 € Y} and Dg =
{(wy,w)* : (w1,wy) € G} C F. Then (G,0,%) is a right Ehresmann subsemigroup of
(Y > E*) and Dg is the distinguished semilattice of (G,o,*). Moreover, there exists an
isomorphism between Y and G, which is also an order-isomorphism.
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Proof. Our first objective is to show that the given set GG is a unary subsemigroup of
(Y > E.%). Let (w1, wy), (#1,27) € G. Then (wy, wy)o (z1,27) = (wi(w]-z1), (w])™a]) =
(wi(wiz1), (wiz1)*a7). By (2.3), (w1, wy) o (z1,27) = (w121, (w121)*27). By (2.6),

(w1, wY) o (z1,27) = (wiz1, (W121)%). (4.4)

Since wyxy € Y, it follows that (wy,wy) o (z1,27) = (w21, (w121)*) € G. Therefore, G is
a subsemigroup of Y < F.

Now we show that G is closed under *. Let (wi,w]) € G. Then by (4.2), (wy,w}])* =
(wi,wy). Since wi € Y, we deduce (wy,wi)* = (wj,w}) € G. Hence, (G,0,*) is a unary
subsemigroup of (Y 1 E*).

Second, we prove that the unary semigroup G satisfies the identities (2.3)—(2.7). For
all (w1, wy), (z1,27) € G, the identities (2.4) and (2.7) hold in G with the aid of Lemma
4.2 (i) and (ii) respectively.

For proving the identities (2.3), (2.5) and (2.6), let (w1, w}), (z1,27) € G. Then we have

(w1, w}) o (wi,wy)* =
)
wiwy, (wiwy)*) (using (4.4))
)
Now we obtain
(wl’ w{)* © (5517 CCD* =
7, (wiz})”) (using (4.4))

Tjwi, Tjwy) (using (2.5))

Next we see that

((wl,wf) o (ggl,x’{))* o (xl,aj’{)* = (w121, (wlml)*)* o (J:l,ff)* (using (4.4))

(wi1)
( ) (using (4.4))
(wrz1)*, (w121)*)*) (using (2.6))
(wi21)

(

S
iy
8
—
*
8
=
—~
—~
g
—
8
—
~—
*
8
=t
~
\_/*

wyzy)*)* (using (4.4))

= (w1, w}) o (a1,2))"
Therefore, for any (wi,w?), (x1,2}) € G, (2.3), (2.5) and (2.6) are satisfied. Thus, (G, o0,*)
is a right Ehresmann subsemigroup of (Y < E,*). In this case, the set Dg = {(wq,w?)* :

(w1,w}) € G} is the distinguished semilattice of G.
Next we define a map a: Y — G by

a(wy) = (w1, wy). (4.5)

We show that « is an isomorphism. It is not tricky to check that « is well-defined.
One can verify that for all wi,z; € Y, a(wiz1) = a(w) o a(zy). For all wy; € Y,
a(wy) = (wi, (w)*) = (wi,w}) = (wi,w)* = (a(wy))*. So « is a right Ehresmann
semigroup morphism. Also, « is surjective and one-one. Hence, Y and G are isomorphic.

Lemma 4.5. Assume that wi,z1 € Y and (wy,w?),(x1,27) € G. Then wy < x1 inY
implies (w1, wy) <p (z1,27) in G, and (wi,wy) <p (z1,27) in G implies w1 <; z1 and
wi <ga] inY.
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Proof. Assume that wi; <y 21 in Y. Then we have
w) = x1Wwy. (4.6)
In G, we get

(.%1, xi() o (whwi()* =

— (w1, wiw?) (using (4.6))

So (w1, w?y) <g (x1,x7).
Suppose that (wy,w}) < (x1,27) in G. Then we obtain
(w1, wi) = (w1, 27) o (w1, wi)”
= (.1171,.’,13'){) o (wf,wf)
= (a1 (a7 - w}), (@7) " w})

= (z1afwy, (z7) " wy)

= (x1wf, (27)"Tw)).

Then we have w; = xjw]. Therefore, w; <y z; in Y. Since w; = zjwj, we have
wi = (x1wy)*. By (2.7), wi = (zjw])*. By (2.4), wi = ziwf. Then wj = z3(wi)*. Thus,
wi <gziinY. O

Now we return to prove our Theorem 4.4 by using the above lemma. To prove that Y
is order-isomorphic to G, we merely need to prove that

w1 <pxp inY <= a(wy) <; a(r) in G. (4.7)

With the aid of Lemma 4.5, (4.7) is proved. Hence, « is an order-isomorphism. The proof
is completed. O

Throughout this article, inf A (sup A) means the infimum (supremum) of a non-empty
set A.

Equipped with the notation, given in Theorem 4.4, we reveal some properties of the set
G in the following result.

Proposition 4.6. Consider o : Y — G the order-isomorphism, proved in the proof of
Theorem 4.4. Let ) # U C Y. Then
(i) if supU ezists in 'Y, then sup(a(U)) exists in G and sup(a(U)) = a(supU);
(i) if inf U exists in Y, then inf(a(U)) exists in G and inf(a(U)) = a(inf U);
(iii) 4f U is a down-set in'Y, then so is a(U) in G;
(iv) if U is an up-set in'Y, then so is a(U) in G.

Proof. We only prove (i) and (iii). The proofs of (ii) and (iv) are similar to that of (i)
and (iii) respectively.

To prove (i), let & = supU. Then for all u € U, u <; k. Then by Lemma 4.5,
a(u) <p a(k) for all a(u) € a(U). So a(k) is an upper bound of a(U). Let ¢ € G be any
upper bound of a(U). Since ¢ = a(s) for some s € Y, it follows that a(u) <y a(s) for
all a(u) € a(U). Then by Lemma 4.5, we obtain u <y s for all u € U. As s is an upper
bound of U, we deduce k <; s. Then a(k) <, a(s) = c¢. So a(k) = sup(a(U)), whence
sup(a(U)) = a(sup U).

To prove (iii), let ¢ € a(U) and ¢ € G, where t = a(b) for some b € U C Y, and ¢ = a(a)
for some a € Y. Suppose that ¢ <, t. Since a(a) <y a(b) in G. Then we obtain a <; b
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in Y. Since U is a down set such that b € U, we have a € U. Then a(a) = ¢ € a(U).
Therefore, a(U) is a down-set in G. O

4.2. Zappa-Szép product of a right Ehresmann semigroup with zero and
its distinguished semilattice

Here we form the Zappa-Szép product Y <t E, where Y is a right Ehresmann semigroup
with zero 0, and E is the distinguished semilattice of Y such that 0 € E. Then we define
the unary operation (as defined on V) on Y >t E, and find a subset of the image of unary
operation, which is the distinguished semilattice of a right Ehresmann subsemigroup G’
of Y 1 E with zero. We also show that G’ is isomorphic to Y. Then our aim is to discuss
some properties of the set G’ from the order-theoretic perspective, which are different from
that of G, studied in the previous subsection.

Lemma 4.7. Let Y be a right Ehresmann semigroup with zero 0 and distinguished
semilattice E such that 0 € E. Define the maps E XY — Y and E XY — E by
(a],w1) — a] - wy; = ajwy and (a7, wy) — (af)™* = (ajwy)* respectively. Then we have
Y 1 E the Zappa-Szép product of Y and E.

Proof. We first note that for any w; € Y, 0-w; = Ow; = 0, and for any a] € FE,
(a})? = (a10)* = 0* = 0. It can be checked that the given maps satisfy the Zappa-
Szép product axioms (Z1)-(Z4). Then Y x E is a semigroup with zero (0,0) under the
binary operation o, defined in (4.1). Hence, we have the semigroup (Y x E, o), called the
Zappa-Szép product of Y and F, denoted by Y 1 E. O

Lemma 4.8. Let Y <t E be the Zappa-Szép product of Y and E, formed in Lemma 4.7.
Let the unary operation * (as defined on Y) be defined on'Y <t E by

(wra)* = (wf,ai). (4.8)

Then the unary semigroup (Y x E,o0*)=(Y 1 E,*) satisfies:
(i) ((whal) xlvcl)*)* (wlvai)* © (l'l?cT)*?.
((wl,af) xlvcl))* = ((wlval) ° (331,6’1())*,'

1) o (x1,¢1)")* = (w1, a})* o (21,¢])%;
(whwﬁ (wlvwl)* (wlﬂwl) ’
v) (wy,a})* o (z1,a})* = (z1,a})* o (w1, a})* whenever a7 <y wi and a] <y 7, where

at,wh, ot £ 0.

Proof. By Lemma 2.4, and by (4.8), (0,0)* = (0,0*)* = (0*,0*) = (0,0). One can check
that * is well-defined.

Now we prove (i)-(v). For all non-zero (wy,ay), (z1,¢}) € Y > E, the identities (i)-
(iii) can be proved in the same way that (i)-(iii) are proved in Lemma 4.2. If (0,0) €
{(w1, a7), (z1,c})}, then (i)-(iii) can be easily proved. Thus, for all (wy,a}), (x1,¢}) € Y
E, (i)-(iii) are satisfied.

(iv) We deal with the cases: (a) w; # 0, (b) w; = 0.

(a) If wy # 0, then by Lemma 2.4, wj # 0. Then (iv) can be proved in the same way
that (iv) is proved in Lemma 4.2.

(b) Let wy = 0. Then by Lemma 2.4, w} = 0. It can be easily verified that (w;,w})* o
(w17 w{)* = (wlv U)f)*.

(v) It can be proved in the same way that (v) is proved in Lemma 4.2. O

Lemma 4.9. Let (Y < E*) be as in Lemma 4.8. Put
F = {(wy,a})" : (w,a}) € ¥ 5 B},

where F' is the image of Y >t E under *. Then F is a unary subsemigroup of (Y > E.*)
with a zero element (0,0) such that (0,0)* = (0,0).
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Proof. Since (0,0) € Y > E, we deduce (0,0)* € F. Then by (4.8), (0,0) € F. So
(0,0) € F.

Let (w1, a])”, (x1,¢7)* € F be such that (wy,a})*, (z1,¢])* # (0,0). Then (wi,a])* o
(x1,¢7)* € F can be proved in the same way that we proved in Lemma 4.3. It can also
be shown that (w;,a7)* o (0,0) = (0,0) o (wy,a})* = (0,0) o (0,0) = (0,0). Hence, F' is a
subsemigroup of Y ba E with zero (0, 0).

Next for any non-zero (vi,ay)* € F, ((vi,a7)*)* = (v, a])* = ((v1)*,a7) = (v}, a]) =
(vi,a7)* € F. Also, (0,0)* = (0,0) € F. Thus, F is a unary subsemigroup of (Y 01 E,*)
with zero (0,0) such that (0,0)* = (0,0). O

Theorem 4.10. Let F' = {(wi,a})* : (w1,a]) € Y > E} be the unary subsemigroup
of (Y > E¥), constructed in Lemma 4.9. Let G' = {(wi,w}) : w1 € Y} and Dgr =
{(wy,w})* : (w1,wy) € G'} C F. Then (G',0,%) is a right Ehresmann subsemigroup
of (Y 1 E*) with zero (0,0) such that (0,0)* = (0,0), and D¢ is the distinguished
semilattice of (G',0,*) such that (0,0) € Dgr. Moreover, there exists an isomorphism
between Y and G'.

Proof. First, we show that the given set G’ is a unary subsemigroup of (Y i E,*) with
zero (0,0) such that (0,0)* = (0,0). Since 0 € Y, by the definition of G, it follows that
(0,0) = (0,0%) € G'. Let (w1,w?), (z1,27) € G’ be such that (wy,w}), (z1,27) # (0,0).
Then (wy,wy) o (x1,2}) € G’ can be proved in the same way that we proved in Theorem
4.4. Tt can also be verified that (wy,w7) o (0,0) = (0,0) o (w1, w7) = (0,0) 0 (0,0) = (0,0).
Therefore, G’ is a subsemigroup of Y 1 E with zero (0,0).

Now we show that G’ is closed under *. Let (wy, w}) € G’ be such that (wy,w?) # (0,0).
Then by (4.8), (wi,w})* = (wf,w?). Since w} € Y, we have (w?f,(w?)*) € G'. So
(wi,wy) € G'. Therefore, (w1, w?)* € G'. Also, we have (0,0)* = (0,0) € G'. Hence,
(G',0,%) is a unary subsemigroup of (Y >t E*) containing zero (0,0) such that (0,0)* =
(0,0).

Second, we prove that the unary semigroup G’ satisfies the identities (2.3)—(2.7). For
all (w1, wy), (x1,27) € G', the identities (2.4) and (2.7) hold in G’ with the aid of Lemma
4.8 (i) and (ii) respectively. For any non-zero (wq,wy), (z1,27) € G', (2.3), (2.5) and (2.6)
can be proved in the same way that we proved in Theorem 4.4. It can also be checked
that if (0,0) € {(w1, w}), (x1,27)}, then (2.3), (2.5) and (2.6) also hold in G’. Therefore,
for all (w1, wY), (z1,27) € G', (2.3), (2.5) and (2.6) are satisfied. Thus, (G’,0,*) is a right
Ehresmann subsemigroup of (Y < E*) containing zero (0,0) with (0,0)* = (0,0). In
this case, the set Dgr = {(w1, w?)* : (w1, w?) € G'} is the distinguished semilattice of G'.
Since (0,0) € G’, by the definition of D¢, (0,0)* = (0,0) € D¢y.

Next we define a map o : Y — G’ by

a(wy) = (w1, wy). (4.9)

We show that « is an isomorphism. It is immediate that «(0) = (0,0), and that « is
well-defined. One can prove that for all wi,z1 € Y, a(wiz1) = a(w;) o a(xy). It can be
checked that for any w; € Y, a(w}) = (a(w1))*. So « is a right Ehresmann semigroup
morphism. Also, « is surjective and one-one. Hence, Y and G’ are isomorphic. The proof
is completed. ]

Equipped with the notation, given in Theorem 4.10, we prove all the remaining results
of this section.

Lemma 4.11. If 0 # k1 € Y, then (k1,k}) # (0,0) in G’ such that k¥ # 0 in Y, and if
(0,0) # (k1,k7) € G', then k1 #0 (and hence k¥ #0) in Y.

Proof. Let 0 # k; € Y. Then by Lemma 2.4, k7 # 0 in Y. Then we have (k1, k7) # (0,0)
in G'. Conversely, let (0,0) # (k1,kT) € G'. On the contrary, suppose that k; = 0in Y.
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Then by Lemma 2.4, kf = 0in Y. So (k1, k7) = (0,0)—a contradiction. Therefore, k; # 0
inY. Then k7 #0in Y. O

Lemma 4.12.

(i) Let wi,z1 €Y be such that wi,x1 # 0. Then wy <y x1 in'Y implies (w1, w}) <,
(x1,27) in G';

(ii) Let (wy,wy), (x1,27) € G' be such that (w1, w?), (z1,2F) # (0,0). Then (w1, w?) <y
(x1,27) in G' implies w1 <gp x1 and wi <y 7 inY.

Proof. (i) If wy,z1 € Y with wy,21 # 0, then by Lemma 4.11, (w1, w?), (x1,27) # (0,0)
in G’ such that w}, 2z} # 0 in Y. The proof of the implication is the same as that of
implication of Lemma 4.5.

(i) If (wy,wy),(z1,2}) € G with (w1, w?), (z1,27) # (0,0), then by Lemma 4.11,
wi,z1 # 0 (and hence wi, 27 # 0) in Y. The proof of the implication is the same as that
of implication of Lemma 4.5. ([l

Next, from the perspective of order theory, we reveal some properties of the set G'.
Proposition 4.13.

(i) a1 is an atom of Y if and only if (a1,a}) is an atom of G';
(i) Y 4s an atomic poset if and only if G’ is an atomic poset.

Proof. (i) Suppose that a; is an atom of Y. Then a; # 0. By Lemma 4.11, (a1, a7) # (0,0)
in G’. Suppose that for all (0,0) # (k1,k}) € G/,

(klv kﬁ{) <¢ (ala (1’1()

Since (k1,kT) # (0,0), by Lemma 4.11, we deduce k1 # 0 in Y. By Lemma 4.12 (ii),
k1 <gayp in Y. Since a; is an atom, it follows that k1 = a;. Then kf = af. So (ki,k7) =
(a1,a}). Thus, (a1,ay) is an atom of G’. Conversely, let (a1, a}) be an atom of G’. Then
(a1,ay) # (0,0). By Lemma 4.11, a; # 0 in Y. Suppose that for all 0 # k; € Y,

k1 <¢ai.

Since k; # 0, by Lemma 4.11, we deduce (ki,k}) # (0,0) in G'. By Lemma 4.12 (i),
(k1,k7) <¢ (a1,a}) in G'. Since (ay,a}) is an atom, it follows that (ki,k7) = (a1,a}).
Then k1 = ay. Accordingly, a1 is an atom of Y.

(ii) Let Y be an atomic poset. Therefore, for any 0 # k; € Y, there is an atom a; € Y
with a1 <y k1. Then by Lemma 4.11, (0,0) # (k1,k}) € G'. By (i), (a1, a7) is an atom of
G'. Then by Lemma 4.12 (i), for all (0,0) # (k1,k}) € G,

(a1,a1) <¢ (K1, k7).

This implies that every non-zero element of G’ dominates an atom of G’. Thus, G’ is
atomic. Conversely, if G’ is an atomic poset, then for all (0,0) # (k1,k7) € G', there is an
atom (a1,a}) € G’ with (a1,ay) <; (k1,k7). Then by Lemma 4.11, 0 # k1 € Y. By (i), a1
is an atom of Y. By Lemma 4.12 (ii), for all 0 # k; € Y,

a1 <g¢ k1.

Therefore, every non-zero element of Y dominates an atom of Y. Hence, Y is atomic. [
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4.3. Example
We end this section by presenting an example of Zappa-Szép product.

Example 4.14. Let V be a non-empty set containing at least two elements. Suppose
that A and B are non-empty subsets of V such that AUB =V and AN B = (). Put

M=2Z=1{0,AB,V)
Then (M,U,*) and (Z,U,*) are right Ehresmann semigroups by defining m* = m for all
m € M, and z* = z for all z € Z. Define the maps Z x M — M and Z x M — Z by
(z,m) — z-m = mUz and (z,m) — 2™ = z \ m respectively. It is handy to verify
(Z1)-(Z4). The binary operation o on M x Z is defined by
(m,z)o(m, ") = (m(z-m), 2™ 2.

Then by (Z1)-(Z4), o is associative. Hence, we have the semigroup (M x Z, o), called the
Zappa-Szép product M > Z.

Example 4.14 can be found in the contexts of inverse semigroups and left restriction
semigroups in [16] and [28] respectively, in which M = Z = P(X) (a power set of a set
X).
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