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ABSTRACT 

In this paper, we are concerned with the oscillations in forced second order nonlinear differential equations with 
nonlinear damping terms. By using clasical variational principle and averaging technique, new oscillation criteria are 

established, which improve and extend some recent results. Examples are also given to illustrate the results. 
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1. INTRODUCTION 

In this paper, we are concerned with the oscillatory behavior of the forced second-order differential equation 

                                        021 ,=,, tttetxftqtxtxktptxtxktr '''                                             (1.1) 

where 00 t  is a fixed real number,   ,0,),,[ 0

1  tCr   0, , [ , ), ,p q e C t    ,f C , 

 1 2

1 , ,k C   2

2 , ,k C  and   0>,1 vuvk  for all 0.v  

A function   ,),[: 10 ttx , 
01 > tt , is called a solution of Eq. (1.1) if  tx  satisfies Eq. (1.1) for all 

0 1[ , ).t t t  In this paper we restrict our attention to these solutions  tx  of Eq. (1.1) which exists on ),[ 0 t  and satisfy 
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  sup : > 0xx t t t   for all .0ttx   Such a solution of Eq. (1.1) is called oscillatory if the set of its zeros is 

unbounded from above, otherwise, it is said to be nonoscillatory. Eq. (1.1) is called oscillatory, if its all solutions are 

oscillatory. 

There are a great number of papers devoted to particular cases of Eq. (1.1) such as 

                                                              ,= tetxtqtxtr
''                                                                                       (1.2) 

                                                           ,= tetxftqtxtr
''                                                                                   (1.3) 

                                                           ,= tetxftqtxtxtr
''                                                                   (1.4) 

                                              .=,, 21 tetxftqtxtxtxktptxtxktr ''''                                            (1.5) 

Numerous oscillation criteria have been obtained for Eqs. (1.2)-(1.4) (see, for example [1]-[6] and references cited therein). 

The oscillatory behavior of Eq. (1.5) with   0te  has been first studied by Rogovchenko and Rogovchenko [7], later, 

several oscillation criteria have been established (see for example [8]-[12]). Shi [14], Meng and Huang [13] have established 

oscillation criteria for the forced equation Eq. (1.5). 

The aim of this paper is to obtain some new oscillation criteria for Eq. (1.1) which extend the above mentioned results and 

improve the results given in [13]. 

 

2. MAIN RESULTS 

Firstly we introduce the general mean and some well known properties that will be used in the proofs of our results. 

Let  

                              1,2.=  0==0,:],[=, 1 ifortusututsCutsD iiiiii                                      (2.1) 

We take the integral operator ),;( ii tsA  ; 

                        1,2,=,,=),;( 2 ittsdtthtHtshA ii
i

t

i
sii                                                                     (2.2) 

where  .),[ 0  tCh  It is easily seen that the linear operator ),;( ii tsA   satisfies 

          ( ; , ) = 2 ; , 2 ; , , for =1,2.
' '

'

i i i i i i

H H
A h s t A h s t A h s t i

H H

  
     

   
                                    (2.3) 

In this section, we shall make use of the following conditions: 

1.   xf  is differentiable and   0>xxf  for all 0,x  

2.   xf '
 exists and   0xf '

 for all 0,x  

3.              


/1/1

112 ,,


 ufvukufvuk  for some 0,>  0>1  and for all   2, ,u v   

4.    1
/





xKxxf  for 0,x  where 0>K  and 1  are suitable constants, 

5.          


/1/1

122 ,,


 uvukuvuk  for some 0,>  0>2  and for all   2, ,u v   

6.    0,2 vuuk  for all 0,u  

7.         
,,,

/1/1

131





 uvukvuvk  for some 0,>  0>3  and for all   2, .u v    
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Theorem 1 Suppose the conditions  31 () AA   hold And for any 
0tT  , there exists 

1 1 2 2<T s t s t    such that  

                                     1 1 2 20 [ , ] 0 [ , ]e t for t s t and e t for t s t    ,                                                  (2.4) 

and   0>tp  on 
1 1 2 2[ , ] [ , ].s t s t  Let  ii tsD , and ),;( ii tsA   are defined by (2.1) and (2.2) respectively. If there 

exists  ii tsDH ,  such that  

                               
 

,,;2
1

1
>,;

1
1

1

1 


















 ii

'

ii ts
H

H

p

r
AtsqA














                                                       (2.5) 

for 1,2,=i  then Eq. (1.1) is oscillatory. 

Proof. On the contrary, suppose that Eq. (1.1) has a nonoscillatory solution  .tx  We may assume that   0>tx  on 

),[ 0 T  for some large .00 tT   By the assumptions, there exists ,1s  ,1t  2s  and 2t  such that 
0 1 1 2 2<T s t s t    

and (2.4) holds and   0tp  on 
1 1 2 2[ , ] [ , ].s t s t  Define  

                                                          
      

  
.

,
= 1

txf

txtxktr
tw

'

                                                                                    (2.6) 

Then differentiating (2.6) and using Eq. (1.1) we obtain 

   
         

  
           

  
 
  

.
,,

=
2

2

2

2

txf

te

txf

txftxtxtxktr

txf

txftxtxktp
tqtw

''''
'   

By using assumptions    31 AA   we obtain for 
1 1 2 2[ , ] [ , ]t s t s t   

                        
 

   
 

   

  
1 /1

1 /

'
p t e t

w t q t w t
f x tr t

 

 

 


                                                                         (2.7) 

On the interval ],,[ 11 ts  inequality (2.7) implies that  tw  satisfies  

                                            
 

   
   

.
/1

/1

1 



 


 tw

tr

tp
tqtw'

                                                                          (2.8) 

Applying operator ),;( ii tsA   for 1,=i  to inequality (2.8) we obtain 

                              

 
,,;2),;( 11

/1

/1

1
11 


















tsw

r

p
w

H

H
AtsqA

'





                                                              (2.9) 

where  ii tsD ,  is given by hypotheses. Setting 

                                               
  ,0>,2= /1

/1

1 vv
r

p
v

H

H
vF

'




 


  

we have   0=vF'
 and   0,<vF ''

 where ,2
1

1
=

1

1


























H

H

p
rv

'

 which implies that  vF  obtains 

its maximum at .v  So we have 
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                                            
   

.2
1

=

1

1

1

1

























H

H

p

r
vFvF

'

                                                              (2.10) 

Then we get, by using (2.10) in (2.9) we get, 

                                 

 
,,;2

1

1
),;( 11

1
1

1

111 




















ts

H

H

p

r
AtsqA

'













                                                  (2.11) 

which contradicts to (2.5) for 1=i . 

 If   0<tx  on ),[ 0 T  for some large ,00 tT   we get inequality (2.7) again, which implies that (2.8) holds on the 

interval ].,[ 22 ts  Applying operator ),;( ii tsA   for 2,=i  to (2.8) this time, we get the same contradiction to (2.5) for 

2=i . Thus the proof is complete.  

 Lemma 1 [15]If A  and B  are non-negative, then 

                        1.=
11

,
11 1/1/

nm
BAB

n
A

m

nm   

 Theorem 2 Suppose the conditions  4A  and   5A  hold. And for any 
0tT  , there exists 

1 1 2 2<T s t s t    such 

that (2.4) holds,   0>tp  and   0tq  on ].,],[ 2211 tsts   Let  ii tsD , and ),;( ii tsA   are defined by (2.1) and 

(2.2) respectively. If there exists  ii tsDH ,  such that 

                              
 

,,;2
1

1
>,;

1
1

2

1 


















 ii

'

ii ts
H

H

p

r
AtsQA














                                                        (2.12) 

for 1,2,=i  where  

          


11/1
][1=


 tetKqtQ  

with the convention 1.=00
 Then Eq. (1.1) is oscillatory. 

Proof. On the contrary, suppose that Eq. (1.1) has a nonoscillatory solution  .tx  We may assume that   0>tx  on 

),[ 0 T  for some large .00 tT   By the assumptions, there exists ,1s  ,1t  2s  and 2t  such that 
0 1 1 2 2<T s t s t    

and (2.4) holds,   0tp  and   0tq  on 
1 1 2 2[ , ] [ , ].s t s t  Define  

                                                         
      

 
.

,
= 1

tx

txtxktr
tw

'

                                                                                (2.13) 

Then differentiating (2.13) and using Eq. (1.1) we obtain 

 
    

 
        

 
        

 
 
 

.
,,

=
2

1

2

2

tx

te

tx

txtxtxktr

tx

txtxtxktp

tx

txftq
tw

'''
'   

 

By using  4A  and   5A  we obtain for 
1 1 2 2[ , ] [ , ],t s t s t   

                            
 

   
     

 
.

/1

/1

21

tx

te
tw

tr

tp
txKtqtw

a

' 




 



 
                                                  (2.14) 
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On the interval ],,[ 11 ts  inequality (2.14) implies that  tw  satisfies 

                       
 

 
 

 
   

   
.

/1

/1

21 



  




 tw

tr

tp
tw

tx

te
txKtq

a

'
                                                  (2.15) 

For 1,>  by setting ,= m   ,1/= n      1
=


 txtKqA ,  

 

 tx

te
B 1/=   and using Lemma 1, we 

obtain  

                                                       
 

 
 .

1
tQ

tx

te
txKtq 


                                                                                  (2.16) 

Hence, on the interval ],,[ 11 ts   tw  satisfies  

                                                   
 

   
   

.
/1

/1

2 



 


 tw

tr

tp
tQtw

a

'
                                                                 (2.17) 

Note that the inequality holds for 1=  also.  

 Applying operator ),;( ii tsA   for 1,=i  to (2.17) we obtain a contradiction to (2.12), this part of the proof is similar to 

Theorem 1 and hence omitted. 

 If   0<tx  on ),[ 0 T  for some large ,00 tT   it is easy to see that (2.17) holds for 
2 2[ , ].t s t  Then applying 

operator ),;( ii tsA   for 2=i , we still obtain contradiction. Thus the proof is complete.  

 Theorem 3 Suppose the conditions  ,4A   6A  and   7A  hold. And for any 
0tT  , there exists 

1 1 2 2<T s t s t    such that (2.4) holds,   0tp  and   0tq  on 
1 1 2 2[ , ] [ , ].s t s t  Let  ii tsD ,  and 

),;( ii tsA   are defined by (2.1) and (2.2) respectively. If there exists  ii tsDH ,  such that 

                                    

 
,,;2

1

1
>),;(

1

3

1 


















 ii

''

ii ts
H

H
rAtsQA














                                               (2.18) 

for 1,2,=i  where  

          


11/1
][1=


 tetKqtQ  

with the convention 1.=00
 Then Eq. (1.1) is oscillatory. 

Proof. On the contrary, suppose that Eq. (1.1) has a nonoscillatory solution  .tx  We may assume that   0>tx  on 

),[ 0 T  for some large .00 tT   By the assumptions, there exists ,1s  ,1t  2s  and 2t  such that 
0 1 1 2 2<T s t s t    

and (2.4) holds,   0tp  and   0tq  on 
1 1 2 2[ , ] [ , ].s t s t  Define  tw  as in (2.13). Then differentiating (2.13) 

and using Eq. (1.1) we obtain 

  
    

 
        

 
        

 
 
 

.
,,

=
2

1

2

2

tx

te

tx

txtxtxktr

tx

txtxtxktp

tx

txftq
tw

'''
'   

By using  ,4A   6A  and   7A  we obtain for ],,], 2211 tstst   

     
 

     
 

.
/1

1/

31

tx

te
tw

tr
txKtqtw

a

' 
  
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Rest of the proof is similar with previous theorem, hence omitted.  

Remark 1 If the hypotheses on the function  te  is replaced by the following condition 

   1 1 2 20 [ , ] 0 [ , ],e t for t s t and e t for t s t     

we will find the condition of the above theorems are valid as well.  

Remark 2 If we choose    vuvkvuk ,=, 32
 Eq. (1.1) coincides with Eq. (1.5), which has been studied in [13]. In this 

case, we find that our conditions )( 51 AA   are weaker than the corresponding conditions )( 71 AA   imposed in the 

theorems given in [13]. Furthermore, we do not give any condition on the function p  in our last theorem. Thus, we do not 

only extend, but also improve the results given in [13].  

Example 1 Consider the equation 

                                ,sin=1cos
2322 ttxKttxtxttxtxt '''   

                                                          (2.19) 

where 1>0tt   and 0.>  It is easy to verify that the conditions  31 () AA   hold for the functions 

      xxfvuvukvuvuk =,=,,=, 23

2

2

1
 

for 1.== 1  

Moreover let   tttH sin2= 
 and . For any 1T , choose k  sufficiently large so that Tk 2  and 

,2=1 ks    .12=1 kt  Then we have 

     
   2 1 2 1

2 2
1 1

2 2
; , = = = .sin

k k

k k
A q s t H t q t dt K tdt K

 

 


 

   

On the other hand   

  
 

 

 
 

21 221
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1 1 1 11
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2 1 2 12 2

2

1cos1 1 cos
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4 sin1

1 cos
= 1 2cos sin
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'

k

k

tr H t
A s t A t s t

p H t t

t
t t t dt

t

 

   

















 




   
   

       

 

 

                        
 2 1 2

2
2 2 2

k

k
dt




 



    

                                                                                    .222=
2

   

So, the inequality (2.5) hold for    .222>
22

 K  Similarly, for  12=2 ks  and  22=2 kt , we 

can show that the inequality (2.5) holds for    .222>
22

 K  Thus Eq. (2.19) is oscillatory if 

   22>
2
K  by Theorem 1.  

 

 

Example 2 Consider the equation 

      
 

    
 

     ,sin=2cos
11

1cos 2

23

2

2

2 ttxtxMt
tx

txtx
t

tx

txtx
t

'
'

'














  

                   (2.20) 
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where 1>0tt   and 0.>  In this example, the monotonicity condition  2A  does not hold for the function 

   .2cos= xxxf  But the condition  4A  holds for 1.== K  The condition  5A  also holds for 

1.== 2  Thus Eq. (2.20) is oscillatory if    222>
2
M  by Theorem 2.  

Example 3 Consider the equation 

                          
 

  0.>1,>,sin=
1

1cos 02

2  ttttxNt
tx

tx
t

'





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




                                    (2.21) 

where 1>0tt   and 0.>  Note that Theorem 1 and Theorem 2 are inapplicable to (2.21). But the conditions of  

Theorem 3 are fulfilled. According to a similar calculation with the examples above, we obtain that Theorem 3 ensures 

oscillation of (2.21) when 
       

N
kk

<
122

1

22
112








 






 for some k  which satisfies 

.2 Tk    

Remark 3 In fact, the equations (2.19), (2.20) and (2.21) are particular cases of (1.1) and in the form of (1.5) which has 

been studied in [13]. But the conditions imposed in their theorems do not hold for these equations, so their theorems are not 

applicable to our examples. 
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