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ABSTRACT

In this paper, we have introduced the notion of I -regular, weakly I -regular, left I -regular, right 1" -regular,
I -completely regular and I - left quasi regular of 1" -AG-groupoids, and we have investigated their properties.
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1. INTRODUCTION

Kazim, M. A. and Naseeruddin, MD. defined the

concept of LA-semigroup as follows a groupoid S is
called a left almost semigroup, abbreviated as LA-

semigroup if (ab)c =(ch)a forall a,b,ceS.

Kazim, M. A. and Naseeruddin, MD. [1, Proposition

2.1] asserted that, in every LA-semigroup S , a medial
law hold

(ab)(cd) = (ac)(bd)

Mushtag, Q. and Khan, M. [2. p.322] introduced in
every LA-semigroup S with left identity

(ab)(cd) = (db)(ca)

Further Khan, M., Faisal, and Amjid, V. [3] introduced

if a LA-semigroup S with left identity, then the
following law holds:

a(bc) =b(ac)

In this note we prefer to called left almost semigroup
(LA-semigroup) as Abel-Grassmann’s groupoid
(abbreviated as an“AG-groupoid”).

forall @,b,c,d €S.

forall a,b,c,d €S.

forall a,b,c,d eS.
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In [2]introduced the concepts of regular, weakly
regular, left regular, right regular, completely regular
and left quasi regular of an AG-groupoids as follows

Definition 1.1. [2. P1]. An element @ of an AG-
groupoid S is called a regular if there exists
X € S suchthat @ = (@x)a and S is called regular

if all elements of S are regular.
Definition 1.2. [2. P1]. An element & of an AG-

groupoid S is called an intra-regular if there exist
X,y € Ssuchthat a=(x(aa))y and S is called

intra-regular if all elements of S are intra-regular.
Definition 1.3. [2. P2]. An element @ of an AG-

groupoid S is called a weakly regular if there exist
X, Y € S such that a = (ax)(ay) and S is called

weakly regular if all elements of S are weakly regular.
Definition 1.4. [2. P2]. An element & of an AG-

groupoid S is called a left regular if there exists
X € Ssuch that @a=X(@a) and S is called left

regular if all elements of S are left regular.
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Definition 1.5. [2. P2]. An element @ of an AG-
groupoid S is called a right regular if there exists
X € Ssuch that a=(aa)X and S is called right
regular if all elements of S are right regular.

Definition 1.6. [2. P2]. An element @ of an AG-
groupoid S is called a left quasi regular if there exist
X,y € Ssuch that & =(Xa)(ya) and S is called

left quasi regular if all elements of S are left gausi
regular.

Definition 1.7. [2. P2]. An element @ of an AG-
groupoid S is called a completely regular if a is
regular, left and right regular. S is called completely
regular if it is regular, left and right regular.

2. DEFINITION OF " -AG-GROUPOIDS

Shah, T. and Rehman, I. [6, p.268] asserted that, in
1981, the notion of I -semigroups was introduced by
Sen, M. K. Let Sand I' be any nonempty sets. If
there exists a mapping SXI'xS —S  written
(a,a,C)>aac, S is called a I -semigroups if
S satisfies the identity (aab) ¢ =aa(bpc) for
all a,b,ceS and a, fl". A I -AG-groupoids
analogous to I -semigroups.

Definition 2.1. [6, p.268] Let S and I be any non-
empty sets. We call S to be " -AG-groupoid if there

exists a mapping S XI'xS — S | written
(a,a,b) > aab such that S satisfies the identity

(aab) fc = (cab)pa forall a,b,ce S and
a,pel.

Definition 2.2. [3, p.2]. Let S and I be any non-
empty sets. We call S tobea I -medial if it satisfies

(aab) B(cyd) = (acc) S(byd) and
Siscalled a I" -paramedial if it satisfies
(aab) B(cyd) = (dac) S(bya) forall
a,b,c,deS and , B,y €T

Definition 2.3. A I -AG-groupoids S with left
identity, the following law hold

aa(bpc) =ba(apc), for all a,b,ceS and
a,pel.

In this paper, we introduce the concept of a I" -regular,
weakly I -regular, left I -regular, right I -regular,
I" -completely regular and left I" -quasi regular of T -
AG-groupoids which is defined analogous to [2] and
investigate its properties.

3. MAIN RESULTS

Definition 2.4. [6. P274]. An element @ of a I -AG-
groupoid S is called a I -regular if there exists
XxeSand &, f €l such that @ = (aX)fa and
S is called I"-regular if all elements of Sare I -
regular.

Definition 2.5. [2. P1]. An element @ of a I -AG-
groupoid S is called an intra- I" -regular if there exist
X,yeS and @a,B,yel’  such that
a=(xa(apa))yy and S is called intra-T"-

regular if all elements of S are intra- 1" -regular.

Definition 2.6. An element & of a I" -AG-groupoid
S is called a weakly I -regular if there exist
X,ye€S and a, B,y €such that
a=(aax)B(ayy) and S is called weakly I -

regular if all elements of S are weakly I -regular.

Definition 2.7. An element & of a I" -AG-groupoid
S is called a left I" -regular if there exists X € S
and @, # € such that a=xa(apa) and S is
called left I" -regular if all elements of S are left I -
regular.

Definition 2.8. An element & of a I" -AG-groupoid
S s called a right I -regular if there exists X € S
and @, f €T such that a=(aa) X and S is

called right I" -regular if all elements of S are right
I -regular.

Definition 2.9. An element & of a I" -AG-groupoid
S is called a left I -quasi regular if there exist
X,yeSs and a, B,y €such that
a=(xaa)B(yya) and S is called left " -quasi

regular if all elements of S are left I -qausi regular.

Definition 2.10. An element @ of a AG-groupoid S is
called a completely I" -regular if @ is I -regular and
left (right) I -regular. S is called completely I -
regular if it is I" -regular, left and right I -regular.
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Lemma 3.1. If Sis I"-regular (intra-I" -regular, weakly I -regular, left I -regular, right I" -regular, left I" -quasi
regular and completely I -regular) I" -AG-groupoid, then S = SI'S .

Proof. Let S bea I -regularand & € S . Then there exists X € S and &, § € I"such that @ = (aarx) fa. Thus
a=(aax)faecSI'S so S  ST'S .Since Sisa I" -AG-groupoid we have SI'S < S . Hence S =ST'S .

Similarly if S isan intra-I" -regular, weakly I" -regular, right I" -regular, left I -regular, left I" -quasi regular,
completely I -regular, then can show that S = SI'S .

Theorem 3.2 If Sisa I" -AG-groupoid with left identity, then S is an intra- I -regular if and only if for

al aeS, a=(xad)y(awz) forsome X,z€S and ,y, 0.

Proof (=) Let S bean intra-I" -regular I" -AG-groupoid with left identity, then for any a € S there exist X,y € S
and a, ff,y €I such that a = (x(a3a))yy . Now by using Lemma 3.1 let Y = U@V for some U,V € S and
w € I" . Thus by using Definition 2.1, 2.2, 2.3, we have

a=(xa(apa))yy =(aa(xpa))ry = (ya(xpa))ra
= (ya(xpa)y(xA(ana))sy) = (Uav)a(xpa)y (xA(arna))dy)
= ((awx)a(vpu)y (xA(ana))sy)) = ((awx)at)y (xA(ana))oy))
= ((xA(ar7a))dy)at)y (awx) = (toy)a(xA(ana))y (awx)
= ((ar7a)6x)a(yAt)y(awx)) = (((ar7@)6x)ars)y (awx)
= ((s6x)a(ana))y (awx) = ((ana)a(xs))y (awx)
= ((ar7@)ak)y (awx) = ((kra)aa)y (awX)
= (zaad)y(awx) = (xaa)y(awz),
where VAU =t, YAt =5, X0S=Kand kna=zforsome t,5,k €S and 1,7,0 €T.

(<) LetaeS, a=(xaa)y(awz) forsome X,Z €S and &, @ € I" . Thus by using Definition 2.1, 2.2, 2.3,
we have

a=(xaa)y(awz) = ay((xaa)wz) = (x4a) f(aoz) y ((xaxa)wz)
= (ap((x1a)62))y ((xaa)wz) = (((xaa)wz) f((x12)567))ya
= ((xaa)w(x1a)) 5(267)) ya = ((aax)w(aix)) 5(262)) ya
= ((aw((aaxx)Ax)) B(262)))ya = ((z62)((acx) Ax)) fa) ya
= (((aax)o((z62) Ax)) pa)ya = ((z62) Ax)ax)wa) fa) ya
= ((xAx)a(z62))wa) fa)ya = ((awa) f(xAX)a(262)) ya
= (ap(xAx)a(262))y (awa) = (aft)y(awa).
where (XAX)(z0z) =t forsome t € S and 4,0 €I". Now by using Definition 2.1, 2.2, we have
a=(apt)y(awa) = ((att)n(asa)pt)y(awa) = ((ata)n(tsa)pt)y (awa)
= (tn(tda) f(ala))y(awa) = (up(ata))yv.
where t77(tda) =u and (awa) =V forsome U,V € Sand O, . Thus S isanintra-I" -regular.

Lemma 3.3 If Sisa [" -AG-groupoid, then the following are equivalent.
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(1) S isweakly I -regular.
(2) S isintra-I" -regular.

Proof (1)=> (2) Let S be aweakly I  -regular I" -AG-groupoid with left identity, then forany @ € S  there exist
X,y €S and &, B,y € ['such that @ = (aarx) F(ayy) and by Lemma 3.1 let X =UAV for some U,V € S

and A € I". Now by using Definition 2.1, 2.2, 2.3, we have
a=(aax)p(ayy) = (yaa)S(xya) = (yaa) f((uiv)ya)
= (yaa) f((aiv)yu) = (aav) S((yAa)yu) = (ac(yia)) S(vyu)
= (aa(y4a)) ft = (ya(ata))t,
where VyU =t forsome t € S. Thus S isintra-I" -regular.

(2)=> (1) Let S bean intra-I" -regular, forany a € S there exist X,y € S and e, #, €I such

thata = (X(af3a))yy and by Lemma 3.1 let X =UAV forsome U,V €S and A € ". Now by using Definition
2.1,2.2, 2.3, we have

a=(ya(ata))pt = (aa(yia)) ft = (aa(yia)) S(vyu)
= (aav) B((yAa)yu) =(yAa)S((aav)yu) = (yAa) B((uav)ya)
= (yAa)p(xyu) = (aix)p(ayy).
where X =UaV forsome U,V €S and & €1" . Thus S is weakly I" -regular.

Lemma 3.4 If Sisa I" -AG-groupoid, then the following are equivalent.
(1) S isweakly I" -regular.
@) S isright I -regular.

Proof (1) => (2) Let S be aweakly I" -regular I" -AG-groupoid with left identity, then forany & € S there exist
X,y €S and &, B,y € ['suchthat @ = (aarx) F(ayy) andlet Xyy =t for some t € S. Now by I" -medial,

we have @ = (aax)f(ayy) = (axa) f(xyy) = (aaa) St . Thus S isright I -regular.

(2)=> (1) Let Sbearight I -regular, forany @ € S thereexists t € S and ¢, S €I such that a = (acd) St
and let Xyy =t forsome X,y € S. Now by I" -medial, we have.

a=(aaa)pt =(aca) f(xyy) = (aaa) B(Xyy) Thus S isweakly I" -regular. u
Lemma 3.5 If Sisa I" -AG-groupoid, then the following are equivalent.

(1) S isweakly I"-regular.

2 S isleft I -regular.

Proof (1) => (2) Let S be aweakly I" -regular I" -AG-groupoid with left identity, then forany a € S there exist
X,Y €S and &, 3,7 € I'such that a = (aax)S(ayy) andlet YyaX =1 forsome t € S . Now by Definition

2.2, we have & = (aarx)f(ayy) = (aca) f(xyy) = (yax)p(aya) =tp(aya) . Thus S isleft I"-

regular.

(2)=> (1) Let Siisleft I -regular, forany @ € S thereexists t €S and 3, €I suchthat a =tS(aya) and let
Yyax =1 forsome X, Y € S . Now by Definition 2.2, we have

a=tp(aya) = (yax)p(aya) = (yaa) f(xya) = (aax) S(ayy) .

Thus S is weakly I -regular. O
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Lemma 3.6. Every weakly I -regular I" -AG-groupoid with left identity is 1" -regular.

Proof. Assume that S is aweakly I - regular I" -AG-groupoid with left identity then forany @ € S there exist
X,Y€S and &, B,y € ['suchthat @ = (aarx) F(ayy). Let Xyy =t forsome t € S and

to(((yAx)na)) =u €S forsome A, w, 17 € I'. Now by Definition 2.1, we have

a=(aax)p(ayy) = ((ary)ax)pa

=((xyy)aa)fa=(tad)fa; by Definition 2.2 and Xyy =t

= (ta(alxX)w(any)) fa; where @ = (aaX) S(ayy)

= (ta(ala)w(xny)) fa; by I -medial law

= (ta(yAxX)w(ana)) fa; by I -paramedial law

= (ta(aw((yAx)na))) fa ; by Definition 2.3

= (aa(to((yAx)na))) Ba; by Definition 2.3

= (aau)fa; where ta(((yAX)na))) =u.
Thus Sisa I -regular. O

Theorem 3.7. If Sisa I" -AG-groupoid, then the following are equivalent.

(1) S isweakly I" -regular.

2) S is completely I -regular.

Proof. (1) => (2) Let S be a weakly I" -regular. Then by Lemma 3.4, 3.5, 3.6, we have S is a completely I" -regular.
(2)=> (1) Let S be a completely I" -regular. Then by Lemma 3.5, we have S is aweakly I -regular.

Lemma 3.8 If Sisa I" -AG-groupoid, then the following are equivalent.

(1) S isweakly I" -regular.

) S s left I -quasi regular.

Proof (1) =>(2) Let S be aweakly I -regular I" -AG-groupoid with left identity, then forany @ € S there exists
X,Y€S and a, ,y €'such that a = (aaXx)B(ayy) . Then

a=(aax)p(ary)
=(yaa)f(xya) by I -paramedial law
=(x'aa)B(y'ra) where Yy =X'and X =y’
Thus S s left I - quasi regular.

(2)= (1) Let S bealeft I -quasi regular I" -AG-groupoid with left identity, then for any @ € S there exists
X,y €S and «, 8,7 € 'such that @ = (Xad) B(yya) . Then

a=(xaa)p(yra)
=(aay)p(ayx) by I -paramedial law
= (aax)B(ayy’) where Y =X'and X ="'

Thus S is weakly I -regular. 0

The next Theorem will conclude of research.
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Theorem 3.9. If Sisa I" -AG-groupoid, then the following are equivalent.

(1) Sisweakly I -regular.

) S isintra-I" -regular.

(3) S isright I -regular.

4) S isleft I' -regular.

(5) S s left I" -gausi regular.

(6) S is completely I" -regular.

(7)forall a€ S thereexist X,y € Sand &, @ € I' such that a = (Xaa)(awy).
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