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ABSTRACT

In this paper, we are concerned with the oscillation of a class of second order nonlinear differential equations. By
using the Riccati technique some new oscillation criteria are established, therefore, we generalize and extend a
number of existing oscillation criteria. An example is also given to illustrate our results.

2000 Mathematics Subject Classification: 34C10, 34C15, 34K11
Keywords: Differential Equations, Oscillation, Riccati technique.

1. INTRODUCTION

This paper is concerned with the oscillation of the solutions of the second-order nonlinear differential equation

K (6% (1), X (1)) +a(t)p( f (x(1)).k(t.x(1),X (t)))=0. (L1)
where  qeC([t, @), R), feC(RR) with xf(x)=0 for x#0, keC'(R’R) witn
Wk(U,v,W)>0 for al w=0, @eC(R*R) with up(u,v)>0 and p(Au, Av)= Ap(u,v) where
2 €(0,).
A function X:[t,,t,) —)(—oo, oo), t, >1,, is called a solution of Eq. (1.1) if X(’[) satisfies Eq. (1.1) for all

t e[t,,t,). Inthis paper we restrict our attention to these solutions, X(t) of Eq. (1.1) which exists on [t;,00) and satisfy
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sup{|x(t)|:t > tx};t 0 for all t, >1T;. Such a solution of Eq. (1.1) is called oscillatory if the set of its zeros is

unbounded from above, otherwise, it is said to be nonoscillatory. Eq. (1.1) is called oscillatory, if its all solutions are
oscillatory.
There are a great number of papers devoted to particular cases of Eq. (1.1) such as

X (t)+q(t)x(t)=0,

(r(e)x (©)) +a)f (x(t) =0,
see for example [1]-[5] and references cited therein.
For the oscillation of

X (t)+q(t)¢(x(t),x' (t)):O, 12)
Bihari [6] proved that if q|(t)> O forall t >t and

t—o

t
lim [a(s)ds = o,
o

then Eq. (1.2) is oscillatory.
The following theorem extends the result of Bihari [6] to an equation in which { is of arbitrary sign:

Kartsatos [7] proved that Eq. (1.2) is oscillatory if
t

lim [q(s)ds =
t—oo tO
and there exists a constant C, € (O,oo) such that
T dw
d(m)=|———=-c, foreverymeR. (1.3)
(m) ! Fiw) > G

Recently, Elabbasy and Elzeiny [8] extended the results of Bihari [6] and Kartsatos [7] for the equation

(oW (01 ()] + athola 00 rleh (x) £ (¢ )=, @
with the following criteria:
Eq. (1.4) is oscillatory if (1.3) holds and

t
Iimsuptiﬁj'(t—s)ﬁq(s)ds=ooforsomeﬂ20. (15)
t—o0 tO

Considering the type of Eq. (1.1), the aim of this paper is to obtain some new oscillation criteria which extend the results of
Bihari [6], Kartsatos [7] and Elabbasy and Elzeiny [8].

2. MAIN RESULTS

In this section, we will establish sufficient conditions to Eq. (1.1) to be oscillatory. Therefore, we will use the Riccati
substitution technique in our proofs. An example is also will be given to illustrate results.

Theorem 1 Assume that f' >0, (1.3) and (1.5) hold. Then Eq. (1.1) is oscillatory.

Proof. On the contrary, suppose that Eqg. (1.1) has a nonoscillatory solution X(t). We may assume that X(t) >0 on
[T,o0) forsome large T >t,. Let O(t) be defined by

O(t):M,tzT. 1)

f(x)
Differentiating Eq. (2.1) and using Eqg. (1.1) we get

00)=-alpt. o) 2] 00K

which implies
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or

- lL00)

for t > T. Multiplying Eq. (2.2) by (1' - S)’B and then integrating, we get

t -sYq(s s<—t —sY 0 () S
A R O

By Bonnet’s theorem [9], we see that for each T =T, there exists a, € [T ) t] such that

() ﬁg(“t) dw

t ‘ ) _ ﬁat
(t- ds=—(t-T) ds=—(t-T
sy =T e T ] s

#(1.6(s)) (Lo(s)
=~(t-T)[@(6(e)-@(o(T))]
<[c, +o(o(T)ft-TY"

It follows from (2.3) and (2.4) that

J(t—s) als)ds <[c, + (ot -TY t=T.

T
Dividing this inequality by tﬁ and taking limit superior on both sides, we obtain

Ilmsup ﬂjt s) ()ds—llmsup ﬂjt s) q(s)ds
fo fy
t

+I|msup j 7 q(s)ds < oo,

t—w T

which contradicts (1.5).

925

22)

2.3)

2.4)

If X(t) <0 on I_TO,OO) for some large To > '[0, the inequality (2.2) still holds. So the same contradiction occurs again.

Hence, the proof is complete.

Corollary 1 Let K (t, X(t) X (t)) =r ('[)kl (X(t) X (t)) in the Eq. (1.1) where I' is continuous on [t,,00) with

r>0 and vkl(u,v) > (. Assume that the condition (1.3) holds. Furthermore, assume that

limsup L
tow Rﬂ (t)to
t d

S
where R(t) = I ———. Then the Eq. (1.1) is oscillatory.

) r(s)
r(t)k(x(t),x (1))

Proof. In this case, if we define Q(t) =
f(x(1))

(R(t) - R(S))ﬂ and following the same procedure as in the theorem above, we obtain

j(R(t) ~R)) q(s)ds <[c, + D(O(T)[R(t)-R(s)), t=T.

T
Dividing this inequality by Rﬂ(t) and taking limit superior on both sides, we get

j.(R(t) ~R(s))" q(s)ds = woforsome >0,

y (2.2) holds again. Integrating (2.2) multiplied by
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L ) _ rRT)Y
limsup R/’(t)-[ (RO-RE) O'(S)dss"’Jli“p["”@(g(ﬂ)( _W] |

Using limi_ =L €(0,), we obtain the desired contradiction to (1.5).

1
R(t)
0 f(x
Theorem 2 Assume that q(t) >0, 8_¢ >0, Q > K for some K >0 hold and there exists a constant
u X
C, e (O,oo) such that

m

dw
@, (m)= .[ K
2 #(K.w)
Furthermore, assume that (1.5) holds. Then, Eq. (1.1) is oscillatory.
Proof. On the contrary, suppose that Eq. (1.1) has a nonoscillatory solution X(t). We may assume that X(t) >0 on

>—c, foreveryme RR. (2.5)

,00) forsome large T >1,. Let y/(t) be defined
0 4

w(t)= k(t,x(t),x' (t)),tzT. 2.6)

x(t)

Differentiating (2.6) and using (1.1) we get

w‘(t)z—q(tw[ 0 ,wmj—

—
—_
x
—~~
—+
—
N—

which implies
v ()< —a(t)e(K,w(t)
for t >T. Rest of the proof is similar with the previous theorem, hence omitted.

Corollary 2 Let k(t, X(t),X' (t)) = I‘('[)kl (X(t),X' (t)) in the Eq. (1.1) where I' is continuous on [t;,o0) with

0
r>0 and vkl(u,v) > 0. Assume that q(t) >0, 8_(0 > 0 and the condition (2.5) hold. Furthermore, assume that
U

t

I|msup R J'R(t) R(s) q(s)ds = coforsome 4 >0,

t ds
where R (t) = I . Then the Eqg. (1.1) is oscillatory.

0T (5)
f(x)

0
Remark 1 If we replace the conditions on @ and f with 8_(p <0, —2 <K forsome K >0, the theorem and the
u X

corollary above are valid as well.
Remark 2 If we replace the condition (p(ﬂ,u, /1V) = /1(0(U,V) with (p(ﬂ,u, /1V) < /1(/>(u, V) , the theorem and corollary

above are valid as well. Furthermore, if q(t) > 0, Theorem 1 and Corollary 1 are valid with ¢(}tu, ﬂ,V) < l;z&(u,v) .
Example 1 Consider the differential equation

((t + x(t))2 X (t)) +(%+ Zsintjx(t)exp(—(t +x)° X (t)/ x(t)) =0, t>1. @7

Here, q(t) = %+ 2sint, (x)=x, k(t,x,x )= (t+x)*x and p(u,v)=ue"® .

Note that (1.3) is satisfied. By choosing ﬂ =2, we have
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t—o0

Thus, Theorem 1 ensures that every solution of Eq. (2.7) oscillates.

t
Iimsuptlzj‘(t —s)q(s)ds = co.
1

Note that, the results of Bihari [6], Kartsatos [7] and Elabbasy and Elzeiny [8] cannot be applied to Eq. (2.7).
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