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Abstract

In this paper, we aim to construct n dimensional Jensen, Hardy and Hermite-Hadamard
type inequalities for multiple diamond-alpha integral on time scales. The cases of Hardy
type inequality with a weighted function and Hermite-Hadamard type inequality with
three variables are also considered minutely.
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1. Introduction

In order to unify the representation of discrete and continuous inequalities, Hilger es-
tablished the theory of time scales, which received growing attention [14]. Considerable
studies that involve inequalities and dynamic equations have been reported [4,5,7,13,15,
17-21,24,29,30, 32, 38,39]. We refer readers to the papers [8-10] for more details.

In the past two decades, a number of researchers have concerned inequalities through
the diamond-alpha integral, which is defined as a linear combination of A and V integral.
The following theorems consider Hardy’s diamond-alpha integral inequalities.

Theorem 1.1 (Two dimensional weighted Hardy-Knopp type inequality,[23]). Assume
that A : [a1,b1]T, X [a2,bo]T, — [0,00) is a continuous function with diamond-a;(i = 1,2)
partial derivative exists and

ot Ay, v)
/t2 /t1 (Ul - al)(a(ul) — al)(Uz _ (12)(0(7)2) — a2) Oqy V1 Cay V2 < 00,

for all ty,te € [a1,b1) X [ag,b2). We denote the function B as

B(tl,tQ) — (tl _ al)(tg — CLQ) /tbz /tbl (

A(v1,v2) ©aq U1 Oay V2
v — ay)(o1(v1) — a1)(va — az)(o2(v2) — az)
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If ¢ is a conver and positive function, and f is a diamond-a;(i = 1,2) integrable, non-
negative, bounded function with diamond-a;(i = 1,2) partial derivative exists, then the
following inequality holds.

bo b1
/ A(Ul s UQ)
az Jai

1 /02(112) /01 v1) Car U1 Cay V2
f(t1,t2) 0ay t10ay t
oo —en oo —ad) (1:82) o 1 0 ) S

ba b1 ©a1 V1 Cap U2
/(12 5 B(v1,v2)¢(f (v1,02)) (v1 —a1)(vg —az)’

Theorem 1.2 (Hardy type inequalities, [31]). Assume that L(x1,2z2), f(z1), 9(z2), ¢1(z1),
¢2(x2) are nonnegative functions and

Awr) = [ Do 22)637(@2) 00 2,

b
B(CL'Q) = / L(wl,xg)(ﬁfq(aﬁl) Ca L1,

where }D + % = 1 and p > 1. Then the following two inequalities hold and they are
equivalent.

/ab /;L(xlv@)f(fﬂl)g(@) So T1 G0 T2
(/abgbf(m)A(:m)fp(:m)oa :U1>;17</ab¢g(m)B(g;2)gq($2) on 362) .

Q=

/ BY7P(29)¢5 " (3) / L(z1,22) f(21) ©a :cl)p Oq T2 </ W (x1)A(21) fP(21) 00 1.

Meantime, a lot of works involving Hermite-Hadamard inequalities have been provided
[1-3,6,12,16,22,25-28]. Some results for Diamond-« integral are listed as follows.

Theorem 1.3 (Hermite-Hadamard inequality, [12]). Assume that ¢ is a continuous convex
function defined on [a,b]t, then

Lot oa < = 2ota) + 1200 (1)

_b—a “b—ua b—a

where T = fal?:voa z/(b—a).

Theorem 1.4 (Weighted Hermite-Hadamard inequality, [12]). Assume that ¢ is a contin-
uous convex function defined on [a,b]T, w is a continuous and nonnegative function with

[P w(a) oq 2 < 00, then

a
b—x* ¥ —a

1
T (a) + (),

b
¢<m ) < f:w(x)oax/a (ﬁ(%‘)ﬂ](l’) S
where x* = f: zw(x) 00 x/ ffw(w) On T

Theorem 1.5 (Two dimensional Weighted Hermite-Hadamard inequality, [22]). Assume
that ¢ : [al, bl] X [GQ, bQ] — T,

¢2 : [ay,b1] = R, P2(u) = ¢(u, x2),

and

Qsl : [anbQ] — R7 ¢1(’U) = (b(xhv)?
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are convex and continuous for all x1 € [a1,b1] and x2 € [ag, ba]. Then the following double
inequalities hold.

1 1 b1 1 b
2\ by —ay / o1, 51) 0a 21 + by — ay / P(s2,2) 0 T2

b1 rbo
< .1‘ 7':U 0a$ Oax
>~ (bl—al(g—ag/ / 1 2 1 2
1
= by —s xr1,a2)+ (81 —a T ’b O T
2(by —a1)(b2—a2)/ (( 2 1)@(x1,a2) + (51 2)p(z1 2)) 1
1 b2 ((b ( o(b ))
+ / - S a1, r2)+ (s2 —a ,29) ) 0q T2,
21 — a1)(bs — az) Juy 1)¢(a1, v2) + (s2 — a1)p(b1, T2 9
where
fb1x<>a fb2$<>a
e T ha

Tian et al. [33] provided the definition of the following multiple diamond-alpha integral
by employing antiderivatives of single-variable functions:

b1 bo bn
/ / / ¢(UI>UQ,"' ,’Un) Ca V1 Oq V2 "+ Cq Up. (12)
a1 Jas an

Moreover, some noted inequalities including Jensen, Holder, Minkowski type inequalities
have been given for n-tuple diamond-alpha integral on time scales.

Later on, Mao et al. [20] conceptualized the definition of this integral with different
alpha, “multiple Diamond-c«; integral” for short, which was polished up (1.2):

b1 bo bn
/ / / Qb(vlvUZy"' 7/Un)<>041 V1 Qg V2 ** Oqy, Un-
a1 Jas an

The paper is organized as follows, in section 2, we will establish Hardy type inequalities
for multiple Diamond-«; integral and the case with a weighted function, which generalizes
Theorem 1.1. Before that, Jensen’s inequality will be provided first. In section 3, Hermite-
Hadamard type inequalities for multiple Diamond-c«; integral of three and n variables will
be minutely given, namely, we improve Theorems 1.3 and 1.5 to three and n dimensional.

2. Hardy type inequalities for multiple Diamond-q; integral

In what follows, unless otherwise noted, we denote [a,b]NT as [a, b and assume always
that a,b € T. For more basic knowledge about time scales, readers can consult [8].

To establish the desired Theorem 2.4, we need the following Jensen’s inequality for
multiple Diamond-«; integral.

Theorem 2.1 (Jensen’s inequality for multiple Diamond-a; integral). Assume that w, :

[B1, 71T, X [B2,Y2lT, X -+ X [Bns T, — R are diamond-o;(i = 1,2,--- ,n) integrable
functions with
Y1 Y2 Yn
/ / / lw(v1,v2, -+, Un)| Cay V1 Cay V2 Cq, Un < O0.
1 2 n

If the function ® is bounded convex, then
I3 I3 -f% lw(vi,va,+ vp)|[Y(V1, 02, ,VR) Cay V1 Cag U2+ Cay, Un
< f f --f'y" |w(vi,v2, -+, 0n)| ©ay V1 Oay V2 Oy, Un )
I3} f'yj f lw(vy,ve, -+, vp)|[@((v1, V2, ,UR)) Oay V1 Cas V2" * Cay, Un

B f’yllfg : fg: |W(U17U27"' uvn)’0a1 U1 Oap V2 Oqy, Un
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Remark 2.2. The proof of Theorem 2.1 is similar to the proof of Theorem 2.3 in [33],
hence we omit it here. It is also worth to point out that Theorem 2.1 is a generalization
of [23, Theorem 4.1].

Taking w(zy1,xe, -+ ,x,) = 1, we obtain the following corollary.

Corollary 2.3. Assume that 1 : [B1, 71T, X [B2,Y2|T, X -+ X [Bn, Vn]T, — R is diamond-
ai(i=1,2,--- ,n) integrable function. If the function ® is bounded convex, then

(f f --fg:q/}(vl,vg,~-,vn)oalvloazm--ooanvn)
[Iiei (i — Bi)

f f f”: O (YP(v1,v2,+ ,Vp)) Cay V1 Oay V2 * Oay, Un

[T (v — Bi) '

Now we consider Hardy type inequality for multiple Diamond-«; integral. For more

details about classical Hardy type inequality, readers can consult [11,34-37]. Before stating
the following theorem, for convenience, we introduce following notations

<

(2.1)

— g .__ N
(52' = U; — Qg 61 = Ui(vi)—ai, 2—1,2,--~ , N,

Theorem 2.4 (Hardy-knopp type inequality for multiple Diamond-«; integral). Assume
A, f a1, bi], X[a2, ba]T, X+ - - X[an, by]T, — [0, 00) are continuous functions with diamond-

a;(i=1,2,--- n) partial derivatives exist and
by bz bn A(Ula V2, ,vn)
Oy V1 Cay V2 * * O, U < 00,
n/tl w/tz /tn ?:1 67,510- o 2 “ "
forallty,ta, -+ ,t, € la1,b1)X[ag,b2) X --X[an,by). If ¢ is a convex and positive function,

and f is nonnegative bounded function, then the following inequality holds.

b1 b2 bA’U C

17U27 avn) (Ulav% 7U7L)
[ L S PN
a as z i=1"%4

b1 b bn
/ / B U1>U2, avn)¢(f(vlav2>"' ,Un)) Cai V1 Cay V2 ** Cq,, Um(2'2)

where the functions B,C are respectively defined as

b1 bo bn A U ..
1, V2, 7Un)
B(t17t2a”' 7tn) ::/ / / n 65 <>a1 /U1<>a2 U?"‘Oan Un,
t1 to tn Hi:l 105

and

o1 v1 U2 Gn(’Un)
C(Ulyv%"' U / / / f(t17t2;"' atn) Cay t Cag t2"'<>an ty.

Proof. By employing Corollary 2.3, we obtain

C(vi,v2, -+,
o )
_ ¢(f‘71 (v1) f‘72 v2) |, .f;nn(vn) flti o, tn) 0ay t1 %ay ta -+ Oa,, tn)
[Tiz1(o(vi) — as)
Jortn) poatea) ot g f(ty, by, 1 tn)) Oay b Gay b2+ Oy, bn
[lic1(oi(vi) — as) .

IN

(2.3)
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Substituting inequality (2.3) into the left hand side of (2.2) and using Fubini’s Theorem,
we yield

b1 b2 bn vla“?a avn) C(U17U27"' 7UTL)
5 ) w5 Say V1 Cay U2+ - O, Un
a1 Jag an 1 Hi:l [

Z

< /bl /b2 /bn vl,vg, )
Qan, = l
R P eb(f(tl,‘-- ) Qi tr Catn
1 2 O,
[y (oi(vi) — a;) o o o
_ /b1/b2 /b A(v1,v2, -+, vn)
N | J T
o1(v1) on(vn)
(/ / ¢(f(tla ‘it ))Oaltl"'oantn)oogUloaQUQ"'OanUn
al an
bi pbe bn
= / / / ¢(f(t1,---,tn))
a1 Jas an
b1 b2 bn A(Ul U2 () )
/ / / ﬁ?;l’ézéf’ = Cay V1 Oy V2 + Oq, Un) Cay 11 Cay t2"'<>an in
b1 b2 bn,
= / / B ’U1,’U2, ,Un)¢(f(U1,U2,“‘ ,Un)) Qa1 V1 Cag V2 Oy, Un-
Thereby we complete the proof. O
If the function A(vi,ve,---) =1, then
ba bn 6h V1 Oy V2 -+ + On Up,
Blntn = [ [ [ oo v o
(B, ! tJe tn i1 5155
/ Noerc
= o vg---onv/ oy U1
o Ju H 25 a7 My (o= a)(on(vr —ar))
1
= Cag V2 Oqq U3+ * Oq,, U
v1 — ay lb /t . Hz2650 ag V2 Yaz U3 an Un
N 1;[<vz—az b) _g(ti—ai B bz-—ai)'
Moreover, if every b; is finite number, namely, b; < co(i = 1,2,--- ,n), then we have

B(tl,tz,---,tn):ﬁ( 11 )

=1 ti*ai bi*ai
if b =o00(i =1,2,--- ,n), then we get
n 1
B(tlat27'" 7tn) = H

it ai

Theorem 2.4 reduces to the following corollary by taking A(vi,ve, -+ ,v,) = 1.

Corollary 2.5. Assume that A(vi,va,- - ,v,) = 1 and conditions in Theorem 2.4 hold,
then inequality (2.2) changes into

bl b2 bn 1 C('Ul,’l)Q,' .. 71)n)
n 5¢< n o so )Oal V1 Cap V2 * Ca, Un
ap Jaz =1 "1 =14

an

bl b2 b, T 1 1
Ll /0,2 /an g(&_b‘—a‘)(b(f(vl”{&’“. 7Un))<>oz1 UIOQQUZ"'OanUna

(2 K3
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if by <oo(t=1,2,---,n) and it tmnsforms into

(Ulyv27 e 7/Un)
n 40 Cay V1 Cag V2 * Qg Un
a1 Jas an H i=1"%
oo
/ / / /U17/U2)"' 7/1)71)) <>a1 U1 <>O¢2 U2"'<>an Un,
a1 Jas a

nog= 1
Zbe: (Z_1727 y

Taking (i = 1,2, -- ,n) =1 or 0, we obtain the following corollaries, respectively.

Corollary 2.6 (Hardy-knopp type inequality for multiple A-integral). Let o = g =
<o = ayp = 1. Assume that A, f : [al,bl]qu X lag,ba]T, X -+ X [an,by]T, — [0,00) are

continuous functions with A;(i =1,2,--- ,n) partial derivatives exist and
bl b2 bn ’U,’U,"',U
/ / / o 0:09 n)Allegvg cee Anvn < 00,
=10i0;
forallty,ta, -+ t, € [a1,b1)X[ag, bg) X+ X[an,by). If ¢ is a convex and positive function,
and fis A;(i = 1,2,--- ,n) integrable, nonnegative, bounded, then the following inequality
holds.

by bn A 01,02, <p) , rCor, 09, o)
/a / /an z 151 ¢( ?:1 5;7 >A1U1A2U2-~-Anvn

b1 b2 bn
// B(vi,va, - ,vp)0(f(vi,v2, - ,00))A101Agva - - Ayuy, (2.4)

where functions B,C are respectz'vely defined by

bl b2 brn A /Ul Vo, - - )
B(ty,ta, - ,ty) == ‘e = A A -A
( 1,02, ; n) /tl /t2 /tn Hn ) 5 50 1U1A420V2 - nUn,

and
’U1 o2 1)2) On vn)
C(vi,va,- - ,v / / / flti,ta, - tn)Arti Aoty - - - Apty.

Corollary 2.7 (Hardy-knopp type inequality for multiple V-integral). Let o = ag =
- = ap = 0. Assume that A, f : [al,blh‘l X lag, ba]T, X -+ X [an,bp]T, — [0,00) are
continuous functions with V;(i = 1,2,--- ,n) partial derivatives exist and

b pbo bn A(v e

1 U2 (%

/ / / = 07 n)V1U1V2U2 .. 'ann < 00,
=1 5i5i

forall ty,ty, -+ ,t, € [a1,b1) X [ag,bg) X+ X [an,by). If ¢ is a convex and positive func-
tion, and f is Vi(i = 1,2,--- ,n) integrable, nonnegative and bounded, then the following
inequality holds.

b bn A ce
/ 1/ / ’Ul;UZ; 7vn)¢(c(vli—[’0§7 5ovvn)>v101V202...vnyn
ay an = z 1=1"%4

b1 b2
/ / / B(vi,v2,-++ ,vp)(f(v1,02, -+ ,vn))Viv1Vava -+ - Vv,  (2.5)
a1 Jas an

where functions B, C' are respectively defined by

b1 bo bn A e
B(ty,tg, - ,ty) == / / / (vl’w’éda )V1U1V2v2 -V Un,
z 1

and

Ul 0’2 ’U2) O'n ’Un)
C(”lv”??"' , U :/ / : / f(t17t27”' ,tn)V1t1V2t2-~-Vntn.
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Noting that

n o1(v1) proz(v2) on(vn)
H 57 = [[(os(vi) — / / / 100, t1 %ay t2 = Oa, tn,  (2.6)
=1

replacing 1 by w(t1,te, -+ ,vy,) in the formula (2.6), it improves Theorem 2.4. We assume
that w(ty,te, - ,v,) > 0. For convenience, we denote

H(’Ul,’(}g,"' , U / / / t17t27 7Un)<>o¢1 tloaz tQ"'Oan tn7

and

’Uly'UQa ) n) = H(O’l(’l)l) 0'2(’[)2), T ,Un(’l)n))
o1(v1) poz(v2) on(vn)
/ / / (t17t27"' 7vn) Cay t1 Cas t2"‘<>ozn tn-

Thus, we obtain the following theorem, which involves and improves Theorem 2.4.

Theorem 2.8 (Weighted Hardy-knopp type inequality for multiple Diamond-c; integral).
Assume that A, f : [a1,b1]T, X [az, b2]T, X - X [an, by]T, — [0, 00) are continuous functions

with diamond—ai(i =1,2,---,n) partial derivatives exist and
A(Ula v, 7”7),)
Cay V1 Oay V2 ° * Oq,, Up < OO
\/t /t tn Hvlav27"' 7UTL)HU(U17U27"' ﬂUTL) “ o “ " ’
forallty,ta, -+ t, € [a1,b1) X [a2,b2) X+ X[an,by). If ¢ is a convexr and positive function,

f is nonnegative and bounded, then the following inequality holds.

b A(vy,vg,-++ v C(vi,va,--+ v
/ / 1, Y2, ) n)(b( ( 1, Y2, ) n))) ay V1 Cay V2 Oayy Un
a1 Jaz

an H U17U27 o 7Un) HU(U17U2a“' , Un,

b1 bo bn,
S/ / / w(vi,v2, -+ vp)B(v, vz, - vp)O(f(V1,v2, -+ ,Vn)) Oay V1 Cay V2 Oay, Un,
a1 Jas an

(2.7)
where the functions B, C are respectively defined by
br rbe bn A Ul,Ug,---,’l)n Oay V1 Oay V2 "+ * Oy, Un
B(ti,t2,- - ,tn) ::/t /t /tn H(v1,vg, - ’z}n)}{a(mi@%... )
and
0(7117712, . ,vn) = /(:l(vl) . ./acrn(vn) w(t17 e ’tn)f(th oo ;tn) Say t1 " Oa, tn-
Proof. By employing Theorem 2.1, we obtain
( C(v1,v2, -+ ,vp) )
Ho(vi,v9, -+ ,Up)
_ ¢(f£’f(”“---fin"<”")w(t1,---  0n)f(t1, ) Oay b1 0y, tn)
f;fll(vl) . f;nn(vn) Wt ,n) Say t1 -+ Oa, tn
< SO0 @) gty u)@(F (e t) Can t - O ta
o f;ll(vl) o f;:t(”n) Wty ,Un) Oay t1 " Oa, tn
_ f;’f(”l)-"f(fn"(”")W(h,--- n)O(f(t, - 1)) Oay B+ -+ Oay tn 28)

HU(ULUQ) e a/Un)
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Substituting inequality (2.8) into the left hand side of (2.7) and using Fubini’s Theorem,
we yield

by b (U15U27”' 7UTL) C(Ul,UQ,"' 7Un)
o & V1 < V- U
»/a /a an ('Ul,'Uz,"‘,Un)¢<HU(U1,U2,"‘,Un)) o T Pan T2 T
S /b1 b2 (1}171)27"' ,’Un)
Qn, H 7)177)27 ,Un)
f;’l .. f;r:(un) (1, 7tn)¢(f(tla"'7tn))<>a1tl"'<>antn<> o o
HJ(U17'Z)27"‘,Un) on 71 Tee T2 o
o /bl /b2 bn A(Ul,UQ,"' ,fun)
a, H(v1,v2,- ,v,)Ho(v1,v2,- -+ ,vp)
o1(v1) on(vn)
(/ / w(tly"' 7tn)¢(f(t17"' 7tn)) Ca tl"'oan tn) Cay V1 Can V2 ** Oy, Un
ay an
b1 bz bn bl b2 bn
— / / / wltn, ta, - tn)d(f(t1, ta, - 7tn))(/ / /
a1 Jas an t1 Jiag tn
A(Ulv’L)Qa"' Un) )
Car V1 Cas V2 Oa, Un ) Cay 1 Can t2 O, T
’U1,U2,"' ’Un)H (U17U2, 7'Un) a1 V1l Yag U2 an Un a1 U1 Yag L2 an 'n
b1 bn
- / / ’Ul,"' Un) (Ula 7Un)¢(f(v17"'7vn))<>a1 ’Ul"'<>an Un.- (29>
Thereby we complete the proof. O

In the same way, we could establish weighted Hardy-knopp type inequality for multiple
A and V integrals by taking oy = as = --- = «a,, = 1 and 0, respectively.

3. Hermite-Hadamard type inequalities for multiple Diamond-«; integral

In what follows, f(v1,ve,- - ,vy) is convex on [a1,b1] X [az, ba] X - -+ X [an, b,] means
f(Cl,CQ,"' 3 Ci—1,Vi, Ci41,° ’Cn)a 1= 1727"' y 1L,
are convex on [a;, b;] for all (c1,co, -+, ¢i—1,Cit1, -+ ,n) € [a1,b1]X[ag, bo]x- - -X[aj—1,bi—1]X

[@it1,big1] X -+ X [an, by).
In this section, we first present the Hermite-Hadamard type inequality for Diamond-c;
integral with three variables.

Theorem 3.1. Assume that f(vi,v2,v3) is continuous and convex on [a1,b1] X [az, ba] X
las, bs], then the following inequalities hold.

f( Tat;t;) (31)
1 1 bl * * 1 b2 * *
< §<b1—a1 f(1,15,83) 00y v1 + — F(t7,v2,t3) 0, V2
1 * gk
b3 —as f( 1> t27 U3) <>053 U3) (32)
= <(b1—a1 (ba — a2) / f (01, 02, 85) Oay V1 0ay V2
al
(bl —ay) b3 —as) / f UL, 13, U3) Oay U1 G U3
al
bo b3
t ) b <> <> 3-3
+(b2—a2)(bg—a3 L ) 0as v 00y o) (3.3)
1 b1 bo bs
< ]'[3(ba)/ / f(v1,v2,03) ©ay V1 Oay V2 Oay U3 (3.4)
i=1\YVs — g a; Jaz Jas
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< = !
311 (bi — ai)
by by
(/ n11f(az,v2,v3) + 12 f (b2, v2,03) Oa, V2 Oay U3
as Jas
b1 by

+ n2,1f (v2, az,v3) + M2.2f (v2, b2, V3) ©a; V1 Cay U3
a1 Jasz

b1 rbs
+/ n3,1.f (v2,v2,a3) + 13,2 f (v2, v2,b3) Oa; V1 Oay U2> (3.5)
a1 Jas
1
3171 (bi — ai)

b1
(/ n2,1m3.1 f (v1, a2, a3) + 21132 (v1, az, bs)
a

1

IN

b2

+n2,2m3,1f (v1, b2, a3) + n2.2m3,2 f (v1, b2, b3) ©a, V1

+ [ manzaf(ar, v2,a3) +n1anzaf(a, vz, b3)
( ) (
( ) (

az

+n1,2m3,1.f (b1, v2,a3) + n12m3,2f (b1, v2, b3) 0y V2

b3
+/ man21f(ar, az,v3) +n11m22f (a1, be, v3)
as

+m 2m2,1f (b1, a2,v3) + n12m2.2f (b1, b2,v3) Oay U3> (3.6)
1
IT7—1 (bi — as)
mane2ns1f(ai, ba, az) +niamzens 2 f(ar, b, b3) +m2n21m31.f (b1, az, as)
(b1, a2,b3) + 11 ,2m2,2m3,1 f (b1, b2, az) + 11,21m2,2m3,2.f (b1, ba, 53)), (3.7)
where 1; (i =1,2,3;j = 1,2) are defined as follows
ni1 = by — ], 1=1,2,3,
1i,2 =t; — a;, 1=1,2,3,

IN

(771,1772,1773,1f(a1, ag,az) +m,1n2,1m3.2f (a1, az, b3)

n1,2M2,1m3,2.f

with )
tjzif“iwais, i=1,2,3.
bi — a;
Proof. Since f(v1,v2,v3) is convex on [a1,b1] X [ag, ba] X [ag, bs], we have
(a)f1(v1) := f(v1,co,c3) is convex on [ag, by] for all (co,c3) € [ag, ba] X [as, bs];
(b) fa(v2) := f(c1,v2,c3) is convex on [ag, be| for all (c1,c3) € [a1,b1] X [as, b3];
(¢)f3(vs) := f(c1,c2,v3) is convex on [as, bg] for all (c1,c2) € [a1,b1] X [az, ba].
And due to that f(v1,ve,v3) is continuous on [a1, b1 X [ag, b2 X [as, bs], thus
(a) f1(v1) := f(v1,co,c3) is continuous on [ay, by] for all (cg,c3) € [ag, ba] X [as, b3];
(b) fa(v2) := f(c1,v2,c3) is continuous on [ag, be| for all (c1,c3) € [ay, b1] X [ag, bs];
(c)f3(vs) := f(c1,c2,v3) is continuous on [as, bs] for all (c1,ca) € [a1,b1] X [ag, ba).
Then the conditions in Theorem 1.3 hold, we get

1

f(tl,c2,c3) < 2 f(v1,¢2,¢3) ©qy V1, (3.8)
1 — ay al
* 1 ba
fle1,t3,¢3) < 7 fle1,v2,¢3) ©ay V2, (3.9)
2 — a2 az
and
* 1 b3
fle,e,t3) < f(c1,c2,v3) 0ay v3. (3.10)

3 — a3 as
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In fact, inequalities (3.8), (3.9) and (3.10) hold for all ¢;(j = 1,2,3), which could
replaced by aj;, bj, t; or v;.

(1) The proof of inequality “(3.1) < (3.2)”. Taking c2,c3 equal to t3, ¢35 in Inequality
(3.8), we have
by

f(vl, t;, tg) Oy V1.

f( 17t27t3)

Similarly, the following inequalities hold based on inequalities (3.9) and (3.10).

b1 —ax

b
f(tia V2, t;) <>012 V2,

f{t1, 15, 3) <

2 — a2

1 b3
Pt 5.85) < e [ £t 0) 00y 0n
a3

Adding them up, we complete the proof of inequality “(3.1) < (3.2)”.
(2) The proof of inequality “(3.2) < (3.3)”. Taking ¢ = v2 and ¢z = t§ in inequality
(3.8), we have
1 b

f( T7U27t§) <

Taking diamond-ay integral of both sides with respect of ve, inequality (3.11) leads to

bl —a f(vh V2, t;) Cay V1 (311)

b2 bl b2
J (1, v2,15) 00y v2 < 5 / f(v1,v2,15) 00y V1 ©ay V2. (3.12)
a2 1 — ay
Similarly, we immediately obtain
b3 ba b3
/ f(tiv t;a U3> Cag U3 < b / f(th v2, 03) Cay V2 Oaz U3, (313)
as 2 — aQ
and
b1 bl b3
f(vly tQa t3) Can v1 < b3 a3 / f(vla tQa US) Caq V1 Cag V3. (3'14)
al
The sum of inequalities (3.12), (3.13) and (3.14) multiplying by bg—a27 bgiag and b1 —

respectively arrives at inequality “(3.2) < (3.3)".
(3) The proof of inequality “(3.3) < (3.4)”. Taking ca = va,c3 = v3 in inequality (3.8),
we obtain

i) < o [ florsn) ooy (3.15)

Taking diamond-as and diamond-as mtegrals of both sides, inequality (3.15) gives

b1 bo bs
/ / f(vly V2, U3) Caq V1 Cay V2 Oag U3,

by rbs
*
/ F(t],v2,v3) ©ay V2 ©as V3 <
a b1 — a1

namely,

b2
(1, v2,V3) ©ay V2 ©as U3
(52—02 ) (b3 — as) /ag /a
bi pba by
< —/ / f(Ula'U2a'U3) Cay V1 Cay V2 Cag V3.
Hi:l(bi - az

Clearly, we also have

b1
U27t27 'US Cay V1 Cag U3
(b1—a1 (b3 — a3) /¢11 /zz

b1 b2 b3
< / / f U1, U2, 1)3) Cay V1 Cay V2 Caz U3,
1(b; — a;)

’L
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and
1
(b1 —a1)(b2 — a2)
. AT )
< V1, V2, U3) Oqq V1 Cay V2 Oaq V3.
>~ H?l(bi—ai)/al /(12 o 1,V2,03) Ya; V1 Yag V2 Va3 V3

Thereby we complete the proof of inequality “(3.3) < (3.4)” immediately.
By employing the right hand side of inequality (1.1) in Theorem 1.3 and the definition
of n, we obtain

b1 b2 .
/ f('027 2)27 t3) OOél U1 <>a2 V2
a1 Jas

/abl f(vi,ea,¢3) 00, 11 < (b1 — 1) f(ar, c2,¢3) + (8] — ar) f(b1, 2, ¢3)
1 = maflai,ca,c3) +maf(bi,c2,c3), (3.16)
b2
. fle1,v2,¢3) 00y v2 < (b2 —t3) f(c1, a2, ¢3) + (t5 — az2) f(c1, b2, c3)
= mf(er,a2,¢c3) +maf(ci, b, c3), (3.17)

and

b3
/ fler,e2,v3) 005 v3 < (b3 —t3) f(c1, c2,a3) + (t5 — az2) f(c1, 2, b3)

3
= m1f(c1,c2,a3) +n31f(c1,c2,b3), (3.18)

(4) The proof of inequality “(3.4) < (3.5)”. Setting co = v9 and ¢3 = v3 in inequality
(3.16), we have

by
J(v1,v2,v3) 00y v1 <11 f(a1,v2,v3) + N1 2f(br,v2,v3), (3.19)

al

Taking diamond-ay and diamond-as integrals of both sides, inequality (3.19) gives

b pbo bs
/ / f(v1,v2,03) ©a; V1 Oay V2 Oay U3
a1 Jaz Jaz

by rbs
= / / (771,1f(a1, v2,v3) + n1.2f (b1, v2, ’03)) Oy V2 O V3. (3.20)
as Jas

In the same way, we have

b1 bo bs
/ / / f('Ula V2, ’Ug) Cay V1 Cay V2 Cag U3
ar Jaz Jag
/b1 /b3
ai as

b1 b2 b3
/ / / f(v1,v2,v3) ©a; V1 Cay V2 Oay U3
a1 Jas Jas

bi rbs
/ / (773,1f(017 va,a3) +n32.f(v1, va, b3)> Oy V1 Oay V2, (3.22)
al a

Then the proof is completed based on inequalities (3.20), (3.21) and (3.22).
(5) The proof of inequality “(3.5) < (3.6)”. Taking ca = vy and ¢3 = a3 in inequality
(3.16), we have
b1

IN

(772,1f(1)17 az,v3) + n2.2f(v1, ba, 113)) Oay U1 Cay U3, (3.21)

and

IN

f(v1,v2,a3) 0a; v1 < m11f(ar,v2,a3) +n12f(b1,v2,a3). (3.23)

al
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Taking Diamond-ay integral of both sides gives with respect of vy, inequality (3.23) gives

bl b2 b2
/ J(v1,v2,a3) 0a; V1 Oay V2 < / ni,1f (a1, v2,a3) +nm12f(b1,v2,a3) 0a, v2. (3.24)
a a2

a2
Similarly, we obtain the following inequality if taking cy = we,c3 = bs in inequality
(3.16).

b1 b2 b2
/ f(v1,v2,03) 0a; V1 Oay V2 < n,1f(a1,v2,03) + n12f(b1,v2,b3) 00, v2. (3.25)
a1 Jas

a2z

In the same way, we have

b b3 b3
/ f(a1,v2,v3) Oay V2 Oay U3 < / n2,1f (a1, a2,v3) + m22f(a1,b2,v3) 0as v3, (3.26)
a as

as

b2 b3 b3
/ F(b1,v2,03) 0ay V2 Oay V3 < / n2,1f (b1, az,v3) + n22f(b1, b2, v3) 0y v3, (3.27)
az Jas as
b1 b3 bl
/ f(v1,a2,v3) 0q; V1 Oay V3 < / n3,1f(v1,a2,a3) +n32f(v1, a2, b3) 0a, v1, (3.28)
a as ai
and
bl b3 bl
/ J(v1,b2,03) 00 V1 005 V3 < n3,1.f (v1,b2,a3) + n32f(v1, b2, b3) 00y v1. (3.29)
al as al

Clearly, (3.24) XM3,1+ (3.25) X132+ (326) XM1,1+ (327) XM 2+ (328) XM2,1+ (329)
X132 leads to

by rbs
/ 1 f(a2,v2,v3) +ni2f (b2, v2,V3) ©ay V2 ©ay U3
bl
/ / n2,1f(v2, a2, v3) + N22f(v2, b2, V3) 00y V1 ©ay U3
al

bi pbo
+/ n3,1.f(v2,v2,a3) + n32f (v, V2, b3) Oa; V1 Oy V2
a1 Jas

IN

b1
/ n2,1m3,1f (1, a2, a3) +n2,1m3.2 f (v1, az, b3)
a

1
+12,2m3,1f (v1, b2, a3) + m2,2m3,2 f (v1, b2, b3) 0a, V1
b2
+ [ mamzaflar,ve,a3) +nianzaf(ar, v2, b3)

az

( ) (
+n1.2m3.1 f (b1, v2,a3) + 11,213 2.f (b1, v2, b3) 00, V2
( )

bs
+/ manzif(ai,az,v3) +nianef(ar, be, vs)
a

3
+11,2m2,1f (01, a2, v3) + m1,2m2,2f (b1, b2, v3) ©ay V3.
Thereby we complete the proof of inequality “(3.5) < (3.6)”.
(6) The proof of inequality “(3.6) < (3.7)”. By employing inequalities (3.16), (3.17) and
(3.18), it gives

b1
/ n2,1m3.1 f (v1,a2,a3) + n2.1m3.2f (v1, az, b3) ©a, V1
a

1
< maneanzaf(a, az,az) + m12m2,1m3,1 f (b1, a2, a3)
+ mianeanzaf(ar, az, bs) + m2m21ms 2 f (b1, a2, b3), (3.30)
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b1
n2,2m3,1 f (v1, b2, az) + n2.2m3,2f (v1, b2, b3) ©a, V1
al
< mameensaflai, be,az) + i 2m22m3.1 f (b1, b2, a3)
+ mane2ns2f(a, be, bs) + mi2ne2ns 2 f (b1, be, bs), (3.31)
b
mansaf(ar,v2,as) +mins2f (a1, v2, b3) 0, v2
a2
< nuaneanzaf(ar, az, az) +n11n2,2m3,1 f (a1, b2, az)
+ maneans2f(ai, az, b3) +manz2nsef(ai, bz, b3), (3.32)
b2
n,2m3,1f (b1, v2,a3) + m 2132 f (b1, v2, b3) 0y V2
a2
< muaneans f (b, az, az) +n12m2,2m3,1 f (b1, b2, a3)
+ maneanz2f(bi,az, b3) + man22m32f (b1, ba, b3), (3.33)
bs
nanzf(ar, a2, v3) +m 22 f(ai, be, v3) 0a, U3
as
< muaneanzaf(ar, az, az) +nianeans2f(ar, az, b3)
+ mameensif(ar, b, az) +n1im2.emz 2 f (a1, ba, b3), (3.34)
and
bs
/ n,2m2,1f (b1, a2, v3) + i am22 f (b1, b2, v3) Oy U3
as
< muaneans f (b, az, az) +n12m2,1m3,2.f (b1, az, b3)
+ n12m2,2m3,1f (b1, b2, a3) + n12m2,2m3,.2f (b1, ba, b3). (3.35)
Adding inequalities (3.30), (3.31), (3.32), (3.33), (3.34) and (3.35) up, we can complete
the proof of inequality “(3.5) < (3.6)”. Hence we have proved the theorem. O

Undoubtedly, the corresponding Hermite-Hadamard type inequalities for A and V in-
tegrals of three variables can be obtained easily if we take all a; = 1 or 0 in Theorem
3.1.

In fact, the inequalities given in Theorem 3.1 have the following equivalent form:

b1
/ / f (17, 15,13) ©ay V1 Cay V2 Oag U3
az Jas

b1
S / / f /Ulvt27 t3) <>a1 V1 Cay V2 <>043 U3
ai
/ f tl? U27 t3) Oal (%1 <>a2 V2 <>Oé3 U3
az Jas
b1 ba b3
* K
+/ / J(t1,3,V3) ©ay V1 Oay U2 Oag 113)
b1 bo b3
< / / f(vla V2, t3) Cay V1 Cagy V2 Cay U3

1
3
*
/ / / Ul7 t27 U3) <>a1 U1 <>O¢2 (%] <>O¢3 U3
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b1
/ / (1, V2,03) Oy V1 Can U2 ©Oasy Us)
a

’017 V2, 1)3 Cay V1 Cay V2 Oqg U3

IN

J,
/

by
b a/ / 7711f (a2, v2,v3) + n1,2f (b2, v2,V3) ©a; V1 Cay V2 ©as U3
1 — U1 Jay

bi b
/ / / n2,1f(v2, az, v3) + 2,2 f(v2, b2, V3) Oay V1 Cay V2 Cag U3
al

1?2—@2

bi o by
+ / / n3,1.f (V2, V2, a3) + n3.2f (v2, V2, b3) ©a; V1 Cay V2 Cay v3)

53*613

1 1 bl b2 bg
§<(b2 S (— / / 2,173, (V1, az, az) + m2,1ms.2.f (v1, az, bs)
a1 Jas Jas

+n2,2m3,1.f (v1, b2, a3) + n2.2m3,2f (V1, b2, b3) 00y V1 Cay V2 Oay U3

1 b1 bz b3 b
+ ) ) + ) )
o1 —a) (s —a3) /al /aQ /a3 mansf(ar, ve, a3) +mansaf(ar, va, bs)

+m 2m3,1f (b1, v2,a3) + M 2m3.2f (b1, v2,b3) a4y V1 ©ay V2 Oay U3

1 bl b2 b3 b
+(b1 Y " /a1 /a2 5 Mz, f (a1, az, v3) + manp2f(ar, be, vs)

+m 2m2,1f (b1, a2, v3) + M 2m2,2f (b1, b2,03) a4y V1 ©ay V2 Oay U3>

IA

IA

man2,1m3,1f (a1, a2, a3) +n11m2,1m3,2 f (a1, az, b3)

mam2,2m3,1f (a1, b2, a3) +m1m2,2m3,2f (a1, b2, b3) + m1,2m2,1m3,1 f (b1, a2, as)
m2n2,1m3,2f (b1, a2, b3) + m1.2m2.2m3,1 f (b1, b2, a3) + m 2m2,2m3,2.f (b1, be, b3).

Now we consider the case of n variables. Before starting our theorem, some necessary

notations that simplify our proof are given. Similar to Theorem 3.1, ¢f(i = 1,2,--- ,n)
and 7 ;(1=1,2,-- ,n,j = —1,0,1,2) are defined as

b.
fa;soais / 1 / 1 b; _t* / t:_ai
bi —a; ’ 771,71 -5 771,0 - 5 772 1= bz — ai’ nz,2 - bi —a; .

Let D := (dy,dy,- - ,dy) € {0,1,2, 3}><{o,1,2,3} x -+ x {0,1,2,3} and

=

)

b1 rba
LAf}(dy,dz,--- ,d / / f (Y1(d1),¥2(d2), - -+, ¥n(dn))oa; V100502 * * O, Un,
where ¢;(x)(i = 1,2,--- ,n) are defined on {0, 1,2, 3} as follows

v;, if x=0,

ty, it xz=1,
Yilw) = ai, if =2,
b;,, if x=23.

For example, I3{f}(0,2,3) means

by by rbs
/ / f(v1,a2,b3) 0ay V1 Oay V2 Cay U3,
al a as

and I3{f}(1,1,0) means

b by rbs
* *
/ / J(t1,15,03) 00y V1 ©ay V2 Cag U3-
a1l a2z as



On Hardy and Hermite-Hadamard inequalities for N-tuple diamond-alpha integral 681

We also denote
Jn{f}(dla da, -+ :dn) - (H Ué,di—1)fn{f}(d1a da,--- ,dn),
i=1
for instance, J3{f}(0,2,3) means

773,—1775,177:,1,,2[n{f}(07 2,3)

by by rbs
= 77&,1”%,2/ / f(vlv az, b3) Cay U1 Cay U2 a3 V3.
a1 Jas Jag
Clearly, if every d;(i = 1,2,--- ,n) equal to 0 or 1, then
Jn{f}(d17d27 ;dn):In{f}(d17d27 7dn)

Theorem 3.2 (Hermite-Hadamard type inequality for multiple Diamond-c; integral).
Assume that f is continuous and convex on [a1,b1] X [ag, ba] X -+« X [an, by], A; means that
1 parameters in Jy, equal to 0 and others equal to 1, T; means that i parameters in Jy,
equal to 2 or 3 and others equal to 0. And we define L}(i =0,1,2,--- ,n) as follows

LAY = G O de o )
noA,

where \j(j = 1,2,---,n) = 0 or 1 and C!, = Z,L define K'(1 = 0,1,2,---,n) as

I(n—1)!”
follows

KNI} = G Sl e om),
no,
where 7;(j =1,2,--- ,n) =0, 2 or 3.
Then
Lo{fy < Li{f} < < Lp{f} = Ko{f} < KY{f} < < KO{f}-

Proof. 1t is obvious that L'{f} = K{{f}. It follows from that f(v1,va,--- ,vy) is con-
tinuous and convex on [a, b1] X [ag, ba] X - -+ X [an, by] that

f(cla €2yt ,Ci—1,ViyCig1, """ acn)a
is continuous and convex on [a;, b;] for all (¢1,ca, -+, ¢i—1, g1, ) € [a1,b1] X [ag, ba] X
X [ai—1,bi-1] X [@it1,bip1] X -+ X [an, by].
Then the conditions in Theorem 1.3 hold, for all ¢ = 1,2,--- ,n, we have
f(clu Coy 7C’i—17t;<7ci+17 o ,Cn)
1 b
é / f(617627"' 3 Ci—1,Uiy Cig1, "0 acn) Oai Vs (336)
bi — a; Ja,
Taking diamond-oy;(j # i) integral with the respect of vi,va, -+ ,vi—1,vi41, -+ ,vn and

regarding c; as functions of v;, we yield

b1 rba bn .
/ / f(Cl,CQ,"',Ci_l,ti,0i+1,"',Cn)0a1U10a2U2"'<>anUn
a1 Jas an

b1 rbs bn
S / / / f(clyc27“' 5 Ci—1,Viy Cig1, " - 7CTL) Cay V1 Cay V2 Oqy, U?’L(337)
ay a2 an

Since that inequality (3.37) holds for all ¢;(j # i), as special cases, taking ¢; = d;(j # 1),
we obtain

In{f}(d17 d27 et 7di—17 17 di+17 o 7dn) S In{f}(dlv d?) et 7di—17 07 di+17 o adn)a
holds for all d;(j #4) =0,1,2,3 and i =1,2,--- ,n.

Whereupon, noting that there are totally n + 1 parameters in I,,11, we obtain

In+1{f}(0707 T 70) > In+1{f}(1707 T 70)7
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In+1{f}(0707 e ’0) > In+1{f}(07 L ’0)7

In+1{f}(0,0, T 70) > In+1{f}(0707 T 71)7

and

[n+1{f}(07 0,--- 70)

(3.38)

1
> (L {0 0 L (10,1, 0) 4 4 L {£3(0,0,0-- 1)),
On the other hand, it follows from Theorem 1.3 that
b — / fler,ea,- v cim1,visCi1, oo+ Cn) ©ay Vi
(] (2 i
S 771/',1f(017 €2, ,Ci—1,QA4,Cit1," " ,Cn) + 772,2f(617027 o, G-, bi7 Cit1," " 7cn)-
Taking diamond-a; (j # 1) integral with respect to vi,va, -+, Vi—1,Vit1, " ,Un, we yield
by
/ / f C1,C2," " 5 Cim1,Vis Cit1, "+ ,Cn) Oay V1 ag V2 * Oay, Un
al
by
/ / 771-71f(c17027 S Cii1, @4, Cig 1y 5 Cn) Qay U1 Cap V277 Oay, Un
al
b1 b2 bn,
+ / / 7]@2]”(01,62, €1, b4, Cig1, 5 Cn) Oay U1 Cay V2 Oy, Une

Thus we obtain
L{f}(di,day--+ ,di—1,0,dit1,- - ,dp)
< L {fY(di,day o dio1,2,diga, - dy)
+ ol {f}(di,do, - dio1,3,diy1, - dn),
holds for all d;(j #i) =0,1,2,3,3=1,2,--- ,n. Likewise,

In-i-l{f}(o’ 07 te 70) < n1,1[n+1{f}(2’ 0’ e ’0) + 771,2[71+1{f}(37 07 T 70)7
In-i-l{f}(o’ 07 ce 70) < n2,lln+l{f}(0’ 2’ e ’0) + 772,21n+1{f}(07 37 T 70)7

Lt {F30,0,---,0) < myy 1 Loyt {F 10,0, ,2) + moy12Ln i1 {£}(0,0,---,3).  (3.39)

We complete our proof by induction. The cases of n = 1,2,3

have been given in

Theorems 1.3, 1.5 and 3.1, respectively. We suppose the case of n = k holds, which means

LE{fy < LY{fY < - < LE{f}

and

K§{f} < KM < - < KR{f).
We firstly give the proof of

Lo < LYY < LY <o < LR S
By using inequality (3.38), we have

b1 prba br41 .
/ / / f V1,02, )vkatk+1)<>a1 U1 <>O¢2 (%
ai Af+41

b1 pb2 bk+1
/ / / UlaUQa"' ,Uk;,'Uk».i.l) <>a1 U1 <>a2 (O
Ak+1

(3.40)

: Oak+1 Vg1

. <>04k+1 Vk+41-
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It is equivalent to

b1 b2 by, .
bk}+1 — k41 / / f V1,02, 7Uk:atk;+1)<>a1 U1 <>a2 UQ"'Oak Vg

b1 b2 brt1

/ / / Jfv1,v2, Uk, V1) ©ay V1 Oan V2 - Oy Vkgl- (3.41)
Ak+1

If we set g(v1,v2,- -+ ,vx) = f(v1,v2,- -, vk, 15, ), then inequality (3.41) can be rewrit-

ten as
(k1 — ak+1)1x{g}(0,0, - ,0) < L1 {f}(0,0,---,0,0). (3.42)

Noting that I;,{g}(0,0,---,0) = L¥{g}, together with inequality (3.42), we yield

(ber1—arr1) Li{g} < -+ < (s —ars1) Li{g} < Lo {£31(0,0,---,0) = Lt 1{f}. (3.43)

According to the definitions of L, we see that

b1 —a
(brs1 = a) Lo} = =5 30 g} O o, M)
k A;

b —a
— %Zh{g}()\l#\% )
k A;

b1 — Qpy1
)

b1 ba b

/ / / g1 (A1), ¥2(A2), -+, Yk(Ak)) ©ay V1 Oay V2 - - Oy Vi,
a1 Jas ay

bp1 — agy1 )

b1 bo b
/// Fb1(A1),¥2(X2)s -+ V(M) Yrg1(1)) Oay V1 Cay V2 -+ Oay, ks

b1 rbo bk+1
/ / / f1 (A1), 2(X2), s ok (Ak)s Yr41(1)) ©aq V1 Oay V2 Oayy Vkt1,
al a

k+1

= EZJ,CH{f}()\l,)\Q,--' Ak 1) (3.44)
koA

Substituting inequality (3.44) into (3.43), we obtain

CO ij+l{f} AL, Ag, - 7)\k’7 1 ZJk—‘rl{f} AL, Ag, - a)‘k‘al)
k Ao k Ay
S CQZJR+1{JC} A17)\27 ' 7)‘k71)§§
k Ao
S Ck ZJk-i-l{f}()\la >‘27 . 7>\k7 ]-) S Lgi%{f}

k Ag
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In the same method, we also have

1 1
@ijﬂ{f}(la/\l,)\zf“ Ak) < @ij+1{f}(17)\17)\27"' s Ak)

k Ao k Al
1
< @ijﬂ{f}(l,)m)%'“ JAR) < <
k Ao
1
< o 2 I AL A, ) < LTS
k Ag
1 1
@ij-‘rl{f}()\la 17)\27 T 7)\143) S EZJk+1{f}()\1,1,)\2, cee 7)\k)
k Ao k Al
1
< @ijﬂ{f}()\hl?)\%”’ JAR) < <
k Ao
1
< azjk-i-l{f}()\lala)@f” 7Ak:) SLQI%{f},

k A

1 1
70ka+1{<}0}()‘17)\27'” )1))\]{:) S ﬁZJk—‘rl{f}(Al))‘Q?'” 517>\k)
Clc Ao Ck Ay

1
= @Z%H{f}()\b)\g,--- M) < <
k Agy

1
< akaH{f}(Al,)\z,“' 1) < L)
k Ay

Adding them all up, we can arrive at the desired inequality (3.40). In fact, that’s according
to the facts that

1 1
i Z‘]k-i-l{f}(l?)\l?)Qa e 7)‘k) + i ZJ/C—Fl{f}()‘la 17)\25 et 7)‘k)
Clc A Ck A,

1 1
D T {0 A2 L ) e = D e { AL Ay Ak )
Ck A; Ck A;

1

= (Jk+1{f}(1,)\1,)\2,"' JAR) F T {1 A, Ag)
k A

+Jk+1{f}()‘la )\27 17 o 7>\k) +--+ Jk+1{f}()‘17 >\2) et 7)‘k7 1))
L1
= (k+1—l)gzjk+l{f}()\la)‘27 7)\k7)\k+1)
k A,

1 1

= T T J, )‘a)‘a"'v)\a)\
k+10}@+1; re1{f (AL, A2 ks A1)

1
L/?+1
k+17°

And then we give the proof of

KE{fY < KF{fY < < KPS (3.45)
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By using inequality (3.39), we have

by bo ka
/ / / U17U27 e aUkaUk:—H) Cay V1 Cag V2 Cayy g Vk+1
Ak+1
b1 rbo b,g+1
< 77n+1 1/ / / 1117?127 Uk, GRy1) Cay U1 Cag V2 * Oayy g Vk+1
ak4+1

b1 b2 b1
+ 77n+1 2/ / / (1,02, 0, by 1) ©ay V1 00y V2 Cagyy Vk+1-
a

k41
It is equivalent to
b1 b2 bk+1
/ / / /1)17/1)2,"' avkavk‘—l—l) <>a1 U1 <>a2 U?"'OakJrl Vk+1
Q41
< (bg41 — ak+1)
b1 b2
/
/ nn+171f(v1, V2,7 5 Uy Gk 11) oy V1 Oay V2 *** Oay Vk
b1 b2 bk ,
/ / o / 77n+1,2f(vla V2, Uk, bk+1) <>Oc1 U1 <>a2 (% <>04k Uk:)- (346)
a1 Jas ag
If we set
g1(vi,ve, -+, vg) = fvr,v2, -+, Uk, Arg1)
and
gQ(Ulu V2, )Uk) - f(/U177)27 sty Uk, bk+1)7

then inequality (3.46) can be rewritten as
Ii11{f}(0,0,---,0)
< (Okt1 = aks1) 41,1 1691 30,0, -+, 0)
+ (k1 — arr1)0ps1 216{923(0,0,- -+ ,0). (3.47)
Noting that I;{g1}(0,0,---,0) = K§{g1} and I;;{g2}(0,0,--- ,0) = Kk{ga}, together
with inequality (3.47), we yield

K¥TUY Y = L {£3(0,0,- - ,0)

< (bpyr — ak+1)7ln+1,1K0 {91} + (bgy1 — ak+1)77;z+1,2K§{92}

< (brst — @)W1 1 KT{g1} + (b1 — ang1) 1 2 K1 {92}

<

< (bggr — ak+1)77;z+1,1K1]§{91} + (bpg1 — ak+1)77;z+172Kl]§{92}7 (3.48)

According to the definitions of L, I and J, for ¢ =0,1,--- , k, we see that

br+1 — 41
(bkt1 — ak+1)77%+1,1sz{91} = 77:1+1,1T Z Ji{gr (i, 72, TE)
k T,

b1 — Qpy1 k
e BB S T ) )
k T, i=1

b1 — Apy1
= nn+1 1 H Th Tl—lT Z
i

by b2 brs
/ / / g1(1(11),%2(m2), - -+, V(7)) ©ay V1 ©ay V2 - Oy, Uk,

b1 — Akt
= 77n+171 H 771',7,- ' Z
i=1 k T;
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by be bk
/ / e f@(m)s (7)o k(Ti)s Yt 1(2)) 00y V1 Oay V2
a1 Jagz ag
b 1
77;L+1,1 HUZI‘,T,-—1EZIkH{f}(TlaT%“' s Thy 2)
i=1 E o,
1
= 72Jk+1{f}(7_1a7—27 t 7774572)7
Ck T,
In the same way, we have

1
(brs1 — ks 1) g1 oK {92} = or > Tk {f T, T, ),
k Y.

Substituting inequalities (3.49) and (3.50) into (3.48), we get

Oy, Uk,

K}
1 1
< =D e LT T 2) + =7 > Tk {2, TR, 3)
C c
k 1, k 1y
1 1
S TZJk-Fl{f}(Tl?TQf” 7Tk72)+TZJk-l-l{f}(TlaTzu”' )Tk73)
C C
k Ty k To
<

1 1
S Ezjk—f—l{f}(TlaTQa"' 7Tk72)+E2Jk+1{f}(7—1)7—2a"' 777953)'
k Ty

kT,

In the same method, we also have

Ky}
1 1
< g Y e {2 TR+ D et {3 T T
C C
k 11 k Ty
1 1
< TZJk+1{f}(2>TI77—2a"' >Tk) + 72Jl€+1{f}(377—1a7-27"'
C C
k Yo k 1o
<
1 1
< =D e {2 T TR+ D T {3 T T,
C C
k Tr k Tr
Kg™{f}
1 1
S TZJk+1{f}(Tl)2)T2a'” 7Tk)+TZJ]C-Fl{f}(TlaSaTQu"'
C C
k 11 k Ty
1 1
< D Tt {2, ) + =5 > Tk {1, 3,72,
C C
k 1, k 1,
<
1 1
S azjk+1{f}(7—17277_27"' 7Tk)+ﬁzjk+l{f}<7_17377—27"'

)Tk)

7Tk)

77—k)7

\Tk)

7Tk)

Tk

(3.49)

(3.50)
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Ky Hf)
1 1
< Y el 27) + = L S { (T3, 7)
1 1
1 1
< = > e {fHrn T, 20m) + =5 > Tk {3, Tk)
C C
k 1, k 1,
<

k Ty k Yy

1 1
S Ezjk+1{f}(7—la7—27 e 727TI€) + E ZJk:+1{f}(Tl77—27’ T 737Tk)'

687

Add them all up, we can arrive at the desired inequality (3.45). In fact, that’s accords to

the facts that

1 1
EZJkH{f}(zaﬁ,T%“' JTh) + EkaH{f}(ﬁ,?,T%“' s Th)

1 1
+ Eka+1{f}(T1,Tz,2,-~- JTe) + e+ Ezjk+1{f}(71,72,"' \Thy 2)
kv, k1,

1 1
+ Ezjk—i-l{f}(g,Tl,Tg’-.- ,Tk) + Ezjk—kl{f}(ﬁ,&ﬁ,“- . Th)
k T; kT,

1 1
+ —iZJk+1{f}(T1,T2,3,"' ,Tk;)—l—"'+7iZJk+1{f}(7'1’7'2,"' s Thy 3)
Ck T, Ck; T,

1
= (Jk+1{f}(2,71,7'2,"' o Tk) + e { fH, 2,72,
k T;
+ T {fHm, 12,2, 1)+ A+ T { (T, o, -
1
+ o (Jk+l{f}(37717727“' k) + T {f (11,3, 72,
k1,
F Tt {fH T, 72,3, ) o Tt {fH T, T2,
1+ 1
= szk—f—l{f}(TlaT%"' s Ths The+1)
ko
LS N )
= ——— TL T2, 3 Thy T)
Fr1c & 1 1,72 ks Tht1
N S s
k+1 41

aTk)

O

Clearly, some corollaries for A and V integral can be established if we set all «;(i =

1,2,---,n) =1 or 0, respectively.

Remark 3.3. Undoubtedly, we can use the method in Theorem 3.1 to prove Theorem
3.2. In fact, we provided two methods to prove Hermite-Hadamard type inequality for

multiple Diamond-«; integral.

Remark 3.4. Although Theorem 1.5 doesn’t give a complete inequality of the case of
n = 2, we can obtain the case of n = 2 together with Jensen’s inequality and Theorem 3.9

in [22] easily.
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4. Conclusions

In this paper, we generalize Jensen, Hardy, and Hermite-Hadamard type inequalities
to multiple diamond-alpha integral on time scales. Moreover, we present Hardy type
inequality with a weighted function and Hermite-Hadamard type inequality with three
variables.

Acknowledgment. The authors thank the anonymous referees for their careful reading
and many valuable comments on improving the original manuscript.
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